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1 Introduction

The main objects of this paper are generalised quasi-metric spaces. A generalised
quasi-metric space is given by a set X and a generalised quasi-metric d which is a map
d: X x X — Rso U {oo} satisfying the following properties:

(QM1) d(x,y) = d(y,z) = 0 if and only if x = y, for every z,y € X (indistancy implies
identity);

(QM2) d(z,y) < d(z,z) +d(z,y), for every x,y,z € X (triangular inequality).

The pair (X,d) is a quasi-metric space and d is a quasi-metric if d does not assume the

value oco. Quasi-metric spaces were introduced and studied for the first time in [32], even

though some traces can be already found in [15]. In this paper we focus on the applications

of this notion to both domain theory and dynamics.

Scott’s breakthrough work used order theory and non-Hausdorff topologies to describe
partial objects in computation ([27, 28], see also the survey [1] and the monograph [14]).
Matthews then defined partial metric spaces to provide a “metric setting” to Scott’s ideas
([19]). Partial metrics are, intuitively, metrics for which the distance from one point to
itself need not be zero. They were defined to parametrise computations searching for a
denotational semantics to lambda-calculus. Later on, O’Neill generalised partial metrics
to include more examples ([22]).

Matthews noticed that, for a set X, partial metrics are equivalent to the quasi-metrics
d (a quasi-metric is a generalised quasi-metric that does not assume the value co) that are
weighted. Weighted quasi-metric spaces were studied in [18]. In general, characterisations
of partial metric spaces are hard to obtain ([17, 18]). To tackle the problem, Schellekens
noticed that important examples have an underlying further structure: they are indeed
semilattices if they are equipped with the specialisation order ([26]). Hence, motivated by
the observation, he studied weighted invariant quasi-metric semilattices. He then proved
that those objects satisfying the descending path condition, and that the weights are semi-
co-valuations (particular real-valued maps introduced by Schellekens, [26], and, before it,
by Nakamura, [21]). Moreover, Schellekens provided conditions under which an invariant
quasi-metric semilattice satisfying a certain property, called descending path condition, is
weighted ([25]), and he produced quasi-metrics out of semi-co-valuations ([26]). The latter
process is close to Nakamura’s construction of a metric from a semi-co-valuation ([21]),



and generalises the classical correspondence between metrics and valuations in lattices
(3))-

The second application that came out recently concerns dynamics, and, more precisely,
entropies. In 1865 Clausius defined the notion of entropy in physics, but it was only in 1948
that Shannon introduced it in mathematics, and, more precisely, in information theory
([29]). Inspired by that concept, several other entropies have been introduced and studied
in mathematics so far. Intuitively, entropies associate to every self-morphism of a space a
positive, possibly infinite, real value estimating its impact to the properties of the object.
Let us mention Kolmogorov ([16]) and Sinai’s ([30]) measure-theoretic entropy in ergodic
theory, and Adler, Konheim and McAndrew’s topological entropy ([2]) in compact spaces.
In algebraic dynamics, we can cite again the work of Adler, Konheim and McAndrew
([2]), the entropy defined by Weiss in [31], and the one introduced by Peters ([23, 24]).
Recently, coarse entropy was defined in metric spaces ([20]) and independently in coarse
spaces ([34]).

Among the various entropies that have been defined in the last decades, let us men-
tion a distinguished class, called intrinsic entropies. Intuitively, those are entropies for
whose computation one needs to focus on some points satisfying particular properties
and called inert. First examples are the intrinsic algebraic entropy for endomorphisms
of abelian groups ([10]), the algebraic entropy and the topological entropy of continu-
ous endomorphisms of locally linearly compact vector spaces ([5, 6]). Moreover, intrinsic
characterisations were provided for the topological entropy of totally disconnected locally
compact groups ([13]) and the algebraic entropy of locally compact strongly compactly
covered groups ([12]).

In front of a plethora of entropies, the need for a unifying approach emerged. A first
attempt was provided by Dikranjan and Giordano Bruno ([8]). They introduced the semi-
group entropy of norm-contractive homomorphisms of normed semigroups and used it to
recover several different definitions. However, that approach was not suitable to generalise
intrinsic entropies. Later on, Castellano, Dikranjan, Freni, Giordano Bruno and Toller
([4]) proposed a different method to capture those intrinsic entropies. They introduced
semilattice entropy of contractive endomorphisms of invariant generalised quasi-metric
semilattices and recovered several intrinsic entropies.

In this paper we summarise the definition and characterisations of weighted quasi-
metric spaces and semilattices. Moreover, we sketch the applications of their extensions
to intrinsic entropy. More precisely, In Section 2 we introduce weighted quasi-metrics and
provide their characterisation, due to Matthews, using partial metrics. In §2.1 we briefly
mention the extension of partial metrics due to O’Neill and the corresponding notion of
weakly weighted quasi-metrics. In Section 3 we focus on generalised quasi-metric semi-
lattices. To do it, we recall the definition of specialisation order, and then introduce two
fundamental properties: invariance and descending path condition. Section 4 is devoted
to present classical characterisations of weighted invariant quasi-metric semilattices. In
§4.1 we study the relation with the descending path condition and in §4.2 the connection
with semi-co-valuations. Finally, in Section 5, we further motivate the interest in invari-
ant generalised quasi-metric semilattices by describing their use in systematising intrinsic
entropies. In §5.2 we define the intrinsic semilattice entropy and in §5.1 we show how it
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can be used to recover the intrinsic algebraic entropy.

Notation

We denote by N=1{0,1,2,...}, Ryg={x € R |2 >0}, Ry = {x € R |« < 0}, and
Royo={reR|z >0}
If f,g: X — R are maps from a set X and ¢ € R, we write:
e [+ g for the map h: X — R defined by h(x) = f(z) + g(x), for every z € X;
e ¢ for the constant map having image {c} C R;
e [ >0if for every z € X, f(z) > 0.

2 Weighted quasi-metrics and partial metrics

Definition 2.1 ([19]). Let (X, d) be a quasi-metric space. Then the quasi-metric space
X and the quasi-metric d are said to be weighted provided that there exists a weight w,
which is a map w: X — Rx( satisfying, for every z,y € X,

d(z,y) +w(z) = d(y, z) + w(y). (1)

If d is a weighted quasi-metric there are infinitely many weights showing it. However,
we can always choose a canonic representative, as Proposition 2.2 shows.

A map f: X — Ry from a set X is called fading if inf{f(x) |z € X} =0.

Let X and Y be two set. We write Y~ for the family of all maps f: X — Y. We
define an equivalence relation ~ on the set RX as follows: for every f,g € RX, f ~ g if
f — g is constant. With some abuse of notation, in the sequel we consider R as a subset
of R¥ implying the trivial identification. -

Proposition 2.2. Let (X, d) be a weighted quasi-metric space and w be a weight.

(a) If w': X — Rsy, then w' is a weight of d if and only there exists ¢ € R such that
w' = w + c. Bquivalently, [w]. NRE, consists of all the weights of d.

(b) There is a unique weight w° of d which is fading.

Proof. As for item (a), it is trivial to verify (1) for the map w + ¢. Conversely, if v’ is a

weight, w — w’ turns out to be constant if we compare (1) for w and w'.

Using item (a), the conclusion (b) descends. In fact, if w is a weight, we can define
w? = w — ¢, where ¢ = inf{w(z) | x € X}. Then w® > 0, it is a weight because of item
(a) and it is fading. Again, because of item (a), w? is trivially the unique weight with the

desired properties. O

Because of Proposition 2.2(b), for every weighted quasi-metric a canonic weight can
be chosen, which is the fading weight.
Matthews introduced weighted quasi-metric spaces to characterise partial metrics.

Definition 2.3 ([19]). A partial metric space is given by a pair (X, p) where X is a set,
and p: X x X — Rxq is a partial metric, i.e., a map satisfying the following properties:



(PM1) p(,y)

(PA2) ()
condition);

(PM3) p(z,z) < p(z,y), for every x,y € X (small self-distance);

(PM4) p(z,y) < p(x,2) + p(z,y) — p(z, 2), for every x,y,z € X (triangular inequality).

= p(y,x), for every z,y € X (symmetry);
= p(y,y) = p(z,y) if and only if x = y, for every x,y € X (identity

The following counterpart of Proposition 2.2 regarding partial metrics is easy to show.

Proposition 2.4. Let (X,p) be a partial metric space. Then [p]. N R)Z(OXX consists of
partial metrics. Moreover, there exists a fading partial metric p° in [p]. N R)E(OXX.

Proof. The first part of the claim is trivial. As for the second one, the proof is similar to
that of Proposition 2.2(b). O

Before providing examples of weighted quasi-metric spaces and partial metric spaces,
let us state the correspondence theorem provided by Matthews in [19].

Theorem 2.5. Let X be a set. Then there exists a one-to-one correspondence between
equivalence classes of partial metrics of X and weighted quasi-metrics.

Proof. Let p be a partial metric. We define the map d,: X x X — R as follows: for
every z,y € X, dy(z,y) = p(x,y) — p(z,z). It is not hard to check that d is actually
a quasi-metric. Moreover, it is weighted by the map w, defined by wy(z) = p(z,z), for
every z € X. Furthermore, note that, if p’ is another partial metric such that p ~ p/,
then d, = d,y.

Conversely, let d be a quasi-metric weighted by w. Set pg(z,y) = d(x,y) + w(zx), for
every z,y € X. Then py,, is a partial metric. Moreover, if w’ is a weight of d, Proposition
2.2(a) implies that w ~ w’, and thus pg., ~ Paw-

Finally, note that, if p is a partial metric, pa, ., ~ p, and, if d is a quasi-metric weighted
by w, dy, , = d and w ~ wy, . O

Theorem 2.5 states that weighted quasi-metrics and partial metrics are essentially
equivalent. There is a trade-off between the symmetry and the fact that self-distance is
always null.

Let us also mention that Theorem 2.5 and Propositions 2.2 and 2.4 imply that there is
a one-to-one correspondence between fading partial metrics and quasi-metrics with fading
weights.

Let us now give some examples of those spaces.

Example 2.6 ([4, 9, 26]). (a) On the pair S = {0,1} the quasi-metric d defined by
d(0,1) = 0 and d(1,0) = 1 is a weighted quasi-metric (w(0) = 1 and w(1) = 0).
(b) On R<g define the quasi-metric d as follows: for every x,y € R,

d(z,y) = max{x — y,0}. (2)

Then R is weighted by the weight w = —id, for every x € X. If we extend the quasi-
metric d on the entire real line using again the definition 2, we obtain a quasi-metric
that is not weighted. This statement will follow from what we prove in §4.
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(¢) Let X be a not necessarily finite alphabet and X* be the family of all words, both
finite and infinite, on the alphabet . More precisely,

3" = {(0n)nejom) | m € NU {oo}, and Vn € [0,m), 0, € X}.

On X* we define the partial metric p as follows: for every z, 2’ € 3*, we set p(z, ') =
2 M=) where I(x, 2') is the length of the longest common prefix of z and 2’. We call
p the Baire partial metric.

According to Theorem 2.5, p induces a weighted quasi-metric d, which can be de-
scribed as follows: for every z, 2’ € X*,

dp(.Z’, x,) - p(x,l’,) - p(]ﬁ, 33) = 27”1@/) _ 27\1\’

where |z| is the length of the word x.
(d) Let X be a set. We define a generalised quasi-metric d on P(X) as follows: for every
A,BCX,
d(A,B) =|(AUB)\ A =|B\ 4.

Then d is a quasi-metric if and only if X is finite. Morcover, we will prove in the
sequel (§4) that, if X is finite, then d is weighted.

(e) Let G be an abelian group and L(G) be the lattice of all subgroups of G. We define
a generalised quasi-metric d on L(G) as follows: for every H, K < G,

d(H,K) =log|H + K : H| = log|K : HN K]|.

Then d is a quasi-metric if and only if G is finite. In that case, d is weighted, as we
will prove in §4.

To the generalised quasi-metric d we can associate a generalised metric d°, called
symmetrisation of d, defined by d*(H, K) = max{d(H, K),d(K, H)}, for every pair
of subgroups H, K of G. The generalised metric space (L(G), d*) is studied in [11].

There are easy examples of finite quasi-metric spaces that are not weighted. Before
introducing them, let us define a class of generalised quasi-metric spaces. Given a directed
graph I' = (V, E)) and two vertices z,y € V, a directed path P connecting x to y is a finite
subset of edges {(zi_1,2i)}iz1...n such that zp = z and z, = y. We define the path
generalised quasi-metric dr as follows: for every xz,y € V,

d (. y) = inf{|P| | P is a directed path connecting x to y}  if x # vy,
nEY 0 otherwise.

In general, dr is a generalised quasi-metric as there may be no directed path connecting
a vertex to another one. More precisely, dr is a quasi-metric if and only if I' is strongly
connected, i.e., for every pair of vertices x and y there are a path connecting x to y and
a path connecting y to x.

Example 2.7. Let X = {0,1,2}. On X, let us consider two quasi-metrics d; and d. For
every x,y € X, we define
0 ifz <y,

1 otherwise.

o) = {



The quasi-metric dy is the path quasi-metric associated to the following strongly connected

directed graph:
0———1
2.

It is an easy exercise to see that neither d; nor dy are weighted. As for d; we will provide
in §4 a proof of a more general statement.

2.1 Extensions of partial metrics and weighted quasi-metrics

O’Neill in [22] provided a more general definition of partial metrics, that we call weak
partial metric as in [7]. A weak partial metric space is given by a set X and a weak partial
metric, which is a map p: X x X — R satisfying (PM1)—(PM4). The ounly difference
between a weak partial metric and a partial metric is the codomain: we allow distances
to be negative.

In [7] we study the correspondent notion of weakly weighted quasi-metric spaces. A
quasi-metric space (X, d) is weakly weighted if there exists a weak weight, which is a map
w: X — R for which (1) is satisfied. Again, the difference between weak weights and
weights is the codomain. Weakly weighted quasi-metrics form a class strictly including
weighted quasi-metrics, as the following example shows.

Example 2.8. On the real line, take the quasi-metric d defined as in Example 2.6(b).
We claimed that d is not weighted. However, it is weakly weighted by the map w = —id.

Most of the results stated for weighted quasi-metrics can be adapted for weakly weighted
quasi-metrics. For example, let us mention the following two results.

Proposition 2.9. Let (X, d) be a weakly weighted quasi-metric space and w be a weak
weight. If w': X — R, then w' is a weak weight of d if and only there exists ¢ € R such
that w' = w + ¢. Equivalently, [w]. N R)z(o consists of all the weak weights of d.

We cannot define a canonic weak weight as we did for weights in Proposition 2.2 since
there is no fading weak weight in general.

Theorem 2.10. Let X be a set. Then there exists a one-to-one correspondence between
equivalence classes of weak partial metrics of X and weakly weighted quasi-metrics.

Proof. The correspondence defined in the proof of Theorem 2.5 can be readily adapted in
this context. O

3 Invariant generalised quasi-metric semilattices

In this section we deal with generalised quasi-metric spaces. We will soon notice that
every generalised quasi-metric space can be broken down into quasi-metric subspaces.
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Let us recall that a subset Y of a generalised quasi metric space (X,d) inherits a
generalised quasi-metric d|y«y as the restriction of d. For the sake of brevity, we denote

Let (X,d) be a generalised quasi-metric space and x € X. Following [33], we define
the connected component Q(x) of x as follows:

Ox) ={y € X | d(z,y) < oo, and d(y,z) < co}.

Then d|g(s) is a quasi-metric. Moreover, for every subset Y of X, d|y is a quasi-metric if
and only if either Y = (J or for any point y € Y we have that Y C Q(y).

Let (X, <) be a partial order. If z,y € X, their meet x Ay (join xVy) is the maximum
of all the elements that are below both x and y (the minimum of all the elements that
are above both z and y, respectively) provided that it exists. Then X is a meet (join)
semilattice if the meet (join, respectively) of every pair of points exists. In the sequel, we
refer to meet semilattices simply as semilattices as we do not use join semilattices in this
paper.

To every generalised quasi-metric space (X, d) we can associate its specialisation order
<4, which is a partial order defined by x <, y if d(z,y) = 0, for every z,y € X.

Fact 3.1 (Monotonicity). Let (X, d) be a generalised quasi-metric space, and x,z',y,y €
X. Ife<ga’ and y' <4y, then d(z,y) < d(2,y).

Proof. Let z,2',y,y € X as in the statement. Applying the triangular inequality, we
obtain that
d(z,y) < d(z,2') +d(@',y) +d(y,y) = d(@', )

because of the definition of the specialisation order. O

Proposition 3.2. Let (X, d) be a weighted quasi-metric space and w be a weight. Then
w is strictly decreasing.

Proof. Let x,y € X be two distinct points satisfying  <; y. Since <y is a partial order,
d(y,x) > 0. Then

w(z) —w(y) = d(y, x) — d(z,y) = d(y,z) > 0,
which implies the desired property. O

Definition 3.3. A generalised quasi-metric space (X, d) is a generalised quasi-metric
semilattice if (X, <) is a semilattice. It is a quasi-metric semilattice if it is a generalised
quasi-metric semilattice and d is a quasi-metric.

In the sequel, if there is no risk of ambiguity, for a generalised quasi-metric semilattice
we denote its specialisation order simply by <.

It is not true in general that connected components of generalised quasi-metric semi-
lattices are subsemilattices. Consider the following example.



Example 3.4. Let X = {z,y,2,w} and define a generalised quasi-metric d on X as
follows:

d(z,y) =d(z,z) =d(y,2) =d(z,y) =1, d(z,w)=d(y,w)=d(z,w) = o0,
and all the other distances are set to zero. Then (X, d) is a generalised quasi-metric

semilattice as the Hasse diagram of (X, <) is

PN
N4

However, the connected component of z is not a subsemilattice as y A z = w ¢ Q(x).

We define and characterise a property immediately ensuring that every connected com-
ponent of a generalised quasi-metric semilattice is a subsemilattice.
Proposition 3.5 ([9]). For a generalised quasi-metric semilattice (X,d) the following
properties are equivalent:
(a) d(z,y) = d(x,x Ny), for every z,y € X;
(b) d(xz,-): X — Rso U {oo} is subadditive (i.e., for every y,z € X, d(x,y A z) <

d(z,y) +d(x,2)), for every x € X;

(c) dx Az, yAz) <d(zy), for every x,y,z € X.

Proof. In this proof we apply several times the definition of the specialisation order.

(a)—(b) Let z,y,2 € X. Using the invariance and the monotonicity of d we obtain
the following chain of inequalities

dlz,yNz) =dx,xc ANy A z) <dz,zNy)+dlzANy,c ANyAz)=
=d(,y) +d(zAy,z) <d(z,y) +d(z,2).

(b)—(c) For every x,y,z € X, applying the subadditivity and the monotonicity we
obtain that

dlxANz,yNz) <dxzAzy) +dazNzz)=dzAzy) <dz,y).
(¢)=(a) Let x,y € X. The triangular inequality implies that
d(z,y) <d(z,x Ay) +dx Ay, y) = d(z,z Ay).

Conversely,
dz,x Ny) =d(x ANx,x ANy) < d(z,y). O

A generalised quasi-metric semilattice satisfying the properties enlisted in Proposition
3.5 is said to be invariant ([26]). Let us recall that a map f: (X,dx) — (Y, dy) between
generalised quasi-metric spaces is contractive if dy (f(z), f(y)) < dx(z,y), for every x,y €
X. Proposition 3.5(c) implies that the shifts s,: y — x Ay are contractive.
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Fact 3.6. Let (X,d) be an invariant generalised quasi-metric semilattice. Then every
connected component of X is a quasi-metric subsemilattice.

Proof. Let z € X and y € Q(z). We have already noticed that d|g(,) is a quasi-metric. We
claim that x Ay € Q(z). AszAy < z, d(zAy,z) = 0. Moreover, d(xz,xAy) = d(z,y) < 00
since X is invariant and y € Q(z). O

Every semilattice can be endowed with a quasi-metric making it a quasi-metric semi-
lattice.

Proposition 3.7. Let (X, <) be a semilattice. Then there exists a quasi-metric of X
whose specialisation order coincides with <.

Proof. Let ¢ € Rso. We define a quasi-metric d< as follows:

0 ifz <y,
¢ otherwise.

o) = (1)

Then d< satisfies the desired properties. O

For a given semilattice (X, <) we can apply the construction (4) also putting ¢ = co.
In that case, d¥ is a generalised quasi-metric whose specialisation order coincides with
<.

Note that, the quasi-metric space (X,d;) constructed in Example 2.7 coincides with
the semilattice X endowed with the usual order (0 < 1 < 2) and the quasi-metric d<.

Let us state another important property for generalised quasi-metric semilattices.

Definition 3.8. For a generalised quasi-metric semilattice (X, d) we define the descending
path condition as the property

(DPC) d(z, 2) = d(x,y) + d(y, 2), for every z,y, = € X satisfying = < y < .
The next easy result discuss the monotonicity property of invariance and (DPC).

Proposition 3.9. Let X be a generalised quasi-metric semilattice and Y C X be a sub-
semilattice endowed with the generalised quasi-metric inherited by X. Then the following
implications hold:

(a) if X is invariant, then so is Y';

(b) if X satisfies (DPC), then so does Y.

The descending path condition can be checked on each connected component sepa-
rately.

Theorem 3.10 ([9]). Let X be an invariant generalised quasi-metric semilattice. Then
X satisfies (DPC) if and only if each connected component satisfies (DPC).

Proof. If X satisfies (DPC), then trivially each subspace satisfies the same property. As-
sume now that every connected component satisfies (DPC), and let z,y,z € X satisly
z <y < z. The triangular inequality implies that d(x,z) < d(x,y) + d(y, z). Hence, if



d(x,z) = oo, there is nothing to prove. If d(z,z) < oo, then monotonicity implies that
d(z,y) < oo and d(y, z) < co. Thus the three points z,y, z belong to the same connected
component and we can apply the hypothesis. O

Invariance and descending path condition are independent properties, as the following
examples show.

Example 3.11. (a) Consider the quasi-metric space (X,d;) described in Example 2.7
which is a quasi-metric semilattice, as noticed before. Then X is invariant, but it
does not satisfy (DPC).

(b) Let X = {x,y, z,w} be the semilattice whose Hasse diagram is (3). Define a quasi-
metric d on X as follows:

d(z,y) =d(z,z) =d(y,2) =d(z,y) =1, d(y,w)=d(z,w)=2, d(z,w)=3

and all the other distances are set to 0. Then (X,d) is not invariant (d(y,z) = 1 #
2 = d(y,w)) even though it satisfies (DPC).

Let us now discuss the generalised quasi-metric spaces provided in Example 2.6.

Example 3.12. All the generalised quasi-metric spaces defined in Example 2.6 are in-
variant generalised quasi-metric semilattices satisfying (DPC). Let us discuss each one of
them separately.

(a) The specialisation order of the quasi-metric d on S is the usual order 0 < 1, which
induces a semilattice. Moreover, d trivially satisfies invariance and (DPC).

(b) On R, the quasi-metric d induces the usual order, and thus (R, d) is a quasi-metric
semilattice. The meet of two elements is their minimum. Moreover, it is invariant and
satisfies (DPC). According to Proposition 3.9, also R« satisfies the same properties.

(c) In the notation of Example 2.6(c), if x, 2" € * satisty d,,(x, 2") = 0, then I(z, ') = |z|
and thus x is a substring of 2’. Thus, for every pair x,y € ¥*, x Ay is the longest prefix
common to both x and y. Hence, (X*,d,) is a quasi-metric semilattice. Moreover, it is
easy to verify that it is invariant. As for the descending path condition, if z,y, z € ¥*
satisfy z <y < z, then

dy(z, 2) = 271F1 — 27lel = o=l=l o=l o=l _o~lel — g (2 4) + d,(y, 2).

(d) Let X be a set and d be the generalised quasi-metric on P(X) defined in Example
2.6(d). Then A < B if and only if d(A, B) = 0 if and only if B C A, and so <=D.
The meet of two elements is their union and d is trivially invariant. It also satisfies
the descending path condition. In fact, if C' < B < A (equivalently, A C B C ('), the
equality C'\ A= (C\ B)U (B \ A) implies the desired claim.

(e) Let G be an abelian group and d be the generalised quasi-metric on L(G) as in
Example 2.6(e). For every pair of subgroups H, K of G, d(H,K) = 0 if and only if
|H+ K : H| = 1 or, equivalently, K C H. Thus <=2, and the meet of two subgroups
is their sum, which is a subgroup since G is abelian. Again d is trivially invariant. It
also satisfies (DPC), which is implied by the equality |H : L| = |H : K| - |K : L| that
holds for every triple of subgroups H, K, L € L(G) satisfying L C K C H.
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4 Characterisations of weighted invariant quasi-metric semilat-
tices

In this section, following the work of Schellekens ([26, 25]), we provide two different
characterisations of weighted invariant quasi-metric semilattices.

4.1 Inner characterisation

Let us note the following implication.

Proposition 4.1. Let X be an invariant quasi-metric semilattice. If X is weighted, then
it satisfies (DPC).

Proof. Let d be the quasi-metric on X and w be a weight. Take three points x,y,z € X
satisfying z < y < x. Then
d(z,z) —d(z,y) —d(y,2) =d(z,z) + w(z) —d(z,y) —w(z) —dly,z) —w(y) + wly) =
=d(z,2) + w(z) —d(y, ) —w(y) — d(z,y) —w(z) + wly) =
= O7

which implies that (DPC) holds. O

As the quasi-metric semilattice (X, d;) defined in Example 2.7 does not satisfy (DPC),
it is not weighted.

Since there are invariant quasi-metric semilattices satisfying (DPC) that are not weighted
(see Examples 2.6(b) and 3.12(b)), we cannot revert the implication stated in Proposition
4.1 in general. However, following [7], we can provide a clearer connection to weakly
weighted quasi-metrics from which the desired result easily descends.

Let X be an invariant quasi-metric semilattice satisfying (DPC), and = € X. We define
the map w,: X — R as follows: for every y € X,

we(y) = d(z,y) — d(y, ).
Let us first state a lemma concerning the maps w,.

Lemma 4.2. Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC). Then,
for every x,y,z € X,

we(y) =d(x,x Ay Az)—dly,z Ay A 2).
Proof. Let z,y,z € X. Then invariance and (DPC) imply that

we(y) = d(z,y) = dy, ) = d(z,x Ny) = d(y,x Ay) =
=d(z,aANy)+dz ANy, s AyAz)—dy,z ANy) —dx Ay, ANy Az) =
=d(z,x ANyNz)—dy,z ANyAz). O

Theorem 4.3. Let (X,d) be an invariant quasi-metric semilattice satisfying (DPC).
Then, for every x € X, w, is a weak weight of d (i.e., it satisfies (1)).



Proof. Fix x € X. We claim that, for every y,z € X, d(y, z) + w,(y) = d(2,y) + w.(2)
or, equivalently, that w,(y) —w.(z) = d(z,y) — d(y, ). Applying Lemma 4.2 and (DPC),
we obtain the following chain

we(y) —we(z) =dx,x AyAz)—dly, s ANyAz)—dlx,c ANyAz)+dz,z AyAz) =

which concludes the proof. O

The previous result, however, does not provide conditions under which the quasi-metric
semilattice is weighted. In fact, w, can assume also negative values.
Theorem 4.4. Let (X, d) be an invariant quasi-metric semilattice satisfying (DPC). Then
the following properties are equivalent:
(a) X is weighted;
(b) for every x € X, there exists ¢, € R such that d(z,y) — d(y,x) = w,(y) > ¢, for

everyy € X;

(c) there exist x € X and ¢ € R such that d(x,y) — d(y,z) = w.(y) > ¢, for everyy € X.

Proof. The implication (b)—(c) is trivial. As for the implication (¢)—(a), we consider
the map w = w, — ¢. Because of the hypothesis, w > 0. Then Theorem 4.3 implies the
claim as w satisfies (1) since w, does.

Let us prove the remaining implication (a)—(b). Assume, by contradiction, that d is
weighted by the weight w and there exists x € X such that, for every ¢ € R, w,(y.) < ¢
for some y. € X. Then (1) implies that, for every ¢ € R,

w(z) = d(ye, x) — d(z,yc) + w(ye) = —wo(ye) + wlye) > —c
as w > 0, which is a contradiction. O

Corollary 4.5. Let X be an invariant quasi-metric semilattice satisfying (DPC). If X
has a top element T, then X is weighted.

Proof. Tt follows by applying Theorem 4.4 according to the fact that
wr(x) =d(T,x) —d(z, T)=d(T,x) > 0. O
We now apply Theorem 4.3 and Corollary 4.5 to the examples we introduced.

Example 4.6. In this example we adopt the notation used in Examples 2.6 and 3.12.
(a) As S has top element 1, the map d is weighted by the map wi(-) = d(1,-), which
coincides with the one provided in Example 2.6(a).

(b) On (R, d), we consider the weak weight wy which associates to every point x € R,
0—x if x >0,
|z] =0 otherwise.

wo(z) = d(0,z) — d(z,0) = {

Then wq coincides with —id.
The same map wy restricted to R<y provides a weight for that subspace. Moreover,
in that context, 0 is the top element of the semilattice.
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(c) On the quasi-metric space (¥*,d,), we consider the weak weight w., where ¢ is the
empty word. More explicitly, for every x € X%,

we(z) = dy(e, x) — dy(x,e) = (20 — 2°) — (20 — 27Iely = 27Il _ 1,

Even though the map w. is not a weight, as it assumes negative values, d is weighted
as w. + 1 > 0. Moreover, w, + 1 coincides with the map w), defined according to
Theorem 2.5. Note that X* is weighted even though it does not have top element.
(d) For every finite set X, the quasi-metric space P(X) has a top element given by 0.
Then the map wy(A) = |A], defined for every A C X, is a weight.
(e) For every finite abelian group G, the quasi-metric space L(G) has a the trivial sub-
group {0} as top element. Thus it is weighted by the map wyoy (H) = [H].

4.2 Semi-co-valuations

Let us introduce the notion of meet co-valuation that generalises Brikhoft’s valuation
on a lattice ([3]).

Definition 4.7 ([26]). Let X be a semilattice. A meet co-valuationis a map f: X — Rxq
satisfying the following property:

fl@)+ flahynz) < flany)+ flzAz). (5)

In [26] there are several other notions close to meet co-valuations. Moreover, we refer
to [9] and [7] for their characterisation. For consistency with the notation adopted in [26]
and [7], we call meet co-valuations also semi-co-valuations.

We represent the points involved in (5):

N N

T ANYNz.

We note that (5) links the values on the upper-left and the lower-right sides of the square
formed in the diagram above.

Fact 4.8. Let f be a semi-co-valuation of the semilattice X. Then f is decreasing.
Proof. Let z,y € X satisfying < y. Then (5) implies that

f)=[fy)—flynz) < flynz) = flyrznz) = f(z) - fla),
and so f is decreasing. O

It is not true in general that a semi-co-valuation is strictly decrecasing. For example,
note that every constant map c: X — Ry( collapsing a semilattice into a positive value
is a semi-co-valuation.



Note that, if f is a semi-co-valuation, then [f]. NRY is a family of semi-co-valuations.
Moreover, there exists a canonic representative f° of the family [f]. NRZ,, which is given
by the unique fading semi-co-valuation equivalent to f. This casy observation is consistent
with Proposition 2.2 in virtue of the following result.

Theorem 4.9. Let (X, <) be a semilattice. Then there is a one-to-one correspondence be-
tween invariant weighted quasi-metrics satisfying <,=< and equivalence classes of strictly
decreasing semi-co-valuations.

Proof. Let (X, d) be an invariant quasi-metric semilattice weighted by w. We claim that
w is a semi-co-valuation. Let x,y,z € X. Invariance implies that d(x A z,x Ay A 2) <
d(z,z Ay). Since d(x Ay Az, x A z)=0=d(xAy,x), (1) implies that

wxAyAz)—w@Az)=dlzAz,z AyAz) <dz,zANy) =wlxzAy) —wx),

which is equivalent to (5).
Given a strictly decreasing semi-co-valuation f of X, we define the map dy: X x X —
R> as follows: for every z,y € X,

di(z,y) = flx ANy) — f(z).

Then dy is actually a quasi-metric, thanks to (5) and to the fact that f is strictly decreas-
ing. In fact, for every z,y,z € X,

di(a,y) = fle Ny) — f@) = flan2)— f2) + flaAy) — flanz) =
= dy(w.2) + flx Ay) — flz A2),

and the chain

fE+ ey < f)+flehynz) < flanz)+ flyAz),

due to Fact 4.8 and (5), implies the triangular inequality. Moreover, dy(z,y) = 0 if and
only if f(z) = f(x A y) and, since f is strictly decreasing and z Ay < x, x Ay = z,
which implies z <y. Thus, <;,=<. Furthermore, d; is invariant by construction and it
is weighted by the map f itself.

Finally, it is a one-to-one correspondence as a weight of dy is a semi-co-valuation w
satisfying w ~ f and, if g is a semi-co-valuation satisfying f ~ g, then d; = d,. O

Equivalently, Theorem 4.9 can be rewritten as follows: Let (X, <) be a semilattice.
Then there is a one-to-one correspondence between invariant weighted quasi-metrics sat-
1sfying <q=< and strictly decreasing fading semi-co-valuations.

Let us represent the equivalences that we have proved so far. For a set X, we have the
following one-to-one correspondence:

equivalence classes of partial metrics <— weighted quasi-metrics.

As for semilattices, the situation is richer. Several notions that we have defined for
quasi-metrics can be adapted to partial metrics. For every partial metric space (X, p),
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the partial order <,=<, can be described as follows: for every z,y € X, x <, y if and
only if p(x,x) = p(x,y). A partial metric space (X, p) is a partial metric semilattice if
(X, <,) is a semilattice. Moreover, a partial metric semilattice (X, p) is invariant if, for
every x,y € X,
p(.?? NY, 33) - p(l’,l’ A ’U) - p(.??, y)

Trivially, a partial metric space is an invariant partial metric semilattice if and only if the
associated quasi-metric space (via Theorem 2.5) is an invariant quasi-metric semilattice.
Thus, if X is a semilattice, then we have the following situation:

inviariant partial
metric semilattices

T

. . : invariant quasi-metric
weighted invariant o .
semilattices with

quasi-metric semilattices (DPC) and Theorem 4.4(b)

T

fading
semi-co-valuations.

Those equivalences can be extended in some sense to the case of generalised quasi-metric
semilattices. We refer to [7] for a complete discussion.

5 Applications to intrinsic entropy

We have mentioned in the introduction that generalised quasi-metric semilattices were
used in dynamics in [4]. In this section we briefly sketch their role. Note that in the
mentioned paper as in [9] the authors did not consider the specialisation order, but its
dual: for a generalised quasi-metric space (X,d), x <4y if and only if d(y,z) = 0 if and
only if y <4 2.

5.1 Intrinsic semilattice entropy

A map f: X — Y between semilattices with top element is a monoid homomorphism
if /(Tx)= Ty and f(z Ay) = f(z) A f(y), for every x,y € X. The name is justified by
the following observation: since X has a top element, (X, A) is a commutative monoid in
which every element is idempotent and T is the neutral element. We define the category
L, of invariant generalised quasi-metric semilattices with top element and contractive
monoid homomorphism between them.

Let f: X — X be a morphism of L,,. An element z € X is said to be f-inert if
f(z) ANz € Q(x). For an f-inert element x we define its n-trajectory, where n € N\ {0},
as the subset

T.(f,2) =2 A flm)A--- A N 2).
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Proposition 5.1. Let f: X = X be a morphism of Ly, andx € X be an f-inert element.
Then, for every n € N\ {0}, T,,(f,z) € Q(z).

Proof. Let us prove the result by induction. The base cases (n = 1 and n = 2) are
trivial because of the definition. Assume that T,(f,z) € Q(x). We want to show
that T,41(f,z) € Q(x). First of all, d(T,+1(f,z),z) = 0. Conversely, let us estimate
d(z, Th1(f,x)). We have

(2, Toir(f,7)) = d(z,x A f(x) Ao Af7H2) A fP()) <

and, using repetitively the invariance and the properties of f,

AT,(f,2), Tulf,2) A F(2) < dCF(@) Ao A ), F(@) Ao A F74 @) A f(a)) =
—d(f@ A A @), A SR E) A (@) <
<@ A AR ) A ) A f ) <
<... <
<d(x,x A f(x)) < 0.

By combining the two previous chains, we obtain the claim. (]
For a morphism f: X — X of L4, and  an f-inert point of X, the sequence
{d(z,T,(f,x))}n of positive finite values is increasing as
v=Ti(f.0) 2 To(f.0) = - > Tu(fiz) = -+,
taking into account Fact 3.1.

Definition 5.2. Let f: X — X be a morphism of L.
(a) For an f-inert element x € X, we define the intrinsic semilattice entropy of f relative
to x as the value
z, To(f,x))

H(f,z) = lim d(i (6)

n—00 n

(b) We define the intrinsic semilattice entropy of f as the value

h(f) =sup{H(f,z) |z is f-inert}.

As for the proof of the existence of the limit in (6), we refer to [4], where the authors
used Fekete Lemma.

5.2 Intrinsic algebraic entropy

In this subsection we show us the intrinsic algebraic entropy defined in [10] can be
recovered using the intrinsic semilattice entropy.

Let ¢: G — G be an endomorphism of an abelian group G. A subgroup K of G is
said to be ¢-inert if the index of K in K + ¢(K) (|K + ¢(K) : K) is finite. For a ¢-inert
subgroup K and n € N\ {0}, we define the n-algebraic trajectory as the subgroup

Te(¢, K) = K + ¢(K) + -+ ¢"(K).
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It can be shown that, in the previous notation, if K is f-inert, then, for every n €
N\ {0}, |T%9(¢, K) : K| < oc.
Definition 5.3 ([10]). Let ¢ be an endomorphism of an abelian group G.

(a) For a ¢-inert subgroup K, we define the intrinsic algebraic entropy of ¢ relative to K
as the value

—~ log|T% (¢, K) : K
ent(¢, K) = lim ol Ty (0. K) | (7)
n—00 n
(b) We define the intrinsic algebraic entropy of ¢ as the value
ent(¢) = sup{ent(¢, K) | K is a ¢-inert subgroup of G}.

Again, as for the proof of the existence of the limit in (7), we refer to [10].

Definitions 5.2 and 5.3 are similar in flavour. The final part of the paper is devoted
to show that the intrinsic algebraic entropy can be indeed described using the intrinsic
semilattice entropy.

Let AbGrp be the category of abelian groups and their homomorphisms. We define a
functor F': AbGrp — L, as follows. If G is a group, F(G) is the invariant generalised
quasi-metric semilattice L(G) described in Examples 2.6(e) and 3.12(e) which has {0} €
L(@) as top element. It is easy to see that it is actually a functor. The functor F' induces
a functor between the corresponding flow categories.

Given a category X, the category of flows in X Flowy consists of pairs (X, f) called
flows as objects, where f: X — X is a morphism of X, and a morphism between two flows
(X, f),(Y,g) is a morphism h: X — Y of X making the following diagram commute:

xt.x

't

y 2.V,

A functor F': X — ) between categories induces a functor F: Flowy — Flowy between
the corresponding flow categories in the obvious way: for every flow (X, f) in X, F(X, f) =
(F(X), Ff), and, for every morphism h: (X, f) — (Y, g), F(f) = F(f). In particular, we
have a functor F: Flow AbGrp — Flowg .

Adding the intrinsic semilattice and the intrinsic algebraic entropies to the picture, we

obtain the following diagram:

=

FlowAbGrp FlOqum

RZO U {OO}

We claim that the diagram commutes, which implies that the intrinsic algebraic entropy
can be recovered from the intrinsic semilattice entropy.

The following lemma can be easily derived.



Lemma 5.4. Let (G, ¢) € Flowabgrp. Then a subgroup H of G is ¢-inert if and only if
H € L(G) is F(¢)-inert.

Theorem 5.5. On AbGrp, ent =hoF.

Proof. Let (G, ¢) € Flowaparp, and H be a ¢-inert subgroup of G. Lemma 5.4 implies
that H € L(G) is F(¢)-inert. Moreover, for every n € N\ {0}, T%9(¢, H) = T,,(F(¢), H)
and

—~ log|T9 (4. H) : H
ent(¢, H) = lim og|T (¢, H) |:

n—00 n
H, TY%(¢, H ~
— lim d(H, T3(¢, H)) = h(F(¢), H).
n—o0 n
Another application of Lemma 5.4 implies that ent(¢) = h(F(¢)). O
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