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Abstract

In this paper, we study extended backward stochastic Volterra integral equations
(EBSVIEs, for short). We establish the well-posedness under weaker assumptions than
those of known results, and prove a new kind of regularity property for the solutions.
As an application, we investigate, in the open-loop framework, a time-inconsistent
stochastic recursive control problem where the cost functional is defined by the solution
to a backward stochastic Volterra integral equation (BSVIE, for short). We show that
the corresponding adjoint equations become EBSVIEs, and provide a necessary and
sufficient condition for an open-loop equilibrium control via variational methods.
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1 Introduction

Throughout this paper, we let W (+) be a d-dimensional Brownian motion on a complete prob-
ability space (2, F,P). F = (F;)i>0 denotes the P-augmentation of the filtration generated
by W(-). Let 0 < S < T < oo be fixed. In this paper, we study, together with an application
to stochastic control, the following extended backward stochastic Volterra integral equation
(EBSVIE, for short):

Y(t,s) = () +/ g(t,r, Y (r,r),Y(t,r), Z(t,r))dr —/ Z(t,r)dW(r),
s €[S, T], tel[S,T],

where ¢ @ Q x [S,T] — R™ and g : Q x [S,T]> x R™ x R™ x R™*¢ — R™ are given
maps. By an adapted solution to (1.1]), we mean a pair of R™ x R™*4-valued random fields
(Y(-,-), Z(-,-)) ={(Y'(t,s), Z(t,s)) }t.5)e[s, 772 such that
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e the map [S,T]? x Q3 (¢,s,w) — (Y(t,s,w), Z(t,s,w)) € R™ x R™*? is measurable,

e for each fixed t € [S,T], the process Y (t,-) = (Y (t,5))scis,r) is continuous and F-
adapted,

o for each fixed t € [S, T, the process Z(t,-) = (Z(t,5))sc[s,r] is F-progressively measur-
able, and

e the equality in ((1.1]) holds a.s. for any s € [S,T] and ¢ € [S, T].

We call ¢ the free term and g the generator of EBSVIE . If the generator g(t,r,n,y, 2)
does not depend on y, then EBSVIE can be seen as an integral equation for n(t) = Y (¢, t)
and ((t,s) = Z(t,s), and it reduces to the so-called Type-1 backward stochastic Volterra
integral equation (BSVIE, for short) of the following form:

n(t) = (t) + / g(t,5,1m(s), C(t, ) ds — / C(t,5)dW(s), t € [S.T).

If moreover 1 and g do not depend on ¢, then the above equation reduces to a well-known back-
ward stochastic differential equation (BSDE, for short) with the adapted solution (n(-), ((+)):

T T
w0y =+ [ glsn).c)ds = [ awes), e [s.1)
t t
which can be rewritten in the differential form:

{dn(S) = —g(s,71(s),(5)) ds + ((s) AW (s), s € [S,T],
n(T) = .

BSDEs have been extensively researched, and established as a fundamental object in
mathematical finance and stochastic control; see for example the survey paper [6] and
the textbook [36]. BSVIEs were firstly studied by Lin [15], and further investigated by
Yong [30, 32], Shi-Wang [17], Wang—Yong [26], Shi-Wen—Xiong [19], and so on. BSVIEs have
become a popular tool for studying some problems in mathematical finance. Yong [31] ap-
plied BSVIEs to dynamic risk measures. Wang—Sun—Yong [22] established the well-posedness
of quadratic BSVIEs, and explored the applications of quadratic BSVIEs to equilibrium dy-
namic risk measures and equilibrium recursive utility processes. Shi-Wang—Yong [I§] and
Wang—Zhang [27] investigated optimal control problems of BSVIEs. Recently, as a gener-
alization of BSVIEs, Wang [2I] introduced EBSVIEs, and investigated the Feynman-Kac
formula for a non-local quasilinear parabolic partial differential equation (PDE, for short).
A similar equation was considered by the author’s work [7]. The author established the
well-posedness of a “flow of forward-backward stochastic differential equations” over small
time horizon, which is a coupled system of a stochastic differential equation (SDE, for short)
and an EBSVIE. In this paper, we deal with the well-posedness and a regularity property
of EBSVIE (1.1)) under weaker assumptions than the literature. Furthermore, we show that
EBSVIEs naturally arise in a time-inconsistent stochastic recursive control problem. To the



best of our knowledge, the present paper is of the first result to show the applicability of
EBSVIESs to stochastic control.

In recent years, time-inconsistent stochastic control problems have received remarkable at-
tentions in stochastic control, mathematical finance and economics. Time-inconsistency for a
dynamic control problem means that the so-called Bellman’s principle of optimality does not
hold. In other words, a restriction of an optimal control for a specific initial pair on a later time
interval might not be optimal for that corresponding initial pair. Such a situation occurs for
example in dynamic mean-variance control problems, and in utility maximization problems
for consumption-investment strategies under non-exponential discounting. In order to deal
with a time-inconsistent problem in a sophisticated way, Strotz [20] introduced an approach
which regards the dynamic problem as a non-cooperative game, where decisions at every
instant of time are selected by different players (which represent the incarnations of the con-
troller). Nash equilibria are therefore considered instead of optimal controls. This approach
was adopted and further developed by Bjork—Khapko-Murgoci [3], Djehiche-Huang [4],
Yong [33, B4], Wei-Yong—Yu [28], Yan—Yong [29], Wang—Yong [23], Hu-Jin—Zhou [13] [14],
Hu-Huang-Li [12], Alia [1], and so on. Time-inconsistent consumption-investment problems
under non-exponential discounting were studied by, for example, Ekeland—Pirvu [5], Alia et
al. [2], and Hamaguchi [§]. The equilibrium concepts investigated in the literature can be
roughly divided into two different types, that is, (i) a closed-loop equilibrium strategy and (ii)
an open-loop equilibrium control. Let us briefly review these two concepts.

(i) A closed-loop equilibrium strategy is an equilibrium concept for a “decision rule” that
a controller uses to select a “control action” based on each state. Mathematically, a
strategy is a mapping from states to control actions, which is chosen independently
of initial conditions. Concerning this formulation, Yong [33] performed a multi-person
differential game approach for a general discounting time-inconsistent stochastic con-
trol problem, and characterized the closed-loop equilibrium strategy via the so-called
equilibrium Hamilton—Jacobi-Bellman (HJB, for short) equation. This approach was
further developed in [34, 28] 29] 23].

(ii) An open-loop equilibrium control is an equilibrium concept for a “control process” that
a controller chooses based on the initial condition. Hu-Jin-Zhou [13, [14] introduced
and investigated an open-loop equilibrium control for a time-inconsistent stochastic
linear-quadratic control problem, together with an application to a dynamic mean-
variance control problem. They characterized an open-loop equilibrium control by using
a variational method, which is a natural generalization of the stochastic maximum
principle of Peng [16] to the time-inconsistent problem. This approach was further
developed in [12| [34], 29] 24, 25| 2] 1], §].

For a stochastic control problem, a recursive cost functional with exponential discounting can
be described by the solution of a BSDE. On the other hand, as discussed in [23], when we
consider a stochastic recursive control problem with general (non-exponential) discounting,
then the proper definition of the recursive cost functional is the solution of a Type-1 BSVIE.
In the closed-loop framework, Wang—Yong [23] and Yan—Yong [29] (Section 5) adopted the
multi-person differential game approach, and studied a time-inconsistent stochastic recursive



control problem where the cost functional was defined by the solution of a Type-I BSVIE. A
similar problem was studied by Wei-Yong—Yu [2§] in the closed-loop framework, where the
cost functional was defined by a family of parametrized BSDEs. On the other hand, to the
best of our knowledge, time-inconsistent stochastic recursive control problems have not been
studied in the open-loop framework.

In Sections [4] and [5| of the present paper, we investigate, in the open-loop framework, a
time-inconsistent stochastic recursive control problem where the cost functional is defined
by the solution of a Type-I BSVIE. We define an open-loop equilibrium control by a similar
way to [I3 14], and characterize it via variational methods. The key point is to derive
the first-order adjoint equation and the second-order adjoint equation. In this paper, we
show that the proper choices of the adjoint equations are EBSVIEs; see equations (4.10))
and . For this reason, we see that EBSVIEs are important tools to deal with a time-
inconsistent stochastic recursive control problem in the open-loop framework. Our method
to derive the adjoint equations is inspired by Hu [I1]. He investigated a (time-consistent)
stochastic recursive control problem with the cost functional defined by the solution to a
BSDE, and developed a global maximum principle. In this paper, we generalize his idea to
a time-inconsistent setting with the cost functional defined by the solution to a BSVIE. It
is also worth to mention that the paper [I1] provided a necessary condition for an optimal
control in a time-consistent stochastic recursive control problem, while the papers [33, 28] 29]
23] provided sufficient conditions for closed-loop equilibrium strategies in time-inconsistent
stochastic recursive control problems with general discounting. Compared with the above
papers, we provide a necessary and sufficient condition for an open-loop equilibrium control
in a time-inconsistent stochastic recursive control problem with general discounting. We also
refer to relevant works of Wang [24], 25], where the author characterized open-loop equilibrium
controls in a linear-quadratic time-inconsistent mean-field control problem (which is different
from our setting) by a system of conditions named as first-order and second-order equilibrium
conditions.

Unfortunately, the coefficients of the adjoint equations and do not sat-
isfy the assumptions considered in [2I]; see Remark [3.1] Therefore, in order to justify
the arguments in Sections [4] and [5 we need further observations on EBSVIEs. This is
a motivation of Section [3] For the sake of the well-posedness of the adjoint equations,
in Section , we prove the well-posedness of the general EBSVIE under weaker as-
sumptions than the literature. We provide a direct proof which is different from the orig-
inal method of [2I]. Moreover, we show a new type of regularity property of the solution
(Y(-,-), Z(-,-) = {(Y'(t,5), Z(t,s)) }t.s)e[s,r2 to an EBSVIE with respect to the ¢-variable.
This regularity result plays an interesting role in the study of time-inconsistent stochastic
control problems.

In the studies of EBSVIEs and time-inconsistent stochastic control problems, the “di-
agonal process” Z(s,s) of a process Z(t,s) with two time-parameters plays a crucial role.
In some previous works on time-inconsistent stochastic control problems (for example, in
[5, [4]), such a “diagonal process” was used without rigorous discussions, although even the
well-definedness is not clear and questionable. Indeed, we show a counter example (Ex-
ample which says that there exists a (deterministic) process Z(-,-) such that the term



Z(s, s) cannot be defined. Due to this technical difficulty, in some time-inconsistent stochas-
tic control problems, the full characterization of an open-loop equilibrium control has been
an open problem. In Section 4.1 of [34], a strong assumption, that is, the a.s. continuity of
the map (t,s) — Z(t, s), was imposed in the sufficient condition for an open-loop equilibrium
control, but the a.s. continuity is difficult to check in general. Also, in Section 4 of [29], the
characterization of an open-loop equilibrium control remained to include a limit procedure,
and hence they did not provide a full characterization in a local form. In this paper, in
order to overcome such difficulties arising in the existing literature, we show some abstract
results on stochastic processes with two time-parameters, and provide a useful approach to
treat the “diagonal processes”. This observation is interesting by its own right, and plays a
key role in our study. Indeed, this approach helps to solve the open problem arising in the
full characterization (via a necessary and sufficient condition) of the open-loop equilibrium
control in a time-inconsistent stochastic control problem under reasonable assumptions.

The contributions of this paper are summarized as follows:

e We establish the well-posedness of the general EBSVIE ((1.1)) under weaker assump-
tions than the literature, and prove a new kind of regularity property of the solution

(Theorems and [3.7).

e We provide a necessary and sufficient condition for an open-loop equilibrium control of
a time-inconsistent stochastic recursive control problem via variational methods (The-
orem (4.4)).

e We derive the corresponding adjoint equations, which turn out to be EBSVIEs (equa-

tions (E10)- (11)).

e We provide a rigorous approach to deal with the “diagonal process” of a stochastic
process which has two time-parameters (Lemma [2.7). This abstract result plays an
important role in the studies of EBSVIEs and time-inconsistent control problems.

The paper is organized as follows: In Section [2, we introduce some notation and recall
some known results. In Subsection [2.1] we investigate stochastic processes with two time-
parameters. In Section , we prove the well-posedness of EBSVIE (1.1)) and study the
regularity of the solution (Y'(-,-),Z(-,-)) = {(Y(t.s),Z(t,5))},5)e[sr2 With respect to ¢.
In Section [ we investigate a time-inconsistent stochastic recursive control problem in the
open-loop framework; the main result of this section is Theorem 1.4l In Section [5| we prove
Theorem [M.4] via variational methods. Some technical estimates needed in Section [ are
proved in Appendix [A]

2 Preliminaries

Throughout this paper, Lebyg 7; denotes the Lebesgue measure on an interval [S, T, and 14
denotes the indicator function for a given set A. E[-] denotes the expectation, and E;[-] :=
E[-|F;] denotes the conditional expectation given by F; for each ¢t > 0. We say that a function
p :[0,00) — [0,00) is a modulus of continuity if p is continuous, increasing, and satisfies
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p(0) =0. Let p,¢g > 1,0 < S < T < oo, and let H be a Euclidean space. We define the
following spaces of (equivalent classes of) functions and random variables:

T

LP(S, T H) := {go (S, T] — H ‘ @ is measurable,/ lo(s)|Pds < oo} ,
S

LY (G H) = {¢: Q — H| ¢ is Fr-measurable},
L% (G H) = {p € Ly, (G H) |E[|¢l] < oo}
Furthermore, we introduce the following spaces of (equivalent classes of) processes:

LY(S, T;H) := {p: Q x [S,T] — H| p(+) is progressively measurable},

T p/q
wr(s. i) = o) € s, [ B ([ hotoras)™] < oo},

©(+) has continuous paths and satisfies
IO CS TIH) = () € BUSTSH) |

sup [p(s)l"| < o0
sS€[S,T

Define LE(S,T;H) := LEP(S,T;H). Note that L(S,T;H) is a complete metric space with

the metric

(10 e2() > B[ [ mindlea(s) = ea(s)] 15| 1), ) € LS. T ).

The induced topology coincides with the one of convergence in measure Lebjgr ® P. That
is, for p(+), on(-) € LY(S, T;H), n € N, ¢,(-) = ¢(+) in LE(S, T;H) if and only if

T
lim E[/ ]1{|Lpn(5)_<p(s)|2€} dS} =0, Ve > 0.
S

n—oo

LEA(S, T, H) and LE(S2; C([S, T); H)) are Banach spaces with the norms

12 2oy = E[(/ST |2(s)|? ds) ]1/137 2() € LBY(S, T H),

and

1/p
VO gacsmen = [ sup )] () € 50 €8 7)),

respectively.
The following lemma is standard, but plays an interesting role in our study.

Lemma 2.1. Let p,g>1,0< 5 <T < o0, and let H be a Euclidean space.
(i) It holds that

LE(Q; C([S, T); H)) € LS, T;H) C LX'(S,T;H) C LL(S, T;H) C L3(S, T; H),

and the embeddings are continuous.



(ii) Let @,(-) € LY%S,T;R), n € N, be uniformly bounded and lim, ., p,(-) = 0 in
LY(S, T;R). Then for any 2(-) € LX'(S,T;H), it holds that lim, e ©n(-)2(-) = 0
in L2'(S,T;H).

For each p > 1 and Euclidean spaces H and G, we define
HE(S, T H x G) := LE(; C([S, T); H)) x LE*(S, T;G).
Note that HE(S,T;H x G) is a Banach space with the norm defined by
T p/271/p
19O gisirsey == = sup o)+ ([ =) as)”"]
sE[S,T S

for (y(-),z(+)) € HR(S, T, H x G).

2.1 Stochastic processes with two time-parameters

In order to study EBSVIEs and time-inconsistent stochastic control problems, we have to
consider stochastic processes which have two time-parameters. Now we observe such processes
rigorously. Let p,g > 1,0 < S < T < o0, and let H be a Euclidean space. For Lp(H) =
LY(S, T; H), LEY(S, T, H), LE(; C([S,T]; H)), we denote by C([S,T]; Lr(H)) the space of
Ly(H)-valued continuous functions. Furthermore, we define

C([S,T); Lp(H)) := {gp Q% [S, T - H

¢ is measurable, ¢(t,-) € Lp(H), Vt € [S,T],
and t — ¢(t,-) € Ly(H) is continuous '

Note that each element of C([S,T]; Lr(H)) is jointly measurable on Q x [S,T]*. Let us
discuss a relationship between C([S, T]; Lr(H)) and C([S, T]; Lr(H)). To do so, we show the

following abstract lemma.

Lemma 2.2. Let (X, X, u) be a finite measure space and (E, ||-||g) be a Banach space. Denote
by B(E) the Borel o-field with respect to the norm topology of E. We denote by L(X; E) the
space of (equivalent classes of ) E-valued measurable functions, which is a complete metric
space with the topology of convergence in measure j. Then, for any ¢ € C([S,T]; L(X; E)),
there exists a jointly measurable function ¢ : [S,T] x X — E such that, for any t € [S,T],
o(t)(z) = o(t,z) in E for pu-a.e.x € X.

The above lemma is standard, but let us prove that fact for self-containedness.

Proof. Since the function [S,T] 5 t — ¢(t) € L(X; E) is (uniformly) continuous, there exists
a sequence {II,},en of finite partitions II,, = {t} |k = 0,1,...,m,} of [S,T] such that the
mesh size of II,, tends to zero as n — oo, and

plr € X[ llp(t) (@) = @ult, 2)| > 27"} <277, VI € [S,T], Vn €N,

where, for each n € N, ¢, is defined by
Pult,x) =Y Ty ) (O(ti1) (@) + Ly (D(T) (@), (t,2) € [S,T] x X.
k=1
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Since @, : [S,T] x X — FE is jointly measurable for all n € N, the limit

. lim,, oo @n(t,z) if the limit exists,
o(t,x) = )
0 otherwise,

is also jointly measurable. Let ¢ € [S, T be fixed. The Borel-Cantelli lemma yields that, for
p-a.e.x € X, there exists a number N(x) € N such that ||¢(t)(z) — @n(t, z)||g < 27" for any
n > N(z), and hence p(t)(x) = @¢(t,x). This completes the proof. O

Now we show three examples of the above lemma.

(i) Take (X, %, 1) = (€, Fr,P) and E = H. For any 1 € C([S,T7; L% (Q;H)), there exists
a1 € C([S,T]; L%, (Q;H)) (which is jointly measurable) such that

Y(t,w) = (t,w), for P-ac.w e Q, Vt € [S,T).

(ii) Take (X,3,pu) = (2 x [S,T],P,Lebgr ® P) and E = H, where P is the progressive
o-field. For any Z € C([S,T); LY(S,T;H)), there exists a Z € C([S,T]; LY(S, T;H))
(which is jointly measurable) such that

Z(t,s,w) = Z(t,s,w), for Lebigr @ P-a.e. (s,w) € [S,T] x Q, Vt € [S,T]. (2.1)

(iii) Take (X, %, pu) = (Q,F,P)and E = C([S,T];H). Forany Y € C([S, T]; Lg(%; C([S, T]; H))),
there exists a Y € C([S, T]; LE(2; C([S, T); H))) (which is jointly measurable) such that

Y(t,s,w)=Y(t s w), Vsel[S,T)], for P-ae.weQ, YVt e[S, T

In the following, for each element of C([S,T]; L(X; E)), we always consider a jointly measur-
able version in the above sense, and we identify “C” and “C”.

We define
Cy([S, T]; LY(S, T; H)) = {¢(-,-) € C([S, T); LY(S, T; H)) | ¢ is uniformly bounded}.
Lastly, for each p > 1 and Euclidean spaces H and G, we define
SU(S, TS H x G) = C([S, T); LA C(IS, T); H)) x O[S, T]; IV(S, T G)).

Note that H%(S,T;H x G) is a Banach space with the norm defined by

» T 5, \P/2)1/p
o), 2CMprsiracce) = sup B[ sup [utt o)+ ([ lett.s)ds)”
te[S,T) SE[S, T S

for (y(-,-), z(+,")) € HL(S, T; H x G).

Remark 2.3. The “diagonal process” of a process with two time-parameters is crucial in
the studies of EBSVIEs and time-inconsistent control problems. Let us remark on that.
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e For each Y(-,-) € C([S,T]; Lg(Q; C([S, T); H))), the diagonal process (Y (s, s))sejsz) is
progressively measurable, and the map [S,T] 2 s — Y(s,s) € Lz (€;H) is continuous.
Moreover, it can be easily shown that, for any ¢ € [S,T),

1 t+e ) o t+e )
181{(1)1 EE [/t [Y(t,s) = Y(s,s)| ds} = 151%1 EE [/t Y(t,s) = Y(t,1)] ds} = 0.

e The case of the space C([S,T]; LE*(S,T;H)) is more delicate. In fact, in some pre-
vious works on time-inconsistent stochastic control problems, the diagonal process
(Z(s,5))seism of Z(-,-) € C([S,T]; Ly?(S,T;H)) was used without rigorous discus-
sions. However, such a process is not well-defined in general. Indeed, for two elements
Zy(+,+) and Zs(-,-) in C([S,T]; L¥(S, T;H)) such that

Zi(t,s,w) = Zs(t, s,w), for Lebjgm ® P-a.e. (s,w) € [S,T] x Q, YVt € [5,T],

the equality Zi(s,s,w) = Zs(s,s,w) for Lebgr ® P-a.e. (s,w) € [S,T] x Q does not
hold in general. Moreover, the next example shows that the limit

1 t+e
lim—]E[/ Z(t,s)ds}, telS,T),
¢

el0 €
does not exist in general.

Example 2.4. Let r > 1 be fixed. Define two (deterministic) processes Z;(t, s) and Zy(t, s)
for (¢,s) € [0,1]* by

s—1)7V ifs>t

-7 if s>t ( ’

Zy(t,s) = (s =) 1 7% and Zy(t,s) =<1 if s =1,
0 if s <t, .

0 if s < t.

It can be easily shown that both Z; and Z, are jointly measurable, Z(t,s) = Z(t,s) for
a.e.s € [0,1] for any ¢t € [0,1], and Z;(-,), Za(+,-) € C([0,1]; L9(0,1;R)) for any ¢ € [1,7),
but Zi(s,s) # Za(s,s) for any s € [0, 1]. Furthermore,

1 t+e 1 t+e R
—/ Z1(t, ) ds(z —/ Zs(t,s) ds) = %5—1/7‘ SN oo, YVt €10,1).
t € Jt r—=

€

Thus, the case of the space C([S,T]; Ly?(S,T;H)) needs a more careful observation.

Firstly, let us define a property which the “diagonal process” of Z(-,-) € C([S,T); L&(S, T; H))
should satisfy, in view of applications to time-inconsistent stochastic control problems.

Definition 2.5. Let Z(-,-) € C([S,T]; LL(S,T;H)) be given. We say that a process Z(-) €
LL(S, T;H) satisfies Property (D) with respect to Z(-, ) if it holds that

t+e
limlE[/ |Z(t,s) — Z(s)|ds| =0, Vt € [S,T).
el0 € ¢
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Here “D” is named after “Diagonal”. Note that the above definition does not depend
on the choice of a “version” (in the sense of (2.1))) of Z(-,-). That is, if Z(-) € L§(S,T;H)
satisfies Property (D) with respect to Z(-,-), then for any Z(-,-) € C([S,T]; Lk(S, T;H))
such that Z(t,s) = Z(t,s) for Lebsr ® P-a.e. (s,w) € [S,T] x Q, ¥t € [S,T], the process
Z(-) also satisfies Property (D) with respect to Z(-,-). Furthermore, the following lemma
shows that, for each Z(-,-) € C([S,T]; LL(S,T;H)), the process Z(-) € LL(S, T; H) satisfying
Property (D) with respect to Z(-, ) is, if it exists, unique.

Lemma 2.6. Let Z(-,-) € C([S,T); L&(S,T;H)) be given. Assume that both two processes
Z1(+), 22(-) € Li(S,T;H) satisfy Property (D) with respect to Z(-,-). Then it holds that
Z1(s) = Z5(s) for Lebigm ® P-a.e. (s,w) € [S,T] x Q.

Proof. Since the function s — E[|Z;(s) — Z5(s)|] is in L*(S, T;R), by the Lebesgue differen-
tiation theorem, it holds that

) 1 t+e

h{gl B E[|Z1(s) — Za(s)|] ds = E[|Z1(t) — Z2()]]
€ t

for a.e.t € [S,T). On the other hand, for any t € [S,T'), it holds that

l/t TE[|Z4(s) — Za(s)]] ds

< éE[/tHE 121(s) — Z(t,5)| ds] + ;E [/tt% 12(t,5) — Za(s)| ds| <% 0.

Thus, we get E[|Z1(t) — Z5(t)|] = 0 for a.e.t € [S,T]. This implies that Z;(s) = Z5(s) for
Lebigr @ P-ae. (s,w) € [S,T] x Q. O

)

Then, when does the process satisfying Property (D) exist? Example shows that there
does not exist such processes in general even in the case of deterministic processes.

First, assume that there exist a process ¢(-) € LL(Q;C([S,T];R)) and a uniformly
bounded process z(-) € LY(S, T; H) such that Z(t,s) = ¢(t)z(s) for Leby 1 ® P-ae. (s,w) €
[t,T] x Q, YVt € [S,T]. Then it can be easily shown that the process Z(s) := ¢(s)z(s),

€ [S, T, satisfies property (D) with respect to Z(-,-). This technique arises in the litera-
ture of time-inconsistent stochastic linear-quadratic control problems; see for example [14].
However, in most control problems, we cannot use this method due to the generality of the
process Z(-,-). We investigate another approach to deal with a general Z(-,-) by imposing a
regularity assumption on the map ¢t — Z(t, ).

Let p,q > 1 be fixed. Suppose that Z(-,) is in CY([S,T]; LEY(S, T;H)), that is, [S,T] >
t — Z(t,-) is continuously differentiable as an Ly¢(S,T; H)-valued function. Then there
exists a process 0, Z(-,-) € C([S,T]; Ly*(S, T; H)) such that

Z(tl, tz, / (9t dT th,tz S [S T]

where the integral in the right-hand side is the Bochner integral on the Banach space
Ly?(S,T;H). By Fubini’s theorem, for Lebigr ® P-a.e. (s,w) € [S,T] x Q, the function
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T+ 0,7(7,5,w) is well-defined as an element of L!(S,T;H). Furthermore, for any t,%, €
[S,T], we have

t1 t1
Z(ty, 8,w) — Z(ta, 5,w) = (/ 8,2(r,-,") dT) (5,w) = / 0, Z(r,s,w0)dr,  (2.2)

to to

for Lebig 7] @ P-a.e. (s,w) € [S,T] x £ (where the null set may depend on #; and t;). Now we
define a progressively measurable process Diag[Z](-) by

Diag[Z](s,w) := (2.3)

Z(S,s,w)+ fSS OZ(t,s,w)dr if 0 Z(-,s,w) € LY(S,T;H),
0 otherwise.

By (2.2)), for any t € [S, T, it holds that
Diag|Z](s) = Z(t, s) +/ O, Z(7,s)dr, for Lebigr @ P-a.e. (s,w) € [S,T] x €. (2.4)
¢

We emphasize that, in the above expression, the Lebg 7 ® P-null set is allowed to depend on
t. Now let us show important properties of Diag[Z](-).

Lemma 2.7. For a giwen Z(-,-) € C([S,T]; L&*(S,T;H)), define Diag|[Z](-) € L(S,T;H)
by (2.3). Then the following hold.

(1) Diag[Z](-) € LY*(S,T;H). Moreover, the following estimate holds:

HDiag[Z](')HL{F”‘?(S,T;H)S ||Z(Su')HL§’q(S,T;H) (T'—S) sup [|6:Z(t, ')HLE’Z’Q(S,T;H)-

te[S,T]

(ii) For any 1 <p' <p and1<q <gq, it holds that

/ /a7 1/p’ /
’ ds)p q} T o (Vi) i e[S, T).

e[( /t 1201, 5) - DiaglZ](s)

In particular, Diag|Z](-) is the (unique) process satisfying Property (D) with respect to
Z(+y-).

Proof. (i) By using Minkowski’s integral inequality (the integral form of Minkowski’s in-

equality) repeatedly, we see that
E[(/ (/ |0, Z (T, s)|d7’>qd8)p/q} v

- K/ST‘ /5 aZ(r,s)dr|' ds)fo/q} 1p
K/ </ 10:2( TS)I"ds>1/da>T/p
iamnar e

< (T —=8) sup [0 Z(7,)||Lpasrm < oo
T€[S,T]

IA
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From this estimate and the fact that Z(S,-) € LE?(S,T;H), we obtain the assertions in (i).
(ii) Without loss of generality we may assume that p’ = p. Let t € [S,T) be fixed. Noting the
equality [2.4] by using Minkowski’s integral inequality and Holder’s inequality, we see that,
for any ¢ € (0,7 — t],

[(/t ‘Zt s) — Diag[Z](s) d dg)p/q’] 1/p

[/ /at (7. 5) dr /ds)p/qr/p
[(/ (/ 0.2(r )| ds) e dr)p]l/p

< /t - E[(/THE 10,2 (7, 5)|7 ds)p/ql] i

< M1 /t " ( /t 02 ) ds)p/ " i

Furthermore, by Minkowski’s inequality, we obtain

/tt+sE[</tt+e |8tZ(7-,s)]q ds)p/q]l/p "
< /tt+E{E[(/tt+s ozt 9 ds)"]” “E[(/t

<<{e[([ 0z apas) "+ w1020, - 020 s )

TE[t,t+e]

I/\

t+e

/a11/
0,2 (7, 5) — D,Z (¢, 5)|7 ds)p q] p} dr

1/
Since 0,Z(t,-) € LE*(S,T;H), we have limeE[(fHamt (t,s |qd5> q] " — 0. On the

other hand, since the map [S,7] > 7 — 0,Z(7,-) € Lp?(S,T;H) is continuous, we have
im0 Sup ey pse) 10:Z(7, ) — O Z(L, ) || 129 (s,rm) = 0. Thus, the first assertion in (i) holds. In
particular, if we take p’ = ¢’ = 1, then it holds that

E[/:Jrs |Z(t,s) — Diag|[Z](s)| ds} = o(e* V), YVt € [S,T).

This implies that Diag[Z](-) satisfies Property (D) with respect to Z(-, ). O
Remark 2.8. (i) We emphasize that, for a given Z(-,-) € CY([S,T]; LY(S,T;H)), the
naive definition “Z(s,s) := Z(s,u)|,=s" still depends on the choice of a “version” (in

the sense of (2.1)) of Z(:,-), while Property (D) does not. The above lemma implies
that, if we define Z(-,-) € C*([S,T|; L¥(S, T; H)) by

Z(t, s, w) == Z(S,s,w) —i—f;&gZ(T,s,w) dr i 8,Z(-, s,w) € L'(S, T; H),
B otherwise,

then it is a “version” of Z(-,-) such that the process Z(s,s) = Diag[Z](s), s € [S,T],
is well-defined and satisfies Property (D) with respect to Z(-,-). Furthermore, the

12



above discussions are consistent with the arguments of the recent work by Hernandez—
Possamai [9].

(ii) By the same arguments as in the above proof, we can also show that

: N AtV ,
E[(/ 12(t,5) — Ding[2](s)|" ds) """ | " = o), wi e (8,7,
t—e

and

tre NP ,
E[(/ | Z(t, s) — Diag[Z](s)|" ds)p q} "o o(e TV vt e (S,T),
t

—€

forany 1 <p' <pand1<q <gq.

2.2 Known results for BSDEs
For 0 < S < T < o0, consider the following BSDE on [S,T):

Y(s)=1 —i—/ g(r,Y(r), Z(r))dr —/ Z(r)ydW(r), s € [S,T)], (2.5)

where (1), g) satisfies the following assumptions:
Assumption 0. Fix p > 2.
(i) ¥ € L% (Q;R™).
(i) g:Q x [S,T] x R™ x R™*4 — R™ is a measurable map such that

e The process (g(s,y,2))sejs,r) is progressively measurable for each y € R™ and
z € Rm™*4,

* 9(-,0,0) € L' (S, T;R™);
e There exists a constant L > 0 such that, for Lebgm ® P-a.e. (s,w) € [S,T] x Q, it
holds that
19(s, 41, 21) — 98,92, 22)| < Ly — yo| + |21 — 22])

for any v, y2 € R™ and 2, 2, € R™*,
We say that a pair (Y(-), Z(-)) is an LP-adapted solution of BSDE ({2.5) if (Y (+), Z(+)) €

HE(S, T; R™ x R™*?) and the equality (2.5)) holds a.s. for any s € [S,T]. The following fact
is well-known; see for example [36].

Lemma 2.9. Under Assumption [l there exists a unique LP-adapted solution (Y (-), Z(-)) €
HE(S, T;R™ x R™*4) of BSDE (2.5), and the following estimate holds:

T

E[ sup V()" + (/;|Z(s>12ds)p/2} < CE[[p] + </5 \g(s,0,0)]ds)p]

sE[S,T
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For i = 1,2, let (¢, g;) satisfy Assumptz’on@ and (Y;(+), Zi(+)) € HR(S, T;R™ x R™*?) pe
the unique LP-adapted solution of BSDE (2.5)) corresponding to (1, g;), respectively. Then it
holds that

IE[ sup |Yi(s) — Ya(s)” + (/ST|ZI(S) — Zy(s)? ds)p/Q}

s€[S,T
T

< CB[Jin = + ([ (6 Y506, 21(5) = (s, Vi(s). (o) )]

3 Well-posedness and regularity of EBSVIEs

Consider EBSVIE ([L.1)). We impose the following assumptions:
Assumption 1. Fix p > 2.
(i) ¥() € C([S. TT]; Lk, (9 R™)).
(ii) g: Q% [S,T]> x R™ x R™ x R™*¢ — R™ is a measurable map such that

e The process (g(t,5,1,y, 2))scis,r is progressively measurable for each ¢ € [S, T,
n,y € R™ and z € R™*%

o supicis B[ (5 lolt,5,0,0,0) ds) | < oo;

e There exists a constant L > 0 such that, for any ¢ € [S,T], for Lebig ® P-
a.e. (s,w) € [S,T] x Q, it holds that

|g<t7877717y1721> - g(t7577]27y2722)‘ < L(|771 - 772| + |y1 - y2’ + ’Zl - ZQD

for any 11,70, 41,92 € R™ and zy, 2o € R™*%;

e There exist two processes
k(-,-) € O[S, T); L' (S, T;H)) and I(-, ) € Gy([S, T; Lg(S, T3 G))

with Euclidean spaces H and G such that, for any ¢,,¢, € [S,T], for Lebjs 1 ® P-
a.e. (s,w) € [S,T] x Q, it holds that

|g<t17 s,NY, Z) - g<t27 s,NY, Z)|

(3.1)
< [k(tr, 8) = k(ta, 8)[ + [U(t1, 5) = U(ta, 5) (1] + |y| + |2])
for any 1,y € R™ and z € R™*¢,

Remark 3.1. Compared with [2I] and other previous researches on BSVIEs, the last as-
sumption on the continuity of the generator g with respect to t € [S,T] is new and
weaker. In the literature, the continuity of g with respect to ¢ € [S,T] is assumed to be
pointwise, that is,

|g(t17 s,NY, Z) - g<t27 sNY, Z)| S p(ltl - t2|)(1 + |T]| + |y| + |Z|) (32>
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for some modulus of continuity p : [0,00) — [0,00). However, the EBSVIEs arising in
Section 4| do not satisfy the continuity assumption , and hence they are beyond the
literature. This is why we introduced the weaker continuity assumption with respect to ¢ in
Assumption [T}

We now introduce a concept of the solution of EBSVIE ([1.1)).

Definition 3.2. We say that a pair (Y(-,-), Z(-,-)) is an LP-adapted C-solution of EB-
SVIE (L)) if (Y(-,-), Z(-,-)) € HE(S, T;R™ x R™*?) and the equality (1.1)) holds a.s. for any
s€[S,T] and t € [S,T].

Remark 3.3. (i) Unlike [21], we consider the values not only on S <t < s < T but

also on § < s <t < T, because it clarifies the discussions for regularity of solutions
with respect to t € [S,T]. The term “C” is named after the continuity of the solution
with respect to t € [S,T] (in the LP-sense). The above definition of solutions is a
generalization of the concept of adapted C-solutions of Type-I BSVIEs introduced in
[27] to EBSVIEs.

If the generator g(t,s,n,y, z) is independent of 7, then EBSVIE (1.1]) reduces to the
(decoupled) family of BSDEs for (Y (¢,-), Z(t,-)) on [S,T] parametrized by t € [S,T].

If the generator g(t,s,n,y, z) is independent of y, then EBSVIE (1.1)) reduces to the
following Type-I BSVIE:

n(t) = (1) + / g(t,5.1(5),C(t, 5)) ds — / ((ts)dW(s), te[S.T).  (3.3)

In this case, the LP-adapted C-solution (Y'(-,-), Z(-,-)) of EBSVIE (1.1]) corresponds to
the following. For each ¢ € [S,T7,

{Y(t,s) = E, [w) + fsTg(taW(T)’C(”))dr]’ selt,T]

Z<t7 8) - C<t7 8)7

and (Y (¢, ), Z(t, s))sesy € He(S,t; R™ x R™*9) is the unique adapted solution of the
BSDE

Y (t,s) =n(t) +/ g(t,r,n(r), Z(t,r))dr —/ Z(t,r)dW(r), s € [S,t].

When g(t, s,n,y, z) is independent of y, we say that a pair (5(-),((-,-)) is an LP-adapted
C-solution of Type-I BSVIE (3.3)) if

n(t) =Y (t,t) a.s., Vt € [S,T],
((t,s) = Z(t,s) for Lebgr ® P-a.e. (s,w) € [S,T] x Q, Vt € [S,T],

where (Y(-,-),Z(-,+)) € $H5(S,T;R™ x R™*9) is the LP-adapted C-solution of EB-
SVIE (|1.1)) with the corresponding generator g.
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The following theorem shows the existence, uniqueness, and a priori estimates of the
LP-adapted C-solution of EBSVIE ([1.1)).

Theorem 3.4. Let Assumption [1| hold. Then there exists a unique LP-adapted C-solution
(Y(-,4),Z(-,-)) € HL(S, T;R™ x R™*4) of EBSVIE (1.1). Moreover, for any t,t' € [S,T), the
following estimate holds:

T p/2
E[ sup ]Y(t,s)|p+(/ 2t 5)ds)" |
s€t!,T) t

T (3.4)

< C{E[lw(t)yp+ (/t lgo(t, s)|ds>p} + /t,TEW(T)Ip + (/T 9o (T, s)|ds>p} dT},

where go(t, s) := g(t,s,0,0,0).

Fori=1,2, let (¢4, g;) satisfy Assumptz’on and let (Y(+,), Zi(+,-)) € H2(S, T; R™ x R™*4)
be the unique LP-adapted C-solution of EBSVIE corresponding to (V;, g;), respectively.
Then it holds that, for any t,t' € [S,T],

E[ sup |Yi(t, s) — Ya(t, s)P + </tlT |Z1(t,5) — Zs(t,5)|? ds)p/z}

selt!,T]

< C{E[mw)\p + (/tT 1Ag(t, s)] ds)”] n /:E[\M(T),p " (/T 1Ag(T, 5)| ds)p] dT},

(3.5)
where A(t) := 1 (t) — o(t), and
Ag(t,s) = qi(t, s, Yi(s,s),Yi(t,s), Z1(t,s)) — ga(t, s, Yi(s,s), Yi(t, s), Z1(t, 5)).

Remark 3.5. Wang [2I] showed the well-posedness of EBSVIE under a stronger as-
sumption. His method is firstly showing the existence and uniqueness of the solution of
EBSVIE (|1.1)) (defined on S <t < s < T) when T'— S is small, and then connecting them
inductively by considering an associated family of BSDEs (or stochastic Fredholm equations).
On the other hand, our proof relies on a simple observation based on an equivalent norm
| - ||g defined below. A similar technique can be seen in the literature of BSDEs (see for
example [0]), and in the literature of BSVIEs (see for example [I7, [18]). We remark that
the estimates and are more detailed than [21]. Indeed, by letting ¢ = ¢ and then
taking the supremum over ¢ € [S,T], we get the estimates in Theorem 3.1 of [21].

Proof of Theorem[3.4. In this proof, C' > 0 denotes a universal constant which may vary
from line to line. Let (y(-,-),2(-,+)) € HL(S, T;R™ x R™*?) be given. For each t € [S,T],
consider the following BSDE:

Y(t,s) =1(t) +/ g(t,r,y(r,r), Y (t,r), Z(t,r))dr —/ Z(t,r)dW(r), s €[S, T]. (3.6)
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By Lemma [2.9) there exists a unique LP-adapted solution (Y'(t,-), Z(t,)) € HE(S, T; R™ x
R™*4) for any ¢ € [S,T]. Furthermore, by the stability estimate of LP-adapted solutions of
BSDEs, we have, for each t,ty € [S, T,

E[ sup [Y(t,5) — V(te, 5)| + (/ST’Z(t,s) Z(to, )’2d5) /2}

s€[S,T]

< CE|[[$(t) — (to)

(/ gt ,4(5.9). Y (10.9). Z{t0,5)) = gltor59(s.5). Y (. 5). Z(10, )] ds)']
< CB[Jute) ~ vt + ([ 1h0,5) = Ko}l as)

(/ 0, = e (s 5) + 1V 0.9+ 1200 ) ds) .

where we used ({3.1)) in the second inequality. Thus, by using Lemma [2.1, we get

T p/2
hmE[ sup [Y(t,s) — Y (ty, s)|P + (/ \Z(t,s) — Z(t, )\st) ] ~0
t=to Lse[sT) s

for each ty € [S,T]. This implies that the maps [S,T] > ¢t — Y (¢,-) € Lp(Q; C([S,T]; R™))
and [S,T] > t — Z(t,-) € L&*(S,T;R™ %) are continuous. By replacing them with
jointly measurable versions (see Lemma if necessary, we have that (Y'(-,-),Z(-,-)) €
HE(S, T;R™ x R™*4). Therefore, we can define the mapping © : (S5, T;R™ x R™*4) —
HE(S, T; R™ x R™*4) by O((y(+, ), 2(+,-)) := (Y (,+), Z(-,-)). It suffices to show that © has a
unique fixed point. To show that, we introduce the following norm on $%(S,T;R™ x R™*4)
parametrized by g > 0:

I, Dl = s { B[ swp ot )+ ( T| @ s>|2ds)p/2}

te[S,T s€t,T)

9 p/2 1/p
—i—E[sup ly(t, s)|P + ] ts|ds }}
s€[S,t]

for (y(-,-),2(,+)) € HR(S, T; R™ x R™*?). Tt can be easily shown that, for any 3 > 0, || - |5
is equivalent to the original norm || - || gz(s 7gm xrmx4). Furthermore, for each (y(-,-),z(-,")) €
HE(S, T;R™ x R™*4) and ¢ € [S, T}, it holds that

selt,
We prove that O is contractive under the norm || - |3 when 8 > 0 is large enough. To do so,

take arbitrary (y(-,-), 2(-,-)) and (g(-,-), 2(-,-)) from $H5(S, T;R™ x R™*4) and define



Let t € [S,T] be fixed. Then by Lemma 2.9, we have

/2
e’gtE[ sup |Y(t,s) = Y(t,s)]P + / \Z(t,s) — Z(t s)|2ds> ]

s€[t,T)

goeﬂtE[ / lg(t, s,y(s, ), Y, s), Z(t, ) — g(t,s,g(s,s),y<t,s),2(t,s))|ds)p}

T

< CePt |y s,8) —y(s, s)m

SOW/ 55 ds | (y(-, ), () — (5 ) 2, DI
g%@@)())(«»amww (3.8)

where we used (3.7) in the third inequality. On the other hand, since (Y (¢, s), Z(t,s))se[s.
and (Y'(t,5), Z(t, s))se[s are the unique LP-adapted solutions of BSDEs

Y(ts) = Y(t.1) + /tg(t,r,y(r, LY (E ), Z(E ) dr — /t Z(t7) AW (), s € [S.1),

and

V(ts) = V(t.1)+ /tg(t,r,g(r, )Yt ), Z(t ) dr — /tZ(t,'r) AW (r), s € [S.4],

respectively, again by Lemma [2.9] we get

5 p/2
E[sil[lsl,)t} Y (t,s) = Y(t, s)F + / |Z(t,s) — Z(t,s)] ds) ]
< (JE“Y(t,t) Yt )P
+ (/S 9(t,5,y(5.5). Y (,5), Z(1,5)) = (¢, 5,5(s, ), Y (1, 9), Z(t,9))| ds) .
By the estimate , it holds that, in particular,
E[’Y(tvt) - Y(tatﬂp} < %H(y(? ')7 Z(-, )) - (g(? ')7 Z('a ))Hg

Moreover, we have

E[(/S 9(t,5,y(5,5), Y (1,5), Z(1,)) = g(t, 5,5(s,5), Y (t,5), Z(t, ) ds) |

<C [ Blls.s) = its.5)) ds

<C [ s, 2 = ) DI
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S g”(y(» ')’Z('v )) - (g<> -),2(', ))”p’

where we used ({3.7)) in the second inequality. Thus, we get

SE[S,t]

E[ sup |V (t, s) — Y(t,s)|p I </St |Z(t,s) — Z(t,3)|2 ds)p/z} -
3.9

< %u<y<~, D 22) = @) 26 DI

Note that, in the estimates (3.8]) and (3.9)), the constant C' > 0 does not depend on t € [S, T
and 8 > 0. Consequently, we obtain

H(Y(7 ')72('7 )) - <Y<> )?Z(’ ))”g < %H(Q(, )7’2(7 )) - (g(a ')72('7 ))Hg

Therefore, if we take the parameter 5 > 0 large enough, then the map © is contractive under
the norm || - ||3. Consequently, we see that EBSVIE has a unique LP-adapted C-solution.

Next, we prove the estimate (3.4). Let (Y(-,-),Z(-,-)) € HL(S,T;R™ x R™*?) be the
unique LP-adapted C-solution of EBSVIE ([L.1). By letting n(t) := Y (¢,t), t € [S,T], we see
that, for each t € [S,T], (Y(¢t,-), Z(t,-)) € HE(S,T;R™ x R™*?) is the unique LP-adapted
solution of the BSDE

Y(t,s) =(t) +/ g(t,r,n(r), Y (t,r), Z(t,r))dr —/ Z(t,r)dW(r), se[S,T)].

Thus, by Lemma [2.9] for any ¢,¢ € [S,T7,

E[ sup |Y(t, s)|? + (/t/T’Z(t,s)P ds)p/z}

selt!,T)
< B[ + ([ lott.5006).0.0)1 )’
< crllor + ([ lnt1as)’] ¢ [ Elanp]ar 3.10)

where go(t, s) := g(t, s,0,0,0). In particular, if we let ¢ = ¢, then we obtain

E[ln(t)"] < CE[jp(®)l + (/tT lgo(t, 5) ds) "] + C/tT]EUn(T)V’] dr, ¥t € [S,T).

Then Gronwall’s inequality yields that, for any 7 € [S,T1,

E{ln(r)"]
T » T T »
<CRE[wr + ([ mrolas) ]+ [ E[uEr+ ([ ool ds)]
(3.11)
By inserting the estimate (3.11]) into (3.10]), we obtain the estimate (3.4]). Similarly we can
show the stability estimate (3.5)). ]
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As a corollary, we obtain a similar result for a Type-I BSVIE. For the solution concept
of such a equation, see Remark [3.3] (iii).

Corollary 3.6. Let Assumption hold. Furthermore, assume that the generator g(t, s,n,y, z)
does not depend on y. Then there ezists a unique LP-adapted C-solution (n(-),((-,-)) of
BSVIE (3.3), and the following estimate holds:

sup E[ln(t)‘P—i—(/tT 1C(t, s)\2d8>p/2] < C sup E[W(tﬂpjt (/tT lg(t,5,0,0)] ds)p] (3.12)

te[S,T) te[S,T]

Fori=1,2, let (¢, g;) satisfy Assumption with the generator g;(t, s,n,y, z) being indepen-
dent of y. Let (n;(+), G(+,-)) be the unique LP-adapted C-solution of BSVIE (3.3) correspond-
ing to (;,9;). Then it holds that

sup E|:|771(t) — ) + (/tTKl(t,s) — (oft, s)|2ds>P/2]

teS,T)

< C sup E|[s(t) - valt)) (3.13)
teS,T|

+ (/tT lg1(t, 5,m1(5), C1(t,5)) — ga(t, 5,m(s), Cu(t, S))|d$>p]_

Next, we study the regularity of the solution (Y(¢,s),Z(t,s)) of EBSVIE (1.1) with
respect to t € [S,T]. For the free term 1 and the generator g, we further impose the
following assumptions.

Assumption 2. Fix p > 2.
(i) w(-) € CH[S, T]; LY, (S R™)).
(ii) g satisfies Assumption [1f (ii). Moreover, the following hold.

e For any t € [S,T], for Lebisr ® P-a.e.(s,w) € [S,T] x Q, and for any n €
R™, the function (y, z) — ¢(t, s,n,y, z) is differentiable. Moreover, there exist a
process [(-,-) € Cy([S,T]; LY(S,T;H)) with a Euclidean space H and a modulus
of continuity p : [0,00) — [0, c0) such that, for any t1,t, € [S, T, for Lebg ) ® IP-
a.e. (s,w) € [S,T] x Q, it holds that

|a(y,z)g(t17 S, 1M, Y1, Zl) - a(y,z)g(t27 S,1, Y2, 22)|
< [U(t1,s) = Utas s)[ + p(lyr — yo| + |21 — 22])
for any 1, v, 72 € R™ and 2, 2z, € R™*%;

e There exists a measurable function 0;¢g satisfying Assumption (1] (ii) such that, for
any ty,ty € [S, T, for Lebgm ® P-a.e. (s,w) € [S,T] x Q, it holds that

ty
g(t1757777y72> - g(t2787777y72> = / atg(7-757n7y7’2) dr
t

2

for any n,y € R™ and z € R™*4,
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Suppose that Assumption [2 holds. Let (Y(-,-), Z(-,+)) € H5(S, T;R™ x R™*?) be the
unique LP-adapted C-solution of EBSVIE (|1.1)). Consider the following linear EBSVIE for
(y(> )7 Z(? ))

V(t,s) =0pb(t) + / (9e(t7) + gy (£ 1)V (E) + Y g, (8,7) 258, 7)) dr
’ i=1 (3.14)

— /TZ(t,r) dW(r), s € [S,T], t € [S,T],

where, for each z € R™*9, z; € R™ denotes the j-th column, and

gi(t,r) == Owg(t,m, Y (r,r), Y (t,1), Z(t, 1)),
gy(t,r) == 0yg(t,r, Y (r,r),Y(t,r), Z(t,r)),
gz, (t,r) == 0, 9(t,r, Y (r,7),Y(t,r), Z(t,r)), j=1,...,d.

Observe that 9,4(:) € C([S,T]; L’ (5 R™)), g:(+,-) € C([S, T7; Lﬁ’l(S, T;R™)), and
gy('a ')7 ng('a ) S Cb([Sa T]7 L%(87T7Rmxm))7 j = 17 cee 7d'

Thus, the coefficients of EBSVIE satisfy Assumption , and hence there exists a unique
LP-adapted C-solution (Y(-,-), Z(-,-)) € HR(S, T;R™ x R™*4). In fact, the equation is
just a family of (decoupled) BSDEs parametrized by t € [S,T]. The next result shows that,
under the above assumption, the function ¢t — (Y'(¢,-), Z(t,-)) is differentiable (as a Banach
space-valued function) and ()(-,-), Z(+,-)) coincides with its derivative.

Theorem 3.7. Let Assumption @ hold. Let (Y(-,-),Z(-,-)) € H%(S,T;R™ x R™*?) and
V() Z(-,0)) € 95(S, T;R™ x R™*4) be the LP-adapted C-solutions of EBSVIE (1.1]) and
(13.14])), respectively. Then

e the Banach space-valued function t — Y (t,-) is in C*([S, T]; LE(Q; C([S, T); R™))) with
the derivative 0;Y (-,-) = Y(-,+), and

e the Banach space-valued function t — Z(t,-) is in C([S, T); L%*(S, T; R™*%)) with the
derivative O Z(-,-) = Z(-, ).

Proof. Fix t € [S,T]. For each h # 0 such that t + h € [S, T, define

AMY(t,s) = L(Y(t+ h,s) = Y(t,s)) — V(t,s),
AMZ(t,s) = 3(Z(t+h,s) — Z(t,s)) — Z(t, s).
We show that
. P T 2 p/2
’gﬂEL:[gPTJAhy(t’S)‘ + (/S |AMZ(t, s)] ds) ] = 0. (3.15)
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Simple calculations show that, for any s € [S,T],

AMY(t, s)
_ %(w(t +h) — (1)) — h(t) — / A"Z(t,r) dW (r)

+/ {%(g(t—l—h,T,Y(r,T),Y(t—l—h,r),Z(t+h,r)) —g(t,r,Y (r,r),Y(t,r), Z(t,1)))
—ai(t,r) — gy(t, 7)Y Zgz (t.r)2 }dr

(6(t+ h) — (1)) — Bi(t) / ARZ(t,r) dW(r)

bl*—‘

d

+ / {gf(tv T) - gt(tv T) + (gg}}(tv T) - gy(t> T))y(tv T) + Z(ggj (t’ ’I“) - ng- (tv T))Zj (tv T)

j=1

d
+ () AV + 3 G (1) AR 2L, r)} dr,
j=1

where
art,r) : / Owg(r,m, Y (r,r),Y(t+ h,r), Z(t + h,r)) dr,
g;‘(t, r) = /o ayg(t, r, Y (r,r),Y(t,r) + )\(Y(t + h,r) = Y(t, 7")),
Z(t,r)+ XNZ(t+ h,r) = Z(t,r))) dX
and

gz (t,r) = /01 8ng(t,7",Y(r, r),Y(t,r)+ )\(Y(t—l— h,r) =Y (t, r)),
Z(@t,r)+ XNZ(t+ h,r) = Z(t,r))) dX.

Note that gl'(-,-) and g?j (+,-) are bounded uniformly in h. Thus, by the standard estimate of
the solution of the BSDE, we see that there exists a constant C' > 0 such that, for any h # 0,

E[sup‘Ayts /‘Ah ts‘ds)p/]

s€[S,T]

SCEH%(Qﬁ(tJrh)—iﬁ()) A (1) /}gtts gtts}ds)

* (/ST{WW $) = gy(t, )|t 5)] + Z\é&(u $) = g, (t9)|| 2 (29|} ds)'].

%(W +h) — Tﬂ(ﬂ) — On(t) p] = 0. Suppose that h > 0.

Clearly it holds that lim}HoE[
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Since 0yg satisfies Assumption [l (ii), we see that

E[(/ST‘gf(t, s) — gt(t,s)‘ ds)p}
gE[(/ST%/tt+h|8tg(7,s,Y(s,s),Y(t+h,s),Z(t+h, 9))

— Og(t,s,Y(s,5),Y(t,s), Z(t,s))| dr dS)p}

< E[(/S {L(Y (4 h,s) = Y(E5)| +12(t+ h,s) = Z(t,5)))

1 t+h
s [ k) — kel ar
t

t-+h )
+ %/t U(r,s) = U(t, s)|[(|Y (s, 8)| + Y (2, 8)| + | Z(¢, 5)]) dT} ds> }’

where L > 0, k(-,-) € C([S,T]; L¥'(S,T;H)) and I(-,-) € Cy([S,T]; LY%(S,T;G)) are given

in Assumption (1] (ii) with respect to d;g. By using the continuity property of the map
t— (Y(t,-), Z(t,-)), we see that

()

limE[(/ST(]Y(t +hys) = Y(ts)| +|Z(t+h,s) — Z(t5))) ds)p} —0.

Furthermore, by using Fubini’s theorem and Hoélder’s inequality, we have

s[([ 1) o) - kaslaras)] =[( // (7. 5) = k)] dsr) |
_h/H /|k7’s K(t, ) ds)'| dr

< sup E[(/S k(r.) — k(t.9)|ds)] S 0.

TE[t,t+h]

By the same calculation as above and Lemma we see that
T 1 t+h p
E[([ 5 [ M)~ el (V9] + V()] + 120 5)) drds) |
s t
T p
< sup E[(/ U(7,8) = U(t, )| (|Y (s, 8)] + [Y (L, 8)| + | Z(t, 5)]) ds) ] M8,
S

TE[L,t+h]

Therefore, we obtain

T
. ~h p
1}%11@[(/5 |97 (¢, 5) _gt(t75>‘d3> } =0
. T|~ph p
By the same way, we can show that hthO]E[(fs ‘gt (t,s) — g4(t, s)| ds> } = 0. On the
other hand, since the map ¢ — (Y (¢,), Z(t,-)) is continuous in L%(S, T;R™ x R™*4) by the
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assumption, we see that |§Z(t, ) —gy(t, )‘ and Z;l:l |§?j (t,) =gt )‘ tend to zero as h — 0

in L(S,T;R). Since these two terms are uniformly bounded, again by Lemma , we see
that

h—0

11m1[«:[(/ST{}gg(t, s) — gy(t, 9)| |Vt 9)| + Zd]é,’;(t, $) = 9., (t,)|| 2(t,)| } ds) | = 0.

Consequently, we get (3.15)) and finish the proof. ]

Remark 3.8. From the above result and Lemma [2.7] under Assumption 2] the diagonal
process Diag[Z](-) € LE*(S, T; R™*?) is well-defined and satisfies Property (D) with respect
to Z(-,+). This consequence provides an interesting generalization where the generator ¢
depends also on Diag[Z](+), that is, the following equation:

Y(t,s) = () +/ g(t,r, Y (r, T),Diag[Z](r),Y(t,r),Z(t,r))dr—/ Z(t,r)dW(r),

s €[S, T], tel[S,T].
(3.16)

Wang—Yong [23] studied a similar equation (in a Markovian setting) in view of a generaliza-
tion of the Feynman—Kac formula. From our discussions, for the sake of the well-definedness
of Diag|[Z](-), we can guess that the “solution” (Y(-,-),Z(-,-)) of should be regu-
lar in an appropriate sense. Indeed, after we submitted the first version of this paper,
Hernédndez—Possamai [9] reported a relevant result on this issue. They assumed differen-
tiability conditions which are similar to Assumption [2 and showed the well-posedness of
the generalized equation by considering a coupled system of (Y(-,-), Z(+,-)) and their
derivatives (0;Y (-,-),0;Z(-,-)), together with an auxiliary BSDE which corresponds to the
dynamics of Y (s,s). Compared with the discussions of [9], in this paper, we firstly estab-
lished the well-posedness of under Assumption (1| without differentiability conditions,
and then proved the regularity of the solution under Assumption [2, We remark that, in our
setting, EBSVIE is consistent with the dynamics of the derivatives (0;Y (+,-), 0:Z(-,"))
appearing in [9].

4 Time-inconsistent stochastic recursive control prob-
lems

In this and the next sections, we investigate, in the open-loop framework, a time-inconsistent
stochastic recursive control problem where the cost functional is defined by the solution of a
Type-I BSVIE. Let T' > 0 be a finite time horizon. In the following, for the sake of simplicity
of notation, we assume that d = 1, that is, the Brownian motion W(:) is one-dimensional.
Our results can be easily generalized to the case of a general d € N.

For each 7 € [0,T), define the set of admissible controls on [r,T] by

U[T,T] == {u: Qx [1,T] — U|u(-) is progressively measurable},
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where (U, d) is a separable metric space. We define the set of initial conditions by

7= {(T, z;)

7€0,T), 2, € () L’}T(Q;R”)} .

p>1

For each initial condition (7,z,) € Z and control process u(-) € U[r,T], the corresponding
(R™-valued) state process X(-) = X (-;7,2,;u(-)) is defined by the solution to the following
SDE:

dX (s) = b(s,u(s), X(s)) ds + o (s,u(s), X(s)) dW(s), s € [r,T], (4.1)
X(1) = x,. '

Define the cost functional by

J(m 2 u(-)) ==Y (7)
where (Y(-),Z(-,-)) = (Y(57,2-5u(:)), Z(-, ;7 z;u(+))) is the adapted C-solution to the
following (R-valued) Type-I BSVIE:

T T

Y (t) = h(t, X(T)) +/ F(t5,u(s), X(5), Y (s), Z(t, 5)) ds —/ Z(t,s)dW(s), t € [r.T).
t t

(4.2)

Our definition of J(7,x,;u(-)) is a recursive cost functional with general (non-exponential)

discounting; see [23]. We impose the following assumptions on the coefficients:

Assumption 3 (on SDE (.1)). (i) The maps b, o : [0,T]x U xR™ — R™ are measurable,
and there exist a constant L > 0 and a modulus of continuity p : [0,00) — [0, 00) such
that for p = b, o, we have

(s, ur, 21) — (s, ug, ¥2)| < Ll — x2| + p(d(ur, uz)),
Vsel0,T], 1,29 € R, uy,uy € U,
lo(s,u,0)| < L, V(s,u) €[0,T] x U.

(ii) The maps b and o are C? in 2. Moreover, there exist a constant L > 0 and a modulus
of continuity p : [0, 00) — [0, 00) such that for ¢ = b, o, we have

|ax90(3;U1,951) - ax@(sau2,$2)| < L|$1 - $2| + P(d(ul»u2))7
|8§Q0(S,U1,l‘1) - 8%90(5,u2,x2)| S p<|[L'1 - ‘/L‘2| + d(ulaU'?))7
Vs e [0,T], 1,29 € R, uj,uy € U.

Assumption 4 (on BSVIE (4.2)). (i) The maps h: [0,7]xR" — R and f: [0,T]? x U x
R™ x R x R — R are measurable, and there exist a constant L > 0 and a modulus of
continuity p : [0,00) — [0, 00) such that for ¢(¢,s,u,z,y,2) = h(t,x), f(t,s,u,x,y, 2),
we have

[p(t, s, ur, 1,91, 21) — (s 8, u2, Ta, Y2, 22))
< L(lz1 — o] + [y1 — 9| + [21 — 22) + p(d(ur, uz)),

V(t,s) € [0, T, z1,20 € R™, y1,90,21,20 € R, uy,uy € U;
lo(t, 5,u,0,0,0)| < L, V(t,s,u) €[0,T]* x U.

(4.3)
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(i) The map h is C? in z € R" and the map f is C? in (z,y,2) € R” x R x R. Moreover,
there exist a constant L > 0 and a modulus of continuity p : [0, 00) — [0, 00) such that
for p(t,s,u,z,y,2) = h(t,x), f(t,s,u,x,y, z), we have

( |Deo(t, s, u1, 01,41, 21) — Dp(t, s, uz, Ta, Yo, 22)|
< Lz — 22 + [y1 — yol + |21 — 22]) + pld(u1, u2)),
V(t,s) € [0,T]?, x1,20 € R™, y1,92, 21,20 € R, uy,uy € U;
| D%p(t, s, ur, 21, y1, 21) — D*p(t, 5, Ua, T2, Y2, 22)|
< pllzr = 22| + |y1 — yo| + |21 — 22| + d(u1, u2)),
\ V(t,s) €10, T, 1,79 € R™, y1,92, 21,20 € R, uy,us € U.

where Dy is the gradient of ¢ with respect to (z,v, z) and D%y is the Hessian matrix
of ¢ with respect to (x,y, z).

(iii) There exists a modulus of continuity p : [0, 00) — [0, 00) such that for (¢, s, u, x,y, 2) =
h(t,z),0.h(t, x),?h(t, x), f(t,s,u,x,y,2), Df(t,s,u,x,y,2), Df(t,s,u,x,vy,2), we have

|()0(t1787u7x7y72) - SO(tQ,S,U,,[E,y,Z)’ < p(|t1 - th)(l + ’IL’| + |y| + ‘ZD? (4 4)
Vi, te,s €0, 7], (v,y,2) ER" xR XR, uel. '
(iv) The maps h,d.h, f,Df are C' in t € [0,T]. Moreover, there exist a constant L > 0

and a modulus of continuity p : [0,00) — [0,00) such that for ¢(t,s,u,z,y,2) =

ath(tax)a6t8mh(tax)7atf(ta s,u,x,y,z),@th(t,S,u,x,y,z), we have " and "

Under Assumption [3} for each initial condition (7,z,) € Z and control process u(-) €
U[r,T], SDE (4.1]) has a unique strong solution X (-) which satisfies

E| sup |X(s)”

s€[T,T]

< C<1 —|—E[|xT|p]> < oo, Vp>2.

Moreover, under Assumption [4] the free term ¢ (¢) = h(t, X (7)) and the generator

g(t, s,m,y,2) = f(t,s,u(s), X(s),n,2)

satisfy Assumption [2f for any p > 2. Therefore, by Corollary , BSVIE has a unique
LP-adapted C-solution (Y (), Z(:,-)) for any p > 2. Consequently, the cost functional is
well-defined and finite a.s. for any 7 € [0,7). Furthermore, by Theorem [3.7, the map
[7,T] 3 t = Z(t,) € L%*(,T;R) is continuously differentiable for any p > 2. Therefore, by
Lemma there exists a unique process Diag[Z](-) € (1,5, L2*(1,T;R) such that, for any
p'>1and 1 <¢ <2, it holds that

/

p'/dq1/p' /
Tas) T <o), i e 1),

EK[%M@@—M%MW)

Our problem is to find a control process 4(-) which minimizes the cost functional. How-
ever, it is well-known that the problem is time-inconsistent in general. That is, even if
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u(-) € Ulty, T is an optimal control with respect to a given initial condition (to, xy,) € Z, for
a future time ¢; € [ty, T'), the restriction 4|y, 71(-) of 4(-) on the later time interval [¢,, 7] is no
longer optimal with respect to the corresponding initial condition (t1, X (t1; to, z4,; (+))) € Z.
For more detailed discussions on the time-inconsistency, see for example [29]. Instead of seek-
ing for a global optimal control (which does not exist in general), we investigate an open-loop
equilibrium control defined as follows.

Definition 4.1. Let (ty,24,) € Z be given. We say that a control process @(-) € Ulto, T
is an open-loop equilibrium control with respect to the initial condition (¢, zy,) if, for any
v(-) € Ufto, T], any T € [to,T'), and any nonnegative, bounded and F,-measurable random
variable ., it holds that

J(r, X (1);um () — J(7, X (7); 1l (-
hmlnfE <T7 (7_)7u ( )) <T7 (7—)7u’[ 7T]< )) 57— 2 O,
el0 15
Where X() = X (5o, 203 0(-)), Glprry(-) € U[r, T) is the restriction of a(-) on [r,T], and
T(-) € U[1,T] is defined by
W (s) = 1j(s) for s € [1,7 +¢), (45)
u(s) for s € [t +¢,7T].

Remark 4.2. (i) The above definition is slightly different from the original definition given
by Hu-Jin—Zhou [13] 4], where the “definition” of an open-loop equilibrium control is

given by R
11())

i L X D7) = I, X (r)s
l0 €

>0 a.s. (4.6)

However, since {J(7, X (7);u™*(-))}e»0 is an uncountable family of random variables,
and the a.s.limit as € | 0 along the whole € > 0 may not be well-defined, the
above “definition” is not suitable for our problem. Note that if there exists a mod-
ification of the family {J(7, X(7);u™*(:))}eso which is a.s. continuous (with respect
to ¢), then makes sense for such a modification. If furthermore the family

(J(TaX(T);uT’E('))—J(T»X(T);ﬂl[T,T]('))

13

>_} is uniformly integrable, then by Fatou’s lemma
e>0

we see that implies our definition. However, since the existence of the continu-
ous modification is questionable, we should avoid to use as the definition in our
problem. Thus, we defined an open-loop equilibrium control by a weak sense, which
is well-defined in general. In fact, it turns out that if a(-) € U[ty, T] is an open-loop
equilibrium control with respect to (¢, z4,) € Z in the sense of Definition [4.1] then for
any v(-) € U[to, T) and T € [to, T), there exists a sequence {ex}ren C (0,7 — 7) (which
depends on 4(-), v(-) and 7) such that limy_,. €x = 0 and

o X () = I X (s ()

k—oo Ek

>0 a.s.;

see Remark [5.4 We also remark that our definition is consistent with the game theo-
retic formulation usually discussed in the literature of continuous-time time-inconsistent
stochastic control problems; see for example [3].
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(ii) The concept of open-loop equilibrium controls is time-consistent. Indeed, if a(-) €
Ulto, T| is an open-loop equilibrium control with respect to a given initial condition
(to,x4,) € Z, then, for any future time ¢, € [to,T), the restriction @|p, 77(-) € U[t1, T
of 4(-) on the later time interval [¢t;,T] is also an open-loop equilibrium control with
respect to the corresponding initial condition (¢1, X (t1;to, x4; 0(+))) € Z.

Our goal is to characterize an open-loop equilibrium control by using variational methods.
The key point is to derive the first-order and the second-order adjoint equations. Firstly, let
us state our main result. The proof will be given in Section [5]

Let (to,24,) € Z and @(-) € Ulty, T] be given. Denote by (X(-),Y(-), Z(-,)) the corre-
sponding triplet, that is,
(X()7 }A/(), ZA(ﬂ )) = (X(v to; Tty ﬁ()), Y('; to; Tty ﬁ()), Z('v 5105 Ty ﬂ())) (47)
We use the following notation:

p(s) = @(s,0(s), X(5)), ¢als) = Duip(s, @(s), X(5)), Pua(s) = Dp(s,ils), X(s)),  (4.8)
for ¢ = b, 0, and
h’<t> = h(t>X<T))a hx(t) = 8xh(taX(T))a hxa:(t) = th(t’ X(T))a

T

A~ A

f<t75> = f(ta 87&(5)7)((5)7? 5)? (tv S))7

Fult.5) = 0 (15,1, X(), ¥ (3). Z(£,)). o= 2,32 o
D%f(t,s) = D*f(t,s,u(s), X (s),Y(s), Z(t,s)).
We introduce the following two EBSVIEs for (p(-,-),¢(-,-)) and (P(-,-),Q(:,")), respec-
tively:
pl5) = halt) + [ {B10Ip(E0) +07 ()alt.r) + e (o (plt.7) + a(t,1)
Ly (P + Lt r) (4.10)
— /Tq(t,r) dW(r), s € [to,T], t € [to,T],
and
P(t,s)
= g (t)

+ [ {E 0P + PErb(r) + 0] ()P )ou0) + o] (NQ(E 1) + Qe )o0)
+ [t ) (o, (N P(tr) + P(t,r)ou(r) + Q(t,r)) + f,(t,r)P(r,7)
)+ t

t ;
+ by (N)p(t,7) + 00 (r) (fo(t,7)p(t, 1) +a(t, 7))
+ L, p(r,7), 04 (1)p(t, 1) +q(t, D F(8,7) Lsens p(r, ), 04 (r)p(t,7)+a(t, 7)] }dr

—/ Q(t,r) dW(T’), S € [to,T], te [to,T],
) (4.11)
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where b] (r)p(t,7) := >oi, p'(t, )b, (r) and o, (r)(f.(t,7)p(t,r) + q(t,7)) is defined simi-
larly. We call EBSVIE the first-order adjoint equation and EBSVIE the second-
order adjoint equation in the spirit of the stochastic maximum principle. The above adjoint
equations are natural generalizations of that of time-consistent problems [16, B35 [I1] and a
time-inconsistent problem with an additive cost functional [29] (Section 4). These equations
become EBSVIEs due to the dependency on f,(¢,r)p(r,r) and f,(t,r)P(r,r) of the genera-
tors. Note that the coefficients of EBSVIEs and are not continuous with respect
t in the pointwise sense, and hence they are beyond the literature [21]. Alternatively, we can
easily check that they satisfy the weak continuity assumption and any other conditions
in Assumption (1| for any p > 2; see Remark . Moreover, by Assumption {4f (iv), we see
that the coefficients of the first-order adjoint equation satisfy Assumption . Thus, by
Theorems [3.4] and [3.7], together with Lemma [2.7, we obtain the following proposition.

Proposition 4.3. EBSVIEs (4.10) and (4.11) have unique adapted C-solutions
(p('a ')7 Q('a )) € ﬂ ﬁﬁ‘(toa T; R™ x Rn) and

p>2

(P(, ')7Q('7 )) S ﬂ S;J%(thT; R™™ x Rnxn)’

p>2

respectively. Moreover, for any p > 2, the map t — q(t,-) is in C([to, T); L% (to, T; R™)),
and there exists a unique process Diaglq(-) € (1,5, Lﬁ’Q(tO,T; R™) such that, for any p’ > 1
and 1 < ¢ <2, it holds that

B[([ ltt.s) ~ Diagalty
Define the H-function [to, T] X Q0 x U 3 (5,w,v) v H(s,w, v; to, 71y, i(-)) € R by
’H(S,w,v;to,xto;ﬁ(-}) A
= (p(s,5),0(s,v, X(s))) + (Diaglg](s), o (s, v, X(5)))

+ f(s, s,v,X(s),Y(s), Diag[Z](s) + (p(s,s), J(S,U,X(s)) —o(s,a(s), X(s))>>

+ %<P(s, s)(o (s, v, X(s)) — o (s, a(s), X(s))), o(s,v, X(s)) —o(s, ﬂ(s),X(s))>

(4.13)

/ p'/d1/p ,
’ ds) ] = o(e/2VT), Wt € [ty, T). (4.12)

for (s,w,v) € [to, T] x Q x U (where we suppressed the dependency on w € Q in the right-
hand side). Note that the state process X (-), the cost process (Y(+), Z(-,-)), and the adjoint
processes (p(-,+),q(+,-)), (P(+,-),Q(+,-)) are uniquely determined by each initial condition
(to, z4,) € Z and control process 4(-) € U[tyg, T|. Thus, the H-function is also uniquely deter-
mined by them. Note also that the H-function is progressively measurable and continuous

in v € U for Lebp, 1 ® P-a.e. (s,w) € [to, T] x 2. Now let us state our main result.
Theorem 4.4. Let (to,x1,) € Z be given. Then u(-) € Ulty,T] is an open-loop equilibrium

control with respect to the initial condition (to,xy,) if and only if
H(Sv w, V3 to, Tty ﬂ()) > H(Sv w, lAL(S, w); 10, Tty ﬂ()), Vv e,

4.14
for Lebp, 1 @ P-a.e. (s,w) € [to, T] x . (4.14)

29



Remark 4.5. (i) Our result is an extension of that of Yan—Yong [29] (Section 4), where the
authors investigated an open-loop equilibrium control in a time-inconsistent stochastic
control problem for a cost functional defined by just a conditional expectation of a
function of states and controls, that is, an additive cost functional. Our result gen-
eralizes their result to the case of a recursive cost functional. On one hand, due to
the difficulty to treat the “diagonal processes” of ¢(-,-) and Z (+,-), the characterization
result stated in Theorem 1 of [29] remained to include a limit procedure, and hence
they did not provide a full characterization in a local form like . On the other
hand, we overcame the difficulty by introducing the operator Diag[-] which we defined
in Section [2.1 We emphasize that Assumption [4 (iv) guarantees the well-definedness
of Diag[q](-) and Diag[Z](-) via Theorem [3.7]

(ii) Let us remark on the setting of the problem. The assumptions of uniform boundedness
of b(s,u,0), a(s,u,0), f(t,s,u,0,0,0), with respect to u, and/or the Lipschitz continu-
ity of h, f, with respect to x, exclude the case of linear-quadratic control problems.
Besides, the requirement of the initial state x;, being in Ll}to (Q;R™) for any p > 1 may
seem to be too strong. However, since the main goal of this paper is to derive proper
forms of the adjoint equations which characterize open-loop equilibrium controls, we
do not pursue the most generality here. We remark that Assumptions [3]and [ are gen-
eralizations of the assumptions (S0)—(S3) in the textbook [35] to our problem. Also, by
a careful observation of discussions in Section [5] we see that it suffices to assume that
the initial state @, is in L%, (C4R").

5 Proof of Theorem [4.4: Variational methods

In this section, we derive the adjoint equations (4.10) and (4.11)), and prove Theorem [4.4]
Proofs of some technical estimates are given in Appendix [A]

Suppose that we are given an initial condition (¢y,x:,) € Z and a control process 4(-) €
Ulty,T]. As in Section 4, we denote by (X(-),Y(-), Z(-,-)) the corresponding triplet; see
(7). Fix v(-) € U[to, T) and 7 € [to, T). For each ¢ € (0,7 — 1), define the perturbed triplet
by

(XT2(), YT (), 27 (1))
= (X7, X(r);u™ (), Y (57, X (7);u™ (), Z (-, 7, X (1) 075 (1)),

where u™¢(-) € U[r,T] is defined by (4.5). Then we have that
J(r, X (r)silpry () = Y (r) and J(7, X (r);u™(-) = Y™(7).

In the following, in addition to the notations (4.8]) and (4.9)), we use the following notation.
For ¢ = b, 0,

~ A~

0p(s) = @(s,v(s), X(s)) — @(s) and 0 (s) = Oup(s, v(s), X(s)) — @u(s).
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For each € € (0,7 — 1), we consider the following SDEs on [r, T

dXTE(s) = by(s) X7 (s) ds + (0,(8)X7°(s) + 60 () Ujrr4)(5)) dW (s), s € [1,T],
{lem o,

and

dX5%(s) = (ba(8)X37(5) + 0b(5)Uir.r1) () + 3baa(8)XT7(5)XT7(5)) ds

+(02() X5 (8) + 004() X7 (8) U rie) (5) + 2000 (8) X7 (5) XT5(s)) AW (s),
s € [r,T],

X3°(r) =0,
where by, (s) X7 (5) X7 (s) = (6r(bh, ()X () XT7(s) 7], ., tr[blt, () X7 () XT(5)T]) ' amd
similar for o,,(s)X{°(s)X{“(s). The above SDEs are the first-order and the second-order

variational equations for the sate equation (4.1)) obtained by Peng in [16]. The following
lemma is well-known; see for example [106], [35].

Lemma 5.1. For any p > 1, it holds that

E| sup |[X7(s)[*| = O(eP),
_SG[T,T]
E| sup |X5%(s)[*| = O(*),
_SG[T,T]

E| sup |X7(s) — X(s) — X7"(s) — X;E<8)‘2p] = o(e™).

In particular, for any ¢ € C*(R") with 0> being bounded, it holds that

E[|o(X™(T) = o(X (1))

A~

— (D (X(T)), X[*(T) + X34(T) — S0 X (D) XTH(T), XT4(T)] ] = o).

Now we derive the first-order and the second-order adjoint equations (4.10) and (4.11)).
To do so, let us consider two BSDEs parametrized by t € [to, T| of the following forms:

dp(t,s) = —k(t,s)ds + q(t,s)dW (s), s € [to, T,
p(th) = ha:(t>7
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and

dP(t,s) = —K(t,s)ds + Q(t,s) dW(s), s € [to, T},
P(th) = hxx(t)a

for some measurable maps

€ () C([to, T); L (to, T;R™)) and K(-,-) € () C([to, T); LE* (to, T; R™™)).

p>1 p>1

We will determine the precise forms of k(-,-) and K (-,-) later (see (5.4) and (5.5)). It can
be easily shown that there exists a unique solutions (p(-,-),q(-,")) € mle 8 (to, T; R™ x R™)
and (P(-,),Q(:,)) € (1 N (to, T; R™™ x R™*™) of the above equations.

For each t € [r,T], by applying It6’s formula to the processes (p(t,-), X7°(-) + X3°(*))
and (P(t,)X7°(-), X7°(+)) on [t,T], we have that

(ha (), XT(T) + X3°(T)) + 5 (haa () XT(T), X7°(T))

= (p(t,T), XT°(T) + X3°(T)) + 5 (P(t, T)X[*(T), X{*(T))

= (p(t, 1), X77(8) + X5°(8)) + 5 (P, ) X" (t), X7°(¢))

1
2
T T, T, 1 T, T,
[ {00305 (XT(5) 4 XF(5)) ) () + e ()X ()T (5)
— (k(t,s), X7 (s) + X3°(s))
+ {q(t,s),0,(s) (XT°(s) + X3°(5)) + 60(5) s 110y (5)
+60,(8) X7 (8) Ujr ey (s) + %Um(s)XlTva(s)XlTva(s)>
+ %<(P(t, )by (s) +b) (s)P(t,s) — K(t, 5))X17’E(5),X17’€(5)>
+ l<P t,s ( ()X (s) + 50(5)]1[77#5)(3)),ax(s)XlT’a(s) + 50(5)]1[T7T+5)($)>
+ = <( Q(t,s) + Q' (t,5)) X7 "(s), 0(5)XT"(s) + 50(8)11[T,7+E>(s)>} ds
[ {0090, (X776 + X57(6) + 501600

+ 00,(5) X7 (5) U7 740y () + %Um(s)XlT’a(s)XlT’a(s»
+<q (t,s), X77(s) + X3°(s))

+ = <( (t,s) + PT(t,8) XT5(5), 02()XT°(8) 4 00 () s r10)(5))

LU x7 (), X749 b aw(s)
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= (p(t, 1), X7°(t) + X5°(1) + %(P(H)Xf’a(t), X7 (1)

¥ / {0t W (5) + (Ar (0,9, XT5(5) + XF(5)) + 2 Aalt, 9X7(5), XT(5)
o {Ag{t,5), XT7(5) sy (5) | ds
-/ B U () + (Ba(t5), XT%(5) + X7°(9) + 2{Balt, 9X7(9), XT(5)
+ (By(t, ), XT7(5) U (5) } AW (),
where
alt,s) == (p(t, s),06(s)) + (q(t, s),60(s)) + %(P(t, s)da(s),60(s)) € R,
At ) = b (3)p(t, ) + o] ()at, s) = k(t,s) € R,

As(t,s) = DL ()p(t,5) + o (8)a(t, ) + P(t, 8)bs(s) + L (5) P(t, s)
+Q(t,5)0,(5) + 01 (5)Q(t, ) + 0 ()P, 8)a(s) — K(t,s) € RV,

As(t,s) == 80, (s)q(t,s) + ;(UJ(S)P(t, s) 4o, (s)PT(t,s)+Q(t,s) +Q'(t, s))&a(s) e R,
B(t,s) == (p(t,s),00(s)) €R,

Bi(t,s) :=a}(s)p(t,s) +q(t,s) €R",
By(t, ) = oL ()l 5) + Plt, $)0a(s) + 07 (5)P(t, ) + Qlt, ) € R,
Bs(t,s) == do, (s)p(t,s) + %(P(t, s)+ P'(t,s))do(s) €R™

Remark 5.2. (i) The convergence rates of the terms a(t, s)1j; -1-)(s) and 3(t, s) 1 42 (5)
cannot be improved anymore by Taylor expansions. As in the literature [11], we include
these terms in the variation of the backward equation.

(ii)) The terms A;(-,-) and Ay(-,-) include the undetermined processes k(-,-) and K(-, ),
respectively, while the terms By (-, ), Ba(-,-), Bs(-,-) do not include either these pro-
cesses.

(iii) We can show that (see Lemma [A.1]in the appendix)

sup E [
te[r,T)

[ a9 X7 6) | ] = o). (51)

Set

e (t) = (p(t, 1), X{°(t )+X§’E(t)>+ (P(t, ) XT°(8), X7°()), t € [, T],
= (Bu(t, s), X7"(s) + X3°(5)) + 5(Ba(t, ) X7"(s), X"(s)) (5.2)
+(Bs(t, ),Xfe( S irrie)(s), (L) € [7, TP,
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{?ﬂw:ymw—Wﬂwtehﬂ
Z7(1,5) 1= Z7(t,5) = B(t, 8)Uipray(5) — C7<(L,5), (1,5) € [, TT?,
and

{?m(t) =Y ()~ Y (1), te[nT),
ZTe(t,s) == Z75(t,s) — Z(t, s), (t,s) € [r,T]2.

Since n™¢(7) = 0, we have
J(7, X(7);u™ () = J (1, X(7); @l (-) = YT5(7) = V(1) = Y™(7). (5.3)

Furthermore, (Y™¢(+), Z7(-,-)) satisfies the following BSVIE:
T
) —
T

V() =upe (¢

ZTE(t,s) dW (s)
+ /t { F(t, s,um(s), X(s), Y™(s), Z7(t, 5)) — f(t, )
+ (Ax(t,s), X7°(s) + X3°(s)) + %(Az(t, ) X717 (s), X7 (s))
+aft, sm[mg)(s)} ds,  telnT]
where

1o (t) :=h(t, X7(T)) = h(t) — (ha(t), X7°(T) + X3°(T)) — %(hm(t)Xf’E(T)yXf’a(T»

T
+ / (As(t, 5), XT%(5)) Doy (5) d.
t
By Lemmas and the estimate , we see that
sup E[|¢7(8)[°] = o(e?).

te[r,T)

Observe that
F(t 5,07 (), X7(5), Y7(5), Z7(1,9)) — £(t,5)
= { £t 5,07(5), X79(5), Y5 (5), 2741, 9))
= f(ts,um(s), X () + XT7(5) + XJ7(5), Y 7(s), Z7°(t,9)) }
+ {7t s, um(s
— f(t s, @

), X(5) + X[7(s) + XT7(5), Y™(5), Z7(t, )
(5), X () + XT%(5) + XJ7(), Y7(5), 27 (1, 5) + (< (1,5)) }
- {(t s (), X (5) + XT7(s) + XT7(5), V() + 07 (s), 27(8, ) + ¢ (8, )
— [t s 0(s), X (s) + XT7(s) + X3%(5), V() + 17(5), Z(t, ) + C4(1,9)) |
{1 (b s (), X (5) + XT7(s) + XT5(5), V() + 17 (5), Z(t, ) + (41, 9))
— f(ts (), X (), Y (s), Z(t,5)) }
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=: AT°(t, s) + AJ°(t, s) + A (t, s) + A (¢, 8).
Now let us further observe the terms A7°(-,-), i = 1,2,3, 4.
AT¢(+,+): By Lemma [5.1] it can be easily shown that

sup E[ /tT AT (¢, 5) dsm = o(e?).

te[r,T)

AZ#(-,-): By the definitions of u™¢(-) and Z™¢(-,-), we see that
A5 (t,5) = A7 (L, ) Uprrie) (5)-
Furthermore, for (¢,s) € [r,7 4+ ¢]?, A°(¢, s) can be written as
Ay (t,s)
= f(t,s,v(s),f((s),f/(s),Z(t, S)—i—ﬁ(t,s)) — f(t,s)
+ (127 (8, 8), XT(8)+X55(8)) + 17 (8, 8) (V7 ()47 (5)) + 25 (8 8) (274 (8, )+ (8, 5)),

where, for a = x,y, z,
fos(t,s) = /0 Daf (t,5,0(5), X (5) + p(XT7 () + X55(s)), Y () + u(Y7(5) + 17 (s)),
Z(t,8) + Blt,s) + p(Z7(t,5) + (5(L, 9))) dps
- /0 Do f (. 5,0(s), X (s) + p(XT(s) + X5°(5)), Y () + p(Y () +175(s)),

Z(t,s) + p(Z7(t,5) + (. 5))) dp.

We can show that (see Lemma in the appendix)
2
sup E[ ]

te[r,T)

= o(e?).

T ~ ~ ~
[ ({2 0. ), X2 ()4-XT7 ()70 )™ (5) 4525 (1 5)C7(05) ) Uiy (5) s

AZ(+,+): We have that
AG=(t,8) = Jpo(t, )Y (s) + fI°(t,8) Z7°(t, )

where, for a =y, 2,

~ 1 A

Fre(ts) o= [ 0uF(ts,(s), X(5)+ XT(9) + X570
Y (s) + 175 (s) + pY 7 (s), Z(t, 5) + (75, 5) + pZ7E (¢, 5)) dps.
A} (+,+): Observe that

ATE(t,s) = (falt,s), XT°(s) + X575(5)) + fu(t, )™ (s) + fo(t, s)C7° (L, 5)

o XPE(s)4XT5()\ [ XT5(5)+X0%(s)
+3 <D2f“5(t7 s) n"(s) : n(s) >
(e (t, s) ™4 (t, s)
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< 2(t,8) + f,(t, s)p(s, s) + f.(t,s)Bi(t, s), X{°(s) +X2T’E(s)>
+ L (Ul 5)P(5,9) + £.(8,9)Balt, ) XT*(s), X7*(5))
+ f2(t, s)(Bs(t, 8), X7 (8)) Urrie) ()

1 N X717 (s)+X5°(s) X7 (s)+X5°(s)
+3 <D2f”(t7 s) nme(s) : nme(s) > :
CTe(t, s) (™4 (t, s)

Here we used the following notation:

D2fTe(t,5) = 2/ / AD?f(t, s, 4 X(s) 4+ Mu(XTE(s) + X2°(s)),
Y () + Aun™e(s), Z(t, s) + AuCTE (L, s)) dX\dp.

Furthermore, we can show that (see Lemma in the appendix)

sup B [ B 8) X0 9 as| | = o(e)
and
r X7 ()+X55(s)\ (X7 ()4 X7 (s)
sup E <szm<t,s> 77 (s) A e >
te|r,T) |i/; { ( Q‘T,E(t’s) ) ( CT’E(t,S) )
— (Gt $)XT*(5), XT°(3)) } ds] |
where

G(t,5) = [Tnxn, P(5, 5), 0, (8)p(t, 5) (L, $)|D* [ (¢, 5) [ Lnxn, D5, 5), 0 (3)p(t, 5)+q(t, 5)]

By the above observations, we obtain
— T —
e = ug o - [ 7w
T ~ ~ _ ~ ~ —
+ /t { (fg?s(t? S)—H:;a(tv S) H[T,T+a)(s))y7—7€(8) + (fgg(t7 8)+f;€(tv S) ]1[7',74-5)(5)) ZT’E(ZZ 8)
(AL 3+ Lolt )Ty 1 )pls, 5)+L(L ) Bt ), XT*(5) 4+ X5(s) )

* %< (Az(t’ s)+G(t, 5)+fy (L, 5)P(s, 5)+f2(1,5) Ba(t, s))XlT’E(S), XI’E(S)>

+ (alt,s) + £ (ts,0(), X(5), Y (5), Z(t 8)4B(8,5)) = S (1,9) Uririey(s) } ds,
t e [r,T],
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for some 15 °(+) satisfying

sup B[[¢7°(t)[*] = o(?).

te[r,T]

Recall that A;(-,-) and As(-,-) include the undetermined processes k(-,-) and K(-,-), re-
spectively, while By (-,-) and Bs(+,-) do not include either these processes. Therefore, if we
set

k(t,s) = by (s)p(t, s) + 0, (s)a(t, 5)

(5.4)
+ falt, ) + fy(t, 5)p(s, s) + fo(t,5) (0, (s)p(t, 5) + q(t, 5))

and
K(t,s) = b, (s)p(t, s) + 0,,(s)q(t, s) + P(t,8)ba(s) + b, (s) P(t, 5)
+Q(t,8)a.(s) + 0, (s)Q(L, 5) + 0, (5)P(t, 5)02(s)
+ [Lnsn, p(s,5), 0, ()p(t, 8)+q(t, )] D* (£, 8) [T, p(5, 5), 0, (s)p(t, ) +q(t, )]
t

+ [yt 8)P(s,8) + [o(t,5) (0,0 (s)p(t, 8) + P, 5)0u(s) + 0, (5) P( ,S)+Q(t,sz) |
2.5

then we obtain the EBSVIEs (4.10) and (4.11)), and it holds that

Y7E(t) = 3f(t) — /t ' Z75(t, s) dW (s)
T /t T{ (fJ (t,5)+T (¢, s)Il[T,T+E)<s)) Y78 (s) + ( Fre(t, s)+505 (8, s)n[ﬂm)(s)) 774 (t, s)

~

+ (oz(t, $)+ f(t,s,0(s), X(5), Y (s), Z(t, s)+B(t, 5)) — f(t, s))n[ma)(s)} ds,
terT].

Note that, on [r +¢&,T], (Y™¢(-), Z™%(-, -)) satisfies the following BSVIE:
V7)) = 0+ [ (T + A2 ds— [ 27 ds)
t t
telr+eT).

By the standard estimate (3.12)) of the solution of the BSVIE, we have the following estimate:

sup E[|}77’5(t)|2+/t 2 s)Pds| <C sup E[Jupt(0)] = o(e?).

te[r+e,T) te[r+e,T]

Similarly, from the estimate (3.4)), we have that

sup E[/TT |Z74 (4, 3)\2ds] = o(e?).

te|r,m+e] +e
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Therefore, by defining

) = B[ )+ | (BT s) 4 o) 27 8,5)) ]

+e

for t € 7,7 + €], then we have

sup  E[|y3°()*] = o(c?).

ter,T+e]

Moreover, (Y™(-), Z™(-,-)) satisfies the following BSVIE on [r, T + €]:

e =0+ [ {0 Y + (s 9) 27 )
+alt,s) + f(t,s,0(s), X(s), YV (s), Z(t, $)+B(t, 5)) — f(t, s)} ds

- /r+6 Zﬂg(t’ s)dW (s), t € [r,T +¢].
¢ (5.6)

Motivated by equation (5.6, we introduce the following (trivial) BSVIE for (Y72(-), Z7(-,-)):

5 T+ A ~ a
Y7e(t) = / {alt.s) + £(t.5,0(s), X(5). Y(s), Z(t, 5)4+8(t,5)) = f(t.5) } ds
B /r+€ Z7(t,s) dW (s), t € [1,7 +¢].

Note that, for t € [7,7 + €], we have

Y7 (t) = K, [/tT+€{a(t, $) + f(t,5,0(s), X(5), Y (s), Z(t, $)+B(t, 5)) — f(t, s)} ds] . (5.7)

By using the standard estimates of the solutions of BSVIEs, we can show the following
estimate (see Lemma in the appendix):

sup E[yifm(t) V) + /t Uz s) — 2, S)Pds] —o?). (5.8

te[r,m+€]

Therefore, by the equalities ((5.3)), (5.7 and the estimate (5.8)), we obtain the following equal-
ity:

T, X2y () = Jr, X (7); ()
T+e
B[ {00,805 + ta(r,9),6(s) + 5

+ f(T,s,v(s),X(s),Y(s),Z(T, s)+(p(r, s),éa(s))) — f(r, s)} ds} + R™ as.
(5.9)

(P(1,5)d0(s),d0(s))
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where R™ is an F,-measurable random variable such that E URT’EF} = o(e?).

Unfortunately, we cannot use the Lebesgue differentiation theorem directly for the inte-
grand in the right-hand side of (5.9)) since it depends on 7. Note that the terms p(-,-) and
P(-,-) can be treated easily since they have the reasonable continuity:

E|
E|

However, the cases of ¢(-, ) and Z(-, -) are more delicate. We have to define the terms “q(s, s)”
and “Z(s,s)” in rigorous ways. To do so, we introduce the diagonal processes Diag[q](-) and
Diag[Z](-) of q(-,-) and Z(-,-), respectively, which (uniquely) exist under our assumptions;
see Lemma [2.7] The following lemma plays a key role in our study.

/TT+€<P(T, s) —p(s,s),0b(s))ds 2] _ 0(52)

and

/TT+E<(P(T,S) — P(s,s))da(s),50(3)> ds 2] = o(?).

Lemma 5.3. For any v(-) € U[ty, T| and T € [ty,T), It holds that

x| |, |:/'r a{<p(7, s),6b(s)) + (q(7,s),00(s)) + %<P(7’, s)oo(s),do(s))

1 (7,5,0(), X (5), ¥ (), Z(7,8)+ (p(r 8), 80 (s))) — f (7, 5) } ds|

—-E; [/TH—E (H(S,U(S); to, Teg; U(+)) — H(s, u(s);to, T4y, @())) ds} ] = o(£?),

where H(s,v;ty, x1,;0(+)) is the H-function with respect to (to,xy,) € T and u(-) € Ulty, T

defined by (4.13)).

Proof. We only prove that

E| / " (a(r, 5) - Dingla(s), 6o (s)) ds ] = o) (5.10)

Then by using the regularity assumptions of f (Assumption , we can easily get the conse-
quence. Concerning the estimate (5.10)), observe that

E[’/TT+E<q(T, s) — Diaglq|(s), (50(3)> ds 2}
< E[/TT+€|(]<T, s) — Diag[q](s)‘Q ds /TT+€|50(S)‘2 ds]
< E[(/TTJFE‘q(T,S) - Diag[q](s)|2ds>2} 1/2E[</T+8|§0(3)‘2d3>2} 1/2. (5.11)

T
>

)
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By letting p’ =4 and ¢’ = 2 in (4.12)), we obtain

T+e ) 9 211/4
IE[(/ ‘q(T,s) — D1ag[q](s)| ds) } = o(¢).

Thus, we see that the last term in (5.11]) is of order o(g3). In particular, the estimate ([5.10))
holds true. O
Consequently, for any a(-),v(:) € U[ty, T], T € [ty,T) and € € (0,7 — 7), we have that

J(7, X(r); () = J(7, X (7); ey ()

i 5.12
=E. [/T (H(s,0(5); to, 2g5 a(-)) — H(s, @(s); to, 103 () ds} + R as. 12

where R™ is an F,-measurable random variable such that E[|R™¢|?] = o(¢?). The classical
Lebesgue differentiation theorem can be applied to the integrand of the right-hand side of
the above equality, since it does not depend on 7; see Lemma in the appendix.

Now we are ready to prove our main result.

Proof of Theorem[{.4] Sufficiency: Suppose that a(-) € U[ty, T satisfies (4.14). Then for
any v(-) € Ultg, T, 7 € [to,T), and ¢ € (0,7 — 7), equality (5.12) yields that

J(r, X(1);u™ () — J(r, X(7); ]y (1) > R as.

where R™¢ is an F,-measurable random variable such that E[|R™|*] = o(¢?). Therefore, for
any nonnegative, bounded and F,-measurable random variable &, it holds that

J(r, X (r);u™()) = J(r, X (1) it irir ()

1 £l0

E Z EE [RT7€§T} — O,

&

and hence 4(-) is an open-loop equilibrium control with respect to (¢g, z,) € Z.

Necessity: Suppose that @(-) € U[ty, T] is an open-loop equilibrium control with respect
to (to, z¢,) € Z. Fix an element v € U and define v(-) € U[ty, T] by v(-) = v. By the definition
of open-loop equilibrium controls and equality , we have, for any 7 € [tp, T) and any
nonnegative, bounded and F.-measurable random variable &,

1 T+e
lilrﬁ)nf EE [/ (H(s, v to, T A(-)) — Hs, 4(s); to, 243 4(-))) ds 57] > 0.

This implies that (see Lemma in the appendix)
H(Sa v; Lo, Tty ﬂ()) - H(87 ﬂ(S); Lo, Tty ﬂ()) >0

for Lebp, 1 ® P-a.e. (s,w) € [to, T] x €. Since the control space (U, d) is a separable metric
space and the H-function is continuous in v € U, we obtain (4.14]). O]
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Remark 5.4. By Theorem and equality (5.12), we see that if u(-) € U[to,T] is an
open-loop equilibrium control with respect to (to,z;,) € Z, then for any v(-) € U[ty, T] and
T € [to, T'), there exists a sequence {ex}ren C (0,7 — 7) such that limy_,. £, = 0 and

lim inf J(7, X(T); uT’sk(')) — J(r, X<T); ﬁl[T:T]('))

k—oo €k

>0 a.s.

We emphasize that this is not trivial from the definition, but a consequence of our analysis.
Also, the above is comparable to the original “definition” (4.6) of open-loop equilibrium
controls introduced in [13] [14].
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Appendix

In this appendix, we prove some technical estimates appearing in Section In Lem-

mas [AT[[A2][A3] and [A.4] we use the same notation as in Section [f] Lemma is an
abstract result which we used in the proof of the necessity part of Theorem [4.4]

Lemma A.1. It holds that

sup E [
te[r,T)

[ 09, X ) 0 ] | = o)

Proof. Observe that

te[r,T)

sup IE[ 2] = sup E[/tT+€<A3(t,s),X1T’€(s)> dsm

te|r,m+e]

/t (As(t, $), X7%(5)) D rny (5) ds
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. ]E[Sup |X{,5(S)|g(/tr+6|A3(t,s)|d3>2}

te[r,m+e] se[r,T]
1/2 Tte 4q1/2
<B[swp ] s B[([ Mseolas) ]
s€[r,T) te[r,m+e] t
—0(e)

t

sup E[(/;% O, 5)[|60(5)] d5)4]

te[r,7+e]

< o B[([ e oras)' ([ sotoras)]
. E[(/:JFE 50 (5) ds)j 1/2 te[sias]E[(/tHs QL) d5>4} 1/27

1
Concerning the term sup;e(, .. E [(fT+8 |As(t, s)| ds) } , we have that, for example,

-~

—0(=2)
and
o El([ et a)]
<128 (tem e}JEK /: Q(t,s) — Q(r, S)|2ds>4] +E[( / "o s>\2ds)j>
—0asel0.
Thus, we see that supe, .4 E[(ftﬂrs |As(t, s)| ds> 4] = 0(g?), and finish the proof. O

Lemma A.2. It holds that

sup E[

te[r,T)
= o(c?).

[ (5150, XT3+ X6 4T (I (41 7 (0,9 By 5) ]

Proof. Note that f7°(-,-), f;e (-,-) and §2°(-,-) are uniformly bounded. Recall the defini-
tions (5.2) of n™¢(+) and ¢"<(-,-). By the same arguments as in the proof of Lemma [A.1] we
can show the assertion. O

Lemma A.3. It holds that

sup E[

te([r,T]

2} = o(c?) (A.1)

/t J2(t, $)(Ba(t, ), X7%(5)) e () dis
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and

vy XPA)HXT () [ XD(5)+X5°(5)
sup E| [ {<D2f“€(t,s) O B B (© >
it e ¢ (t,5) () (4.9
(Gt $)XT7(s), XT7(s)) } ds] |

where
G(t,5) = [Lnxn; p(s, 8), 0, (8)p(t, $)+q(t, $)| D (£, ) Inxn, P(s, 5), 0, (s)p(t, s)+q(t, s)] .

Proof. The estimate (A. 1: can be proved by the same arguments as in the proof of Lemma .
We prove the estimate (A.2)). By the definitions (5.2)) of n™¢(:) and (™¢(-,-), we have

X7 (s)+X57(s)
" (s) = X7t 5) + A5 (¢t 9),
(7= (t, 5)

where

Thus, we obtain

_ X7 (8)+X37(s) X7 (s)+X37(s)
<D2f7',5<t7 S) T]T’E(S) ’ 777—’6(8) >
(™4 (t, s) (™4 (t, s)
- <D2f“5(t, S)XTE(t, ), XC (L, 8)) + 2<D2f“5(t, S)XE(t, ), X35 (L, s))

+ <D2f7’5(t, $) XS C(t, s), Ay (¢, s)>
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By Lemma [5.1] we see that

sup E / |/"CTE (t,s ‘ ds) }
te[r,T]

< sup E[(/ (14 Ip(s, ) + | Bu(t, 5)1%) [ XT( >l2d8)2]

te[r,T) t
T 2 A3
< sup B sup [XFG)['( [ (1 plos o)+ Bute, ) s)| A9
ter,T] s€[r,T] t
1/2 T 471/2
< E[ sup | X7°(s)]| ] sup E[(/ (1+ [p(s,s)” + |Ba(t, s)]?) ds) ] )
s€[r,T] te([r,T] t
5 pe

and hence

sup E / | X5 (¢, s | ds) ] = 0(e?). (A.4)

te[r,T]
Similarly we can show that

sup E /|ths‘ ds)}—o 2. (A.5)

te[r,T)

Note that D2f™¢(-, ) is uniformly bounded. Therefore, by the estimates and (A.5), we
obtain

Fre (e, )7 >,X;’€<t,s>>ds\2}=0<e2>

te(r,T]
and

Fre(t, ) X0t 5), X< (1, s)>d5m — o(c?).

te[r,T]
On the other hand, a simple calculation shows that

(Gt 5)XT*(5), XT*(5)) = (DF(t, ) X[ (1, 5), XT"(t, ).
Thus, it remains to show that
sup E[
te[r,T)

Now we prove (A.6). First of all, by the same calculations as in (A.3)), we have, for any
A€ B([r,T]) ® Fr,

s 8[([ oo )|

8i| 1/2

/t ((D*f™=(t,s) — Df(t,8)) X°(t, 5), X[(t, s)) dsﬂ = o(c?). (A.6)

471/2

sup E[(/tT(l + |p(s, 8)]> + |Bi(t, s)[*) La(s, w) ds) }

te[r,T]

<E| sup |X](s)|

s€[r,T]
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For each x > 0, define A(x) := {A € B([7,T]) ® Fr |Lebpm ® P(A) < x}. Fix an arbitrary
~ > 0. Then, for each t € [1,T], there exists a constant x; = k() > 0 such that

E[(/TT(ML 1p(s, )2 + [Bu(t, 8)?) La(s, ) ds>4] < 27526 YA€ Alky).

Besides, since the map [r,T] 3 t — By(t,-) € LY (7, T;R") is (uniformly) continuous, there
exists a partition 7 =ty <t; < --- <ty =T of [r,T] such that

E[(/T|Bl(t,s) Bl(tn,s)|2ds) ] < 27;6 VteE [tnrtal, n=1,...,N.

Define k = k(7) := min{ky,, ..., Kty }. Then, for any A € A(k) and any ¢ € [t,_1,t,] with
n=1,...,N, it holds that

E[(/tT(l + |p(s, 8)[* + | Byi(t, S)|2) La(s,w) dS)4]
< 128{E[</TT(1 + [p(s,8)|* + | By (tn, )1*) 1a(s, w) ds)lj

e[ 1 - )

< 72.

Thus, we obtain
411/2
sup E / |A7e(t, s ‘ T4(s w)ds) } <E[ sup | X7<(s)| } v, VA € Ak).
te[r,T] s€[r,T)

On the other hand, by Assumption {4 (ii), there exists a modulus of continuity p : [0,00) —
[0, 00) such that

ID2f7e(t s) = D2 (¢, 8)| < p(1XT%(s) + X55(s)| + |17 (s)| + [C7 (2, 9)1).

Furthermore, by using Lemma we can easily show that

T

lim sup B[ [ (1X75(5) 4 X7(6)| + 7 (6) + ¢ (8, 9)]) ds] =0,
el0 te[r,T] T

Hence, there exists a constant €g = £¢(y) > 0 such that, for any 0 < € < g¢, we have

{(s,w) € [1,T] x Q| \DQfT’E(t, s) — D*f(t,s)| > Vvt eUk), YVt e[r,T].

Therefore, for any 0 < ¢ < ¢, it holds that

T ~ 2
sup E[ / ((D*f™(t,s) = D f(t, s))x;@<t,s>,x;@<t,s)>ds\}
te[r,T) t
2
< 2 SFP ]E / ’DZfTS t S) D2 t S HXTa t S | ]1{|D2ffe(t5) D2f(ts \<f}d5> :|
telr,T

rT.E T,E 2 2
+2 sup E / |D2f (t,s) — D*f(t, S)H)Q (t, 5)| ]1{|D2fm(t,s)—D2f(t,s)|z\ﬁ} d5> }
t

te[r,T]
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T 2 1/2
T, 2 T, 8
<2 sup E[(/ X7t )[ ds) | 5+ SIDA IR E| sup [X74()[]
te[r,T) t s€[r,T]
:O‘(,a2) :O‘(,a2)
< Ce?y,

where C' > 0 is a constant which is independent of ¢ > 0 and v > 0. Since v > 0 is arbitrary,

this implies (A.6]). Hence, we obtain ({A.2)). O
Lemma A.4. It holds that
T+e
sup E[D_/T’E(t) V)2 + / 27, s) — Z7<(t, s)|2ds} — o(<?). (A7)
te[r,7+e] t
Proof. Firstly we prove the following estimate:

sup E[|YT’E(1€)\2 + /tﬂrs |Z74(t, 8)|? ds] = o(e). (A.8)

te(r,T+e]

Recall that (Y7<(-), Z7¢(-,-)) satisfies BSVIE (5.6). Thus, by the standard estimate (3.12))
of the solution to the BSVIE, we have

T+e
sup E[\Y“(tﬂz—i-/ |ZT’€(t,s)\2ds]
t

te|r,m+e]

<C sup E[|¢§’E(t)|2+(/tT+E|oz(t,s)|ds>2

te|r,m+¢]
+ (/tT+E’f(t,s,U(S),X(S),f/(s), Z(t, s)+B(t, s))] ds)2 + (/;Jra (¢, 3)] d8>2:|

for some constant C' > 0 which is independent of 7 and . By the same arguments as
2
in the proof of Lemma |A.1] we can show that suptE[T,TmIE[(LT+€ la(t, s)| ds) ] = o(e).

Furthermore, observe that

sup E| ( /t%lf(t,s,v<s>,f<<s>,f/<s>,2<t,s>+6<t’ 8>>|d8)2}

te|r,m+e]

< C’{ sup E[(/tTJrs}f(t, s,v(s),X(s),Y(s), 2(t,s)+ﬂ(t, 3))

te[r,7+e]

A~

— F(ts,vls), X(3). ¥ (s), Z(r. )+ 8(r. ) | ds) |
+ sup E[(/t7+€’f(t,s,U(s),f((s),f/(s),Z(T, s)+B(, 3))

te[r,m+e]

~

— f(r s,v(s),X(S),f/(S%2(775)“‘5(775))‘ds>2]
b o B[([7 150 X6, V6, 270045090 | a5) ]}

te[r,m+e€]
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< 60{ sup E[/T |Z(t,s) — Z(r,s)|*ds + sup |p(t,s) —p(T,s)|2/T 160 (s)|? ds}

te|r,m+e] to s€[to,T) to

+p@WQ/‘@+uﬂ¢ﬁ+h«gﬁ+uaﬁ@+ﬁﬁﬁw)w}

+E[/TT+E‘f(T, s,v(s), X (s),Y(s), Z(r, s)+B(r, s)) ‘2 ds} }

for some constant C' > 0 which is independent of 7 and ¢, and allowed to change from line
to line. Therefore, we see that

sup ]E[(/tT+€‘f(t, s,v(s), X (s),Y(s), Z(t, s)+B(t, s)) ‘ d8)2] = o(e).

te[r,m+e]

Similarly we can show that sup,c(; ;1. E [( [JFE |f(t,s)|ds) 2] = o0(g). Thus, the estimate (A.8)
holds.

Next, we prove the estimate (A.7). By the stability estimate (3.13) of the difference of
solutions of two BSVIEs, we see that

T+e
sm)EW”%ﬂ—Ym@F+/ 127 (1, 5) = 27 (1, 5)[ ds |
t

ter,T+e]

T+e ~ _
<¢ sw B[ 0F + ([ 15w+l [T ()lds)

te[r,m+e]
T+e ~ _ 2
([ 12 ) ds) |
t

for some constant C' > 0 which is independent of 7 and e. From the discussions in Section [3]
we know that sup,c, .. E[|¥5°(t)[?] = o(e?). Moreover, by using the estimate (A.8), we
obtain

sop B[([7 1) + T 970 as) ]

te[r,7+e]
<900, flle® sup E[[Y™(t)]] = o(e?)
ter,T+e]
and
T+e _ B 2
sup B[([ 1750 s) 4 o 9] 1277 )] ds) |
te|r,m+e] t
T+e _
<oofle sw B[ [ 1277 )P ds] = o).
te|r,m+e] t
Consequently, we get the estimate ({A.7]). [

In order to prove the necessity part of Theorem [.4], we need the following abstract lemma,
which is a slight modification of Lemma 3.5 of [12]. We provide a complete proof here for
the sake of self-containedness.
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Lemma A.5. Let ¢(-) € Li(S,T;R) with 0 < S < T < oo be fized. Assume that

1 t+e
- N
hrilul)nf 5E[/t ©o(s)ds ft] >0,

foranyt € [S,T) and any nonnegative, bounded and F;-measurable random variable &. Then
it holds that ¢(s) > 0 for Lebig ) @ P-a.e. (s,w) € [S,T] x Q.

Proof. Since the map [S,T] 3 t — ¢(t) € Ly, (% R) is Bochner integrable, by Lebesgue’s
differentiation theorem for Bochner integrable functions (cf. Theorem 3.8.5 of [10]), we have,

for a.e. t € [S,T),
t+e

.1
=/ lp(s) = e(Oll1y, (@r) ds = 0. (A.9)

Take an arbitrary ¢t € [S,T) satisfying (A.9). For any ¢ € (0,7 — t) and any nonnegative,
bounded and F;-measurable random variable &, we have

Bloe] = 15[ w)ase] - B[ (ots) - o) dse]

Note that

1 tre 1 t+e .
B[] (et - ey ase][ <l [ 106 = cOley, iy as .

€

t
that Ep(t)&] > 0. Since ¢(t) is Fi-measurable, we get ¢(t) > 0 a.s. This completes the
proof. O]

Furthermore, by the assumption, we have liminf, o %E[ e o(s)ds ft] > 0. Thus, we see

20



	学位論文表紙(濵口).pdf
	課・濵口雄史・全文.pdf
	Introduction
	Preliminaries
	Stochastic processes with two time-parameters
	Known results for BSDEs

	Well-posedness and regularity of EBSVIEs
	Time-inconsistent stochastic recursive control problems
	Proof of Theorem 4.4: Variational methods
	Appendix




