oboooooooo 14150 20050 11-19

Weak and Strong Convergence Theorems for Nonexpansive
Semigroups in Banach Spaces

Wataru Takahashi (B4E #5)

Department of Mathematical and Computing Sciences
Tokyo Institute of Technology

1 Introduction

Let H be a Hilbert space and let C be a nonempty closed convex subset of H. A mapping
T of C into itself is said to be nonezpansive if

Tz — Tyl| < ||z —y|| forevery z,ye€C.

For a mapping T of C into itself, we denote by F(T') the set of fixed points of T". We
also denote by N and R, the sets of positive integers and nonnegative real numbers,
respectively. A family {S(¢) : t € R4} of mappings of C into itself is called a one-parameter
nonezpansive semigroup on C if it satisfies the following conditions: (1) S(t + s)z =
S(t)S(s)x for every t,s € Ry and z € C; (2) S(0)z = z for every z € C; (3) for each
z € C, t — S(t)z is continuous; (4) [|S(t)z — St)yll < |lz — y|| for every t € R, and
z,y € C. Consider the initial value problem:

{dT“ +Au(t) 30 forevery £> 0, m

u(0) =z,

where A is an m-accretive operator in H and z is an element of D(A). It is well-known
that (1) has a unique strong solution v : Ry — H and D(A) is closed and convex. Putting
S(t)x = u(t), we have that the family {S(¢) : ¢t € Ry} of mappings of D(A) into itself is
a one -parameter nonexpansive semigroup on 5(76; see [7] for more details.

Baillon and Brézis [6] proved the following nonlinear ergodic theorem for a one-

parameter nonexpansive semigroup:

Theorem 1.1. Let C be a nonempty closed convex subset of H and let {S(t) : t € Ry}
be a one-parameter nonexpansive semigroup on C such that (Vg F(S(t)) is nonempty.
Then, for each z € C,

1 A
—/ S(s)zds ~z€ [ F(S®)
AJo
teR4
as A — oo , where — denotes the weak convergence.
Shimizu and Takahashi [13] also introduced the first iterative scheme for finding a

common fixed point of a one-parameter nonexpansive semigroup and proved the following
strong convergence theorem of Halpern’s type:
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Theorem 1.2. Let C be a nonempty closed convex subset of H and let {S(t): t € Ry}
be a one-parameter nonezpansive semigroup on C such that (Y,eg, F(S(t)) is nonempty.
Suppose that {an} C [0,1] satisfies limp oo @n = 0 and 3,0 an = 0o. Then, for each
z € C, the sequence {z,} generated by 1 = = and

I
Tpi1 =apz+ (1— an)z— S(s)znds for everyn=1,2,...
n Jo
converges strongly to a common fized point Px of S(t),t € Ry ast, — oo, where P is the
metric projection of C onto [Yer, F(S(t))-

Motivated by Shimizu and Takahashi [13], Atsushiba and Takahashi [3] also obtained
the following weak convergence theorem of Mann’s type:

Theorem 1.3. Let C be a nonempty closed convez subset of H and let {S(t) : t € R}
be a one-parameter nonezpansive semigroup on C such that (\eg, F(S(¢)) is nonempty.
Suppose that 1 = z € C and {z,} is given by

tn
Tnil = QpZn + (1 —ap)— S(s)xn ds
tn Jo
for every n € N, where t, — co as n — 00 and {an} is a sequence in [0,1]. If {an} is
chosen so that 0 < an < a < 1, then {z,} converges weakly to a common fized point of

Nier, F(S())-

In this article, we deal with weak and strong convergence theorems for general non-
expansive semigroups in Banach spaces which are strongly connected with Theorems 1.1,
1.2 and 1.3. In Section 3, we first discuss nonlinear ergodic theorems in a uniformly
convex Banach space whose norm is Fréchet differentiable. Then, we consider nonlinear
ergodic theorems in the case when a Banach space is strictly convex and the domains of
the nonexpansive semigroups are compact. In Section 4, we deal with weak and strong
convergence theorems of Halpern’s type and Mann’s type for nonexpansive semigroups in
Banach spaces.

2 Preliminaries

Let C be a nonempty closed convex subset of a Banach space E and let T' be a mapping
of C into C. Then we denote by R(T) the range of T. Let D be a subset of C' and let
P be a mapping of C into D. Then P is said to be sunny if P(Pz + t(z — Pz)) = Pz
whenever Pz + t(x — Pz) € C for z € C and t > 0. A mapping P of C into C is said to
be a retraction if P2 = P. If a mapping P of C into C is a retraction, then Pz = z for
every z € R(P). A subset D of C is said to be a sunny nonezpansive retract of C if there
exists a sunny nonexpansive retraction of C onto D.

Let E be a Banach space. Then, for every ¢ with 0 < e < 2, the modulus é(g) of
convezity of E is defined by

st@) =t {1 = L2 ol <1, < 1 e -1 > :}.



A Banach space E is said to be uniformly convez if §(¢) > 0 for every € > 0. E is also
said to be strictly convez if ||z 4+ y|| < 2 for z,y € E with ||z|| < 1, jyll £ land z # y. A
uniformly convex Banach space is strictly convex.

Let E be a Banach space and let E* be its dual, that is, the space of all continuous
linear functionals z* on E. The value of z* € E* at z € E will be denoted by (z,z").
With each z € E, we associate the set J(z) = {z* € E* : (z,z*) = |z|* = |z*|*}.
Using the Hahn-Banach theorem, it is immediately clear that J(z) # ¢ for any z € E.
Then the multi-valued operator J : E — E* is called the duality mapping of E. Let
U= {z € E: |z|| = 1} be the unit sphere of E. Then a Banach space E is said to be

smooth provided

ol tyl — o]
t—0 i

exists for each z,y € U. When this is the case, the norm of E is said to be Giteauzr
differentiable. It is said to be Fréchet differentiable if for each x in U, this limit is attained
uniformly for y in U. The space E is said to have a uniformly Gdteaur differentiable norm
if for each y € U, the limit is attained uniformly for z € U. It is well known that if E
is smooth, then the duality mapping J is single valued. It is also known that if E has
a Fréchet differentiable norm, then J is norm to norm continuous; see [21, 22] for more
details.

Let S be a semitopological semigroup, i.e., a semigroup with Hausdorff topology such
that for each s € S, the mappings t — ts and t — st of S into itself are continuous. Let
B(S) be the Banach space of all bounded real valued functions on S with supremum norm
and let X be a subspace of B(S) containing constants. Then, an element p of X* is called
a mean on X if ||u]| = u(1) = 1. We know that 4 € X* is a mean on X if and only if

inf{f(s) :s€ S} < u(f) <sup{f(s):s€S}

for every f € X. For a mean yu on X and f € X, sometimes we use u(f(t)) instead
of u(f). For each s € S and f € B(S), we define elements £sf and rsf of B(S) given
by (£sF)(t) = f(st) and (rsf)(t) = f(ts) for all t € S. Let X be a subspace of B(S)
containing constants which is invariant under 4, s € S (resp. s, s € S). Then a mean p
on X is said to be left invariant (resp. right invariant) if u(f) = p(€sf) (resp. p(f) =
u(rsf)) for all f € X and s € S. An invariant mean is a left and right invariant mean.
Let S be a semitopological semigroup and let C be a nonempty subset of a Banach space
E. Then a family S = {T; : s € S} of mappings of C into itself is called a nonezpansive
semigroup on C if it satisfies the following: (i) Tz = TsTix for all s,t € S and z € C;
(ii) for each z € C, the mapping s = Tz is continuous; (iii) for each s € S, Ty is a
nonexpansive mapping of C into itself. For a nonexpansive semigroup & = {Ts :s € S}
on C, we denote by F(S) the set of common fixed points of Ts,s € S. We also denote by
C(S) the Banach space of all bounded continuous functions on .

3 Nonlinear Ergodic Theorems

In this section, we deal with nonlinear ergodic theorems for nonexpansive semigroups in
a Banach space. Let {uq : @ € A} be a net of means on C(S). Then {x, € A} is said to
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be asymptotically invariant if for each f € C(S) and s € S,

pal(f) = a(fsf) = 0 and  ua(f) — pa(rsf) — 0.

If C is a nonempty closed convex subset of a reflexive Banach space F and § = {Ts : s € S}
is a nonexpansive semigroup on C such that {Tsz : s € S} is bounded for some z € C. Let
p be a mean on C(S). Then since for each z € C and y* € E*, the real valued function
t — (Tyz,y*) is in C(S), we can define the value u(Tiz,y*) of p at this function. So,
by the Riesz theorem, there exists an g € F such that u(Tiz,y*) = (zo,y*) for every
y* € E*. We write such an zg by T,z or [ Tizdu(t); see [17, 21] for more details.

Now, we can state a nonlinear ergodic theorem for nonexpansive semigroups in a
Banach space. Before stating it, we give a definition. A net {uq} of continuous linear
functionals on C(S) is called strongly regular if it satisfies the following conditions: (i)
sup || pall < +o0; (ii) licl;n wa(l) = 1; (iii) 1i(§n lba — Tipal| = 0 for every s € S.

(03

Theorem 3.1 ([9]). Let S be a commutative semitopological semigroup and let E be a
unifromly convexr Banach space with a Fréchet differentiable norm. Let C' be a nonempty
closed convez subset of E and let S = {13 : t € S} be a nonezpansive semigroup on C such
that F(S) is nonempty. Then there exists a unique nonexpansive retraction P of C onto
F(S) such that PT; = T,P = P for everyt € S and Px € to{Tyz : t € S} for everyz € C.
Further, if {ua} is a strongly reqular net of continuous linear functionals on C(S), then
for each x € C, T,,,Tyx converges weakly to Pz uniformly int € S.

In 1999, Lau, Shioji and Takahashi[10] extended Hirano, Kido and Takahashi’s result
to an amenable semigroup of nonexpansive mappings on a uniformly convex Banach space
whose norm is Fréchet differentiable.

Theorem 3.2 ([10]). Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm and let S be a semitopological semigroup. Let C be a closed convex subset
of E and let S = {1} : t € S} be a nonexpansive semigroup on C with F(S) # ¢. Suppose
that C(S) has an invariant mean. Then there exists a unique nonexpansive retraction P
from C onto F(S) such that PT, = TyP = P for eacht € S and Pz € to{Tyz : t € S} for
each z € C. Further, if {uo} is an asymptotically invariant net of means on C(S), then
for each z € C, {T,,x} converges weakly to Pz.

Atsushiba and Takahashi [4] proved a nonlinear strong ergodic theorem for a one-

parameter semigroup in a strictly convex Banach space which is connected with Dafermos
and Slemrod [8].

Theorem 3.3 ([4]). Let E be a strictly convez Banach space and let C be a nonempty
compact convez subset of E. Let S = {S(t) : 0 St < oo} be a one-parameter nonezpansive
semigroup on C and let z € C. Then, (1/t) fot S(7+h)zdr converges strongly to a common
fized point of S(t), t € [0,00) uniformly in h € [0, c0).

Further, Atsushiba, Lau and Takahashi [1] obtained the following theorem which gen-
eralizes Theorem 3.3.



Theorem 3.4 ([1]). Let E be a strictly convez Banach space, let C be a nonempty compact
convez subset of E and let S = {T} : t € S} be a nonezpansive semigroup on C, where S is
commutative. Let X be a subspace of B(S) such that 1 € X, X is rs—invariant for each
s € S and the function t — (Tyz,z*) is an element of X for each z € C and z* € E*.
Let {)\y : o € A} be a strongly regular net of continuous linear functionals on X and let
z € C. Then, [ThixdA(t) converges strongly to a common fized point yo of Ty, t € S
uniformly in h € S.

4 Weak and Strong Convergence Theorems

Atsushiba, Shioji and Takahashi [2] established a weak convergence theorem of Mann’s
type for a nonexpansive semigroup in a Banach space.

Theorem 4.1 ([2]). Let E be a uniformly conver Banach space with a Fréchet differen-
tiable norm. Let C be a nonempty closed convex subset of E and let S = {T3 : t € S} be
a nonexpansive semigroup on C such that F(S) # ¢. Let {un} be a sequence of means on
C(S) such that ||pn — Cipnll = 0 for every s € S. Suppose that 1 = z € C and {zn} is
given by

Zn+i zanzn"}'(l—'an)Tﬂnmn: n=12...,

where {an} is a sequence in [0,1]. If {an} is chosen so that an € [0,a] for some a with
0 <a< 1, then {z,} converges weakly to an element xg € F(S).

Using Theorem 4.1, we can prove a weak convergence theorem of Mann’s type for a
one-parameter nonexpansive semigroup.

Theorem 4.2. Let FE be a uniformly convex Banach space with a Fréchet differentiable
norm and let C be a closed convez subset of E. Let § = {S(t) : t € [0,00)} be a one-
parameter nonezpansive semigroup on C such that F(S) # ¢. Suppose that 11 =z € C
and {zn} is given by

1 fon
Tntl = Qnn + (1 - an)s— / S(t)il:ndt, n=12,...,
n JO

where s, — o0 as n — oo and {an} is a sequence in [0,1]. If {an} is chosen so that
an € [0,a] for some a with 0 < a < 1, then {z,} converges weakly to a common fired point
z € F(S).

Shioji and Takahashi [14] also established the following strong convergence theorem of
Halpern’s type for a nonexpansive semigroup in a Banach space.

Theorem 4.3 ([14]). Let E be a uniformly conver Banach space with a uniformly Gateauz
differentiable norm. Let C be a nonempty closed convex subset of E and let § = {Ty:t e
S} be a nonezpansive semigroup on C such that F(S) # ¢. Let {un} be a sequence of
means on C(S) such that ||un — €ipnl| = O for every s € S. Suppose that z,y1 € C and
{yn} is given by
Yn+1 = PnT + (1_ﬂn)T WYny =12,

where {Bn} is in [0,1]. If {Ba} is chosen so that limp .o Bn = 0 and 32,0, = o0, then
{yn} converges strongly to an element of F(S).
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Recently, Suzuki and Takahashi[16] established a strong convergence theorem of Mann’s
type for a one-parameter nonexpansive semigroup in a Banach space without strict con-
vexity. For proving the result, they used the following lemmas:

Lemma 4.4 ([15]). Let {z,} and {wy} be bounded sequences in a Banach space E and
let {an} be a sequence in (0,1) such that

0 < liminf o, <limsupa, < 1.
n—oo N—00

Suppose that zni1 = anWwn + (1 — an)2z, for alln € N and

lim sup(||wn — Wikl — ll2n — 2nakll) <0

n—oo

for all k € N. Then liminf, o |jwn — 25| = 0.

Lemma 4.5 ([16]). Let A and B be measurable subsets of [0, 00) and let {t,} be a sequence
in (0, 00) with limy,_.c tn, = 00. Suppose that
1([0,t,) N B)

#0.t)NA) 1 and lim I 1,

n n—oe n

lim
n—oe

where p is the Lebesque measure. Then

n—00 tn

=1

and [t,c0) NANB # ¢ for allt > 0.

Theorem 4.6 ([16]). Let C be a compact convez subset of a Banach space E and let
S ={S(t): t € Ry} be a one-parameter nonezpansive semigroup on C. Let z; € C and
define a sequence in C by

tn

In S(8)xnds+ (1 — an)zn

Tny1 =
tn Jo

for every n € N, where {a,} C [0,1] and {t,} C (0,00) satisfy the following conditions:

. . . .t
0 < liminf @, < limsupa, <1, lm t, =00 and lim ntl .
n—00 N— 00 n—oo n—oo i,

Then {z,} converges strongly to a common fized point of S.

Miyake and Takahashi[11] extended Suzuki and Takahashi’s result to a general com-
mutative nonexpansive semigroup in a Banach space.

Theorem 4.7 ([11]). Let C be a compact convezr subset of a Banach space E and let S
be a commutative semigroup with identity 0. Let S = {Ty : t € S} be a nonezpansive
sernigroup on C. Let X be a subspace of B(S) containing 1 such that £.X C X for each
s € S and the functions s — (Tex,z*) and s — ||Tsz — y|| are contained in X for each



z,y € C and z* € E* and let {un} be an asymptotically invariant sequence of means on
X such that limy_.co ||tn — tins1ll = 0. Let {an} be a sequence in [0,1] such that

0 < liminf o, < limsupa, < 1.
n—oo n—00

Let z, € C and let {z,} be the sequence defined by
Tni1 = anTp, Tn + (1 — an)Tn
for every n=1,2,.... Then {z,} converges strongly to a common fized point of S.

Miyake and Takahashi[12] also obtained the following strong convergence theorem of
Halpern’s type for a general commutative nonexpansive semigroup.

Theorem 4.8 ([12]). Let C be a compact convex subset of a smooth and strictly convez
Banach space E, let S be a commutative semigroup with identity 0. Let S={T;: teS}
be a nonezpansive semigroup on C, let X be a subspace of B(S) containing 1 such that
2.X C X for each s € S and the functions s — (Tsz,z*) and s = |[Tsz —y|| are contained
in X for each x,y € C and z* € E* and let {un} be a strongly reqular sequence of means
on X. Let {an} be a sequence in [0,1] such that Y o2 ) an = 00 and limpeoan = 0. Let
z € C and let {zn} be the sequence defined by

Tni1 = onZ+ (1 — on)Ty, Tn

for everyn=1,2,3,.... Then {z,} converges strongly to Pz, where P is a unique sunny
nonezpansive retraction of C onto F(S).

Using Theorem 4.8, we can obtain the following strong convergence theorem for a
one-parameter nonexpansive semigroup.

Theorem 4.9. Let C be a compact convex subset of a smooth and strictly convez Banach
space E and let S = {S(t) : t € Ry} be a one-parameter nonezpansive semigroup on C.
Let 71 = z € C and let {z,} be a sequence defined by

in

Tpp1 = anZ+ (1 —an)— S(s)zn ds
tn Jo

for every n = 1,2,3,..., where {an} is a sequnece in [0,1] such that 3 .-, an = 00 and
limy oo @r = 0 and {t,} is an increasing sequence in (0,00) such that limp_cotn = 00
and limp—oo t_:i—z = 1. Then {z,} converges strongly to Pz, where P is a unique sunny
nonegpansive retracton of C onto F(S).
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