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1. Zonit Lo LB ENBE

Good, Knight and Stares [E[3]T. XD @MBEZRL. TNICEAELT

fwN-space 1$ quasi-perfect map TZDHEENRFESNDIN 2] ELSRBEEER
II-'EI Lf:o

Proposition 1.1[3, Proposition 18]. The closed, finite to one image of a
wN-space is a wN-space.

CORREIZRL T, [14]1TYing and Good (& Lutzer K5 X 1=f;

Example 1.2{10, Example 4.3]. A perfect image of a first countable
startifiable space that is not even a g-space.

N EENRBELLSLEHEHELI-. T3, Nagata space, wN-space,
g-space NEE. TLTRICHONTVWAIRODERLYBLNTHS,

Theorem 1.3[1, Theorem 3.1]. A space is a Nagata space if and only if
it is first countable and stratifiable.

Lutzer ASRLT- Example 1.2 (. ROFEELRLTLNS,

Fact 1.4. Every quasi-perfect image of any Nagata-space is not Nagata.

* e-mail address: nitta @jc.shijonawate-gakuen.ac.jp
t e-mail address: yoshioka@math.okayama-u.ac.jp
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ECAHT. ROFBEIT MM TN,

Fact 1.5. The quasi-perfect image of a metrizable space is a metrizable
space.

#CT.ZZTIl& wN-space & metrizable space D IZHL B L .
quasi-perfect map TEOWENRFESNIEMEREL. TOEMICET S
REHET D

2. <o TWBEROESR

CZTIE. space {& T,-space %, map [& continuous T onto map ZEkY
%, space X O subspace A [Z¥L Cl(A) T A @ closure #.N THAYZHE
oL REERT, Ff. CCTRHICEHESIATLELRELREZX[2][6]28H
DI,

Definition 2.1. For a space (X, 7), a function g : XXN—7 is called a
g-function if x€g(x,n) and g(x,n+1)&g(x,n) for each (x,n)€ XXN.
For a subset A of X and n€ N, we put g(A,n)=U{g(x,n)| x€A}.

ZO g-function IZDVT LD DKLHLNATVWAUTDOMEEZEZS:

(N) If glx,n)Ng(xn,n)# @ for each neN, then x is a cluster point of the
sequence (xn),

(wN) If gx,n)Ng(xn,n)Z @ for each neN, then the sequence (xn) has a
cluster point,

(7) If xn€g(yn,n) and yneg(x,n) for each neN, then x is a cluster point of
the sequence (xn),

(wy) If xn€9(yn,n) and yn€g(x,n) for each néN, the sequence (x.) has a
cluster point,

(1st) If xn€g(x,n) for each neEN, then x is a cluster point of the sequence
(xn),

(q) If xn€g(x,n) for each neN, the sequence (x,) has a cluster point,

(wM) If xn€g(yYn,n), glyn,n)Nglzn,n)# @ and z.€gfx,n) for each neN, then
the sequence (xn) has a cluster point,

(a) For each x€X N {g(x,n)| nEN/={x} holds and if y¢€g(x,n), then

glv,n)Sg(x,n).

ZZTlX. g-function ZRW\TEMOEEEZE A5,
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Definition 2.2. For a space (X,7) with a g-function g: XXN—7,

(1) X is a Nagata space if g satisfies the condition (N},

(2) Xis a wN-space if g satisfies the condition (wN),

(3) Xisa p-space if g satisfies the condition (7),

(4) Xis a w 7 -space if g satisfies the condition (w7),

(5) X is a Ist-counable space if g satisfies the condition (1st),
(6) X is a g-space if g satisfies the condition (q),

(7) X is a wM-space if g satisfies the condition (wM),

(8) Xisan a-space if g satisfies the condition (&).

Nagata space IZDWTIE[1][4]1[6]. wN-space. ¥ - space, wY -space,
1st-countable space. g-space [ZDWTIEENFN[6]. wM-space [ZDLTIE
[61[7]. ZLT a-space [ZDWTIX[SHZAUDHILDEHEEIE g-function
[CkBHBMITHH5.

NoDEMOBREROBYTHS.

Nagata space v -space

/ l P wM-space . / N

X

a -space wN-space Istcountable-

w y -space
7-sp space

N

g-space

3. Kotake DEE L FH L WVEFDOERE

Nagata space & wN-space DRARIZDOULVT, Kotake [FRDEEERLT -,

Theorem 3.1[9, Theorem1.3] A space is a Nagata space if and only if it
is a regular, & and wN-space.

ZCZT. a-space DPE(CHELT, wN-space DIEEEZELLEMEERT D,
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Definition 3.2. For a space (X, T},

(1) X is called @o-wN-space, if there exists a g-function g: XXN—=71
satisfying the conditions (@o) and (wN), where
(o) if yeg(x,n) , then g(y,n)<g(x,n),

(2) X is called @-wN-space, if there exists a g-function g: XXN—7T
satisfying the conditions (@) and (wN),

(3) X is called s@-wN-space, if there exists a g-function g: XXN—7
satisfying the conditions (s@) and (wN), where
(sa) For for each x€X, N {Cl(g(x,n))| nEN}={x} holds and,
if yeg(x,n), then gfy,n) Sg(x,n).

BHELY. ChoDZEMOBEREIRDEYTHD.

s a-wN-space | —» | @—wN-space |—» | @o-wN-space

FOEBEBMNDS o-space [CRIELT,. ROEMAERSINS, T T, strongly
¢ -space (I Yoshioka HM[15]TCEELT-.,

Definition 3.3. For a space (X, 7},

(1) X is called @ o-space, if there exists a g-function g¢ XX N—7T
satisfying the condition (@ o),

(2) X is called strongly a@-space, if there exists a g-function gt XXN— 1T
satisfying the condition (s @).

Remark 3.4. Every strongly a-space is T2 (hence, s @-wN-space is Ta).
ZITEELBINIEASHEOEMIE, { o -wN-space)&{a, wN-space) (X[E
LZMZE®RLEVNCETHD. MIEITEH (o) &(wN) ZREFIZH-T g-function

PMEETILEME. BT EM (a)EH-T gfunction g EFH(WN)EHT
g-function h KNHFEETLEMEEKRT D,

4. sa-wN-space, a -wN-space € L T a o-wN-space



Definition 3.3 TRHBLLEZMA, AN TWAEMEEDISTRRIZHS
IERARDE, DEDERNEGONS.

Proposition 4.1. For a space X, the following statements hold:

(1) If X1is a countably compact space, then X is an @ owN-space.
(2) IfXisan a@owN-space, then X is a wM-space..

Proof. (1): For each (x,n)¢ XXN, define a g-function g(x,n)=X. Then this
g-function g satisfies the conditions (« o) and (wN).

(2):Let g be g-function satisfying condition ( « oJand(wN). To show that X
is wN, it is sufficient that g-function g satisfies condition (wy ), because
of [12; Theorem 5.2] . Let xn€g(yn,n) and yn€g(x,n) for each néEN, then
g(yn,n)< g(x,n) by the (e o)-ness of g-function g. So x.€g(x,n) N g(xn,n), and
g satisfies the condition (wN). Thus, (xn)has a cluster point.

L Od%E(1){<BA:EL T, coutably compact spaces & @o-wN-spaces OfH
[CHBIAHZMIZONT, RTHETHIMBEELELTRRS,
Ff-. QOFEIXREYILONESIM? FHTHS,

Question 4.2. Does there exist a wM-space which is not &o-wN ?
H$. wM-space & @o-wN-space DEAFIZDLNTIE, RAFREINS,
Proposition 4.3. Every subparacompact wM-space is an & o-wN-space.

Proof. Let X be a subparacompact wM-space. Since X is wN, X is
matacompact by [6;Corollary 3.5]. Since X is wM, there is a sequence
{7 of open covers of X such that x:€st2(x, 7 ) for each n€N, then {(xn)
has a cluster point ( this is the original definition by Ishii [7]). For each
neN, let &, be a point-finite open refinement of 7 .. Let g(x,n)= N{UeS
n| x€U} for each (x,n)eXXN. Then it is easily seen that g-function g
satisfies the condition (&). Now let g(x,n)N g(xs,n)# ¢ for each neN,
then xn€st2(x, § n) Sst2(x,y n) for each ne€N. Thus (xn)has a cluster
point, so X isa o-wN.

s@-wN-space & a-wN-space [CDWTIERMRYIDIERHMD,

Theorem 4.4. For a space X, the following conditions are equivalent:

(1) X is a metrizable space.
(2) Xisasa-wN-space.
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(1) Xis aregular @-wN-space.

Proof. (1)=(2):For each n€ N, let B.={ B(x;1/n)|x€ X}, where B(x;1/n) is
the 1/n-neighbourhood of x and let { » be a locally finite closed
refinement of 8 ». For each (x,n)¢ XXN, define a g-function g(x,n)=X\ U
{Fe { . |x4F}. To verify this g-function satisfies condition (N}, let g(x,n)N
g(xn,n)# ¢ for each n€ N. There exist yn € g(x,n)Ng(Xn,n), F€ {n and B
€ fBn such that x, ,x¢ FEB. Then g(x,n) Sst(x, ) and Xn€ st(x, 8r). It
follows that the sequence (xn) clusters at x. So, g satisifies the condition
(wN). And it is obvious that this g-function satisfies the condition (s« ).
(2) =(3):Let g be a g-function with conditions(s « Jand(wN). To show the
regulality of X, let any x€ X and any open set U with x¢ U. Suppose that
for each n€ N, there exist xn€ Cl(g(x,n))\U. Then g(x,n) N g(xn,n)# ¢ for
each n€ N, so there is a cluster point p€ X\ U of the sequence (x») . Now
we have for each n€ N, p€ cl({xk | k2n}< Cl(g(x,n}}, so p€ N{CKg(x,n))| ne
N}={x}. Hence p=x, this is a contradiction.

(3) =(1):Since X is regular o and wN-space, X is Nagata by Theorem
3.1. And X is wM by Proposition 4.1(2), it follows that X is wy . By [6;
Theorem 4.7] , X is metrizable.

s @ ~wN-space(=metrizable space), «-wN-space £LT & cwN-space
OBBTEWNMIRLEDIEDOTHEI LN, ROFIZL>TRIND,

Example 4.5. There exists an #-wN-space which is not s #-wN.

Proof. Let X be the space N with the cofinite topology { USN/| |N\U|is
finite} U ¢ . It is well known that X is compact T: but not T2. Since X is
not T2, X is not s@-wN. To show that X is a &-wN-space, let g(x,n)={x}
U {k>n} for each (x,n)€¢ XXN. Then g is a g-function satisfying the
condition( «) and by the compactness of X, g satisfies the condition (wN)
(see [15;Example 4.10] .

Example 4.5 DZERIE To-space THLY, Theorem 4.4 DFERIYRDREH
NEZDNS,

Question 4.6. Is every T2 a@-wN-space, metrizable ?

Example 4.7. There exists an &o-wN-space which is not @-wN.



Proof. Let X be the space of all coutable ordinal numbers with order
topology. Since X is countably compact, X is &« o~wN by Proposition
4.1(1). Suppose that X is an & -wN-space. Then X is metrizable by
Theorem4.4. This is a contradiction.

DI AVDARBIXRD LIS,

L \Tl Tg‘)

coutably compact

space ‘ \§\

\A
Cormmame g

.
<

wM-space

wN-space

##., wN-space TH>T., wM THULEMOHIE Remark 5.4 #BRDIE,

5. a -wN-space 83X ao-wNspace P quasi-perfect image

Theorem 4.4 &Y sa-wN-space [ metrizable THDHMH sa-wN-space
@ quasi-perfect image (& sa-wN-space(=metrizable space) T#H5.

o o-wN-space HKXU o -wN-space M quasi-perfect image [ZDLTIER
DEEMNRRYID,
Theorem 5.1. The following statements hold:

(1) The quasi-perfect image of an & —~wN-space is @ wN.

(2) The quasi-perfect image of an @—wN-space is @—-wN.
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Proof. (1): Let f: X—Y be a quasi-perfect map, and X an a o~wN-space.
The space X has a g-function g satisfying the conditions (o) and (wN).
Let h(y,n)=Y \ fiX \ g(fl(y),n)) for each (y,n)€ YXN, then Y has a
g-function h by the closedness of f. We will show that h satisfies the
condition (o) and (wN). Let z€ h(y,n), then for each u€ fl(z) there
exists xu€ fl(y) such that u€ g(xn,n). Since g satisfies the condition (o),
g(u,n) < g(xu,n) E g(f-(y),n). Then g(fi(z),n) < g(f'(y),n). It follows that
h(z,n)S h(y,n) holds. Next to verify that h satisfies the condition (wN), let
zn€ h(y,n) Nh(yn,n) for each n€ N. Let n€ N, there exist un and wn such
that un€ f1(y) and wn€ f1(zs) N g(un,n), and since zn€ h(yn,n), there is an
Xn€ f1(yn) such that wa€ g (xn,n). The sequence (un) has a cluster point p
in f'1(y) by the countable compactness of f1(y). For each k€ N, there is a
un € g(p,k) with n(k)<n(k+1). Since g satisfies the condition ( a o),
g(unw, n(k)) < glp,n(k)) < g(p,k) hold. Then waw€ g(p,k) N g(Xn(,k) for each
ke N. Since g satisfies the condition (wN), the sequence (xnx)) clusters,
so (xn) has a cluster point. Thus {f(xn)) has a cluster point, that is, {yn)
has a cluster point.

(2): Let f: X—Y be a quasi-perfect map, and X an a-wN-space. The space
X has a g-function g satisfying the conditions () and (wN). Let h(x,n)=Y
Nf(X\ g(f}(y),n)) for each n€ N, then Y has a g-function h by the
closedness of f. We will show that h satisfies the conditions («) and
(wN).From the proof of (1), we only show that Mfha(y)| n€ N}={y} for
each y€ Y. Suppose that there is a y€ Y such that ha(y) # {y}. Then there
is an x€ N{g(f(y),n) |n€ N}\f!(y). For each n€ N, there exists xn€ [(y)
such that X€ g(xn,n). The sequence (x») has a cluster point p in f'l(y) by
the countable compactness of fl(y). For each k€ N, there is an n(k)¢ N
such that xax€ g(y,k) with n(k)<n(k+1). Then x€ g(Xnw,n(k))< g(Xnw,K)<
g(p,k) hold. Thus we have x€ N{g(p,n)|n€ N}={p}, so x=p. This is a
contradiction.

Remark 5.2. The fact that the quasi-perfect image of an «-spaces is
also @ can be shown in the same manner as the proof of Theorem 5.1.

Remark 5.3. In [8], Ishi showed that the quasi-perfect image of a
wM-space is also a wM-space.

Remark 5.4. As stated in sectionl, Lutzer showed in [10, Example4.3]
there exists a perfect map f:X—Y where X is a Nagata space and Y is
not g-space. We can find this space X is not wM by Proposition 4.3 and
Theorem 5.1(1). Thus, this space X is a wN space which is not wM.



&EC AT, metrizability A% closed map THEESNLEVNIEEELHSNTINS,

Example 5.5 (see[11, Example 10.1]). A closed image of a metrizable
space is not a gq-space.

—OFF, sa-wN, a-wN £LT adocwN ODFAEFIDOHEEL closed map
TREINGNIEEZERLTILNS,

6. Nagata space DG

HETIE wN-spaces [TRAL TR TES-, R4 FE#HE Nagata-space (2D
WTERRTH S, '

Definition 6.1. For a space (X, 7),
X is called an @¢—Nagata space, if there exists a g-function g: X X N—
T satisfying the conditions (@ o) and (N).

Theorem 6.2. For a space X, the following conditions are equivalent:

(1) Xis a metrizable space.
(2) Xisan @o-Nagta space.

Proof. (1) =(2):In the proof of Theorem 4.4(1) =(2), we have shown this
implication.

(2) =(1):Let g be a g-function satisfying the condition (@o) and (N). We
will show that g satisfies the condition (7). Let xn€g(yn,n) and yn€g(x,n)
for each n€N, then xn€g(yn,n) Eg(x,n), because g satisfies (o). Since Xn€
g(x,n) N g(xn,n) and g satisfies the condition (N), the sequence {xn)
clusters at x. Thus, X is 7. By [6;Theorem 4.7], X is metrizable.

Definition 3.2 (2),(3) &[B#kIZ. a-Nagata space & sa-Nagata space &
EETHEIETRETH S, LM L. Theorem 4.4 DEEBALY. a-Nagata space
H&U sa-Nagata space & metrizable THBZEMRHM B,

Nagata space & wN-space DBERICOVTRRSH TLVz Theorem 3.1
LRIFRGREMARKYILD,

Theorem 6.3. A space is a Nagata space if and only if it is a strong «,
wN-space.

95



96

Proof. Let X be a Nagata space. We will show that X is strong «. Since
every Nagata space is semi-stratifiable and paracompact Tz, X has a G,
-diagonal sequnce {8 ). And for each n€ N, there is a locally finite
closed refinement {n of &8n. For each (x,n)¢ XXN, let g(x,n)=X\ U{Fe
{ n|x4F). Then it is easily verified that if y€ g(x,n), then g(y,n)Sg(x,n)
holds. We will show that x€ N{Cl(g(x,n)) |n€ N}={x} for each x€ X. For
any y€ X with y#x, there is an m€ N such that yést(x,{ m). Then we
have g(x,m)Ng(y,m)=¢ . Suppose that there is a z€ g(x,m)Ng(y,m), then
z¢ Fe { n Since {m is a refinement of 0 m, we have x, y¢ F&G for
some G€ &, Then we have that y€ st(x,0 m), this is a contradiction.
Thus, X is a strongly &, wN-sapce.

Conversely, Let X be a strongly @, wN-space. Let h be a g-function
satisfying condition (s @), and k g-function satisfying condition (wN).
Let g{x,n)=h(x,n) Nk(x,n) for each (x,n)€¢ X XN, then g is a g-function. We
will verify that X is regular. Suppose that U be an open neighbourhood
of x and x» € Cl(g(x,n))\U for each n€ N. Since k(x,n)Nk(xn,n)# ¢, the
sequence {Xn) has a cluster point pé¢ X\ U. And p€ cl{{xk|k2n}<
Cl{g(x,n)) for each n€ N. On the other hand, N{Cl(h(x,n))| n€ N}={},
since h satisfies the condition (s o). Then, p€ N{Cl(g(x,n)}|n€ N} <
N{Cl(h(x,n)) | n€ N}={x}, so we have x=p. This is a contradiction. Thus, X
is a regular a, wN-space. By Theorem 3.1, X is Nagata.

7. BAETHHEE

Proposition4.1(1) T countably compact space [ @o-wN-space T#H5D
Z&%kART-, countably compact D—{EIhf-ZEMELTILHLNTLSS
MELT Morita MEEHELTz M-space M#Hd, EH1Z, M-space D—HLELT,
Siwiec and Nagata (£[13]I28L T M#-space #E&HLT=.

Definition 7.1. A space X is called an Mf#-space if it has a sequence
{& ) of closure-preserving closed covers of X such that whenever xn€st(x,
¢ n) for each néEN, then the sequence {x») has a cluster point.

M#-space [ZHULTROBEMNHEYILD,
Proposition 7.2. Every M¥-space is an @o-wN-space.

Proof. Let (¢ be a sequence of closure-preserving closed covers of X
such that whenever xn€ st(x, £ ) for each n€ N, then the sequence
(xn) has a cluster point, where we may assume that ¢ n+1 is a
refinement of &n. Let g(x,n)=X\ U{ F€ ¢n| n€ N} for each n€ N, then



the g-function g satisfies condition (ao). And let g(x,n) N g(xn,n)# ¢ for
each n€ N, then xn€ st(x, {n) for each n€ N. So the sequence (x.) has a
cluster point. Thus X is @ o-wN.

LDOHBIZONT, EHSRYIONESHTBETHS.
Question 7.3. Does there exist an @ o-wN-space which is not M* ?
2#. ao-wN-space & M#-space DBFRIZDONTIX, "ARENSD,
Proposition 7.4. Every paracompact T2, wM-space is an M#-space.

Proof. Let X be a paracompact T2, wM-space. Let {7 .} be a sequence of
open covers of X such that xn€st?(x, 7 ) for each n€N, then {(xn)has a
cluster point. For each n€N, there is a locally finite closed refinement¢ .
of 7 n. Then the sequence {{ .} is the one of closure-preserving closed
covers of X such that whenever xn€st(x, ¢ n} for each n€N, then the
sequence {xn) has a cluster point. Thus X is an M#*-space.

M-space, M#-space #LT ®o-wN-space DEAFRITRDBYTHS.

e

—
M-space / M*-space

hkd

@ o-wN-space

M#-space T#H>T M-space THLRAIL[12] TRIN TS,

®&IZ. wN-space LU Nagata space DFEREIEIZDULVT, Hodel AURLT:
EEICEBRT D,

Theorem 7.5. The following statements hold:

(1)[6; Theorem 4.3]1 Every T2 }, wN-space is metrizable.

(2)[6;Theorem 4.7] Every w ¥, Nagata space is metrizable.
COEELY. RO2DODMEREIL Question 4.6 LFEHELGMBEEGS.

Question 7.6. Is every T2 «-wN-space, Nagata ?

Question 7.7. Is every T2 «-wN-space, ¥ ?
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