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PROPERLY EFFICIENT POINTS IN SET-VALUED
ANALYSIS
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1. INTRODUCTION AND PRELIMINARIES

Let E be a locally convex topological vector space over the real number field
R, K be a convex cone of E, and assume that K is pointed and closed. By
using K, we can define a vector ordering <k on FE;

<Ky &, y—z€K.

In this situation, we can consider notions of efficiency and proper efficiency in
vector optimization; for a nonempty subset A of E,

e 1 ¢ A is said to be a minimal point of A with respect to <g if a <y z
for some a € A, then z <g a; the set of all minimal points of A with
respect to <y is denoted by Min(4 |<k);

e I € A is said to be a properly minimal point of A with respect to <g if
there exists a convex cone L C F such that K C intL U {6} and z is a
minimal point of A with respect to <p; the set of all properly minimal
points of A with respect to < is denoted by PrMin(4 |<k),

where 8 means the null vector of E, and intL the set of all interior points of L.

When we consider efficiency in set-valued optimization, there are two criteria;
one is for vector optimization, which is the typical one, see {2], and the other is
for set optimization, which is defined and researched recently, see (3, 4].

In this paper we introduce notions of proper efficiency for set optimization,
and investigate them by an embedding idea. In section 2, we consider two
binary relations on certain families, and define notions proper efficiency based
on these relations. Also we characterize these relations by using positive polar
cone. In section 3, to show an embedding theorem, we construct a vector space,
and introduce a metric on the space which consists an adequate topology.

2. A NOTION OF PROPER EFFICIENCY IN SET-VALUED OPTIMIZATION

We consider notions of efficiency for set-valued optimization in the sense of
set optimization. Let C(E) be the family of all nonempty compact convex sets

2000 Mathematics Subject Classification. Primary 90C29; Secondary 49J53.

Key words and phrases. set-valued optimization; set optimization; efficiency; proper effi-
ciency; embedding.

*This research is partially supported by Grant-in-Aid for Young Scientists (B) from the
Ministry of Education, Culture, Sports, Science and Technology, Japan, No. 13740061.



106

in E; we define two binary relations 5{,{ and <% on C(E) as follows: for 4,
BeC(E),
def def

A<, B & A+ K DB, A<Y\ B & ACB-K

see [3, 4]. We have a result concerned with these relations by using the positive
polar cone of K; let K* be the positive polar cone, that is,
Kt ={z* € E*| (z*,z) >0,Vz € K}.

Proposition 1. For each A, B € C(E), the following three assertions are
equivalent:

(1) 4 <k B,

(2) A+C <k B+C for some C € C(E),

(3) inf (y*, A) < inf (y*,B) for all y* € KT,
and also the following three assertions are equivalent:

(4) A<k B,

(5) A+ C <% B+ C for some C € C(E),

(6) sup (y*, A) < sup (y*,B) for ally* € K.

Note that Proposition 1 holds when K is a nontrivial closed convex cone of
E.

Now we introduce notions of efficiency on C(E), see [3, 4]. Let A be a
nonempty subfamily of C(E), that is @ # A C C(E). X € A is said to be
a minimal point of A with respect to <l if A <{ X for some A € A, then
X SZK A; the set of all minimal points of A with respect to S_ZK is denoted by
Min(A |<k). Also efficiency with respect to <% and the set Min(A |<¥%) and
defined.

Next we define proper efficiency on C(E).

Definition 1. Let A be a nonempty subfamily of C(E). X € A is said to be
a properly minimal point of A with respect to SIK if there erists a convex cone
L C E such that K C intLU{6} and X s a minimal point of A with respect to
SlL; the set of all properly minimal points of A with respect to 5{,{ 18 denoted
by PrMin(A |<k).

Also the proper efficiency with respect to <% and the set PrMin(A |<Y%) are
defined.

These notions of efficiency and proper efficiency are generalizations of ones
in vector-valued optimization.

Proposition 2. Let A be a nonempty subfamily of C(E), and assume that A
is singleton for any A € A, then the following three assertions are equivalent:
(1) z € Min(UA| <g),
(2) {z} € Min(A] <),
(3) {z} € Min(A| <%),
and also the following three assertions are equivalent:
(4) z € PrtMin(UA| <),
(5) {r} € PrMin(A] <)),
(6) {z} € PrMin(4] <%),
where UA = {a € E | 34 € A such that a € A}.



Example 1. Let E=R?, K =R}, A= {4 |t € (=2, V2]} where Ay =
{(z,y) € E| 2?2 +y* <1, z+y=t}. Then we have

Min(A [<k) = {A: | t € [-V2, —1]},
PrMin(A I<k)={A¢|te {"\/57 -1}
Min(A |<%) = PrMin(A [<%) = {4: | t = —v2}.

In vector optimization, we have Min(UA| <g) = {(z,y) € E | ?+y?=1z<
0, y <0}, and PrMin(UA| <k) = {(z,y) € E | 2* + > =1, z<0, y<0}.

3. AN INVESTIGATION OF PROPER EFFICIENCY IN SET-VALUED
OPTIMIZATION

In this section, only binary relation <%, will be used. The similar argument
will be available for relation <%.

To study proper efficiency in set optimization, we consider an embedding; we
will construct a vector space V in which C(E) is embedded, c.f. [1].

Theorem 1. Let a binary relation ~ on C(E)? be defined by

(A1, By) = (A2, B)) €5 A1+ By + K = Ay + B + K,

for (A1, By), (A2, By) € C(E)?. Then = is an equivalence relation on C(E)%.
We denote the quotient space C(E)%/~ as V, that is
V=1{[(4,B)]| (4 B) €C(E)*},
where [(A,B)] = {(4,B') € C(E)?* | (A,B) = (A,B')}. Let addition and
scalar multiplication in the quotient space V as follows:
(A1, By)] + [(A2, B)] = [(A1 + A2, B1 + Ba)},
) | [(AA,2B)] ifA>0
riam={ 508 Tazo
Then (V,+, - ) is a vector space over R.
The null vector in V is [({8},{6})], and denote ©. We define the following
notation: Let L be a convex cone in E, and let
u(L):={[(A,B)] € V| B+LD>DA}L

then we can check x(L) is a convex cone in V, and especially, u(K) is a pointed
convex cone in V. Generally, we can induce order relations in V for an arbitrary
convex cone K in V since V is regarded as a general ordered vector space. A
binary relation <x in V is defined as follows: for [(A1, B1)], (A2, B2)] € V,

[(A1, By)] <k [(42, B2)] €5 [(A2, Bo)] - [(A1, B1)] € K,

and also an efficiency in V is defined as follows: for 4 C V
Min(U |[<x) ={U eU | UeU, U<xU=U<cU}

As a consequence of the embedding, we have an important result for research
of efficiency in set optimization.
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Proposition 3. Let a function ¢ : C(E) — V be defined by ¢(A) = [(4, {6})]
for any A € C(E). Then A € Min(A |<k) if and only if p(A) € Min(p(A) |<, k)
).

To consider a notion of proper efficiency in V, we introduce a topology in V.
To our purpose, we would like to find a topology in V satisfying the following
condition:

If L C E be a convex cone with X C intL U {6}, then u(K) C
inty(L)U{O} holds, where intu(L) is the set of all interior points
of p(L) in the topology on V.
We usually consider the following norm; assume that W is a weak*-compact
base of K+, a functional || - || on V is defined by, for each [(4, B)] € V,

I[(A, B)]ll = sup [inf (y*, 4) — inf (y*, B)|.
y*eW

Then this is a norm on V, c.f. [4]. However, this norm is inadequate.
Example 2. Let E = R% K =RZ%, A = {(0,0)}, and B = [(1,-1),(-1,1)],
the line segment from (1,~1) to (—=1,1). In this situation, for any convex cone
L C E with K C intL U {8}, [(4, B)] & intu(L) U {O} though [(A, B)] € u(K).
Indeed, if [(A, B)] € intp(L)YJ{O}, then we can choose a positive number § such
that [(A, B)] + 6N is included in p(L), where N = {[(C,D)] e V | |[(C, D)]|| £
1}. Also we can show [(N,{6})] € N where N = {(z,y) € R* | z2 +¢* < 1}
when W = {(z,y) € R2 | 2% + y? = 1}. However [(4,B)] + 6[(N,{6})] ¢
wu(L)U {O©} because B+ L 2 A+ 6N.
Now we consider the following metric d on V; this consists an adequate

topology.
Theorem 2. Let P be a compact convez base of K, p an element of P, and
assume that P does not meet {Ap | A € [0,1)}. For A € [0,1), let K =
cone(—Ap + P). For [(A,B)], [(C,D)] €V,

d([(A, B)},[(C, D)]) = min{1,e(A+ D,B + C)}
where

e(A,B) =inf{A € [0,1)| A+ K\ = B+ K,},
then d is a metric on V.
Lemma 1. Under the same assumptions in Theorem 2,

(1) Ky is a closed convez cone of E for each A € [0,1),

Q) KhCK,if0<A<u<l,

(3) Nuer1) Bu = K forany A € [0,1),

(4) A+ Keap)y =B+ Keap), for any A, B € C(E) with e(4,B) < 1.
Definition 2. Let K be a pointed conver cone in V and U a nonempty subset
of V. U is a properly minimal point of U with respect to <x if there exists a
conver cone L C V such that K C intL U {O} and U is a minimal point of
U with respect to <., where intL is the set of all interior points of L on the

topology defined by the metric d in V. The set of all properly minimal points of
U with respect to <x 1s denoted by PrMin(U |<g).

Then we have the following results.



Lemma 2. Assume that there exists a conver cone L C E satisfying K C
intLU{8}. Then u(K) C intpu(L)U{O}, where u(L) = {[(A,B)| € V| B <t A}.
Theorem 3. If PrMin(A |<Y%) is nonempty, then PrMin(p(A) |<,(k)) is also
nonempty.

Theorem 4. Assume that p(A) is sequentially compact in (V,d), that is for
each {An}nen C A there ezists a subsequence {An'} of {An} and A € A such
that e(An, A) — 0. Then PrMin(p(A) |<uky)
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