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Various problems in the real world can be formulated as nonlinear optimization problems.
The efficiency of the solution methods for such problems is particularly crucial in the
applications to optimal control and estimation, while the exactness of the methods is useful to
guarantee the theoretical properties of their outputs. This thesis aims to propose efficient and
exact approaches to optimization problems including optimal control and estimation by
utilizing symbolic-numeric computation methods based on theories of abstract algebra. This
thesis consists of seven chapters.

Chapter 1 describes the backgrounds, motivations, and goals of this thesis.

Chapter 2 introduces the basics of optimization theory and optimal control and estimation
theory, which are used in the following chapters of this thesis. First, the fundamental concepts
and theorems of optimization theory are described. Next, a class of optimal control problems
called the finite-horizon optimal control problems (FHOCPs) with terminal constraints are
formulated. Finally, two types of optimal estimation problems: the finite-horizon optimal
estimation problems (FHOEPs) and Bayesian filtering problems are formulated.

Chapter 3 presents a recursive elimination method for the FHOCPs with terminal
constraints. By using symbolic computation based on algebraic geometry, the method
decouples the Euler-Lagrange equations for the problems into sets of algebraic equations,
where each equation set involves only the variables at a single time step. This special structure
is suitable for model predictive control (MPC) because only the initial optimal input is
required at each time step in MPC. The initial optimal input can be computed by solving the
decoupled equation set at the first time step. Sufficient conditions are also provided to
guarantee that the decoupled equation sets give a unique local optimal feedback control law at
each time step. Several numerical examples are provided to illustrate the methodology.

Chapter 4 presents a recursive elimination method for the FHOEPs, which are formulated as
joint maximum a posteriori estimation problems. After the variable elimination based on the
elimination theory in algebraic geometry, an implicit function representation of the optimal
estimate is obtained as a function of observed outputs over the horizon. Moving horizon
estimation is performed by repeatedly solving the implicit function representation. A
comparison is performed to show the efficiency of the proposed method.

Chapter 5 presents a symbolic-numeric method for Bayesian filtering problems of nonlinear
stochastic systems. The posterior probability density function (PDF) is first approximated as a

Gaussian PDF, and the update law of its mean and variance is then formulated as functions of




the previous mean and variance and observed output. These functions are evaluated at each
given previous estimates and observed output by utilizing a symbolic-numeric method called
the holonomic gradient method. A numerical example is provided to showing the efficiency of
the proposed method.

Chapter 6 presents an algorithm to derive necessary optimality conditions for polynomial
optimization problems. The derived conditions do not require any constraint qualifications and
thus are more general than the Karush-Kuhn-Tucker (KKT) conditions. The algorithm is based
on the penalty function method and consists of symbolic computation based on the results of
algebraic geometry. Several numerical examples are provided to clarify the methodology and
to demonstrate the cases where some local minimizers do not satisfy the KKT conditions.

Chapter 7 summarizes this thesis and discusses the directions of future work based on the

results of this thesis from the theoretical and computational perspectives.
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