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1. INTRODUCTION

The evolving interface are observed in various phenomena. Growth of snow
crystal, cloud floating, surface of pond are typical examples in nature and cell
locomotion, growth of plants, cloud dynamics of animals in life science. In general,
the motion of interfaces are mainly determined by the energy from interface itself
and from interior and exterior of the interface (driving force). To describe the
motion of interface, some partial differential equations are proposed. The most
simple example is mean curvature flow given by

1) gu—

where £ is the mean-curvature of I'(¢), which stands for an embedded hypersurface
in RY at the time ¢, and V is the normal velocity on I'(¢). The equation (1) arises
from the first variation of the surface area functional. The mean curvature flow (1)
is also proposed by Mullins [19] as a mathematical model describing the motion of
grain boundaries. According to the result of Gage-Hamilton[12], any convex closed
curve shrinks to a single point in a finite time (see also [14]). From this, (1) does not
have any stationary solutions and traveling waves I'(¢) composed of Jordan curves.
Here we call I'(t) a traveling wave if

F(t) = Fo + tc

for ¢t > 0, where I'y is a curve that is positively oriented (counterclockwise direction)
and c is a vector in RY. However, if T'(¢) is allowed to be a function defined on
the whole space of R?, there exists a traveling wave called Grim Reaper (cf. see
[1]). Indeed, if it is moving upward with speed ¢ and is represented by the graph
y = () + ct, then @ satisfies
o= Par
1+ 2
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By solving the above equation, it is easily seen that
1
y = @(z) + ¢t = —=logcoscx + ct.
c

Another example of curvature flows is the curvature-eikonal flow written as
(2) V=A-—k,

where A is a positive constant. The curvature-cikonal flow (2) is derived from
the singular limit of the Allen-Cahn-Nagumo equation or the FitzHugh-Nagumo
equation (see [11]). We immediately confirm that I'(#) has a unique disk-shaped
stationary solution with the radius 1/A. This stationary solution is unstable, and
we can regard this circle as a traveling wave with the speed ¢ = 0. In addition, it was
reported by Ninomiya-Taniguchi [25, 26] that there exists a traveling wave defined
on the whole space, called a V-shaped traveling wave if the speed c is greater than
A. More precisely, the curve of the V-shaped traveling wave I'(t) = {(z,y) | = €
R, y = ¢(x) + ct} is represented by use of 6 = arctan ¢, (z) as follows:

1+ C+Atan0
p - Z
x(0;c) = €+ log c-A 2 ,
c et — A2 c+ A 0
1- tan —
c— A 2
1 ccosf — A
yltie) = ‘zbg<—zt7r‘>

for 0 € (—6,,0.), where 0, = arctan(v/c¢*> — A%/A).

We can generalize the equation (2) to

(3) M)V =~ (1) — a(n)s,

where n denotes the outer normal vector of I'(t) and «, 3, are given functions.
One of the typical examples of (3) is the following anisotropic interface equation in
R? [13]:

(4 bOW = A= (£0)+ ') &,

where 6 is the angle between the z-axis and n at I'(¢), A is a positive constant
describing the difference between the phases in terms of bulk energy, b(f) is a
positive function, and f(6) is the interfacial energy. Marutani et al [18] discussed
the V-shaped traveling wave of (4). The short-time existence and uniqueness of
classical solutions to (3) has been demonstrated by Gage-Hamilton [12], Evans-
Spruck [9, 10] and Huskin and Polden [15] (see also [7]). For more general setting,
we refer the reader to Chen-Giga-Goto [5] and Brakke [2]. If we extend v(n) of (3)
to a more general driving force v = v(n, u, Vu, C(t)), that is,

(5) AV =~(n,u, Vu, C(t)) — a(n),



where C(t) is a non-local function, e.g., the perimeter of I'(¢) or the volume of the
phase €2(t), and w is an unknown function defined in the domain €(¢) adjacent to
['(t) or in RY, (5) is relevant to many free boundary problems, interface equations
and singular limit problems. For instance, the volume-preserving mean curvature
flows, the Stefan condition, the modified Gibbs-Thomson relation in some FBPs
such as the Stefan problem, the Mullins-Sekerka problem (or the Hele-shaw prob-
lem) [20], the incompressible viscous two-phase fluid flow [16], and also the crystal
growth [3], laminar flame propagation [17], the FBP describing cell locomotion
[6, 22, 23], and the singular limit problem derived from the Allen-Cahn-Nagumo
equation [11], the Lotka-Volterra equations [8], FitzHugh-Nagumo equation [4].

In recent years, the localized patterns are observed in the phenomena related
to (5) (see also [21, 27]) and it is important to study the traveling waves whose
boundary are composed of Jordan curves in R%2. We call such a traveling wave a
compact traveling wave. However, in general, v, # and ~ in (5) are complicated due
to the coupling of u, which is often unknown function depending on the evolutionary
equation in phase Q(t). In this study, we start with a simple case (3). In addition,
we assume that a and [ are positive given functions to guarantee that (3) is well-
posed. By dividing by «, the anisotropic curvature flow (3) can be simplified as the
following curvature flow with a driving force v(n):

(6) B(m)V =~(n) — k.

We denote the angle between z-axis and the outer normal vector n(s) by 6 =
0(s), where s is the arc length of I'y. From this, it follows that n(s) = (cos#, sin @)
directly. Thus S and ~y are represented by

B(n) =5(0) and ~(n)=7(0),
respectively. For simplicity of notation, omitting a tilde, we consider
(7) BO)W =~(0) — k.

Throughout this paper, we always assume that Iy is positively oriented (counter-
clockwise). Let I'(t) be a traveling wave of (7) along e. = (cosn, sinn) where 1 can
be chosen arbitrarily if ¢ = 0. Then we see that

V =ce.-n=ccos(d —n).
Since the curvature x of I'y is given by 6, (7) is rewritten to
cB(0) cos(0 —n) = ~(0) — 6.

Since Iy is a Jordan curve which is represented by {(z(s),y(s)) | s € [0,L)},
(0(s),z(s),y(s)) has to satisfy the boundary condition

(6(0),2(0),(0)) = (6(L) + 2, z(L), y(L)).
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Summarizing these equations, we obtain

05 = v(0) — ¢B(0) cos(0 —n) in (0, L),
Ty = —sinf in (0, L),
(8) Ys = cosl in (0,L),

6(0) = by, x(0) =z, y(0) = yo,
O(L) =60y + 2w, x(L) = xo, y(L) = yo,

where L is a perimeter of I'g and 8y, ¢, yo are initial data. Therefore our goal is to
find a curve I'y composed of (6, x,y, L, ¢,n) satisfying (8).

2. MAIN RESULTS

Following to [24], we will state the main results. We prepare a few notations.
We say that = € C™!([0,/]) if and only if, for any s € [0, /], z(s) is continuously
differentiable for m-times and m-th order derivative 2(™)(s) is Lipschitz continuous.
In addition, Iy belongs to C*! if there exist functions z,y € C*(—/, ¢) such that

{(z(s),y(s)) €R* | s € (=£,0)} =ToNU, 2(0) =z, y(0) = yo}

for any (zo,y0) € [y, where U is a suitable open set in R?. We say that travel-
ing wave (I'g,c) of (6) is strictly convex (concave) if curvature s of I'y is positive
(negative) for any point of I's. Any continuous function 7 can be classified into one
of the following three cases : We state that v is positive (non-positive) if v(6) > 0
(7(0) < 0) for any 8; v is sign-changing if there exist 6; and 6, such that v(6;) > 0
and v(f2) < 0. We note that the constant function v = 0 is regarded as non-positive
one.

If 8 and « are Lipschitz continuous with 2m-periodic, then we can obtain the
following results (see [24] for the details).

(a) Every compact traveling wave of (6) is strictly convex and unstable.

(b) A compact traveling wave is unique if it exists.

(c) If ~y is positive, then there exists a unique compact traveling wave of (6).
In addition, velocity vector c satisfies that c - e, <0, where

™ cos T gind
e, = d&/ d@) .
! (/0 v(6) o ()

In particular, if e, = 0, then ¢ = 0.

(d) There is no compact traveling wave of (6) if 7 is non-positive.

(e) If B and ~ are symmetric to 7, € [0,7), then (6) has a unique compact
traveling wave (', ¢) if and only if S # () defined by (9).

We remark that the uniqueness of a compact traveling wave is up to the shift.
Actually, T'(t) + (z1,y) is also a compact traveling wave for any (z1,y;) € R?, if
['(t) is a compact traveling wave.




To show the existence and the uniqueness of compact traveling waves, we pre-
pare the following set:

9) S:= {(c, n) € [0,00) x [0, 2m)

eel[(r)l,gﬂ) [7(9) cB(0) cos(f 77)} > 0}.
Note that S is non-empty if compact traveling wave exists, because the result (a)
implies the positivity of v(0) — ¢5(8) cos (0 —n) due to (8). If ~ is sign-changing,
then a compact traveling wave is unique if it exists. In contrast with the positive
case in (c), a compact traveling wave does not always exist for any sign-changing
function v. Indeed, (6) does not possess a compact traveling wave when

1
~(0) = cos (26) + 2

because § is empty. This example also implies that the positivity of total energy
of driving force on I'(t) is not essential to construct a traveling wave in (6) because

f vds > 0.
o

Therefore, we need to impose a additional condition on ~(6). It will be shown
that (6) includes a compact traveling wave, if - satisfies the admissible condition
which is a geometrical condition for S. See [24] for the details.

3. APPLICATIONS

In this section, we discuss the topics related to compact traveling waves of (6).

3.1. Translation invariance. Assume that (I'j,c*e(n*)) is a compact traveling
wave of (6) with 7. Then we can show that (6) with 7(0) := ~(8) +v5(6) cos(6 —n*)
for v € R also has a compact traveling wave (I, ¢) where

(To,c) = (T, (c* +v)e(n)) if c*+v >0,
T e+ vle(nt + ) if et +v <0,

3.2. The inverse problem. Here we consider the inverse problem. Consider the
following question:

Q. Is there a function 7y such that (6) possesses the given compact traveling

— wave (T,¢*) ?

We have an affirmative answer as follows: Let I'; and ¢* be an arbitrary strictly
convex Jordan curve and vector, respectively. Then there exists v such that (I'f, c*)
is a compact traveling wave of (6).
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3.3. The Wulff shape. In this subsection, we consider the application of our
theorems to a typical example (4). As introduced in Section 1, the anisotropic
interface equation (4) is obtained by considering the interfacial energy and the
difference between bulk energies. In (6), setting

56)=06) (FO) + 1'®)) . A0 =A(FO) +1'®)

we see that (6) corresponds to (4). Recall that A is a positive constant. Let us
consider that the interfacial energy f(0) is strictly stable (see [13]), that is,

F0)+ () >0

Since v is positive, we have the unique compact traveling wave (I'g, ¢) to (4). Using
the integration by parts, we easily check that

/ ) eitdp = A / " HO) + £1(0))e 0 = 0,
0 0

which implies that ¢ = (0,0) by the result (c). Due to the uniqueness of compact
traveling waves, we can confirm the same result as in [13].

As A =1, in particular, the closed domain whose boundary is the stationary
solution I'y is often called the Wulff shape. Thus we know that the convex traveling
wave of (4) (namely, stationary solution) is represented by the extension of the
Wulff shape.

3.4. Non-convex compact traveling waves. To construct an example of non-
convex traveling waves, we need to violate the condition for «y. If the driving force
~ depends not only on 6 but also y, then we can construct a non-convex compact
traveling wave (Lo, ¢) with ¢ = 0. Let 7 be a function of y with v(y) = v(—y) and
(0, z,y) be a solution of

0s =(y) in (0,7),
xy = —sinf in (0,7),
ys = cos in (0,¢),
6(0) =0, 6(¢) =m/2,

z(0) = y(0) = 0,

for a constant ¢ > 0. By the symmetry of 7, we can extend the solution (z,y,0) to
the interval [0, 4¢] by

0(s) n [0,4)
: T —0(s— 1) n [¢,20)
s — O, ys = O, 0:=
‘ S U o8 T+60(s—20) in[20,30)’
2 — (s — 30) [3€ 40)



and we obtain a Jordan curve I'g = {(x(s),y(s)) | s € [0, L), L = 4¢}. In order to
show non-convexity of T'g, 7(y(s)) must be at least negative at some s € (0, ¢). Set
11
YY) =142 — Syt + 2"

Then we see that v(1) = —1/2 < 0. It is confirmed that there are two points yi, yo
such that 0 <y < y2 < v, 7(y1) = 7(y2) = 0 and

>0 1in (07@/1) U (y27y*)7
< 0 ln (Z/173/2)7

¢
y*:/ cosfds.
0

Repeating the same argument as in Subsection 3.1, we also see the existence of a
non-convex compact traveling wave with the velocity ¢ = ce(0)(# 0) when 7 is
replaced by v(y) + ccosf and § = 1.

Y=

where
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