On the analysis of singularity structure in learning
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Abstract

Let a statistical model be a three-layer neural network. plateau phenomena have been observed in
singular regions where two hidden neurons can be rewritten with only one hidden neuron. Guo classify
dynamics of learning near singularity into five patterns. We introduce coordinate transformation
of parameters of the statistic model. Let us fix variables moving quickly and search trajectories
of learning of variables moving slowly. Amari calucalated stability and dynamics of learning near
singular regions. Firstly we constract a neural network as the statistical model by using Mathmatica.
Secondly we change an initial value of the statistic model and consider that the dynamics of learning
changing under the influence of a critical line in case the true distribution near the singular regions
is realizable by the statistical model. Thirdly over-fitting phenomena that a training loss decreases
but a validation loss increases have been observed in case the true distribution on the singularity is
realizable by the statistical model. In the early process of learning, over-generalization phenomena
that the validation loss decreases and becames smaller and increases and becames bigger than training
loss have been observed in case the true distribution is outside of the statistic model, We examine
the evolution of parameter and consider the dynamics of learning on the training loss surface and
validation loss surface.
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Y = f(x,0p) + Z = w}; tanh(wi;z + w3;) + wi, tanh(wi,a + w3,) + Z.

EE 2 (BECELIET )
NTRA—=R ) = (Wl, W, W31, w32) € RG,Rl DR f({b70) L:i(ﬂ‘b’C, RTEES R! LOMERERY %
BBGEBLE TV &S,

Y = f(z,0) + Z = w310(x, W1) + w320(x, Wa) + Z = w31 tanh(wlTx) + w3o tanh(wZTx) +Z

= w3y tanh(wi12 4+ wa1) + waz tanh(wiox + was) + Z.
Z :'f‘, Wi = (w117 wlg), Wo = (’111217 ’lU22), X = (I., l) éﬁj_é
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p(ylz,0) =

Y DD M MR 2 RTRED, HODME N D

a(ylz) == 1 exp (7‘?/*f(l’790)‘2>
V2ro 202 ’
E# 4 (Overlap singularity, Elimination singularity)
RTED B35 A —RiH#% Overlap singularity £\5 [1].

Ry = {0 € R®|wy = wa}.
RTED B35 A —R4H% Elimination singularity £\5 [1].
Ry = {9 S R6|w31 = 0} @] {0 S R6|U)32 = 0}.

BEBCEALE 7 V1% Overlap singularity Tl f(z,0) = (w31 +ws2)p(x, wy) €K 11, Elimination singularity
TE f(x,0) = wsap(x, Wa), ws1p(x, wy) ELRIND.

JEFER O = (Wl, W2, W31, ’w32) Y &= (a, b, v, ’LU) NDIRD FEEA WA E R B [1]
W31 — W32

a=Wwz — Wi, = s
w31 + w32

W31W1 + W32 W2
w31 + Ws2

ZDL EERER O IFRIER E ZVWTRTERINDS.
1 1
w1:v+§a(b71)7 W2:v+§a(b+1),

1 1
w31 — iw(l + b), w32 = iw(l - b)



y = f(z,00)+Z (T LT, BB (Y, x.0) == L(y— f(x,0))? LEDD. ZDLESFERITHLT, K

TEDTHFEEEHT 5. ) )
O(t+1) — 0(t) = — l(ytg;w 0)

T 5 (EER 0 02BEHERR)
@@;{ﬁ 0= (Wl, W2, W31, ’LU32) L:jﬂ-bf, ?%ﬁ@iﬁ%ﬁfi&)é

Mw;:4n<gﬂ%§ﬁa>.

2T (Al — [ 20 gy x)dydx &5 5.
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U7 ey, x,€) ==y — f(x,6) (T LT, FREBRI(E) DABIZDWTRA Y LD [1].
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10 = v (elnx.© ng V)> + Lo - )0, + 0@,

1ul€) = {ely. %, 60x.v)) + 11— ) <(,x5 g ’a>+0(a3>,

za<e):§w<1—z«2)<<y,xé D)+ st =) (etrx 2L 1 o),

(©) = —qus {etr x9S 2V a) + 0

ZZTQv,a):= <e(y7x {)%(aT‘a;%"‘;;’)a)>7 D(x,v,a):=3, i} %az%ak LEDD.
am0DEEL, 1y RO(1) DA—K—k 055 A—Z (v, w) DEALEL , 1y(€) = Lu(€) = 0 Th B T
IR B, —HT o 12 O(a) DA — K= 1 12 O(a2) DA—K—E DT A=K (a, b) < ZT
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TR 7 (BREBEHDIEL DFEDREM)

BRIy, %, €) SXLT, (T = (L B)H (v ) Bk S5, BRI 0¥ B0
BRI DWTRAR D 2. -

FORNADEERAIRICH B & & Ry IILETH D, HONEAINERE LTV L & Ry OZENEE H(v:, w”)
DOEAHIZE > TRD 320G S5ND [4).

(1) BEEHEDPE L ADMEEF DL A Ry IFALE.

(2) EAEMEN 2 DL HADEA: Ry DTV <1 22 TEABLE, V¥ > 1 22T 50 B ARLE.

(3) A 22 EIEDHE: Ry DTV > 1 il TEHIDLE, V¥ <1 &l TEHIDBRELE

= (v, wa,b) & LT, BB I(E) DARIZDWTRAK Y 22 [1].

1§ = gur(1- 2)QW",a) + 0(a),
s 1122 4 P— 3
ly(&) = 3 2 H(v*,w)a+ 0(a’),

W@ = (1= AH w0 gt =) (erx PG ) o)

$
1,(€) = —baT H(v*, w*")a + O(a®).

am0DEE L) IF0@) DA—K—, 1,(E), L&), 1,(§) 1F O(@2) DA —X—% 1 O(am) EROE % M
T2 ZLIZ& o T Ry DIEFTOFEE LRI DOWTRAM Y 3D [1].

a=2(1-bv)HV", w)a,
b(1 —b%)

26(b* + 1
> aTH(v*,w*)a—M

w*?
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" aTH(v*, w¥)a.
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T 8 (BRMEFHDE DEBDS A F3 7 R)

TAVF - h(a) = $aTa T LT, BEFHOE DFED LA F I 7 ZTOWTRBE D S22 [1].

(1) Ry DIHHETIE h = aTa = 2400 pip 0 S, FRARRO X1 F I 7 AFRORTHENS.

2uw*> (b +3)?
1
3 8T ]

+C.

h(a) =

(2) Ro N Ry OUERE T h = b Ak W16, FBARRD LA F 37 AFRORTEENS.

h(a) = w*?log <|b| + %) +C.

EE 9 (FEEEHOES DEBDY 1T I 7 ADNE)

FEREMHD D87 A — ROYIMEIC L9 FREIROE OFED KA F IV A% KD 5 2D5EIHT 5
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(1) Overlap singularity: ¥ 3R Ry THEEMSH U THEHONME THEEL 2.

(2) Cross elimination singurarity: F5aHEL Ry Z W3 2 & SEEDMEH L THOAMITED L.

(3) Fast convergence: ¢ FAHIS % B SICHO A ICH S PURT 2154,

(4) Near elimination singularity: 84 Ry (ZED EEEPMERH L CEHDOHAMAITED L.

(5) Output weight 0: FFRAFIH R TERH L TEO DA E TREL RV,
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2 BEMEEBOEICBIIZZEZEDY LTIV
2.1 Mathmatica ICH1FT 5 =2 —F Iy NT—2 DIEK
ER 1, F2, 88 elem0, elem], elem?2, elem3 % XD X 512 Mathmatica IZASI L TED 5.

Flla.] := NetInsertSharedArrays|NetChain|Linear Layer[l,” Weights” — > a,” Biases” — > None]|,” Linearl”],
F2[b_] := NetInsertSharedArrays|NetChain|[Linear Layer[1,” Weights”— > b,” Biases” — > None]|,” Linear2”],
elem0 := ElementwiseLayer[# * (1/2)&], elem1 := Elementwise Layer|# = (—1)&],

elem2[v_| := ElementwiseLayer[# * (v)&], elem3[w_] := Elementwise Layer[# » (w)&].

bz wpr=(v+10b0—1)a)z £V, RDOEIIZAALTE 1 DL netll 2 HIE 5.

netllfa,b_,v] :== NetGraphlelem0, elem1, F'1[a], F2[b], elem2[v], Total Layer|]
NetPort[”Input’]— > 1,1— > 3— > 4,3— > 2,4,2,5— > 6]

wgy tanh(z) = $w(b+ 1) tanh(z) & O, XD L SIZ AL UTE 1 DN net12 2D S E 5.

net12[a_,b_,w_] := NetGraph|Tanh,elem0, elem3[w], F2[b], Total Layer|],
NetPort[”Input’]— > 1,1— > 2— > 3— > 4,3,4— > 5]

L] L] ] =]
r h[ . [
Horeran P o “ m—m Netaraph|| B “ % = s
Input ) . Input | B 5 Output
# ° (1]
5 g Output .
N = Inputs Outputs
pie . Input: vector (size: 1) Output: vector (size: 1)
Inputs Outputs
Input:  vector (size: 1) Output: vector (size: 1)

1: netll, netl2

E7zwipx = (v+ 2(b+ 1)a) 2, wae tanh(z) = w(—b+ 1) tanh(z) & 9, net2l, net22 % FIZED T 2
IZHhEES.

L] ] I a o
NetGraph = NetGraph
p P o " P e - = 2 Q
Input 1 >\ Input i 3 T s Output
" = . P "
g Output
3 5 i 3 5
Inputs Outputs
ot - Input: vector (size: 1) Output: vector (size: 1)
Inputs Outputs
Input: vector (size: 1) Output: vector (size: 1)

2: net2l, net22

ZIZ wgy tanh(wiz) = 2w(b+ 1) tanh[(v+ 3(b— 1)a) 2] &V, RO & SIZATLTH 3 DEMIZ netl
LTS,

netlla-,b_,v_,w_] := NetGraph[netlla,b,v],net12[a, b, w], NetPort]” Input’]— > 1,1— > 2]
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E 72wy tanh(wizz) = 2w(—b+ 1) tanh[(v + $(b + 1)a) z] &V, net2 ZFAIZED 5.

212 way tanh(wy12) + wag tanh(wipz) & O, KD X SIZ AT U T 3 DEMNT parameter Net % 77X
5.

parameter Netla_,b_,v_,w_] := NetGraph[netl|a,b, v, w], net2[a, b, v, w], Total Layer]],
NetPort[” Input’]— > 1, NetPort[” Input”]— > 2,1,2— > 3— > NetPort["Outputl”],” Input” — > enc]

" N L.y |
NetGraph| = ©a™ = = NetGraph| B P N ™ 1.
P o—— g — 82— Input Output1
Input Output 2 3
1 2

Inputs Outputs ° — On

Input: vector (size: 1) Output:  vector (size: 1) Input
Inputs Outputs
Input:  scalar Qutput1: vector (size: 1)

3: netl, parameterNet

TR B A RO LRI e U T, 2 RD K5I A U T 41T trainingNet Z X E 5.

gaussianLikelihoodly_, ] := PDF[NormalDistribution|u, 1], y]

trainingNet[a_,b_,v_,w_] := NetGraph[< |”params”— > parameterNet|a,b,v, w],” lhood” — >

Threading Layer|gaussianLikelihood),” neglog” — > Elementwise Layer|—Log[#]&]| >,

NetPort]” Output”|,Net Port[” params”,” Output1”]— > "lhood” " lhood” — > "neglog” — > NetPort[” Loss” |

m_m
NetG| h
etGrap 1 ™~ . T = .
Ut arams */thood  neglog e
o
Output
Inputs Outputs
Output: vector (size: 1) Loss: vector (size: 1)

Input:  scalar

X 4: training N et(W#UE )

T =22 T AT =R UT, RO &S ITAT U CEEEKEE G, NHRABEB H 22D 5.

Gla-, b :== Mean[trainingNet[a, b, v0, w0][< |”Input” — > dataX,” Output” — > enc[dataY']| >]|
Hla_,b] := Mean[trainingNet|a, b, v0, w0][< |" Input” — > testX,” Output” — > encltestY]| >



2.2 HEEHOELICSITIZEZOIA1FIIR

Bl 1 (g —5, ED57)

—3<2 <3 EDANX, 0 =0.05 DHEF Z 12 LT, AT — X % 0.25tanh(0.2z) 4 0.25 tanh(0.4z) + Z,
BN % qy|z) = \ﬁl exp (_ |y—(0.25 tanh(0.22)+0.25 tanh(0.41))|2> rED

- 270 :

202

a=020b=0,v=03,w=05X ) EHOSMHIFRFRFIR LDELIZH B & & YHEIZ L > THEHOKX
A F IV A% S DDGEIIHITTERT 5.

2.2.1 Overlap singularity D44 737 X

FRETNVOYMIEE 0 =0.15,b=—18,0v=03, w=05 T 5. HONMAPEHETVCEEEI N
BB B BB E LT, RO EDIZADLT=Za—F kY N7 —2% 200 B 2EHEIES.
resultsla_, b := NetTrain[trainingNet|a,b,v,w], < |”Input”— > dataX,” Output” — > enc[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList”, Loss Function— > " Loss” , M ethod— >
"ADAM?,” Initial LearningRate” — > 0.1, BatchSize— > 30, M azTraining Rounds— > 200]

RT A=K a, b DELHIZVER L, FRRBUI T 22 %& K 5 O L HNZ ERARERR T 220 % X 5 D41
23R

05 g
a
o 50 100 150 R N RSN—
-05
° a
LD -03 02 ~Dif 0.1 02 03
15 = e o
—
—
255 _— .
=2
-25
-3

5: NI A=K a, b DLAL

FEBROBIIZERK L, ZEELOLER 6 O FEBRIME LD XA F I 7 22K 6 DA
5%,

0.92069
0.92068
0.92067
0.92066
0.92065

0.92064 J\,\’\
———{loss}

0.92063

0 50 100 150 200

6: RS, FEBAME EOX A F IR
FEAEM o =0 TERLTT I F =222 0, HOHMIZEGEL 20,
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2.2.2 Cross elimination singularity D4 1 73 7 X

FEETFIVOAWEE a=0.15,b=—-15,0v=03,w=0575%. HOPMHAIWEHETFTNTERIN
BRI E NSRS LT, ROXSICANLT=a—F b3y N7 —2% 100 [A%#B X5

results2[a-,b.] := NetTrain[trainingNet|a, b, v, w], < |” Input”— > dataX,” Output” — > enc[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > " Loss” , M ethod— >
"ADAM?,” Initial LearningRate” — > 0.1, BatchSize— > 30, M azTraining Rounds— > 100]

NI A=K a, b DELHIEAVER L, FREBUI T 2240 % X 7 O L HNZ ERARERR T 220 % K 7 O
1Z#7.

05

T NT A =R a, b DEAL

FEBROWSN 2 ER L, FEBROLEMER 8 0L FEBRME LO X 1 F 37 2%K 8 DARNIZH
5.

0.92044
0.92042
0.92040
0.92038
0.92036
0.92034

0.92032

8 FEHRL, FHBAME EOX A F IR

FRFERR b = —1 2N 2 L S LTT I b= I Y HEONHIZELET 5.



2.2.3 First convergence D% 4 +3IJ A

PEHETVOMMEE a =0.05,0=0,0v=03, w=05295. HOSMANFEETNVTELHIN, H
KRB N BRELBBE LT, ROLSIZANLTZa—F Yy b =2 & 5 RFEEIE5.
results3[a-, b := NetTrain[trainingNet|a, b, v, w], < |” Input”— > dataX,” Output” — > enc[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > " Loss” , M ethod— >
PADAM?,” Initial Learning Rate” — > 0.1, BatchSize— > 30, MazTrainingRounds— > 5|

NI A=K a, b DELHIEAER L, FREIBUIR T 224 % X 9 O LA HNZ ERARERRZ T 5 20 % X 9 D41
2R

03
0.2 —fa}
.................... b
o.‘/
{b} a
1 2 3 4 8 -03 -02 -0 0.1 0.2 0.3
-01
.................... T IEE RS R R T2 e e 2 T T 2 e T 2 T e
-0.2
-03

X 9: NT A =R a, b DEAL

FEELOET ZER L, EE IR OZE K 10 DN AR O X A+ 37 2% 10 DARIZ
Hd 5.

0.919836
0.919834
0.919832
0.919830
0.919828

0.919826 {loss}

10: FEBEL, PEBARMT LOX A FI 22

HDOATE PR T 5.
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2.2.4 Near elimination singularity D% 4 73 7 X

FHETIVOWEE a =07, b= —06,v =03, w=052F5. HONMAHREHRETIVTEHIN,
BB N RE BB LT, ROLDIZALLT=a—F)bxy 7 —2% 200 BFEHIES.
resultsda-,b.] := NetTrain[trainingNet|a, b, v, w], < |” Input”— > dataX,” Output” — > enc[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > " Loss” , M ethod— >
"ADAM?,” Initial LearningRate” — > 0.1, BatchSize— > 30, M axzTraining Rounds— > 200]

NG A=K a, b DEFIZ MRS L, AR ERUTN S 5 202K 11 ORI ERFERIN S 2442 M 11 Of
iz &g,

11: T A=K a, b DEAL

FEBR OS2 ER L, FEBROZ(EM 12 0N ZEEERIME Lo X 1 F 37 22X 12 OARIZ
5.

0.92050
0.92045
0.92040
0.92035

0.92030

0.92025 ’ \
0.92020 _——{loss}

12: FEER, FEEIINH L0 X1 F I 22

BRI b= —1 IDED &, EODMIZEET 5.



2.2.5 Output weight 0 D41+ IV R

FHETIVONWEE a =07, b= —-08,v=03, w=052F5. HONMGEHREHRET IV TEHIN,
BB N RE KL LT, ROLDIZADLT=a—F)bxy FT7—2% 100 BIFZEHIE 5.
resultsSla-, b := NetTrain[trainingNet|a, b, v, w], < |” Input”— > dataX,” Output” — > enc[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > " Loss” , M ethod— >
"ADAM?,” Initial LearningRate” — > 0.1, BatchSize— > 30, M azTraining Rounds— > 100]

NG A=K a, b DEFIZ MRS L, AR ERUTN S 5 202 R 13 ORI ER A ERI NS 2440 % M 13 O f
iz &g,

1.0
05 fu] NERERRRRR A L NN
20 40 60 80 100 - .
-0.2 0.2 04 0.6 08 1.0
-0.5
> S S, /...
A \/\/V -
-1.5

13: NT A=K a, b DEAL

FEHEE OS2 FR L, FEIBROZ A K 14 O FEHEEAHE EO X1+ 37 2% X 14 OARIIZ
14 5.

0.920320
0.920315
0.920310
0.920305
0.920300
0.920295

0.920290
_——{loss}

0 20 40 60 80 100

14: FEEL, PEBELME LOX A F I A

FERESR D= —1 TEMLTT I =212 0, HONMEIZEEL .
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3 BEE-BENLELESIITEZEDYATIVIR

3.1 Mathmatica iCEFE=a—F)Lxy NT—J DR
EHFL, F2, %8 elem0, eleml, elem?2, elem3, elem4 % XD X 512 Mathmatica (ZASI U TED 5.

Flla.] := NetInsertSharedArrays|NetChain|Linear Layer[l,” Weights” — > a,” Biases” — > None||,” Linearl”],
F2[b_] := NetInsertSharedArrays|NetChain|Linear Layer[l,” Weights”— > b,” Biases”— > None]|,” Linear2”],
elem0 := ElementwiseLayer|# = (1/2)&], elem1 := Elementwise Layer[# * (—1)&],

elem2[v_, d_] := ElementwiseLayer|[# * (v) + d&], elem3[w_] := ElementwiseLayer|# * (w)&],

elemd[c_] := ElementwiseLayer[# + (¢)&].

MDIZa=(a,c),v=(v,d) &5 5.
wiTx = (v+1(b—1)a)" x &0, KO LS ASNLTH 15 OEMIZ net1l 2 A X E3.

netllja_,b_, c_,d_,v] := NetGraphlelem0, elem1, F1[a], F2[b], elem2[v, d], elem4|c], Total Layer]],
NetPort]” Input’]— > 3,3— > 6— > 1,1— > 4,1— > 2,4,2,5— > 7|

ws1 tanh(z) = Jw(b+ 1) tanh(z) & 0, RO L SIZAH U T 15 DA net12 2 H DS E 5.

netl2[a_,b_, c_,d_, w_] := NetGraph[Tanh, elem0, elem3[w], F2[b], Total Layer|],
NetPort|” Input”]— > 1,1— > 2— > 3— > 4,3,4— > 5]

o_m

| ]
™ NetGraph|| = “.m
o

I ]
NetGraph| & “m — i i a 5 R .
Input 3 6 1 4 Input 1 Output
L]

Output
7

+
2 7
Inputs Outputs

Input: vector (size: 1) Output: vector (size: 1)

Input 5

Inputs Outputs
Input: vector (size:1)  Output: vector (size: 1)

15: metll, net12

EFlzwaTx= (v+ 30+ l)a)TX7 wsz tanh(z) = tw(—b+ 1) tanh(z) &V, net2l, net22 & FHRIZE DT
16 2T 5.

[ 5. =
NetGraph| & “a = = %

Input

NetGraph| = "u .
' . oy _\ 8 Output

HH + ° # 1]
Output 3 5

Inputs Outputs
# Input: vector (size: 1) Output:  vector (size: 1)

Inputs Outputs
Input: vector (size:1)  Output: vector (size: 1)

16: net21, net22

RIZ wgy tanh(w1Tx) = 2w(b + 1) tanh[(v + (b — 1)a)Tx] LU RDE ST AT LTH 1T DL
netl ZHNTES.
netlla_,b_, c_,d_,v_,w_| := NetGraph[netll[a,b,c,d,v],net12[a,b,c,d, w|, Net Port]” Input’|— > 1,1— > 2]
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F 72 wap tanh(w2 'x) = Jw(—b+ 1) tanh[(v + $(b+ l)a)TX] &0, net2 ZFARRKIZED 5.
BA%IZ w3y tanh(wq Tx) + wag tanh(waTx) & O KO K S5IZ AN LT 17 AN parameter Net % HH
IE5.
parameter Netla_,b_, c_,d_,v_,w] := NetGraph[netl[a,b, c,d,v,w],net2[a, b, ¢, d, v, w], Total Layer]],
NetPort[” Input”]|— > 1, NetPort[” Input”]— > 2,1,2— > 3— > NetPort]" Outputl”],” Input” — > enc]

y L E_m
NetGraph || = D " » . Rl R NetGraph|| & o - ° — D & -0
L Input = - Output 1 Input 2 /3 e
1 2
Inputs Outputs ° E.
Input:  vector (size: 1) Output: vector (size: 1) Input 1
Inputs Outputs
Input:  scalar Output1: vector (size: 1)

17: netl, parameterNet

FRCRERCE 2 AR LT, RD & 3 IZAH L TH 18 I trainingNet % H &8 5.

trainingNetla-,b_, c_,d_,v_,w_] := NetGraph[< |”params”— > parameter Net|a,b,c,d,v, w],”loss” — >
MeanSquaredLossLayer(]| >, NetPort[” Output”], Net Port["params”,” Outputl”]— > "loss”]

NetGr‘aph{ B R ™~ » o
- ° On— o
Input Loss
params )/ loss
o
Output
Inputs Outputs
Input:  scalar Loss: real

Output: vector (size: 1)
Xl 18: trainingNet(2 Fikz)
T =2 LT AT =T LT, RO &S ITAT U CEREKEE G, BRABEB H 22D 5.

Gla-, b :== Mean[trainingNet[a, b, c0,d0, v0, w0][< |” Input”— > dataX,” Output” — > encldataY]| >]
Hla,b.] := Mean[trainingNet[a, b, c0, d0, v0, wO][< |” Input” — > testX,” Output” — > encltestY]| >]]
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32 BEBEHIIZFBEDIAFTIVR
Bl 2 AET—%9, 7R NT—49, BEON)
—3<z <3 EDAN X, 0 =0.05 DHEE Z 1T LT, {7 A T — X % 0.25 tanh(3z)+0.25 tanh(3z) + Z

BEDN % q(y|$) _ \/2170 exp (_ |y(0.25 tanh(3z;-c{r—2025 tanh(Bz))\z) LEDD.

AT — 2 &2 19 DL, FANTF—2%2X 19 OAIZH T 5.

06t

b Ji Y 06 0 Ky
L4 e . L]
0.4} D « 8 . ® oo °
[ 04f .
B
.
02:. 0.2
4 =1 L . 2 -1 1 2
_02!} -0%
. .
. 04 o« 04
. .
®e & ® ., ! .' - . & e

. _o06l} -06

19: FfF— &, F A M F—&
a=0,0=0,¢=0,d=0,v=3,w=05& ) HOPMMPFHEL LIZH 2 & &, WEHEZ B THEDY
HOLL F IV AEEHT 5.

FRETFTVONENEEZ 0 =02,0=0,c=0,d=0,v=3, w=05235&, HEODMMNFHET ML
TEHEXING. BEEKZ 2 FEEBRR MGEESEZ2T AT =2 LT, ROISIZAHNLT=Za—F)L
Fv M & 300 HIFE X5,

resultslfa-, b := NetTrain[trainingNet|a,b,0,0,v1, wl], < |"Input”— > dataX,” Output” — > encldataY]| >,
All, ValidationSet— >< |” Input” — > testX,” Output” — > enc[testY]| >, LossFunction— > " Loss”,
Method— >7”ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, M axTrainingRounds— > 300]

- PR DB 2 fERR L, R D2 & X 20 DRI D 2L % B 20 DARNIZH T 5.

0.00183116 0.0021704 ———{test, loss}
0.00183114 0.0021703
0.00183112
0.0021702
0.00183110
0.0021701
0.00183108

{train, loss} 0.0021700

0 50 100 150 200 250 300 0 50 100 150’ ‘200 250 300

20: FHEEE - PALHEE

FEEEAD T 2 DPPUCREPEINL T, @2 EH R ETWD.
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AL DZE AR X 21 OEMNZ, FIHE - FTANTF XD EIZEEEBEO =2 -T2y bOH %
X 21 OAMIZH T 5.

LRl |
5 . = )
50 00| 50 200 750 300) 04 e %t
0.2
103 | — validation
—— trainin,
< 9 -3 2 -1 1 2 3
-0
. o4
o
e

21: ZH - PUEEE, FEEDO=2—-F V% v b
ROESIZATILT=a—F )2y NT—27% 300 HIZEHIE 5.
results2[a, b := NetTrain[trainingNet|a,b,0,0,v1, wl], < |"Input’— > dataX,” Output” — > encldataY']| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > " Loss”,
Method— > " ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MaxTrainingRounds— > 300]
NI A=K a, b DEFIZMER L, FE BT 2 2% X 22 O AN ERRI ST 22623 22 D
fzd.

b
03 2
02
.................... 1 S S
04
-8 a
@ o3 Z02 01 01 0.2 03
50 100 150 200 250 300 “—{b}
oAl B I
02
X

22: NT A =R a, b DEAL

FERERE o =0, b= +1126 U T, 2EEAMHm Lo X1+ I 7 22X 23 O LA bELTHE Lo &1+
IV AEM 223 OAEMIZESTS.

I
0.0021715

o 001est1 0.0021710
0.0018310 0.0021705 /
D] sag 0.0021700 / /{

0.0021695

23: EH - Pk Fo X1 F IR
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3.3 BEMILESIIEZDISIFIVR

Bl 3 AT —%, 7 A NT—49,EDH)

—3<2 <3 EDOANX, 0 =0.05DHF 2123 LT, AT —X % 0.5tanh(4.82) +0.4 tanh(52 —10)+ Z &
ED, 2.1 < <3 EDANX MG ZIZHLT, FAMF—%&% 0.2tanh(52—10)+0.2 tanh(52—10)+0.54+ 2
LD L. BEDN R q(y‘x) _ (_ \yf(O.Stanh(4.81)2+8.4tanh(Szflo)”Z) THEDD.

1
ex
Varo p

AT — R %X 24 ODLEMNZ, T ANTF—2 %X 24 DA H 1T 5.

1.0 £ 1.0
L] . L] - -
.- g ere g W
‘ s = o .
05 o8 % . .
.
s .:. 06
-2 1 B 1 2 3
04
-0.8)
0.2
. o
o .
o % ®* 5 o
L] - L]
=10 0.0
22 24 26 28

B 24: YT =%, 7 A LT X

a=02,b=011,c=—10,d = —4.44, v = 4.88, w = 0.9 £ D EHDO N HNFEMEH LD < 12H 0 . EEIN
2RI THEDFZEDRAF IV A EETS.

FEETVOUMEE 0 =02,0=011,c=—18,d=—4.44, v =488, w =09 £FHL, c=—18 L[H
ET 2720, EORHEVFEET VT Lo THRE TN, HEEEE 2 BRI MEEEEE2 T A NT —
RELUT,RDESIZANLT=Za—F 03y M 20 [MEHXE5.

resultslla_,b] := NetTrain[trainingNet[a,b, —18, —4.44,v1, wl], < |” Input”— > dataX,” Output” — > enc[dataY’]
| >, All, ValidationSet— >< |" Input” — > testX,” Output” — > encltestY]| >, LossFunction— > " Loss”,
Method— > 7" ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MaxTrainingRounds— > 20|

- PUCHRE DB 2 ER U, FEERDZEALZ X 25 DRI LRI DZ(LZ X 25 DARIZHTIT 5.

0.20

0.4
0.15

03
0.10

0.2

~—— {train, loss} ——{test, loss}
0.05 0.4
s 10 1 5 10 15

25: FEEL - PULHK
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FE - PULBREOL L2 26 1T E 5.

rounds

2 N 6 8 10 12 14 16 18

r__._‘___
107 —— validation

—— training

N
— e
]

26: FH - PLHEE

AL U CTEREE LD BN R0 BINL THFEEL IV REL R BRERILEE TS,
FANTF—=ZDEIZZa =52y hOHEIIZOWTEEN 2K 27 DA ZE#% 2 27 DEANCET.

1.0 i 1.0

S*'qe oo’
-~ 3
o o™ Phail o
H
05 / 05
1 2 3 =3 3 ] 1 2 3
-05
-1.0

27: FHEA - FEBD=a—-F NV x v b
RDEDIZANLT=Za—Ihry b= 70 HFEESES.

results2[a_,b_] := NetTrain[trainingNet|a,b, —18, —4.44,v1,wl], < |" Input”— > dataX,” Output” — > encldataY’]
| >,” RoundW eightsHistories”,” TrainedNet”,” RoundLossList”, Loss Function— > ” Loss”,

Method— >7ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MazTrainingRounds— > 70]

NI A=K a, b DEFIZER L, FEBEBUTNT 2 20 % B 28 OREMNZERFERIIN T 522 X 28 DA
Hhz& .

6 2

——{a}
5

4

——{b}

28: XT A =R a, b DEAL
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FANTF—REZBGIEAGL UL TRDEIIZANLT=a—F 03y T =2 % 70 [A|FEHIE5.

results3[a-, b-] :== NetTrain[trainingNet[a,b, —18, —4.44, v1, wl], < |” Input”— > dataX,” Output” — > enc[dataY’]
| >, All, ValidationSet— >< |" Input” — > testX,” Output” — > encltestY]| >, LossFunction— > " Loss”,
Method— > 7 ADAM”,” Initial LearningRate” — > 0.1, BatchSize— > 30, M azTrainingRounds— > 70]

P PR OZALE R 29 DM, TAMT =X D EIZEEBED =2 —F )y PO &K 29 DL
Bz 3 5.

o o 3

05
10° e
~— trainin

loss

X 29: ¥ - PULEL, FEBLO=2—F L 2y b
B ERRE b= +1 128 LT, ZHELHE Lo X1+ 327 2% 30 DN FALEEHT o X1 ) 3
2 2 %M 30 DA H AT 5.

X 30: ¥ - ALK& EE oKX 1 F I A

Z F X M

[1] H. Wei, J. Zhang, F. Cousseau, T. Ozeki, and S. Amari, “Dynamics of learning near singularities in layered
networks, ” Neural Computation, vol. 20, no. 34, pp. 813-843, 2008.

[2] W. Guo, H. Wei, Y. Ong, J. R. Hervas, J. Zhao, H. Wang, K. Zhang, “Numerical Analysis near Singularities
in RBF Networks, ” Journal of Machine Learning Research, vol. 19, no. 1, pp. 1-39, 2018.

[3] F. Cousseau, T. Ozeki, and S. Amari, “Dynamics of Learning in Multilayer Perceptrons Near Singularities, ”
IEEE Transactions on Neural Networks, vol. 19, no. 8, pp. 1313-1328, 2008.

[4] K. Fukumizu and S. Amari, “Local minima and plateaus in hierarchical structures of multilayer perceptrons,”
Neural Networks, vol. 13, no. 3, pp. 317-327, 2000.



