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An e-Saddle Point of a Fractional Game

AN H, BLEE, BEWHE IBEAN, RF5E
MERIKRYE AT LRZEEMRER BEIXATLITEH

1 Introduction

S8 2 AE ORI — A (GP) 2ROES
(N, XY, f,9,G) (1.1)

T

A
R

b

5.
1. N:={1,2} % Player D£%&.

2. E % BUAHEMEL, &% D Player LII SEBES XY C E s, ZHFN
HiEre X, ycY 2BRHDET 5.

3. f:XxY 3R g:XxY >R, 2EL, R, =(0,00).
4. G=f/g: XxY >R DED, £ED (z,9) € X xY KL T, Glz,y) = L4

9(z.y)

EEEZ L, Player | DKM (loss function) £§ 5. ko T, 2 AF0fyr —
L&Y, Player I OHABEEIT -G TH 5.

£/,

li

0 := inf sup G(z, = sup inf G(z, 1.2
Inf sup G(a, ), = sup inf G(z,y) (1.2)

EB<.

6 & Player I @ minimal worst loss &FEIEH, 6 1 Player II @ maximal worst
gain Wb 5.

—fRIZIE, >0 MRDILE, 0#£0 DEE, dualty gap NEELTVRBE LN,

Definition 1.1 % —ZA (GP) 4% game value (in short, a value) %D &13
f=0=106 (1.3)

MDD EZENS, e, 20 ¢ 25— (GP) © value & L&
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Definition 1.2 y* € Y 2% —A (GP) @ max-inf TH 3 &1,

6= inf sup G(z,y) = inf G(z,¥") (1.4)

MEDILDT &2V, Fi, 2 € X Y —2A (GP) @ mini-sup TH 5 &3,

8 = sup inf G(z,y) = sup G(z", y) (1.5)
yeYy TEX yey

NERODILDIEEWND.

Proposition 1.1 7 —254 (GP) 8K (1)(2) DEE SN,
(1) z* € X %' (GP) ® mini-sup;

(2) y* €Y 7% (GP) ® max-inf,

Bzl TWBR5E, =0 ARDILD.

SRS BEH [1) B

Definition 1.3 (z*,y*) € X x Y »% —2A (GP) @ saddle point TH D &id, KHK
DIDTELZEND,

sup G(z*,y) = G(z*,y*) = inf G(z,y"). (1.6)
yeY z€X

(i-e-, G(z*,y) < G(z",y") < G(z,y7), VreX,VyGY)
TDEE RTHAEZENASNTND.

Proposition 1.2 z* € X 7% —4 (GP) @ mini-sup ( £, y* € Y 2 max-inf ) T
HD7251E, game value 6" BWEEL,

f=0=10" (1.7)
WY
Proposition 1.3 (z*,4*) € X x Y 2% — /A (GP) O saddle point THHEDDLEL

SEAER, ot € X DY (GP) @ minissup 72D, y* € Y W (GP) @ max-inf THDI&ET
H5.

SENE, BE X (1] BB,

42— I (GP) 1T LT, ®#, game value % e-saddle point, saddle point 2K 2% D3
H#EETHDD, RONTARNIVIT—LAEEZSD.
Lo THUBIK, (GP) KHT BT AR v 75— (GEy) EHRT 5.
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2 A Parametric Game of (GP)

B (GP)KRT BT AR w77 =4 (GP,) EROEETERS:

(N7X3Y1f7g7)‘:F)\) (21)

1. N:={1,2} % Player DE®A.

2. E % BIUATHZERE L, &4 O Player LII I 3EBEER XY C E 25, TNETH
Birec X,ycY ZEXDBDET S,

f:XxXxY >R, g:XxY —R,.

- W

AER.

Fa=f-X:XxY > REEEL, Player ] OKBEKETS. DXV, EE
D (z,y) € X xY KX LT Fy(z,y) = fz,y) — M\glz,y) THD. £z, 92AE
Oy —AL &Y, Player II OERERIT -F, TH%.

F7=,

Ut

F, = inf Ey = inf F '
PEEpREY B api Ry >

EB<,
(GP) BB EHEARIILT, ROEHEEXD.

Definition 2.1 7 —ZX (GP)) %% game value (in short, a value) 25D &3
FA:EA = F; (23)

MEOILDEEZEZND. 2 Fy 25— 5 (GP)) D value & L5

Definition 2.2 y* €Y 7 —A (GP,)) ® max-inf TH S &13,

Fy=inf sup Fi\(z,y) = inf Fx(z,97) (2.4)

MROILDT Ex2NN, Fz, or e X M7 —LA (GPy) @ mini-sup TH D &1,

F, =sup inf F(z,y) = sup Fi(z",y) (2.5)
yey T€X yeYy

MERODIDIEEWND,

Definition 2.3 (z*,4*) € X x Y W7 —LA (GP,) @ saddle point TH D &13, KAKD
MDD EEND,

sup Fy\(z",y) = G(z*,y") = inf Fa(z,y"). (2.6)
yeY reX
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Proposition 2.1 (z*,y*) € X x Y 27— L (GP,) ® saddle point TH D7D DHKHE
+a%&BE, o* € X 2 (GP,) O mini-sup D y* € Y A (GPy) @ max-inf THDI &
TH5.

Proof.  Proposition 1.3 & [Rl%k. a

Definition 2.4 X,Y C E ZZTRWESR, ¢p: X xY 5 R ETDH. ZOLELED
yeY TR LT p(,y) # convexlike TH B &F, FBED 71,20 X £ a(0<a<])
HLT, 5 x5 X NEELT,

p(z0,y) < ap(z1,y) + (1 - a)p(z2,y),  VyeY (2.7)

MROVILDIETHS.

Theorem 2.1 (Minimax Theorem 1) [1]
X Z3AUNZMYESGEL, 0o X xY > RIIROFHZH-THDET S,

(1) YyeY,p(-,y) : X = R, Ls.c., convex;
(2) Vze X, p(z,:):Y = R, concavelike.
ZDEERVRDILD.

sup min ¢(z,y) = minsup p(z,y). 2.8
sup mi ¢(7,y) mip sup (2, y) (2.8)

Ky Fan’s system Th. ZHWA Z &ICEDREIND. BENHE (1] TR,

Theorem 2.2 (Minimax Theorem 2) [1]
Y 23287 MYEREL, o X xY = RIZKRD (1)(2) 2T HDETS.

(1) VyeY,p(-,y): X — R, convexlike;
(2) Vz € X,¢(z,:) : Y — R, upper semicontinuous, concave.

TOEE, RPEDILD.

sup inf p(z,y) = inf sup ¢(z,y). (2.9)

Corollary 2.1 (Minimax Theorem 3)
X,)Y 2327 MMEREL, ¢: X xY = RIZRD (1)(2) ZWMiETHDET 5.

(1) Vy €Y, p(-,y): X = R, lower semicontinuous, convex;

(2) Vz € X,¢(z,-): Y = R, upper semicontinuous, concave.
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ZDEERNEDILD.

. _ - 2.1
min max o(z,y) max min o(z,y) (2.10)

Theorem 2.3 X C E W& ZHNDES, Y C E 22287 MaMEAEREL, f
XXY =R, g: XxY = R, B&EHE (1)(2)(3)4) 2iETHDETS.

(1) YyeY,z— f(z,y),convex;

(2) Yz € X,y f(z,y),upper semicontinuous, concave;
(3) "y €Y,z g(x,y),concave;

(4) Yz € X,y g(z,y),lower semicontinuous, convex.

IDEZE FEED A>0IZHLT, RALILT 5.
ey, st. Fyx=F, = Hel)f( Fy(z,y"). (2.11)
(ie, y €Y 3T — A (GP)) ® max-inf.)

Proof. HEE®D ze X ITHMLT, B F(z,): Y - RIIEH 2)4) £V, uwsc. /D
concave THo. —7, EED yeY ZEELEEE, B F(,y) : X - RIZ (1)(3)
£, convex &72%. & 5T, Theorem 2.2 &£ 1,

€Y, st, r;leag;g)f(FA(r,y)ﬂg)l”(Fx(x,y):;g)f(rglea;cF,\(w,y)- (2.12)

Lemma 2.1 F, IZDWTKRABED 7=D.
(a) Fyid ) iZBL TIREmEss:

(b) Fy<0725iE A>0;

(c) Fr>0751E 1<8;

(d) A>87151E F, <0;

(e) A<85d F,>0.

SHORY WA M HEED 2 X KHLT yos flz,y) PERE, y— g(z,y) HUESE
VAEY

(f) Fy<0<=A>0

(g) F; > 0.
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Fy & 0 IDWTHRMFOZ EMKD D,

Lemma 2.2 F, DWTRAKD7ZD.
(a) E, 133E8EmBa%;

(b) Fy <075, A>0;

() F,>07351E, A< 6;

d) A>8751E, Fy <0

(e) A< 875, Fy>0.

LI XA N, HED ye Y IHLT 2 f(z,y) PVERE, = — gz, y) 25EH
DEE,

(f) Fh>0<&=0> )
(g) Fp<0.

Theorem 2.4 % —2A (GP) i value 0* 265, Fyp. >0 ZWMZLTVR2HDET 5.
TOEE, yeY BH =L (GPy) O max-inf TH225E, y*eY B =L (GP) D
max-inf THD.

Proof RE Fe>0THBIT Ly €Y BT =L (GPr) D max-inf THD I EMS,

< Fpe = i " = ] . * . * v 4 2
0< Fy Ilgl)f(jlélgFg (z,y) I1g)f{Fg (z,y%) < Fp-(z,97), z e X. (2.13)
£o7T,
6* < G(z,y") <supG(z,y), reX (2.14)
yey

0,

* < . * < . :_: *
0 _;g)f(G(x,y)_;g)f(zggG(x,y) 6=10

MDD, DED,

o = Glev) = e up Glmy)

WAIZ, y*eY 37 —2A (GP) D max-inf TH 5. O

3 An e-Saddle Point of a Fractional Game

Theorem 3.1 X C E BH2WMAES, Y c E 23 NX7 babnfail, f:
XxY =R, g:XxY— R, BUTOZ&KEZHTHDET D,

(1) YyeY, z+— f(z,y), convex;

(2) Vze X, y— f(z,y), continuous, concave;
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(3) YyeY, z+ g(z,y), concave;

(4) Vz € X, y+> g(z,y), continuous, convex.
ZOEE, §>0 7250, RO (1) (i) B0 ID.
(i) 0=0=: 6%

(i1) 7 —LA (GP) @ max-inf y* € Y BEHET 3.

Proof. (i) 0>QWHENTHEINE,0<0 THHZEEZRT. 4, RELVO>0 T
&% I &5 Lemma 2.1(g) & Theorem 2.3 £ 9,

Fy=F;>0. (3.1)

7z, Lemma 2.2 £V, (GP;) ® max-inf y* € Y BNEETS. DF0,

g = sup Inf Fyla,y) = inf Fy(z,y"). (3.2)

TIT, (3.1),(3.2) &1,
0 < sup inf Fp(z,y) = inf Fy(z,y") < Fy(z,y"), "r e X. (3.3)
£27T, (3.3) &b,
0<Glz,y"), YzrelX.

DRI,

- < . * . — .

0 < inf G(z,y") < sup inf G(z,y) = 6. (3.4)

L7235 T, =0 KDL,
(i) Fp >0 &y €Y 2 —L (GPp) D max-inf TH B Z &5 Theorem 2.4 7>
S5 y*eY 3T —A4 (GP) @ max-inf TH 3. O

Theorem 3.2 Y33 /NI MUMEFEL, f: X xY - R, g: X xY = R, BUTF
DEMERHZTHEDOET S,

(1) YyeY, z— f(z,y), convex;

(2) Vze X, y— f(z,y), continuous, concave;
(3) YyeY, z~ g(z,y), concave;

(4) Vz e X, y— g(z,y), continuous, convex.

IDEE, EBDe>0&, >0 7451, REMZT (5,y)) e X xY BEETS.

0" —e <G(z*,y*) < 0" +¢ (3.5)
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Proof. Theorem 3.1 &0, § =8 = 0* THBZELKD, 0# > 0THD. £o7T,
Lemma 2.1 &, Theorem 2.3 &0, y* € Y 2IFFTEL,

*:*,:' Sxoy*) >
Ey. = Fy = inf Fy-(,y7) 2 0

Bz, £oT, Fop(z,y?) >0&D, 6" —e < G(z,y") Z2135.
—%, §< 0"+ &V, Lemma 2.1 705,

Fyye(z,y) = inf sup Fg i c(z,y) <0
zeX yeY

THD. 2T, Fpoyelzt,y) <0 2T c XBHFETHIENS, HEDyeY IT
UT, Glz*y) <0 4+ B35, LIEW->T, y e VYICHULTBRDIDDT,

Gz*,y*) < 0" +¢
THs. Lo TUERNS,
0* —e<G(z",y") <0 +¢
TH5. 0
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