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1 Introduction
We consider positive solutions to semi-linear elliptic problems on a metric graph G:
—Au+u = f(u) on G, (1.1)

where ¢ > 0 is a parameter and we assume the Neumann boundary condition or the
Dirichlet boundary condition on the ends of G.

Semi-linear elliptic problems on a domain in R™ has been studied very well. Many
authors have obtained various results about the existence and non-existence of solutions,
the multiplicity of solutions, the asymptotic behavior of solutions, and so on. Recently,
in [1-3,5,7], they studied this kind of problems on graphs. Motivated by those results, we
study the asymptotic behavior of positive solutions as € — 0. In this paper, we introduce
our recent results and show part of our results. To state our setting and results, we use
following notations in graph theory.

e G =G(V,E) is a graph, where V is a set of vertices and F is a set of edges. We
always assume that G is connected and the number of edges #F is finite.

e (G is a metric graph if each edge e € E is isometric to an interval [0, £(e)] ([0, co) if
l(e) = 00), where £(e) € (0,00] is the length of e. We identify e with [0, £(e)].

e A metric graph G is compact if £(e) < oo for each e € E.

e ¢ > v means that e is incident to v.

degv is the number of edges that are incident to v. We assume degv # 2 for any
veV.

Vit is the set of all vertices with degv > 3.

e VL.q is the set of all vertices with degv = 1, thus Vi, U Vg = V.

*This is based on joint work with Kazuhiro Kurata (Tokyo Metropolitan University).
fThe author was supported by JSPS KAKENHI Grant Numbers 18K03356, 18K03362.



e A loop is an edge that connects a vertex to itself.
Throughout this paper, we always assume the following assumptions:
(f1) f € C(R,R) is a locally Lipschitz odd function.
(f2) Timy o f(t)/t = 0.
(£3) limy o f(¢)/t? = 0 for some ¢q > 0.
(f4) f(t)/t is strictly increasing on (0, 00).
(£5) limy—o0 F(t)/t? = 00, where F(t) = [, f(

A typical example is f(u) = |u|P~u (1 <p< oo). To formulate (1.1), we use a variational
structure. Let H'(G) be the set of every continuous function u on G with u® € H(e)
for each edge e € G, where u(® is the restriction of u on e. Then we can check that H*(G)
is a Hilbert space with norm

£(e)
HUHHl(G) —/ |VU|2+u dx —Z/ |Vu(e + (u (e))de’
eck

where V = 4. We define L?(G)-norm similarly. Let J. be a functional on H'(G) such

that )
/|Vu|2dx+ /u dx——/F(u)dx.
€Je

Then J, € C'(H'(G),R). Each critical point u, of J, satisfies (1.2) as the Euler-Lagrange
equation.

AU +ul = f(ul?)  for each edge ¢ € E,

Y erw o' (v)=0 for each vertex v € Vi, (12)
auge)(v) =0 for each e with e = v and v € V4, '
ul(v) = UEEI)(U) if e v and € > v,

where A = 4L and Ou' (v) is the outward derivative of u!” at v. In (1.2), the second
line is the Kirchhoff law, the third line is the Neumann boundary condition, and the last
line is the continuity condition at v. Put
o.:= inf supJ(tu).
u€HY(G) t>0
u#0

Then, for each € > 0, there exists a positive solution u, with J.(u.) = o.. u, is called
a least energy solution. In [7], they proved that u. is a constant solution for sufficiently
large € > 0. Our results are the asymptotic behavior of least energy solutions as € — 0.

Theorem 1.1 ([6]). Assume that G is a compact metric graph with Viy, # O and Veng # 0.
For each € > 0, let u, be a least enerqy positive solution. Then (i)—(iv) hold.

(i) For sufficiently small € > 0, u. has exactly one local mazimum point x.. Moreover,
Te € Vona holds.



(i) Let e. be the edge with e. = x.. We use identification e. = [0, {(e.)] with x. = 0.
Then,
ul®) (ex) = ®(z) as € — 0 in CF ([0, 00))

holds. On G\e., u, converges to 0 uniformly as e — 0, that is, im._o ||tc|| Lo (Go\e) =
0. Here, ® is a unique solution to

VO(0) =0, limp o P(z) = 0. (1.3)

{—Acb +®=f(®), d>0onR,
(iii) For sufficiently small € > 0, the edge e, is longest in Feyq := {e € E;e = v € Vena},
that is,
l(e.) = lpax := max {(e).

€€FEend

(iv) It holds that

g

—2{(e,
Oc =5 +exp (ﬁ(l + o(l))) as € — 0,
€
where o is the energy of ®.
Remark 1.2. For the uniqueness of solutions to (1.3), see [4, Theorem 5].

Moreover, in the typical case with p > 2, we can get more precise information about
the asymptotic behavior. Let E._, be the set of longest edges in E.,q, that is,

Ef/and = {6’ € Eend;g(e) = gmax} .

Since G is connected, if Vi, # 0, for each e € E!_,, there exists v € Vi, such that e > v.
We denote such vertex by v(e). By Theorem 1.1, e, € E. ; holds for sufficiently small
e > 0.

Theorem 1.3 ([9]). Assume that G is a compact metric graph with Vi # 0. In addition,
we suppose f(t) = [t[P~'t for some p € (2,00). Then, same conclusions as in Theorem
1.1 hold. Moreover,

(1) For sufficiently small € > 0, degv(e.) is a smallest number of deguv(e) among e €
E/

end*
(ii) It holds that

o deguv(e) — 2
oe=—=+0C,

p (_Qi(ee)) (14 0(1))) as ¢ = 0,

where C,, s a positive constant depending only p.

degv(e)

Remark 1.4. We can show similar results as Theorems 1.1 and 1.3 for (1.2) with the
Dirichlet boundary condition. In the Dirichlet case, the maximum point x. converges the
center of a edge which is a longest one in E.

In this paper, we give the outline of the proof for Theorem 1.1. The paper is organized
as follows. In Section 2, we give preliminary results. In Section 3, we consider the
asymptotic behavior of bounded energy solutions. In Section 4, we get more precise
asymptotic behavior of least energy solutions and prove Theorem 1.1.



2 Preliminaries

Hereafter, for simplicity, we assume f(t) = [t[P"* and 1 < p < oo. For a metric graph G,
we define a functional I by
1

1 1 1
](UG) = 5 /G |Vu|2 +uldx — m /G |u|l’+1 dx = §||u||§{1(g) - 1

for u € HY(G). Let G(V, E)Abe the dilation image of G(V, E) with a scale factor 1/,
that is, each e € E and ¢ € E represent the same edge of the graph, and the length of
é € Fis/l(e)/e. Foru e H'(G), we denote i € H*(G.) which satisfies () = u(x), where

Z is defined by
. {v ifr=vev,
T =

[ullZoss

zfe€é=[0,0(e)/e] ifxee=][0,{e).

Then, we have
Jo(u) = I(a,G,) for u € HY(G).

Moreover,
J!(u) = 0 if and only if I'(4,G,) = 0.

It is well-known that ® is uniquely determined and has explicit formula.

_ -
D(z) = My (coshp 3 r) ,

where My = ((p + 1)/2)Y/=D.
Lemma 2.1. It holds that ®(z) = exp(—z(1 + o(1))) as |z| — oo.

Proof. Using explicit formula, we can check it. O

Next, we recall a characterization of solutions on a interval. For this purpose, we
consider an initial value problem

—AU+U =|UP'U, U©0)=a, VU(0)=b. (2.1)

By ODE theory, for any a,b € R, it has a unique solution on R. Thus, to characterize
solutions, it is sufficient to consider

~AU +U = |UP'U on R. (2.2)
Using the phase-plane analysis, we can check the following:

Proposition 2.2. The initial value problem (2.1) has a unique global solution on R, hence
the solution satisfies (2.2). Let U be a solution of (2.2). Then, one of the following is
satisfied.

(i) U is a constant solution, that is, U = 0, £1.
(ii) There exists d > 0 such that U is a d-periodic solution.
(iii) U is a ground state, that is, there exists y € R such that U = £0(- — y).

Remark 2.3. By Proposition 2.2, up to translation, any solution of —Au +u = |u[P~'u
on a open interval is the restriction of U which satisfies one of (i)—(iii) in the proposition.



3 Asymptotic behavior of bounded energy solutions.

In this section, we assume that G is a compact metric graph.

3.1 H' and L*-boundedness

Lemma 3.1. Let (i.)~0 be a family of critical points with bounded energy, that is,
for each ¢ > 0, 4. € HYG,) is a critical point of 1(-,G.), and the family satisfies
limsup,_, (%, G.) < co. Then,

(i) (e)eso is HY(G.)-bounded, that is, limsup,_,q ||tc||g1(c,) < o0.
(i) (@c)eso is L(G.)-bounded, that is, limsup, g ||| Lo () < 0.

Proof. (i): Since each u, is a critical point, we have

1
I'(ue, Goue = ”ueH%Il(Gﬁ) - ||u6HI;;+1(GE) =0,
1 1 1 1 . (3.1)
I(ue,Ge) = (5 - m) ||Ue||§11(ce) = <§ - m) e I;*‘(Ge)?

which mean the claim.
(ii): Let —oo <a < b < oo. If b—a > 1, by the Sobolev embedding theorem, there
exists C' > 0 which is independent of a and b such that

l|lull oo apy < Cllull g ap) for u € H'(a,b). (3.2)

We can assume 0 < € < €. For small ¢, the length of each edge é € G. is grater than
1. Thus,
18| zee) < Clla ey < Cllallen

holds, where C' is a constant independent of 4, é, and e. It implies the conclusion. O

3.2 Asymptotic behavior on edges

Lemma 3.2. Similarly as in Lemma 3.1, let (G.)eso be a family of solutions with bounded
enerqy. Let (€,)nen be a subsequence of € — 0 and fix é = [0,4(e)/e,) € G.,. Suppose
that there exists a sequence (Z)nen Such that &, € [0,4(e)/€,], ¢ = lim, aiﬁ) (z,) > 0.
Then, taking a subsequence if necessary, there exists y € R such that

agi)(. +d,) = ©(-+y) in Cp.(R).

Here, if necessary, we extend 1LY onto R as a solution of (2.2). Moreover, z'fVﬁEi)(.%n) =0

€n

(neN), y=0 and c = My holds.

Proof. By Lemma 3.1, the assumption inf,en?, > 0, and the regularity of solutions,
a&? are bounded with respect to C?(0,¢(e)/e,)-norm. If necessary, we extend aif) onto
R as a solution of (2.2). Then, @& are bounded with respect to C*(R)-norm. By the
Arzela—Ascoli theorem, there exists uy, € C*(R) such that

U (- 4 2p) = Uso in CL (R) as n — o0.

€n



By the regularity theorem, we have

WO (- + 3) = Uoo in C2

loc

(R) as n — oo.

In addition, since Hm (- + )| 51 (=3 (¢) Jen—in) aTe bounded, for sufficiently large §, we
get Us € Hl( 00, —8) Or Uy, € H'(d,00). The limit uy, satisfies (2.2), and it holds
that lim, o0 tn(2,) = use(0) = ¢ by the assumption. Thus, Proposition 2.2 implies
U = @(- + y), it means the conclusion. O

3.3 Asymptotic behavior at vertices

Hereafter, for simplicity, we use same notation for subsequences.

Lemma 3.3. Let (ic)eso be a family of solutions with bounded energy. Assume that, for
a subsequence, there exists v € V' such that lim._,o Ge(x)(v) = M > 0. Then

(i) For each é; = [0,£(e;)/€] = v (1 < i < degv), we choose its coordinate satisfying
v =0. Then, taking a subsequence if necessary,

%) — ®(- £ y) in C2([0,00)) as € — 0
holds. Herey > 0 is uniquely determined by ®(y) = M.

(ii) In (i), the number of edges é; with lim,_,o 4l = = ®(-+y) equals the number of edges

é; with lim._ o) = O(- —y). In particular, if degv is odd, y = 0 and M = M,
hold.

(ili) liminf, . 0 > (degV)o /2 holds.

Proof. For each edge é;, we can apply Lemma 3.2 with &, = 0 to obtain (i). By the
Kirchhoff law at v, we have (8" V! 0“)(0) = 0. Let i be the number of edges such that
the limit of 4. on the edge is ®(- + y), respectively. As e — 0, we get

i+VO(y) +i-VO(—y) =0,
hence (ii) holds. By (3.1), we have

1 1 1 1\ &
- - A(ez) p+1
7= <? p+ 1) i) = (2 p+ 1) ; / e

Using Fatou’s lemma and (i), we obtain.

degv
lir}Liglfoe > (— — m) Z/ P (z+y)d

By (i), if degv is even, we have

degv
- (I)p+1 +
< p+1>z/ v)d
1 1 degv e (degv)o
—(Z_-_- Ppr+i PrHi(p — — o7
(2 p+1> 5 </0 (x—l—y)d:z:—l—/o (x y)da:) 5




If degv is odd,

(‘ - ﬁ) df?/ o dx (— - %) (degv) </m Pr+! dx) - (degzv)(’.
p é p 0

4 Asymptotic behavior of least energy solutions

Throughout this section, we assume that Vi, # 0, Vina # 0, and u. is a least energy
solution with its energy o, for e > 0.

4.1 Upper energy estimate
Lemma 4.1.
o _2€max
o < 5 + exp (7(1 + o(l))) ase—0
€
holds.

Proof. Choose e € Eeyq such that £(e) = lyax. We may assume that é = [0, {yay /€] and
0 € Vena. We define a test function W, by W, =0 on G, \ é and

W(é)(x) B O(x) if 0 <z <lpax/e—1,
‘ | Pl /€ — D) (lmax /€ — ) if luax /€ — 1 < & < L /€.

Then, we can check that W, € H'(G,) and

o < sup J(tW) = sup I(tW,, [0, linax/€]).

t>0 t>0

Moreover, there exists a global maximum point ¢, > 0. Since %](tWE, [0, £nax/€]) ’t:t =0,
t. > 0 is uniquely determined by

Wl
ST

Lr+1(0 (mlx/e)

(0, Emlx/e)

By the definition of W, we have

p—1 ||®||%’II(O,OC)
€ — W =lase— 0,
Lr+1(0,00)

hence t. =1+ o(1). Using t., we get

e < I(t W, [0, bax/€])
=1(tD,[0,00)) — I(tD, [bmax/€ — 1,00)) + I(t W, [lnax/€ — 1, bmax/€])-

First, we see
I(t®,[0,00)) < supI(tP,[0,00)) = =

t>0



Next, for sufficiently small ¢, since ® is small on [lpa, /€ —1, 00), we have [t P[P /(p+1) <
t29? /4 and
2 [
HED, /e~ 100 2 5 [© VBP 402 dz >0
Lrax/e—1

For sufficiently small ¢ > 0, we obtain

Lrmax/ €

t2 2t2
LW, [/ — 1, b/ €]) < 5/ VWL W2 de = 20l — 1),

Crmax/€—1

Therefore, since t. = 1 + o(1), we have
g 2
UE§§+® (Kmax/e—l),

Applying Lemma 2.1, we get the conclusion. O

4.2 Number and position of maximum points

Lemma 4.2. If € > 0 is sufficiently small, u. has exactly one local mazimum point x..
Moreover, it is an end vertex of G, that is, v € Vinq.

Proof. If v € Vi, then lim,_,q @.(v) = 0 holds. Indeed, if there exists a subsequence with
Gc(v) = M > 0, Lemma 3.3 (iii) contradicts Lemma 4.1.

Since the energy estimate and H'-boundedness, for sufficiently small € > 0, 4, is a non-
constant solution. Hence, 4, has a local maximum point z.. Extracting a subsequence if
necessary, we may assume that there exists é = [0, {(e)/¢] € G, such that &, € é. Suppose
that . — oo and ¢(e)/e — . — oco. Then by Lemma 3.2 and the argument in the proof
of Lemma 3.3, we have

1 1 1 1
liminfo, > ( = — —— ) liminf [ [a@Pde > (= — —— |®|PH dx = o,
e—0 2 P+ 1 e—0 é 2 D+ 1 R

which contradicts Lemma 4.1. Thus, (Z)eso or (€(e)/€ — Z¢)eso is bounded. We may
assume (Z)eso is bounded without loss of generality. Taking a subsequence, we have
Te = o for some Tg > 0. By Lemma 3.2, we get

i = ®(- — i) in Cie([0, 20)).

If 0 € Vi, as mentioned above, aﬁe)(o) — 0 holds, hence ®(—2p) = 0, which is a con-
tradiction. Thus, we obtain 0 € V.,q. By the Neumann boundary condition, we have
®'(—3p) = 0, which implies &y = 0. Thus,

agé) — @ in C2 ([0, 00))

holds. Next, we show &, = 0 for sufficiently small ¢ > 0. Contrary, suppose that there
exists a subsequence such that Z. > 0. By the mean value theorem, there exists 2. € (0, Z)
such that

val(@) - val (o)

0:
20

e L AR CRICAVEE L)



Taking a limit, since . — 0, we get
0= dP(0) — D(0) = My — M,.

It contradicts the definition of Mj, hence Z, = 0 € V,q for small e.

Finally, we show the uniqueness of local maximum points. Suppose that there exist
two local maximum point #. and &/ for small e. Then, as mentioned above, Z., 2. € Vina
holds. It means that there are two different edges é and € such that . € é and 2/ € €.
By similar arguments in Lemma 3.3, we have

1 1 5 1 1 5
liminfo, > ( = — —— ) liminf [(a®)P*'de + ( = — —— ) liminf [ (a())P+! dx
e—0 2 p+1 0 J, 2 p+1 =0 Jo

1 1 o
>2(-——— / Pt dr = o,
2 p+1) /)y

which contradicts the energy estimate. O

4.3 Lower energy estimate

To get precise lower energy estimate, we calculate

0(0,L):= inf supl(u,(0,L)).

u€H(0,L) t>0
u#0

Lemma 4.3. For § > 0, there exists a constant C' > 0 such that
o(0,L) > % —Cexp(—2L(1—90)) as L — oc.

Proof. We fix § > 0. Let wy, be a least energy solution for ¢(0, L). We may assume that
wy, is strictly decreasing positive solution on [0, L], and there exists a constant C' > 0
independent of L > 1 such that

w(z) < Ce= (1797, (4.1)

In addition, we extend wy, on [0,00) by wr(z) := wr(L)e!™® for x > L. Then wy €
H'(0,00) holds. By the characterization of o(0, L), for any ¢ > 0, it holds that

0(07 L) > I(tva (07 L)) = [(tva (Ov OO)) - I(twLa (L7 OO))
Take t;, > 0 with t2" = ||wL||i11(0700>/||wL||1”+1 Then,

LP+1(0,00)°

I(tpwrg, (0,00)) = sup I (twy, (0, 00)).
>0
By the definition of o, we have

sup I (twy, (0,00)) > 7.
>0 2

Thus, we get
— I(thL7(L, OO)) (42)
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Since wy, — ® € H'(0,00) because of Lemma 3.2, we have

191171 0,00

1
1R 115 0,00

=t =1las L — oo,

hence, t;, =1+ 0(1) as L — oo. Using t? < 2 for sufficiently large L, we get

t2 00 oo
I(tpwy, (L,0)) < EL/ |Vw, | +w? do < / 2wi (L)e* 2 dr = wi(L).
L L

By (4.1), we obtain
I(tywy, (L, 00)) < Ce 2079 a5 [, — 0.
Therefore, we get the conclusion. O

Proposition 4.4. Suppose that, for a subsequence of ¢ — 0 and e € G, a least energy
solution u, has a local mazximal point . on e. Then, it holds that

—2{(e)

052%+exp< (1—|—0(1))> as € — 0.

Proof. For simplicity, we assume that G is a star graph. Thus, we may assume that G =

(V,E), E ={e1,...,ex} with k >3, V = {vo, ..., v}, vo € Ving, v; € Vena (i = 1,..., k),
and each edge e; connects vy and v;.

€1 €2
[ 4 L 4 ]
0 Vo U2

By Lemma 4.2, we may assume that x. = v; € e; without loss of generality. Therefore,
we consider a sub-graph G, = {{vg, v1,v2},{€0,é1}}. We estimate similarly as Lemma
4.3. By the characterization of the least energy, for any ¢ > 0, it holds that

k
e > I(tie, G+ Y I(ti, é).

i=3
We choose t. > 0 such that
I(tA, G.) = sup I (ti,, G).

t>0

Since G is identified with the interval [0, (¢(e1) + €(e2))/€], by the characterization of
o (0, (¢(e1) + £(e2))/€), we have

sup I (ti, GL) > o(0, (€(e1) + €(ez))/€).

t>0

Thus, we get
k

0. > 0 (0, (Cer) + Ue))fe) + 3 I(teie,&y). (4.3)

=3



Next, to estimate the second term of the right-hand side, we focus ¢.. Since @, — ® € H!
on G', we obtain t, = 1+ o(1) as € — 0, similarly as in Lemmas 4.1 and 4.3.

Recall that 4. is a positive solution and 4. has the unique local maximum point
v1. Thus 4, take the global maximum value on é; at vy (i = 3,...,k). Denote the
maximum value by m. := @.(vg). By the proof of Lemma 4.2, we have m, — 0, hence
ltetie|| oo (e = o(1) (i =2, ..., k), which implies

1

1
m (teﬂe)p+l dx S Z / t?(ﬁe)Q dx (Z = 3, ey k)

for sufficiently small e. Thus, we get

t2 1+o(1)

It @) 2 iy = — e, (=3,..h) (44)

Since u, is a solution on é; and satisfies the Neumann boundary condition at v;, using
partial integration, we have

el ey = / V (aVal) + (Al + al))al®) da
:/V(ﬁgéi)VﬁgéZ))+(ﬂ£éi))p+l dx (4.5)
> / V (dIValD) dv = (90 (vg)) 0 (ve) (i =3,...,k).

Next, we estimate the right-hand side. For each i € {2,...,k}, we apply Lemma 4.6
below for ¢;. Then, we have

1 ~1 9L (vy) 1 1
Ae + - <= < + = ;
tanh A f(e;)/e  sinh A L(e;)/e @) (vg) ~ tanh{(e;)/e  sinhl(e;)/c

where A\, = V1 —m?~'. Thus, we get
(00 (vg)) 4l (vg) =m2(1+o(1)) ase -0 (i=2,...,k). (4.6)

Thus, we have
k
D il = (k= 2)m2(1+0(1) > mZ(1+o(1)). (4.7)
i=3

Finally, we estimate m,. For the sake of simplicity, we denote @'°") and l(e1) by G, and ¢
respectively, and assume é; = [0, (e1)/¢e] with v; = 0. Put

( ) o (k‘ + 1)671+€/e _ (]4‘ _ 1)6176/5 A
AT T G D)t — (k- et -

Then z is a solution of

~Az+z=00n(0,0/¢), 2(0)=1a.l0), V= <§> + kz <5> — 0.

€ €

11
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Putting w := z — 1., we have
—Aw+w=(-Az+2z)— (—Ad.+ 4.) =—u <0on (0,{/e)

and
w(0) = z(0) — 4 (0) = 0.

Using (4.6) and the Kirchhoff law at vy, we get

Vidt/e) _ —Sh, 00 w) -
X

oo () an() - () o ()

Applying Lemma 4.5 below to w, we obtain w < 0 on (0, £/¢). Moreover,

Thus we get

me = te(tfe) 2 =At/e) = G 1)64/312—6((012 et 13%0164/((1 o)) ase =0

holds. Combining (4.3), (4.4), and (4.7), for § > 0 with (¢(eq) + €(e2))(1 — &) > £(eq),
using Lemma 4.3, we get

2((ey) + U(ez))(1 — 0)

€

2

(1+ 0(1))) + (kj‘fol)Q exp (_Qi(el)) (1+o(1)

S0
0c> - —exp|—
B) p

o Mg
==+
2 " (k+1)

exp <2i(61) (1+ 0(1))) as € 0.

O

Proof of Theorem 1.1. Lemma 4.2 asserts (i) in Theorem 1.1. Then, we can apply Lemma
3.2 to get (ii). Finally, combining Lemma 4.1 and Proposition 4.4, we obtain (iii) and
(iv). O

Lemma 4.5. Assume that R > 0 and o > 0. Let w be a solution of
—Aw+w<0on(0,R), w0)=0, VwR)+aw(R)<O0. (4.8)
Then w < 0 holds on [0, R].

Proof. Multiplying (4.8) by w,(z) := max{w(z),0} and integrating, since VwVw, =
(Vw,)? and wwy = w?, we have

R R
0> / —Awwy + ww;i dr = —Vw(R)wi (R) + Vw(0)w,(0) + / (Vwy)? +w? dx
0 0
R
> aw? (R) + / (Vwy)? +w? dx > 0.
0

Hence fOR(Vw+)2 + w? dz = 0, which means the conclusion. O
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4.4 Estimates for small solutions
Let u be a positive solution of
—Au+u=u" on (0,L) (4.9)
with ||u] o,y < m. Putting § :=mP~!, if 0 < ¢ < m, we have " < §t. Hence,
—Au+u>0, —Au+(1-9)u<0.
Thus, we can estimate u by sub-super solutions.

Lemma 4.6. Let u be a positive solution of (4.9). Suppose that ||u||pe©,r) < m, u(0) = a,
w(L) =0, and § =mP~' > 0. Then

asinh(L — ) + bsinhz
sinh L
-1 b Vu(0) -1 b
+— < <A +— ;
tanh L ~ asinh L u(0) tanh AL ~ asinh AL
) I _a < Vu(L) < I a ’
tanh AL bsinh AL u(L) tanh L bsinh L

asinh \(L — x) + bsinh Az
sinh AL

<u(z) < for z € [0, L],

where A :=+/1 — 0.

Proof. By the assumption and the maximum principle, we have |||z~ () = max{a, b}.
Hence,
~Au+u>0, —Au+Xu<0on (0,L).

Let @ and u be unique solutions to

—Au+u=0on (0,L)

—Au+ T =0on (0,L),
) =u(L) =b.

7(0) = u(0) = 0, 7(L
Then, we have explicit formulas:

asinh(L — z) + bsinhx
sinh L ’

asinh A(L — z) + bsinh Az
sinh AL

u(x) = u(z) = on [0, L].

Moreover, u < u < u holds by the comparison theorem. Since u = w at z = 0, L, we get
the estimates for the derivative. O
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