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1 Introduction 

1.1 Polygonal Tiling Frames 

The image processing is related to two-dimensional multiresolution analy-

sis. Two-dimensional orthonormal or biorthogonal wavelets have been con-

structed from suitable two-scale equations or partitions of the frequency do— 
main (see [10], [14], etc.). 12 tapered frame wavelets can provide a refined 

partition of the frequency domain and are efficient for geometric features with 

line and curve singularities (see [1]). The curvelets pioneered by Candes and 

Donoho [3] are multidirectional methods, where the degree of localization in 

orientation varies with scale (see also [7] and [12]). 
We consider concentric regular 2N-sided polygons (N 2: 2) and present 

multidirectional methods with polygonal tiling frames (PTFs) in the simplest 

possible manner. Let N 2: 2 and 

1 1 1 
加＝渥＇釦＝

喜'
PN= 

(2十喜・

We see that cos長＝一 i.e., PN = (2 cos 7r ¥-1 

2pN' 
叙 ),becausethe double-

angle formula gives 1/(2pり＝ 2/(2PN+1)2-1, which means that l/PN+1 = 

喜 ・
Then, we get the following: 
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Theorem 1.1 Let N 2: 2, J E Z, k'= (k1 cot嘉，k2)and the real-valued 

加 ctions叫1)and叫1)be defined as 

吋匹） = L｛土
cos(2吋PNXt(x))-cos(2j+11rpNX『(x))

土 2J+27r加 (4p因ー 1)1/4xT(x)Rg.（1,0) ｝， 

叫~)(x) 区｛土
sin2(2]叩 xf(x))

士 2J+17r加 (4p和ー 1)1/4xT(x)R江・ (1,0)｝， 

where Xf (x) = x1 sin~誓7r 十巧 cos~喜）:".:_ Then, f Eび(Rりisexpanded 
by PTFs as 

J(x) = L L Lの，£,k叱夕(x-2―1 R_tk') 
jミJ+ll:S:£:S:2N-l kEZ2 

+ L L /3J,t,k<I>り(x-rJ叫 k'), (1) 
1:S:区 2N-1kEZ2 

where 

叩，k= JR;f(x)り (x-2―J叫 K')心， f3J,t,K=JRgf(x)砂 (x-2―J叫 k')dx,

and Rt is the operator of anticlockwise rotation by angle 21-N €1r. 

＾ Remark 1.2 ¥JI 
(N) 
)'.; 1 (~) satisfies the partition of unity in the following sense: 

7r 
tan”と区 2叫飢罰）ド＝ 1.

jEZ 1:s;£9N-1 

(2) 

It holds that 

||暫||2= II叱汀＝ （2：） 2|| 鱈|ド＝~(< 1). 

(N) 
Remark 1.3 From the construction, we see that w~"? has an infinite num-j,£ 

ber of vanishing moments as the Shannon wavelet. But we remark that the 
Fourier transform of the Shannon wavelet has the support [-21r,一 1r]U [1r, 21r], 

while the support in 6 of叫閃 is[-1r,一1r/2]U [1r/2,1r]. 
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1.2 Wavelet-type Transform 

We may rewrite Theorem 1.1 in terms of the generating functions: 

w(N)(x) 

①(N)（x) 

.- 2―J鱈 (2―jx)＝こ｛土 cos(1rpNX訊(x))-cos(21rpNX託(x))
士 4茫匹(4p和ー 1)1/4X計(x)xl }， 

.- 2―J鱈 (2―jx)＝L{土
sin臼心(x))

士 ％加(4p和ー 1)1/4Xオ(x)xl}． 

Then,叫；）（x-2ゴR砧 ')and叫:)(x-2ゴR砧 ')inTheorem 1.1 can be 

replaced by 2項 (Nl(2]凡x-k') and 2叩 N)(2j Rex -k') respectively. 

Remark 1.4 The definitions of w(N) and <f>(N) include removable singulari-

ties. For the computer simulations, it will be convenient to rewrite w(N) and 
<f>(N) as follows: 

W(N)= 

q>(N)= 

~rcos｛玉＋mtan 示）｝ー cos｛玉＋ x1tan 壺）｝
2召xl { 

2 

四十 1 x1 tan,far 

cos{ 
玉—x1tan叔）

~} -cos{ 1r(四 -x1tan表）｝

ー 四ー Xltan長 ｝ 
T 

when x1 # 0, x2ヂ土X1tan~ 

[(2cos{w叫＋1）sin2宇竺'
2N 加噂 when x1 # 0,四＝士x1tan松'

i三＇（了） whenm=0，□0， 

8 2N 
when x1 = 0,四＝ 0,

口 {sin2｛玉＋x；ta疇）｝ ＿ si虻{7f(X2-X;tan嘉）｝｝

五四十X1tan昴 四ー X1tan壺
7r 

when x1ヂ0,X2 -=/土x1tan -:JF, 
[ s i n 2巳｝ T

2N 21r噂
when x1 -=J 0,四＝士叩 tan夜

伍iG'（~) when x1 = 0, x2ナ0,

ぅ~ ¥ 2 1 when :1 = ~'四＝ 0, 

2 

where F(T) = (2cos2T+1) sin T 
T 

and G(T) ＝ sin2T. 
T 
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Similarly, as curvelets based on concentric circles, if the translation part 
2→R_ck'is replaced by a continuous parameter b E R汽thenwe can consider 
the semidiscrete transform 

刀，d(b):= ii坦汀(x-b)f(x)dx = /Ri 2]い (R＿e21(x-b))f(x)dx. 

Hence, we also reduce this to the following two-dimensional continuous wavelet-
type transform: 

W炉Nd(b,a, A) := i贔(Nl(A―1(”；り）f(x)dx
R~ a 

for (b, a, A) E R2 x R+ x S0(2). It holds that 

WW(N)f(b,a,A)＝ a J eib-~屯(Nl(aA-足)f(~)d~=aF― 1 ［屯（N)(aA-l~)f(~)] (b). 
(2n:)2JRi 

Putting 

C,jJ := JR~ j 屯 (;t〗t)|2dt,
we also obtain Parseval's identity in the following sense: 

la27f laoo l~ 1w¥j_i(Nd(b,a,A)l2db塁d0

［丁{f的戸［屯(N)（aA-1紅（t;,)](b)訊｝:佃

［丁{fRt屯(N)（aA-1く）殴）湛｝戸

j {「looli(Nl(rA―心咆＾
R、2s 

o o |C|） r dO}|fほ）賛

(21r）国l2lf(x)l2dx, 
R~ 

where for all [;, E R~ we used 

□00 い (rA―1畜） 2亨曲＝口00 い(N)（r(cosO,Sln0)）2 rdrd0 = Cゅ
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1.3 Simpler PTFs 

If we do not expect less redundancy, it is possible to get simpler PTFs with 
(N) 

a small modification. We do not need (4p因ー 1)114in the definitions of wl~ 
(N) 

and丸，;1. Although k (instead of k') is not optimal for our case from the 
point of view of the sampling theorem, we can obtain the following simpler 

results with'1T and <I> : 

Theorem 1.5 Let N > 2 
(N) 

J E Z and the real-valued functions'11~';) and j,£ 

叩） bedefined as 

叫1)(x) L｛士
cos(2吋PNXt(x))-cos(21+11rpNXt(x)) 

± 2J+2玉Xt(x)R江• (1,0) ｝， 

叱;)(x) こ｛士
sin2(2i1rpNX只x))

± 2J+17r2PNXT(x)R£x. （1, 0)}， 

where Xf (x) = x1 sin 誓)~+ X2 COS~誓~- Then, f Eび(R;)is expanded 
by PTFs as 

J(x) = L L こ①，£,k叫汽x-2―JR_tK)
j:;,J+l l<:'.£<:::2N-l kEZ2 

+ L Lん，£,k4>り(x-2―J R_ck), 
1<:'.£<:::2N-l kEZ2 

where 

） 0:j,£,k = l2 f (x)り (x-2―J叫 k)dx,
Ri 

加，k= L2 f(x)叱汽x-2―JR_ek)dx. 
Ri 

Remark 1.6 Similarly as Remark 1.2, we have 

呼炉x)ll2
3 7r 

= -tan -（＜ 1. 
8 2N ） 

As N increases, they become smaller. The frame expansion has more redun-
dancy. 

More details and results of frames having Lipschitz continuous Fourier 

transforms will be reported in our forthcoming paper [9]. 
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2 Applications 

2.1 Application to Radon transform 

Computed tomography (CT) is a medical imaging technique for clinical use. 
During the CT process, X-rays are transmitted through an object. As a 
mathematical model, the X-ray transform (two-dimensional Radon trans-
form) is defined as 

R(f)（r,1) ：＝ f f(x)dx = f f互
r -x111 ¥ dx1 

迄 ，,.,J(x)dx=}Rf(x1,~)~, 

where Lr,"f denotes a line with the normal direction 1 =（勺1軍） ＝ （cos 0, sin 0) E 

S1 and the signed distance from the origin r E R. Forゃ(r,1)E L1(R x Sり
the dual Radon transform冗＊ isgiven as 

戸）（x):= fs1 tp(x ・,,,)da(,) = fo27r tp(x1 cos0十四sin0,(cos0,sin0))d0. 

In particular, in the two-dimensional case, the following inversion formula 

holds for some suitable f (see [13]): 

1 
f(x) =石(―△)1/2冗 (RU))(x). (3) 

It would be convenient if 0:氾，kof the expansion of f are derived directly 
from R(J) without use of the reconstruction formula including the nonlocal 
operator(—• )1/2. Berenstein and Walnut [2] used the theory of the continu-
ous wavelet transform to derive inversion formulas for the Radon transform. 
CandもsandDonoho [4] applied the curvelets to consider the problem of noisy 

Radon inversion (see also [8]). Colonna, Easley, Guo, and Labate [5] gave 
the Radon transform inversion via the shearlet representation (see also [6]). 
For this purpose, we shall utilize the simplest frame in Theorem 1.1. 

Considering (3), we suppose that f satisfies 

叫 k := l2 f(x)鱈 (x-2-j R_,k')dx 
R2 

＝土J印(—△)1/2冗＊（R(J))(x心（x -2-jR＿ぷ）dx

1 r21r 
= -J J R(f)（r,1)R(（ー△）1／勺(x-2-JR＿心））（r,1)drd0, (4) 

47r Jo }Rr 
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加，k := l2 f(x)砂 (x-2-JR訳）dx
R2 

＝土！記(-△)1/2冗＊（R（f)）（x)鱈 (x-2-1 R_tk')dx 

1 2T 

=—f f R(f) （r,1)R(（—△)1／叫（xー2-JR述'))(r, 1)drd0. (5) 
47r Jo }Rr 

Now, we put 

UJ(グ（r,,):=土叫(-△)1/2鱈 (x-2―JR述 '))(r,,).

By the Fourier slice theorem R(g)(r, 1)＝点fRpeipr名 [g](p1)dp,we obtain 

心(r,,) = 8し！~p eipr Fx[(—△)1/2鱈(x-2―1R_tk')] (p1)dp 

where 

= 8し！~p eipr Fx ［左 [I~|名［汀 (y -2―JR砂 ')l]](p,)dp 

1 
= !戸|P,lje―iy•吋w(N)J,£ (y-2―1 R_tk')dydp 

8召 Rp
1 

= ~ lP eip(r-2-jR_ek'•,)砂鱈(p,)dp

1 
＝ 戸／ eip(r-2-j R_ek'•,) IP|り岱(pRo)dp

Rp 

21+3冦(4p和ー 1)1/4 凡
~ l, eip(r-2-jR_ek'・,)IPIXst)(pRo)dp, 

J 

st)= [-161tan~, l61ta玉］ X {[-21,-2i-l] LJ [21-1,2り｝．

Thus, we get the following: 

Lemma 2.1 Let N 2'. 2, k'= (k1(4p和ー 1)-1!2,k2)and 1 = (cos0,sin0). 

For f E S(Rりsatisfying(4) and (5)，帽(r,1) such that 

叫 k:= /R2 f(x)鱈 (x-2-JR訳）dx= ［[R(f) （r,1)U;，り（~drd0,R2 

is represented as 

UJ(グ(r,,)= ~ l, eip(r-2―jR述',)
2J+3召 (4p和ー 1)1/4 凡

|p|xs(N)（pRn)dp, 
J 
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where 

s四＝ ［― l61tan長,|&|tan長］ x{[-2j, -2j-ll U [2j-l, 2り｝．

Furthermore, in order to compute the coefficients aj,£,k from a given func-

tion R(f)(r, 1), by changes of variables we have 

句，£,k 「J R(f)（r + K'• 7,R_n)2-JUJ(グ(r+ K’・ ア
O Rr 2J. 2j 

,R-er)drd0 

幻示士告 J R(f) (r+K'•7,R_n)U(r,0)drd0, 
士 ―示号 Rr・-¥JI¥ 2j 

with the following function U such that supp U C Rr x[―令＋ふ令＋§|U 

[―嘉一ふ嘉—訃

U(r, 0) := 2―JuJ(グ(~,R-n) = ~ k, ei2―J pr 
2J 2→ (4p和ー 1)1/4 凡

IPIX8CN) (p"f)dp 

2 -J •OO 

2J+2召(4p因ー 1)1/4[ cos(2―1 pr)PXstl (p1)dp 

2-JJ|：土;cos(2―Jpr)pdp = 1 [昌|
2H21r2(4p和― 1)1/4 1JS1-n賃 (4p和― 1)1/4(21rr)2̀ふ|

cos(p)pdp 

l~lsin| 五| ＋cos|品|-|2sr「no|sin|2:山|-cos I~「no|
(4p和一 1)1/4(21rr)2

for 0 E[―表＋ふ壺＋引U[―壺ーふ歩ー引， otherwiseU(r, 0)三 0.Therefore, 

noting that R(f)（弓戸—R_n) = R(f)（弓戸，R_n),we obtain 

叩，K

区／j は訓sin|五|＋ cos |品|-|2sr17rnO| sin |2s□| -cosl~I 
±—嘉号凡 (4p和ー 1)1/4(2訂）2

虚 (f)( 
r+k'・, 

2J. ,R-o)drd0 

幻表号100土 sin土＋cos土詞一 2|sr17rn0|sin2|sr17rn0| -COS 2|sr17rnO| 

土青号。 (4p和ー 1)1/4(2サ）2

心U)(~,R-o) +R(f)（―7+,R-o)}drd0 (6) 
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戸 JOO 凸 sin 品＋ cos品—土sin 辛— COS土
声＋~Jo (4p因ー 1)1/4(2訂）2

x{ 2冗U)(~,R-o) +2n(J) (—~,R-o)}drd0 

J嘉噂 OO TsinT + COST -； sin; -COS ; 

嘉＋§f。 27r(4p和ー 1)1/4T2sinO

k'. 
x{とR(f)（三

TSin0 
土汐 2玩， R_o)}むd0.

Replacing 吋 sin~ -cos~ by -1, we can obtain /3j,£,k of the scaling function 

の．(N) )~) (x -2-j R_ek'). Consequently, we get the following: 

Proposition 2.2 Let N 2: 2 and JEZ. For f E S(R;) satisfying (4) and (5), 
the coefficients ex以，kand均，£,kof the expansion 

J(x) = L L L叫 K鱈 (x-2―j R_ek') 

are given by 

句，f,k

(3虹，K

j~J+l 1:S::£:S::2N-1 kEZ2 

+ L L加，k<_p笠）（x-2―JR_ek')
l:S::£:S::2N-1 kEZ2 

戸 J00TSinT+ COST -； sin; -COS; 

青＋召。 加 (4p因ー 1)1/4T2sin0 

k'. 
x｛どR(f)(;l-±

Tsin0 

2J. 2玩 ,R-e,)｝占d0,
士

J嘉＋召 100 TsinT + COST -1 

嘉＋召。 加 (4p和ー 1)1/4召 sin0

k'・ 1, Tsin0 
x｛苫R（f)（2J 士 2J7f,R_n)｝占d0.

Remark 2.3 T = 0 in the kernel functions is a removable singularity, be-

cause 

Tsm T+cos T--ksm 
2 2 

-COS -
2 . T I T l ¥ (. T 1 211 T. l 
= Slnc-（cos ----2 2 2 4) ｛smc4} （4 COS 2 ＋砂

TsinT+cosT-1 1 T 2 
= SlllCT --:-

召
{sine―} 2 2.  
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A full-discretization of the inversion formula (3) which includes a sum with 
respect to coprime numbers, is known (see [11]). Proposition 2.2 gives a frame 
expansion off directly from R(f)(r, 1) without the use of the Fourier-based 
inversion formula 

J(x) = ~「lo eiSX・"fFr[R(f)](s,1)1sldsd0. 
0 JRs 

(7) 

Remark 2.4 Let町＝ザ＊戸＝ ¾ I J(r -p)p―1dp. The solution of the 

Cauchy problem冴u-（況＋洸氾＝ 0with u(O, x) = f(x) and如 (O,x)= 0 
is given by 

1 1 
u(t,x) = ~ fs1叫 R(J)(r,1)) lr=t+x・"f如（1)=臣—△)112R*(R(J)(r+t, 1)) (x). 

This just corresponds to (3) with R(J)(r+t,1) instead ofR(J)(r,1). In the 
same way, we arrive at the formula (6) with R(J) (r + t, 1). Finally, replacing 
冗(J)of Proposition 2.2 with 

1 
丸(J):= ~位(J)(r + t, 1) + R(J)(r -t, 1) }, 

we can also represent the solution u(t,x) as follows (see §2.4): 

u(t,x)＝L L L O:j,f,k叱汽x-2―JR_ik')＋ こ と (3J,£,k<[>り(x-2―JR述＇）．
j::>J+l 1<｛く2N-1kEZ2 1~区2N-1 kEZ2 

2.2 Function of Pyramid Form 

For the later simulation in §2.3 we derive the Fourier transform of the function 
of a pyramid form. 

Proposition 2.5 Let 

f(xぃ叫＝ max{1 -Ix叶―|四|,o}.

Then, we have 

冗(f)(r,,)

b1l(lrl + b2l)2-,1I I lrl-b2I I (lrl-b2l)-l,2l(lrl + b11)2+ l,211 lrl-b1I l(lrl-b1 I) 

21,1|b2l(b州― |,1l2) 
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Proof Define the triangular function tri(t) by 

tri(t) = max{l -ltl, O}. 

This function satisfies 

t t 
a tr{~)= amax{l -1~1,o} = max{a-ltl,O} for a> 0. 

Let us rewrite f (x心） ＝max { (1-lx2I)-lx1I, 0 }. Suppose that四 isgiven 

first and fixed in Ix叶:S1. Then, x1 is forced to satisfy Ix叶:Sl -lx2I =: a(> 

0). Define sin ct＝干 Bythe formula tri(号)＝ |alsinc2（宇）， itholds that 

互 [fl(8，叫＝エ[atri ( 
X1 
-）] （ふ，四） ＝a2sinc 

2. 2叩 4 2 (1 -|x叶）も
a げ）＝百sin 2 

for lx21 :S 1, and otherwise equals 0. Therefore, we also obtain 

since 

瓦叫fl （ふ， 6) ＝~fn1 cos(x心）sin2 (1-|x叶）口，
も。 2

j_o1 e―t磁 2sin2 (1-|四|）gd四＝ 11ei磁 2sin2q叶）gdx2,
2 o 2 

and e—疇2 + ei疇 2= 2cos(x心）． Moreover,we can compute the following: 

瓦叫fl(＆，&）

~ fn1 cos（崎）sin2 (1 —疇1d四＝~fn1 cos(x26){ 1 -cos ((1―四）も）｝dx2 
G o2  

= ] [ cos（崎）dx2-] l cos疇 2く：（1。-疇）dx2らla'cos( 

2 [ -- cos （疇— (1- 砂）6)dx2
好。

4 1sin(x心） 1 
-［ 

2 rsin（疇＋（1-疇） 1 2 rsin （疇— (1- 砂）も） 1 

召 t2 ]。-] & -t1 ]。-月[ &＋t1 ]。
4 
万 sinc&--｛ 2 sin知 sinも 2 sin如 sinも

ら 好（パl ーも一 tl} ―辱{~+~}
4 
ふsin6-6 sin6 

もも（好一好）
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Note that 4（霊詞讐戸 isan analytic function by the Maclaurin expansion. 

By the Fourier slice theorem, the formulas巧[sinc(ap)]＝面X(-1/2,1/2)（-Ia)= 

両X(-lal,lal)(r)and名[p-2]＝一n:lrlyield 

R(f)(r,,y) 

= ~ l, eipr:r;□ 2 [f](P'Y1, P叫dp= -
2 eiprア1sin(p叫ー 12sin（四）-d; lap eiprFx1x2[f](P'Y1,P'Y2)dp =; h凡 P31直（サー砂） dp 

=~音）！凡 7{sinc(p叫ー sine（四）｝dp

1 J eipr 

召（吋ー音） RrtvμLp
叫 2](r'）名[sinc(p叫ー sinc(p叫］（r')dr' 

1 J |r'-r |{11  
音ー吋 Rr,I' • 1 l l"f2I 

X(-l'Y2l,l,2l)(r') -~X(-l,1l,l,1l)(r') }dr' 
1 1叫

J |r"|{ 1 1  
I研— |1州 Rr,,|冗

X(-l,2l-r,l,2l-r)(r") -~X(-l,1l-r,l,1l-r)(r") }dr". 
国

We also see that for p = 1, 2 

l,, lr"IX(-1,Pl-r,l,Pl-r)(r")dr" 

1巴”r”X(-|7p|-r,|7p|-r)（r"）dr"-[OOr”X(-|7p|-r,|7p|-r)（r"）dr" 

Jmax{0,|7p|-r}r"dr” ― min{0,|7p|-r} 

max{0,-|7p|-r} Jmin{O,-|7p|-r} 
r"dr" 

(max{O,l"fp―r })2-(max{O,-l"fpl-r })2-(min{O,I叫ーr}）袢(min{O,-bpl-r})2 

｛ ［喜［［竺 ¢r>［ア『［』さ rs|1p| 2 = ｛ 2|r||1p| for |r| ＞ |1p| 

-2rl"f Pl for r <-|叫
|1計＋芦 for lrlさ|"/pl

(lrl + bpl)2 -llrl -l'Ypll(lrl -bpi) 
＝ 

2
 Thus, we have 

R(f)(r, 1) 

-m|（|r|＋|1叶）2＿m||r|-|12| （|r|-|1叶）―|叫(|r|＋|1⑰ +l2:.ljlrl-l1111 (lrl-111 I) 

21"f1ll12l(b2l2 -竹州）
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2.3 Inversion Formula of the Radon Transform 

In Proposition 2.2, the coefficients O:j,£,k are computed using a kernel and the 
Radon transform R(J)(r, 1) instead of taking the inner product. This yields 

a reconstruction off directly from its Radon transform without the use of the 
Fourier-based inversion formula (7). In order to demonstrate the performance 
for the proposed Radon inversion formula, we compared its reconstruction 

quality with that of (7). The results for both normal and contour plots 
are shown in Figure 1. Here, we denote the step width of the projection 

angles of the Radon transform by△0 [deg]. We considered three projection 

angles of the Radon transform R(J)(r,1), which are△0 = 10°, 5°, 1 ° because 
the integration with respect to angle 0 has an influence on the reconstruction 

quality. We set N = 2 for our frame expansion to make the comparison simple. 

J(x1丘砂）＝max{l-lx1l-lx叶，O}does not satisfy the assumption off ES(R;) 

in Proposition 2.2. But, the formula of R(max{l-lx1l-lx21,0})(r,1) in 
Proposition 2.5 can be used for the simulation. Figure l(a) shows the results 

of the reconstructions using the Fourier-based inversion formula. Obviously, 

the reconstruction quality depends on△0, and the reconstructed f seems to 

be well represented, especially when△0 = 1 °. These results are also true for 

our PTF -based inversion formula shown in Figure 1 (b). 
Let us now compare edge components of the graphs shown in their contour 

plots. For the case of△。 =10°,serious distortions appear at some edges for 

both cases. However, when we have finer projection steps, such as△e = 5° or 

ふ＝ 1°, the sharp edge components of a pyramid shape are well represented 

for both cases. To describe the pyramid (inside of the support J), there are 

slight differences between the two cases, but no definite statement can be 
made as to which is better. On the other hand, when we focus outside the 

support of f in the contour plots, the both results are completely different. 

The Fourier-based method has some particular noise-like patterns outside the 

support of f. Remarkably, this phenomenon is dramatically reduced in our 
cases. The Fourier-based inversion formula is sensitive to noise due to the use 

of the ramp filter Isl in (7), which amplifies high-frequency components. The 
inversion formula considered herein uses the multidirectional frame expansion 

and computes the reconstruction off directly from R(J)(r, 1). Furthermore, 

we can control the precision of the linear combination of the PTFs with 
respect to the scale, shift, and rotation. These results clearly show that 

the proposed PTF -based inversion formula of the Radon transform has some 

advantages over the conventional Fourier-based method. 
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Figure 1: Reconstructions off from R(f)(r,'Y)-(a): Fourier-b邸 edinversion 
formula by (7); (b): PTF-based inversion formula by Proposition 2.2. 



26

0.4 D.4 0.4 

0. 3 0.3 0. 3 

0. 2 0.2 0. 2 

0.1 0.1 0.1 

-0.1 -0.1 -0.1 

-2 -2 -2 
-1 

-1 
-1 

-1 
1 1 ゜ 1 

D 
2 2 2 

X 
2 X X 

2 X X 
2 X 

1 1 1 

(a): t = 0 (b): t = 0.2 (c): t=0.4 

0.4 0.4 0.4 

0.3 D.3 0. 3 

0.2 0, 2 0. 2 

D.1 D 1 0.1 

-0.1 -0.1 -0.1 

-2 

／ 2 1 

-2 -2 
-1 -1 

-1 -1 。¥＼1 ~2 2 1 ゜1 -2 
1 ゜2 

X 
2 X X 

2 X X 
2 X 

1 1 1 

(d): t=0.6 (e): t=0.8 (f): t = l 

Figure 2: u(t, x) of the Cauchy problem for function of pyramid form. 

2.4 Wave Equation 

We show an application of our PTF-based Radon inversion formula for the 

solution of the Cauchy problem of the wave equation, as mentioned in Remark 
2.4. The solution u(t, x) can be represente~ by using our frame expansion 
whose a虹，kandむ，e,kare computed with Rt(!). Here we slightly modify 
the function of a pyramid form as f(x1,砂） ＝ 2―1 max:{1-12叫― |2x2I,O} 
to make the wave propagation easy to see. We set N = 4 for the frame 

expansion. Figure 2 shows u(t, x) with t = 0, 0.2, 0.4, 0.6, 0.8, and 1, which 

demonstrates how the wave propagates to the function that has sharp edge 

components. We observe sharp edges at four corners of the wave with t = 0.2. 

After that, the largest wave component propagates in the form of a rectangle. 

This implies that our frame expansion with the Radon inversion formula can 

capture multidirectional information of a function well. 



27

Acknowledgments 

The present study was supported by JSPS KAKENHI Grant Numbers 
16K05223, 17K12716 and the Research Institute for Mathematical Sciences, 
an International Joint Usage/Research Center located in Kyoto University. 

References 

[1] R. Ashino, S. J. Desjardins, C. Heil, M. Nagase, and R. Vaillancourt, 
Smooth tight frame wavelets and image microanalysis in the Fourier 
domain, Comput. Math. Appl., 45 (2003), 1551-1579. 

[2] C. A. Berenstein and D. Walnut, Local inversion of the Radon transform 
in even dimensions using wavelets. 75 years of Radon transform (Vienna, 

1992), 45-69, Conf. Proc. Lecture Notes Math. Phys., IV, Int. Press, 
Cambridge, MA, 1994. 

[3] E. Candes and D. Donoho, Continuous curvelet transform. II. Discretiza— 

tion and frames, Appl. Comput. Harmon. Anal., 19 (2005), 198-222. 

[4] E. Candもsand D. Donoho, Recovering edges in ill-posed inverse prob-
lems: optimality of curvelet frames. Dedicated to the memory of Lucien 

Le Cam., Ann. Statist., 30 (2002), 784-842. 

[5] F. Colonna, G. R. Easley, K. Guo, and D. Labate, Radon transform in-
version using the shearlet representation, Appl. Comput. Harmon. Anal., 
29 (2010), 232-250. 

[6] S. Cordova and D. Vera, A simple shearlet-based reconstruction for com-
puter tomography, arXiv preprint arXiv:1707.08185. 2018. 

[7] M. N. Do and M. Vetterli, The contourlet transform: an efficient direc-

tional multiresolution image representation, IEEE Trans. Image Pro-
cess., 14 (2005), 2091-2106. 

[8] J. Frikel, Sparse regularization in limited angle tomography, Appl. Com-
put. Harmon. Anal., 34 (2013), 117-141. 

[9] K. Fujinoki, H. Hashimoto, and T. Kinoshita, On directional frames 
having Lipschitz continuous Fourier transforms, preprint. 



28

[10] K. Fujinoki and 0. V. Vasilyev, Triangular wavelets: an isotropic im-

age representations with hexagonal symmetry, EURASIP J. Image and 
Video Process., Article ID 248581 (2009), 1-16. 

[11] I. M. Gelfand, S. G. Gindikin, and M. I. Graev, Selected topics in inte— 
gral geometry, Translated from the 2000 Russian original by A. Shtern. 
Translations of Mathematical Monographs, 220. American Mathemati-

cal Society, Providence, RI, 2003. 

[12] K. Guo, G. Kutyniok, and D. Labate, Sparse multidimensio叫 repre-
sentations using anisotropic dilation and shear operators, Wavelets and 

splines: Athens 2005, 189-201, Mod. Methods Math., Nashboro Press, 

Brentwood, TN, 2006. 

[13] S. Helgason, The Radon transform. Second edition, Progress in Mathe-

matics, 5. Birkhhauser Boston, Inc., Boston, MA, 1999. 

[14] Z. Zhang and N. Saito, Ring-like structures of frequency domains of 

wavelets, Appl. Comput. Harmon. Anal. 29 (2010), 18-29. 

Addresses of the authors 

Kensuke Fujinoki, Department of Mathematical Sciences, Tokai University, 

Kitakaname, Hiratsuka, Kanagawa 259-1292, Japan 
e-mail: fuj inokictokai-u. jp 

Hirofumi Hashimoto, Institute of Mathematics, Tsukuba University, Tsukuba 

Ibaraki 305-8571, Japan 
e-mail: h. hashimotocmath. tsukuba. ac. jp 

Tamotu Kinoshita, Institute of Mathematics, Tsukuba University, Tsukuba 

Ibaraki 305-8571, Japan 

e-mail: kinosi tacmath. tsukuba. ac. jp 


