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Szemerédi’s theorem and fractal dimensions of
sets avoiding (k, €)-arithmetic progressions

Kota Saito

1 Arithmetic progressions of integers

We say that a real sequence (q;)%-} C R is an arithmetic progression (AP)
of length k if there exists A > 0 such that

CLi:ao—FiA

fori =0,1,...,k — 1. We say that A is the gap length of an AP. We say
that a set P is an AP of length k if there exists an AP (a;)¥-) of length & in
the sense of a sequence such that P = {a;: i = 0,1,...,k — 1}. It is a big
problem to show the existence or non-existence of arithmetic progressions of
a given set. One of main topics of this problem is to find long APs of a given
‘large’ set. For example, a subset A of positive integers with positive upper
density i.e.

, |AN 1, N]|

limsup ———

N—oco N
contains arbitrarily long APs. This statement is known as Szemerdédi’s the-
orem which was proved by Szemerédi in 1975 [14]. This theorem implies
van der Waerden’s theorem [15] which states that if we partition a set of all
positive integers into finitely many sets, then we can find at least one set
which contains arbitrarily long arithmetic progressions. Erddés and Turan
conjectured the case when the length of APs is 3 of Szemerédi’s theorem in
[2]. In the same paper, they introduced the number 7 (N) as the maximum
cardinality of A such that A C {1,2,..., N} does not contain any APs of
length k. We can get the equivalent statement of Szemerédi’s theorem in
terms of 7,(IV) as follows: Szemerédi’s theorem is equivalent to

lim 74(N)/N =0
N—o0

>0

holds for all k£ > 3. Furthermore, if
N

N<—
"e(N) < N (log V)2



was true for all £ > 3 and N > N(k), then Erdés-Turdn conjecture would
be true. We can see a proof of this implication in [7]. Here Erdés-Turdn
conjecture states that a subset A of positive integers satisfying
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would contain arbitrarily long arithmetic progressions. This conjecture is still
open even if the length of APs is equal to 3. Note that the sum of reciprocals
of prime numbers is divergent. Therefore, if Erdds-Turdn conjecture is true,
we can prove the Green-Tao theorem [8] which states that the set of all
prime numbers contains arbitrarily long arithmetic progressions. Hence it is
important to find non-trivial bounds for r;(N). The result by Gowers in the
paper [6] is the best in known upper bounds for 7 (V) for general length k,
that is, for all N > 3 and k£ > 3,

N
r(N) < . 1
k( ) = (log 10g N>2_2k+9 ( )

Remark that we know better upper bounds for r;(N) in the particular case
when k£ =3 or 4 (see [1, 9]). O’'Bryant gave a lower bound for r(N). For all
N > 2 and k > 3, we have

1
r(N) > CN exp ((log 2) (—nQ(”_l)/Z log, N + % log, log, N)) . (2)
n

for some C' > 0, where n = [log, k|. By combining (1) and (2), for every
k > 3, there exists positive constants Cy and Dy such that for every N > e°,
we have

N exp(—Cy(log N)"?) < r(N) < N exp(— Dy, logloglog N).

2 Arithmetic progressions of real numbers

We firstly construct a Cantor set which does not contain any APs of length
3. Let ¢y (x) = 2/6 and 19(z) = /6 + 5/6. Let Iy = [0, 1], and define

L, = 1 (In—1) Utha(Lh-1)

for all n > 1. Then we define C' = (.2, I,. Note that C is the attractor
of the iterated function system {t1,12} on R. We show that C' does not
contain any APs of length 3 by contradiction. If C' contained at least one
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AP of length 3, then let P be such an AP, and P C [; by definition. The
set I is the union of two disjoint closed intervals. The middle hole of I; is
enough large such that all of elements in P belong to the left or right interval.
Therefore there exists i; € {1,2} such that

P C 4, (1o) (3)

By P C I, and (3), there exists iy € {1,2} such that P C v, o ¢;,(ly). By
iterating these steps, the diameter of P can be arbitrarily small. This is a
contradiction.

The iterated function system {11, 19} clearly satisfies open set condition.
Therefore the Hausdorff dimension of C'is equal to real number s such that

6°+6° =1

Thus we have dimy C' = }gﬁg by Hutchinson’s theorem [10], where dimy F

denotes the Hausdorff dimension of F. In particular, C' is uncountable since
the Hausdorff dimension of €' is positive. Therefore, we can not characterized
the existence of APs by using the cardinality of a given set.

Question 1. Is it true that a set of real numbers with Hausdorff dimension
one contains arbitrarily long arithmetic progressions?

We may guess that the answer to Question 1 is "yes” because of Ramsey-
type phenomena like Szemerédi’s theorem and van der Waerden’s theorem.
Surprisingly, the answer is no. It is due to Keleti in 1998 [11]. He proved
that there exists a compact set A of real numbers with Hausdorff dimension
one such that the solutions z,y, z, w € A to the equation

r+y=z4+w, <y, z<w (4)

are only * = z and y = w. If y = z in the equation (4), sets {x,w,y} are
APs of length 3. Therefore A does not contain APs of length 3. Therefore,
the existence of APs can not be characterized by the Hausdorff dimension.

3 Weak arithmetic progressions

For all 0 < ¢ < 1/2, we say that a real sequence (a;)"~} is a (k, )-AP if there
exists an arithmetic progression (bi)fz_ol of length k£ with gap length A > 0
such that

\ai — bz| S EA

foralli=0,1,...,k — 1. For example, when k = 5, ¢ = 1/4, the following
sequence of points near to b;’s is an (5, 1/4)-AP:
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The original notion of (k,€)-APs can be seen in [5]. In the literature, the
term “(k,e)-APs” was firstly appeared in [4]. The existence of (k,¢)-APs
can be caracterized by the Assouad dimension. Here for all bounded sets
E C R? and for all positive real number r, we define N(E,r) as the minimum
cardinality of a family of sets with diameter less than or equal to r which
covers E. For all F C R?, we define

dimp £ = inf {U > 0: there exists C' > 0 such that for all 0 < r < R and

xr € F, we have N(B(z,R)N F,r) < C <§> }

which is called the Assouad dimension of F'. Here B(x, R) denotes the closed
ball of R? with radius R centered at x. By the result of Fraser and Yu [5],
a subset I’ of real numbers contains (k,¢)-APs for all £ > 3 and € € (0,1/2)
if and only if dimsy F' = 1. Further, they proved that a subset of positive
integers whose sum of reciprocals is divergent contains (k, €)-APs for all k > 3
and € € (0,1/2) [5]. Fraser, the author, and Yu gave quantitative bounds for
the Assouad (Hausdorff) dimension of a set which does not contain (k, €)-APs
for fixed k£ and e. More precisely, for every F' C R, k > 3, and € € (0,1/2),
if F' does not contain any (k,&)-APs, then we have

log(1 — 1/k)
log(k[1/(2€)])

Note that for every set F' C R, the following inequality holds:

dima F <1+

(5)

dimy, F' < dimyg F' < dimp F' < dimy F,

where dimp, F' denotes that the lower dimension of F', and dimp F' denotes
that the packing dimension of F. We can see this formula in [3]. Hence
one can replace dimy in (5) by dimy for all X € {L.H,P}. Remark that
if F C R? is bounded, then the upper box dimension of F' is less than or
equal to the Assouad dimension of it. Thus we can also replace the Assouad
dimension by the upper box dimension in (5) if we restrict that F' is bounded.
Now define

Dx(k,e) :=sup{dima F' | FF C R does not contain (k,¢)-APs}.
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We can consider Dy (k,€) as an analogue of 74(/N). The right hand side of
(5) is an upper bound for D (k, €). In order to find effective lower bounds,
we should construct a subset of real numbers which has large dimension and
does not contain (k, €)-APs. Fraser, the author, and Yu also gave a lower
bound for D (k,€). For all £ > 3 and € € (0, 1) satisfying ¢ < (k — 2)/4,
there exists a set /' C R which does not contain any (k, €)-APs and

log 2

Now define Dy(k,¢) := sup{dimyg F' | FF C R does not contain (k,=)-APs}.
By combining (5), (6), and the inequality dimy F' < dimy F', we have

log(1—1
< Du(h,2) < Da(h,e) < 14 —8U=1/F)

log T2 < < SUienrzen

4 Main results

This section gives the results which the author states in the conference These
results are one dimensional cases in the paper [13].

Theorem 2. For every & > 3 and 0 < € < 1/2, we have
Dz < LOBORI/EDY/ED).
2 log([1/e])

By Gowers’ upper bounds , we have

1 logloglog[1/e] (8)
214249 og[1/e]

DA(kv 6) S 1

This upper bound is better than (5) if € is sufficiently small. Actually, if
0 < € < exp(—expexpexp(2 + 281%)), then one has (8) < (5).

Theorem 3. Fix k£ > 3 and 0 < € < 1/16. Then we can construct a compact
set ' C R which satisfies the following conditions:

(i) there exists a set of linear contractions { f1,..., f,} with open set con-
dition such that F is the attractor of {f1,..., fi} i.e.

F= Ufz(F)v

(ii) F does not contain any (k, €)-APs;



log 1 (|1/(89)))
log(1/e)

Here f : R — R is called a linear contraction if f(z) = ax + b for some

(iii) dimy F >

la| < 1. Define Dg(k, ) = sup{dimy F' | F' satisfies (i) and (ii) in Theorem 3}.

Then we have

logre((1/(89))) ) Llog(ri([1/=])[1/€])
og(1)) = s < Dulk.2) < Dalhe) < 5=y

By O’Bryant’s lower bound for r,(N), we get a better lower bound for
Ds(k, €) for sufficiently small 0 < e < e(k).

Corollary 4. There exists positive real numbers C' and D such that For
every 0 < € < 1/16 and k > 3, we have

1/2
C?"k(“./(SE)J) < (-Ds(kd) < A-Dulke) < 1-Da(kd) < (m((l/d)) .

[1/(8e))  — [1/€]

Hence for fixed k£ > 3. It is known that a subset of positive integers with
positive upper density contains arithmetic progressions of length % if and
only if limy_, o 7x(N)/N = 0. Therefore from Corollary 4, the following are
equivalent;:

(i) a subset of positive integers with positive upper density contains arith-
metic progressions of length £;

(iil) lim,, 0! =Px#E9 =0 for some X € {S,H, A};
(iv) lim, e =PxEe) =0 for all X € {S,H, A}.

Actually, by Szemerédi’s theorem, (i),(ii),(iii), and (iv) are true. If one
showed (iii) for all £ > 3, then we would get another proof of Szemerédi’s
theorem. Remark that by (5), implies that

_log(1-1/k)) log(1/€)
el=Dalke) < ¢ ToghlT/()] = (1 _ 1/k) logkl1/2T — | — 1/k

as € — +0. Thus the upper bound given by Fraser, the author, and Yu does
not reach to prove Szemerédi’s theorem.
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5 Sketch of proofs

Sketch of Proof of Theorem 2. Fix any k > 3 and ¢ € (0,1/2). Take any
F C R which does not contain (k, €)-APs. Take any interval I = [a,a + 2R]
centered at a point in F. Fix any positive integer N. We partition I into
N/e small closed intervals A; with diameter 2Re/N as follows:

A;=]a+2jRe/N, a+2(j+1)Re/N]|
forall j =0,1,...,N/e — 1. For any 0 < i < 1/e, let
T@)={i+jle:0<j<N-—1}.

Fix 0 < i < 1/e. Since F' does not contain any arithmetic progressions of
length £, the number of j € T'(i) such that A; N F' # () is less than or equal
to r, (V). Hence the number of j € {0,1,..., N/e — 1} such that FNA; # 0
is less than or equal to r(N)/e. We iterate this argument ¢-times for each
smaller itervals which intersect F', where ¢ is a real number such that

t
2R (%) —r
Therefore we obtain that
ri(N) t 2R o
Mz« (B0) « (2
€ r
Therefore we conclude that
dim, < 8UE(N)/6)
log(N/e)

O]

Sketch of Proof of Theorem 3. Fix any k > 3. Let N = [1/(8¢)]. Let A
be a subset of {0,1,..., N — 1} with |A| = r4(/NV) which does not contain
arithmetic progressions of length k. Let 6 = 1/16 and define

bolt) = gy To (€A, )
L=[0,N=1+6, I,=|Jvalu1) (n>1), (10)

and define F' = (|~ I,. Then F is the attractor of the iterated function
sysytem {t,: a € A} which satisfies open set condition. Thus one has
1 1/(8
e 5 loEr(11/(89))
log(1/¢)
By contradiction, we can see that F' does not contain (k, €)-APs. O]

We refer [13] to the readers who want to know more details.
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