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Global solutions of the wave-Schrodinger system
with rough data

RACRZRZGEIAFFREEER RE 258 (Takafumi Akahori)

Mathematical Institute, Tohoku University *
Sendai 980-8578 Japan

1 EA
ROB) HHEEERZRDOREABRL L a LT« VH—FHEBROBUREEX S,

{ (16 + A)u{z,t)
(07 = B)v(z, 1)

2u(x,ulz,t), zeRY t>0, (11
—|u(z, t)|?, zeR: t>0. 1)

ol

CCT,u v 3EFNTNERBELEBETHD, d=3,4253. TOABRI, d=3DK, B
CEHBEREPIRT R ETNVEELT R LICE>TELNZED, BNIBDEFIVTHZ IS4
V-d=IV R -2 a LT 4 VH-FEBRROBEEN T VERICIST 5. TT TR, TOARROD
AR ERE O AKEGEYMEIC DWW T #RT 5.

(1.1) &, ROBER] | OB RICEHRTE 3.
(¢(z,1) + @z, )(z,t), z€R?, t>0,
[V~ H(z, t)|?, zeRY t>0.

(20 + Az, t)
(WS) { (i, - [V|)b(z, 1)

ot

TTT, b ¢ CHERETHD, |V] = F e F THB (FIE7—) TEREET),
3

(1, 6) B (WS) DERE S, (u,v) = (¢, RY) IE (L.1) BT
(WS) DNV FZT Ui,
H,8) = ¥l e + W0l + [ 6+ DNl o (1.2)
THb, FrEu
1l L2 we) (1.3)
TEIND. CNLOBRBFEEETHS. MFEL LTI
oy { U = e @)=l A)-#/2[2(RY),
#(0) = @€ HSZ(]Rd) = lV\‘”LZ(Rd).

ZHB.d=3,4DEE, 51 =sp =1 LTI, (1.2) & (1.3) T EBEEFFD.

*Current address: Department of Mathematics Kyoto University, Kyoto 606-8502, Japan



LUFTIR, EATS 81, 82 10K L THIHRIE (WS)-(ID) D ABMBYIC 5202 EAX D . FHC d =3
DFE Y, d=4THhHD |¢ollp B

nwmm<£fp (1.4)
s

RS TRAE, (1.2) & (1.3) DRERD S KN EBICHED oo, TITORERKIE 51,50 <1
DB THD. CTT Sg & Gog BEFNFRRDYVRLITDORERLAVTIVE-ZLVN=T DA
EXORBERTHS:

Sallfl, gy gy < 195 Mhmey (@2 9),

a o log - 2
1358 ey < Coadl VP ge |0 0<o< 5= (d22).

2 FHER1
COETIE, d = 3,4 DRESOYRIERIZE (WS)-(ID) ISR 2 K@Y O R Z RS,
T 2.1 d=3,480L, TDHICd=4DHPAITIZ, (14) ZRETS. TOH,

(2.1)

51X, FIRAEME (WS)-(ID) (F REMEYI TS 5.

d=4 DB BENLNTVARRDOERTH LN, FEUBORMIIH S (MHEDOREEE
FohE RN s, = sp = 0ICR LT, REEYINNEZB). —H, d =3 DHEE, EH 2.1\,
51,82 > (VBT —5)/4 ~ 0.64 2 BT KEISEYI THB T LEE>T VB, BEDEEDHRICEKD,
HB0>sHHY, 51,80 > s HHEIABHETTHB T EMNRENT VS (Global well-posedness
below L?).

3 Fourier restriction norm, I-method

COEITIE, EFE 2.1 DEEFROSE & 72 % Fourier restriction norm(SA#%, F.R.IN &89 & I-method
ZHNT%.

3.1 F.R.N

T T, FRN OEEAEA DR, FEZEOESHED, SROEWZ EDFMICIBEDITNIR
E:: 7 gRaqN
h:RE S RICHU, EEE H % F[HFE) = h(©)F[f1(¢) TELTS. £/, F:C-CL&
5. O, ROVBEMREEEZS.
{(i@t—-H)u F(u), uw:R*xR—C,

(3.1)
UQ-

u(0)

BHIRBVT, H=-A=[¢)%E5E 2T H—-FAERATHY, H==%|V| (h==£[{])
EHIEKITEREES.



u B (3.1) ORERIXME L Lok s,
u(t) = e Hyg + /0 t e = Py (s)ds, tel
BT, XoT,
a(t) = ePult) = ug + i/ot e“HEw)(s)ds, tel
BRI, TOURTEM HEHS(L x RY) O/ VL TRINUE,

”e“Hu”H;’H;(Lde)
itH

@l g mrz ey

I

lle U|L“H§‘H;(R><IR4)
I(E)*(T + h(€) Fe tlulL]l L2 L2RxR9)-

INED, FRN%Z
lullxpe = (6 (7 + h(E))* Faelulll Lz r2(mxre) (32)
TEEL, (3.2) OFUD (¢) % ¢ TEEMA L ORBRAF X, TET. TO#,

X0 = {u € §'(R x RY) ||\ul\xis;:(x < oo} ,

Xy = {ue SR x Rd)/P‘nquE,a < oo}

£95. T, PRRxRY LOBERLAHERET.
X5® BRMARERZZEM O, FIEHERMERE X 2B, ROBMBFTNZZ/MIN0E &
5. LCREBEOXMETS.

XL ={u:R*xL—C|3ueX st Ur=u}. (3.3)
EHI, TOZEMD /W ILZRTEETS.
”““X;"’(L) = ll'lf {HHHXITQ 1 ﬂ € X}Sl’c" s.t E|L = u} . (34)

FREIC X3°(L) B3T3,

3.2 I-method
1>s,81,82 >0, N>1&L, m§ € C®(R%[0,1)) BERNER, FEHINTE SICRERLZTEDEL
T5:

. 1 if [§/<N
mN(E):{ (%)1_5 if |€]>2N . (3.5)

T O, ERE I, %

fx[l}i].ﬂ(g) = m‘;\l(é)fz[f](f)
TREETB. 3
EHIC, BELZXIVF—E@W,¢) BRTEHT 5.
E(p,¢) == HUIR$, 13 9).
VER#E I, OUEEROMETRNOEN 5.



MHE310<s<1,2<N,decRETH. O, XVRILTS.

Hfzsvf”m‘(m) < ”f“Hs’(Rd)a (3.6)
3 F i mey < 2N 211 o ey (3.7
1 £lae®ey < N Fllawey - (3.8)

E L (1) (3ICKD, I3 & 1-s ROTREAETHE T LMD B. &oT (1,0) € H x H
RLT, H(y, ¢) REWERIEOR, By, ¢) REREZHED.
(1) 1l S 1%l G—BOCIEAGT LR,

4 BEIXLF—ORREEXEEHE 2.1 O OB
BIETIVF—IZH L, TOMMHRERD & CHETES.

M 41d=3,4 N>32, L:=[te,t)) PDIL|<1,a,8>1/2,e>0LT%. i, (¥,0) %
(WS)-(ID) DRI L LOfRET D, TOR, 1> >1/2,1> 5 >0MDs1+53>1%5
&, RIS B
E@W,)(t1) - E(%,¢)(to)
1 S| ¢
< G, {m—:g (HINZ’Hxl‘é{';(L) + N]2¢Hx‘1€f(L)> NS (thnx;;m + HI?¢“X|‘€’|¢’(L)> }

TTT,Cold L=]to,t1] & N ICEBERZEERTHS.

WAL, (1200 g, 1260 0 ISR B R ISEADE %135 otbic BERIRE % 1T
WG TN ZES I, Fhehs O grsrs 1B frsa OFAIFERICITHEY. FEE,

(2 — 2s 2 1128 2
o1l /mglﬁl |7=[4](6)] +/m21 €171 F=[1(9)1°, (4.1)

el ~ [ leriEeer+ [

l€1<1 €12
&0, RERHANCZOFRESBHZ ENINB. Yol T YH-ARADBER, NTFERREE
(L2-/ W INMREF) LA EDE S &, BREEREHETEZ 2720, 4105 9| g OFEBRIMEA
B#Bons. —K4, KHAEXOBRICREIRNLETH . £0DIC, KERMSD ZHIH L 2 Z2H
ZEAT S ([7) D6 HELBH). £7,

sboen . | L€ lE <,
w (@‘“{ € E>1

1 €12 FR ()01, (4.2)

L, EEQs E
Q% i= {f € S RY/P| [ fllaws = [ Fulfllize < o0}
TEHTSH. TR,

l[gllasr < TRl g



PMED 1o, BROIERD H* x Q1. )VLTRE S5, Ml 4.1 5 KISATRELANE NS (7
41D SROIEENFTRER T L1 [6]-[9) ITKB DY, (WS) R — IVARE TRV =R LK
HTH5 (1)), LAL, BOEEN HS x Q21 VA& > TRE S T L3, fNEBROEHEIC &
%, H x H2 & H x H TORFEVHOIEENSLHZDT, FH21IMES. ¥5ILTDX
SHEZARRBIEBL, EOEWHEED Y S cH LT, KEEYMINE S, DT
i, RETCHENT 5.

5 FHER2

I-method 3 BERESCIEE LI AETHS L EAZA, BRRSMNCEEET 2 LEME21 #E
BICHET BT LN TES. TORBIC, EX HYHE (ID) #XD (ID2) 1T 5.

(ID2) { ‘(’;Eg%

o € H* (RY),
$o € QE(RY).

([

T DR, RO KD IEFERIRES .
THE 5.1 d=3,420, T5ICd=4DHEEIIE (1.4) BNETS. £,
V(8—-d)2+32-(8~d)

ga =

4
&L,
i 81 > sm—i,

Pa = { i +q¢§ - z'j: % ?;fd;dﬂf_—d

LT B. TOHE, s, 50, bHY, 59 < b,
1231,52>-——‘—1—————— (5.1)
8+2s; —d

o)

b< g4 pa) (@=3), b< 1(62p) (d=14), (5.2)

5, FINMERIE (WS)-(ID2) S KBHEYITH 5.

51 globally well-posed

1
4
8-d

__ 4
51 = 372s,-d

0 52
g4 1
YIHERIRE (WD)-(ID2) & X 57281, (3.2) TEHBELE FRN D ULEETS. (3.2) I
WT () B wb(€) TBEBRATZ/IVLE |- |lys. TEL, MGTHEME Yo L35, (3.3),



(3.4) AR RATIZZERM Y be(Iy L FD/IVLEEETS. 4 HORERTEMNIL DI,
BRLEYIMEE, H x H £ H x H* TORFHEYIEOEAL» SHEICRKS . 20T DIEIR
DABEERTRTC L THD. FHS.1 OFFFFICE Fmethod DEXHEISHT 5. R, KA
DEEET BBENS B, ROLS BEEERTS. £F, my,, € C°R?\ {0};R) ZEXHD
DIEEMNT

1 if 1/M <] <N, (5.3)

b (g i el < 1M,
mi\’/,M(‘f) =
(N7~ it 2N < ¢

EHEETEDET S, (35) EHRBE, AT A—F MLk > THRESBRAERIMEES AT
5. OB, ERE IV, %
Fell NMf](é) 1= my (E)fx[f](ﬁ)- (5.4)
CEHTDH. COEREOHEBRIRODGETRERENS.
GES2N>2LM>1,0<s<1MDs<béTB. TORERNKILTS.
H]s’beHHl(Rd < QmaX{Mb_l Nl—s}“fHQ’ B(R4)» (5.5)
[l £laes gy < max{M*~? 1}HI m S wey (5.6)

HBOMELDIDIC, A BNz s, NICHL, [ = I &L, ZORNVF T4 Y =% my 1= m}
LT B, RIS, 5 BN 80,0, N, M ICH LT, I :1;3};;,m2 =miy &35, £, BEL
FIF—%

E12(, ¢) == H(I1, 12¢)
TEETS. COBEZFINF—ORHEEAIE, RTHEXENS.
HE53d=34 N>32,L,d=30BIM=N3 2L, d=4DBIM=N22L35%. &
BIS, L= [to,t1) MDILI <1, 0, 3> 1/2,e >0, L, (¥,8) & (WS)- (JDQ)O)BTFEJEFE-%LJ:@%
LY. TOBE, 1<b<d/2,1>5 >1/2, l>52>073\’351+52 > 1755, RVRILT 5.
Ey2(, ¢)(t1) — E12(¢, 8)(to)

1 A 3
< C{ i (oo + [Daollrson)’ +

A

L
Ni-¢
TTTOLIEL =[to,t1] & NITREFELEWEERTHS.

MR 5.3 LM 5.1 MED (1), KT (5.2) ICHND b DFRMAE, B 5.1 DFRHZEICT 5o &Y
53 RS MIIHL, M- < N2 T T 37 DDERHTH 5.

4
(M9l xre(ry + H2@llyrnry) } .

References

(1] T. Akahori, ”Global solutions of the wave-Schrédinger system with rough data”, preprint
(2004)

[2] J. Bergh, J. Lofstrom, "Interpolation spaces. An introduction,” Grundlehren der Mathema-
tischen Wissenschaften, No. 223. Springer-Verlag, Berlin-New York, 1976.



[3] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and appli-
cations to nonlinear evolution equations, part I: Schrédinger equations, part II: the KdV-
equation, Geom. Funct. Anal. (3) 2,3 (1993) 107-156, 209-262

[4] J. Bourgain, Refinements of Strichartz’ inequality and applications to 2D-NLS with critical
nonlinearity, Int. Math. Res Not. (5) 3 (1998), 253-283.

[3] J. Bourgain, Scattering in the energy space and below for 3D NLS, J. Anal. Math. (75)
(1998), 267-297.

[6] J. Colliander, M. Keel, G. Staffilani, H. Takacka and T. Tao, Almost conservation laws and
global rough solutions to a nonlinear Schrédinger equation, Math. Res. Lett. (9) 5-6 (2002),
659-682.

(7] J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao, Sharp global well-posedness for
KdV and modified KdV on the line and torus, J. Amer. Math. Soc. (16) 3 (2003), 705-749.

(8] J. Colliander, M. Keel, G. Staffilani, II. Takaoka and T. Tao, A refined global well-posedness
result for Schrédinger equations with derivative, SIAM J. Math. Anal. (34) 1 (2002), 64-86.

[9] J. Colliander, M. Keel, G. Staffilani, H. Takacka and T. Tao, Multilinear estimates for
periodic KdV equations, and applications, to appear in J. Funct. Anal.

[10] I. Fukuda and M. Tsutsumi, On coupled Klein-Gordon-Schrédinger equations 11, J. Math.
Anal. Appl. (66) 2 (1978) 358-378.

[11] J. Ginibre and G. Velo, Long Range Scattering and Modified Wave Operators for the Wave-
Schrodinger system, Ann. Henri Poincaré (3) 3 (2002) 537-612.

(12] J. Ginibre, Y. Tsutsumi and G. Velo, On the Cauchy Problem for the Zakharov System, J.
Funct. Anal. (151) 2 (1997) 384-436.

[13] T. Kato, Nonlinear Schrédinger equations, Lecture Notes in Phys., 345, Springer, Berlin
(1989) 218-263.

[14] M. Keel and T. Tao, Endpoint Strichartz cstimate, Amer. J. Math. (120) 5 (1998) 955-980.

[15] C. Kenig, G. Ponce and L. Vega, The Cauchy Problem for the Korteweg-De Vries Equation
in Sobolev Spaces of Negative Indices, Duke Math. J. (71) 1 (1993) 1-21.

[16] C. Kenig, G. Ponce and L. Vega, Global Well-Posedness for Semi-Linear Wave Equations,
Comm. Partial Differential Equations (25) 9-10 (2000) 1741-1752.

[17] H. Pecher, Global solutions of the Klein-Gordon-Schrédinger system with rough data,
preprint (2002).

(18] H. Triebel, ”Theory of Function Spaces,” Monographs in Mathematics, 78, Birkhduser Ver-
lag, Basel, 1983.

{19] H. Yukawa, On the interaction of elementary particles I, Proceedings of the Physico-
Mathematical society of Japan (17) (1935), 48-57.

E-mail: sa3d01@math.tohoku.ac.jp, akahori@math.kyoto-u.ac.jp



