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On some inequalities related with p-uniform

smoothness and g-uniform convexity
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Bamach ZEff1® p-uniform smoothness 3 & Y g-uniform convexity % %%
#{+1F 5 Clarkson B ARZE R Hanner AEXZH/UD. HIZINb
D EEME % b D ZERE & H T T B Clarkson B AERIIEAEEZ LOA
23X (Pisier [12); cf. [2]) & LTHI bR, ¥ D% Takahashi-Hashimoto-
Kato ([13]) IC k- THBE &N, THLEAEHOCERSITbHHE
TERTD.

1. p-uniform smoothness & g-uniform convexity

% 1. (i) Banach Z2f X i3, % K > 1 B"FEL T px(r) < K7P (V1 2 0)
MRS B & %, puniformly smooth (1 < p < 2) THD WD, TITpx(r)id
X @ modulus of smoothness, 37245

px(r) = oup {22 oy =1

THb.

(ii) Banach ZEf X i, B3 C > 0 BFFFE L Tix(e) > Ce? (Ve > 0) iy AYA
+ 7% & %, g-uniformly convez (2 < ¢ < 00) THDHEWI. ZTITox(e) T XD
modulus of converity, 37205

T+Yy
2

5x(€) = inf{l -

| el = = Ll =vli =} e

THs.
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p-uniformly smooth ¥ 7= g-uniformly convex T# 2 ZHII LN ETNRDOFER

WX o THREMIT N D.

SEH 1 (Takahashi, Hashimoto and Kato [13])
(i) X 2% p-uniformly smooth (1 < p < 2) THDILODOBLETZHEMHFILL <

Vr < oo 3K > 0s.t.

r r\ /7
(H:B + yl| ‘; |z — vl ) < (=l + HKpr)l/p Yo,y € X (1)

TH5D.
(ii) X 7% g-uniformly convex (2 < ¢ < 00) THEHDDLE+IHRMFITL <

Vr < oo 3C > 0 s.t.

(lersll e le o) s oyt vavex @

TH5.
(1), (2) PEHEK,CIHEBI<K <00, 0<C<1THD. (1) ZW\T KD
B/ME, (2) 22T CORKERERELRTH Y, TNETNUSyr (X)), UCyH(X)

TRY.

2. Carkson BEFREK
SEH 2. X % Banach ZZffl, 1<p <2, 1/p+1/g=1&F5. ZD&LEXRD (i),

) ITRMET® 5.
(i) X X p-uniformly smooth T 5.
(i) Bt (t# 12 BDHFELT, EED 2,y € X IT2NT

P _ P 1/p
) R RN (U T

BEALT D,

EE 1. BE
f@&) = (lltz + (1 =yl + (1 = )z + ty)*)"
it < 1/2 CHEERD, t > 1/2 TEEEMNT Lt = 1/21CH L TRHZERTSH

B, (3)BHRETEEEtORVBLECHEIOS <L t#1/2THD. LI
RoTft)Ro,ykt: (1-t)BLEQA 1) tICANTET brEuv T D

L, (u0) DR(X) I b D. 3)IFEERE+y =, r—y=uv/(2t—1)
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W2k »T
u 94l — plla\ e p\ 1/P
(Bt P (e« =)
L2y
USp(g)(X) = min [1/(2¢ — 1) (4)
=85,

t=1/2 DHE (3) HEEDOAF v ANEBICH LTS TS. £t =0,1 0%
&, (3) 124 U ¥ F /172 Clarkson RER

(ot =) "> (et + 1ale) ™

L.

T 3. X # Banch 2R, 1<p<2, 1/p+1/g=1,F5. ZDOLERD (i),
(i) XEECH 5.

(i) X 1 g-uniformly convex T& 5.

(i) EH s BHFEELT, EED 2,y € X IZH LT

(Hx +yll? + llz - yl|?
2

l/q
> < (Jsz+ 1 - o)yl + 111 = s)z +sylP)? (5)

D AVAS RN
FE 2. TH2OBE L RROEERERIZLY

(=) (e fp)

UCy()(X) = max |1/(2s — 1)] (6)

¥B5. 5) BT EED s DRV ELEDHEILs <0, s>1THD. L
o T (5) DAERITz,y % || |1 —s| BET1 = s|: [s| THADTDE~T bLE
uv b THEE, (u) DEX) /VAERD. s =0,1DFEE (5) XA Y VTN
72 Clarkson R

(Hx s y“q)l/q < (et + lul) "

&2n,

£,



EE 4 (WHEER). X % Banach £, X* 2 X OWMZERETH. 1 <p<
2, 1/p+1/g=1,Lstid|2-1)2s-1)|=1%2HTEELTD. ZDLE
wo (1), (i) IXFMETH 5.

(i) <H$ +ylP + llz -yl

1/p
9 ) 2> (|[t$+(1 —‘t)yliq—{— H(l__t)z_*_tynq)l/q

X THALT .

o (LErvis

_axlla\ e
2 yll) < (flsa"+(1=s)y" [P+l (1=s)z"+sy"|[7) 7

2 X* TRRIT 5.
3. Hanner #F&X

Hanner [6) i% L, ® modulus of convezity ZHHT DEICAEX

o+ yllg+ llz = yllg > [l + lully| + [lally — lolls|  (L<p<2)
o+ ylg + llz — vl < [llals + lull| + [lallp = lslls| (2 < p<o0)

FEA LY. ZnbDOREXEE LK O Hanner MARZERIZ & - T 2-uniformly
smooth 3 & U 2-uniformly convex ThH A EMBHFHIToN 5.

SEH 5 ([15]). Banach ZEf X 2% 2-uniformly smooth T& 2 e O DME+75%
HiX, FED1<s, t<oollxLTIL<y<ooBHFELT

¢ t\ 1/t
C”*““*“"wa“< [zl + Il + [l = b e yex

2 - 2
(7)
BRITHZETHSD.

M 6 ([15]). Banach Z2f X 73 2-uniformly convex T % 7e DB+ 5b
3, EBD1<s, t<oollRLTO<y<IBFELT

t t\ U/t
Cu+mw+m_ywyﬁ> el + vl -+ [lell = Il

Vr,ye X
2 = 2 oY

(&)
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BN TDHIETHD.

Weight DALE % & A2 72 IR D Hanner BAR%ERUZ & ¥ p-uniformly smooth 8 LT
g-unifrmly convex T 5 ZEM B FFEMTIT N D.

FE 7. 1<p<2BLUp<s<ootTdD. ZDOLEBanach ZfM X 28
p-uniformly smooth TH B 7O DYNE+FHEREITy > 0BFEEL

(I -+ vl + I =wI7) " = (il + ]+ el = 1] )™ vawex @

MEILTHIETHD.

FE 8 2<g<ooBLN1I<<t<2+TS. ZDL E Banach 25 X 2
g-uniformly convex TH D7D DME+SEMEITy > 0 BFEEL

(a9l + I =0)10" < ([lell = 11"+ fiall - i) " veyex o

PERY$TDHIETHD.

FE 3 9)iEs<pDBE, EFHER LIZBWTHRMZ LAY, £72 (10) 11X
2<t < gDFEITRHATES DN, t > g DHAIER EIZBNTHRIL LRV,
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