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Abstract

Signature-based algorithm is an algorithm for computing Grébner bases over polynomial ring.
In this paper, we give the non-commutative theory of minimal signature and the non-commutative
signature-based algorithm on both Weyl algebra and Poincaré-Birkhoff-Witt algebra. We also imple-
ment both commutative and non-commutative signature-based algorithm on Risa/Asir a computer
algebra system.
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Signature-based algorithm (SBA) 13, ZHRE LD IV T F—HEEZRDLIT VTV XLDVEDTH
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2 Signature DEFHEMHE

K 2RBEL, RET o1,...,20,01,...,0, ITETS Weyl 8% D THEY. I<HShTW3
£9142, 2HEAB Klz,¢] = Kz, ..., 20 6,...,&] ZHWT, P e D DRESR P(z,€) € Klz,¢] %
ERBLIEVERTHD. HHEAR Ko, KB 5 £REAHEY < 2EEL L5, WEEIHALT,
LM(P) := LM(P(z,¢)) £ LTHL. WE P, P,,...,P, € D DT % D OEAFT)V I = DP, +
-4+ DP, %2 5. OO IM(P) <--- <LM(P,) & LTHL. Klz,& IZB 1) 5 RHANSKDOHES
B M={z¢8 |, NI} 2T D, TZTM>om(z,8) =2PITHLTm=29°€c D &EDD. T4
bbb, m(z,&) ERERRIFEODOEAmTHY, INSOERICEEELTIELL. I512, Zahs
DFHINTBWT Kz, £ (B 2O LS (T L D21 2O E S HAEEL TV
FOBEZ VK S ITERELTIELW.

L DT ={(Q1,--,Qr) | Qi,..., Q. €D} ET B EZNEIHE r DL D NBETHS. D" >Q =
(Q1y...,Qp) D (D) 2L %E Q(x,€) = (Q1(x,€),...,Q.(2,8)) LEDD. fiWT, {el,...,e .} &
Dr OFEHEREK LT 5. NMFREROES M %, m(z,&)e;, 2DRDESGLTS. (m(z,€) € M)

EE 1 (EBIFXIERF)
M EDNEF <, DA NE5G72 3 & SITMEFRERIEF L WS, 22 Tmy (2, ), ma(x, €),ms(x,€) € M,i,j €
(,....1} & 55,

(1) my(w,8)e; <m ma(z,8)e; = my(z,§)ms(z,€)e; <m ma(z, §)ms(w,§)e;
(2) mi(x,€) <ma(z,&) = mi(x,€)e; <m ma(z,€)e;

ID <, 12&Y, PeD Iz LM(P),LC(P),LT(P) %I h 3.

1
<m DEIE UTEATI D 5.

(1) POT: my(z,&)e; <m ma(z,&)e; < ¢ <jor (i=jand mi(z,§) < ma(z,§))
(2) TOP: my(z,8)e; <m ma(z,8)e; & my(x,§) < ma(x,§) or (my(x, &) = ma(x,£) and i < j)
(3) Schreyer: mq(z,&)e; <o ma(z,8)e; & my(z,&)LM(P;) < mao(z, )LM(P;) or

(ma (z, §)LM(P;) = ma(z,§)LM(P;) and @ < j)

R 2 (MOMEDY L TF—HEE ERY)
S % D" O D IEEE L, <, 2 —DEET 5.

(1) S DHEBREDHES G TUFEHTLOPEET S, ZORIZG %2 (ED) JLTF—EEL WS,
PecS\{0}izHULT, % gecGPHFELTLM(g) id LM(P) 2#5.
(TabB, LM(g) = mi(z,£)e;, LM(P) = mo(z,€)e; £32&, i =502 mi(z,8) | mo(z,§) &7
5. ii5 e LT LM(g) | LM(P) TKRT.)

(2 SOIVTF—HEE G LTS PeD IZHLUMNENZT P M~ E£5. ZOP %PODOG
KT 2 IEHK & W, NFg(P) TRT.

P-P cST, PIEGIZHEULENTH 5.
(Tbb, P(z,&) IZBHNBRERI VA5 LM(G) DL THENRW.)

BT, DB <, & —2REET 5.
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EE 3 (syzygy MEE)
D" D5y D INEE Syz 2 LA R TED 5.

Syz={Q = (Q1,...,Q.) € D" | Q1P +---+ Q,P. =0}
BT, M %ZIRD 2 ODEBIZHITS.

LM(Syz) = {LM(Q) | Q € Syz}
NS(Syz) = M \ LM(Syz)

GiSyzDJ VT F—HELXTEE, LOEHELY
NS(Syz) = {m(z,¢)e; € M | LM(g) { m(x,¢)e; for Vg € G}
TH5.

PcI\{0} &, P=QiPi+ - +Q.P RTIENTESL. ZDLE, (Q1,...,Q,) & P DRIAR
I MLEREZ., REARZ MUE PIZH L —RICIEEE S5R\. —H T syzygy MEEEAAWS Z & TIORE
NI M E <, CEALVLT—BNSVWEDEEDEILNTET, ZHLEFBIZEES. TORNDOERE
N7 FVO EHIEHAA minimal signature TH 5.

HE 4 (BRINRENI M OFEE—EM)

Pel\{0} DEHRZ ML Q = (Q1,...,0Q,) £ LT Q(z,8) »* NS(Syz) DIEHD AN 57456 DAL,
PIZHU—FRITE LS. POMEEORHNRZ MLE Q £T52 Q = NFa(Q) 22 LM(Q) <., LM(Q) T
»H5.

BB P ORBINY PLE-DOLY, Q= (Qr- . Q) EL, D GIZETBEHREEQ = (Q1,...,Q,)
95, ZDOLEQ-QcSyz THAHDT,
(@1~ Qu . Qr — Q) (Prye, P) = (Qi— Q)P =0
Y. ZhuE
P:i;QiPi:i;QNiPi

AERT 5. £/, FHRPOEHLY, Qz,¢) X NS(Syz) DIHOAS 54 S, HVWT s RT.
D&M %I T LI BEBHRZ MV R=(Ry,...,R,) %22 %. ZOLEGHNTHS. > TR-Q%
G THY, P=RP +---+RP.=Q,P +---+Q.P. &b,

(R—Q)-(Py,...,P,) =0
THH5. LEd->T, (R-—Q)IFGHMH»DSyz DETHBEDT
(R-Q)=0
NREND. BB, GIZLPEMBRIEEZ FF50T, LMQ) <., LM(Q) TH 5. 1

E% 5 (signature)

P eI \{0}iZNL, HE 4D Q% P ORNKRERS MLLIER. & 512, LM(Q) 2 P ® minimal
signature X IFf, S(P) &&3. (BLF, BT signature & Ril§ 5. S(0)=0&75. ) £/, POHR/N
BHRARZ ML Q= (Q1,...,Q,) L BEHR
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P:Q1P1+"'+QTPT
%, P OBFEER LS. T DL signature (2740 55 M ODfESE%2 Y, TRT. Thbb,
S={seM|HDPclPFILLTS(P)=st75.}

HRE 6 (FFRTTM)

(1) {S(P)| PeI\{0}} =NS(Syz) TH5.

(2) PeI\{0}, m(z,&) € MIZHL, m(x,&)S(P) € NS(Syz) = S(mP)=m(z,§)S(P) TH 5.

(3) PeI\{0}, m(z,&) e MIZTRL, m(x,£)S(P) ¢ NS(Syz) = S(mP) <, m(z,£)S(P) TH5.
((2), B) 12BWT m(x, &) & S(P) DRI, K[z, €] 2B 2 #HOBOIEHATH S0 m & P OMIZ DIz

BIFBIAMOMTH 5 Z LITHER)

EEBA (1) signature DEH LY, S(P) € NS(Syz) TH5. £oT{S(P)|PeI\{0}} CNS(Syz) T
H5. Wiz m(r,é)e; € NS(Syz) &0, P=mP, LB, S(P)=m(x,8e; THD. (m(x,&) € M)
X o> T, NS(Syz) c{S(P)|PeI\{0}} TH5.

(2) P OFEIS P = Q1 Py 4 -+~ QP ERUNEBRZ MV Q = (Q1,...,Q,) 2E X 3. S(P)=LM(Q) T
HB. ZOLEmMP =m@P+...+mQ.P. L £INE, ZIZT, mQ=(mQ1,...,mQ,) ¥ mP D%
B2 bV THB. mP D signature KD 5720 mQ DEHF2E X 5.

NF g(mQ) = NF (LM, (mQ)) + NF 4(mQ — LM, (mQ))
ERITBIENTES., KELD,
NF (LM<, (mQ)) = NFg (LM< (m)LM, (Q)) = NFg(m(z,©)S(P)) = m(x,£)S(P)
Thb. — /T,
LM(NFg(mQ) — LM~ (mQ)) <, LM(m@Q — LM, (mQ)) < LM(mQ) = m(z,6)S(P)
W OID. L7zh-T,
S(mP) = LM(NF 5(mQ)) = m(z,)S(P)

WRENB.
(3) (2) DEEH & BT HESD 555, m(x,€)S(P) ¢ NS(Syz) DE &I,

NF g (LM(mQ)) <m m(z,£)S(P)
LM(NF5(mQ — LM(mQ)) <, m(z,&)S(P)

THd0,
LM(N Fg(mQ)) <m m(x,€)S(P)
YhB. ZDIERD,
S(mP) = LM(N Fg(mQ)) <, m(z,€)S(P)
DREND. '

wmaET
NS(Syz) =3 Tdh 5.
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FIEFA signature DEFE L D, S C NS(Syz) (FHASA. —4, Vs € NS(Syz) IZH L s = m(z,&)e; (m(z,§) €
M) ehl, P—mP 5L LHEG2) b,

S(P) = S(mP;) = m(x,£)S(P;) = m(x,§)e; =
THb. £o7T, NS(Syz)C >, TH5. 1

%8 8 (signature DBHL, RE)
PP eI\{0} &9 5.

(1) LM(P) = LM(P') #*2 S(P) = S(P)) = s DY ¥, $5 a,bec KX BELLT,
S(aP 4 bP') < S(P) 72 LM(aP + bP') = LM(P)

L TEB.
(2) S(P) = S(PY DY E, fFEDac K, be KZHLT,

S(aP + bP") = S(P)
A RVASR
IR AR PP OREANT MLVE Q1,Q2 2T 5.
(1) LM(Q)) = S(P) = S(P") =LM(Q) TH»5DT, LT 2AULIZT 3 L5 G217, Thbb,
ba,be K* 2 UT, LT(aQ,) = LT(-bQy) £ TE3. ZDLE, aP+bP ODEREARZ MLiF aQ) + Qs
THY, aQr +bQa 1ZBWT LM(Q;) DFEIT0 2725, Thi
S(aP +bP') = LT(aQ1 + bQ2) <m LT(Q:1) = S(P)

BT 3. 4, LM(P) = LM(P') £ 9 aP+bP' Tld LM(P) QW45 £->TLM(aP+bP’) = LM(P)
TH5.
(2) S(P) = S(P') £ LM(Q1) > LM(Qs) TH 5. &>THED a € KX, be K 2L T aQ, + bQs
O LM i LM(aQ,) TH3. 1L, S(aP +bP') = S(P) & HkT 3. '
WE9
m(z,§) € M, P I\{0}IZHLT, S(mP)=m(z,§)S(P) THBHL¥$5H. TDLE, u(z,f)|m(z,E T
H5u(x, &) e MIZHLT, SuP)=u(z,£)S(P) TH5.

SEER S(uP) # u(z,§)S(P) #IKET 5. #li#6 &0 S(uP) < u(z,£)S(P) TH5.
w(z, &) = m,¢) L5, (22 Tw@u®, &) =m(z,8) THE2W wu=m L7225 LIFELRNI LI
EE, BEE K[x,g} B A MHROBTHE X D B 3ETHMOETHS. ) 2oL X,

S(mP) =m(z,&)S(P) = w(x, &)u(x,&)S(P) = w(z,§)S(uP) >, S(wuP) = S(mP)

EROFENPEIND. BBOFES S(wuP) = S(mP) 1XH#E 6(2) DFEPHOWN L FKIIRI NG, E
B2, P DRUNREIRZ bVE Q = (Q Q) ETBE, S(P) = LM(Q) THB. ZDLE wuP =
wu@1 P+ ... +wu@, P EENB. 22T, wuQ = (wuQy, ..., wuQ,) ¥ wuP DEFRZ MLTH 5.

Fa(wuQ) = NFg (LM<, (wuQ)) + NFg(wu@ — LM< (wu@Q))

ERTBIENTES. IKELD, NS(Syz) 3> S(mP) =m(z,£)S(P) W Z,
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NF (LM, (wuQ)) = NF g (LM (1) IM - (0)LM- (@) = NFg(w(z, €)u(z, €)S(P)) =
NF & (m(z,£)S(P)) = m(z,£)S(P) = S(mP)

Thb. LizdisT,
S(wuP) = LM(NFg(wuQ)) = S(mP)

MREIND. ]

3 G-fENES-ILTI—EE

EE 10 (S-fEH)

PRel,QelI\{0},se M&¥%. Phs QLY RIT G-top-BHT2L1%, 55 m(z,€) €
M,a€ K* BEHELUTUF&Hi7zT L Eizwwn, P2 RTERT. (BT, W 6 KT 5. )

(1) R=0% U< E LM(R) < LM(P) %2 R = P — amQ
(2) S(MQ) <m s

sEPRLAEWEGS, s=S(P)&T5. Z0LE, S(R)=S(P)Ths. £/, QB LLIEmQ) % &-
BHTE VS, (m& QORI DI 2IEAMOETHS. ) I DHNES HIZHLT, HDm%E G-
el TefifdTasies, P RTKY.

FE 1 (regular B# & singular f&#7)

EH 10128 B8 % regular S-top-flifI L IER, ZHERNEL TEZ 10 1I2BWT S(mQ) =< S(P) &
U754 % singular G-top-flify L FER. 2L 7 —HEDOHERIZEWT, R EC LD AL TTILVOIL
M0 BH, ZNIZIE singular AR T 5.

EFE 11 (G-BEE &-7#)
SEM,PcIiZRLUTPHMHsIZBELTG-BNEIE P%26fEiilTsQMFEILLAVEEIZVD. s%
PRLURWEE, s=85(P) &35, GHNTRVE I S-THE V.

HE 12 (C-BHOARME)
PcI\{0}IZHLT, G-flifNzmMHEREYITS. ZOBRFERERETEEL, FikL-2 2B 505
13 G- THS.

SR P =P YL, G-DEIETEONBI (P, Py, .. ) 2225, ZOLE, LM(P) = LM(P,) = - --
DO NI BOoNS. < FEEFOZS, ZoOR RFIXERETEIET 5. 1

78 13 (BT d LM — =i - &/IVE)

PP eI\ {0} ISR LT PP I3 S-HHTHD, S(P)=S(P)L¥%. 20L& LM(P)=LM(P)TH
5. ¥ 517, s € NS(Syz) {Zxf LT, signature *s £72% P € I TLM(P) »&/NMNI7%5 % D% &-FH
THEZHEnh5.

fEBR PP el LT, PP IXGBNTHY, S(P)=S(P)&d5. LM(P)#LM(P) L LTFE%
B BETHNEP L P AV EBRALZETLMP) = LM(P) 35, #i#ES(1) kVHba bec KX
MEIELT

S(aP 4 bP') <, S(P), LM(aP + bP') = LM(P)



LTEDL. ZOLEaP+VP X PO GHMNLERDDT, PHRE-HNTHDILIINT .
RIZ, s € NS(Syz) & 5. signature ¥ s 2725 [ DILD LM 2K H(s) 52 5. Thbb,

H(s)={LM(P) | P eI, S(P)=s}

Thd. BERAOESGIBINELETHLDT, H(s) IIFMNTHFLET S, ZORNEESZ5 Pl
XS THEILERT. BLEIThRVWET SL, GBNAKEIET . T4hbb, D P cIT
S(P') <m S(P) 2 LM(P) = LM(P') £ 22 L OWEET . 0L E, P Co-fifidnizitos P
LIsL,

S(P) = S(P)=s 7D LM(P) < LM(P)
70, POWMYHIZKT. '

R 14 (BEHIT D signature —E M  &/ME)

PP eI\ {0} IZXf LT PP 13 S-BEHITH Y, LM(P)=LM(P') 3 5. 2O S(P)=S(P) Th
3. ZNEY, m(r,€) € LMUI) EHLT, LM A m(a,&) 53 PelTS(P) BRAASSE DT S-8F
HWThodI ebannsd.

B PP’ c 1\ {0} CHLT PP G-BRITH Y, LM(P) = LM(P') ¥ 5. S(P)+#S(P) 2 LT
FEEEL. BETHNEP L P EMOBABILTY(P) -y S(P) LT 5. ZOLE, PRP OG-
ML L B DT P DMWY KK T
Wiz, m(z.€) =LM(P) ¥ LT FO%EEEEZB.

M(m(z,€)) = {S(P) | P ¢ I, LM(P) = m(z,£)}

M(m(xz, ) \CIRBUNTEAFET 5. ZOBNRESAE Pcl 3 G- HHTHEZLA2RT. BLEST
BNETBe, SMHTHEET S, $hbb, 2 P el TSP <mS(P) 52 LM(P)=LM(P') &
BEEDOBEFELT S, ZHhiE PO HFIZKT. 1

% 15 (FERTDRERME)
EHEL0DTLFTEHANS. PcI\{0} B¥G-HHTRVWET S, 20L&, POGSHHNTMQELT, &
B ornens.

EFB LM(P) % LM &9 % I DI T signature BR/NDH DIE G-I TH 5. 1
E#& 16 (6-JL 7 H—EEK)

I DWMHES GHRUTREZTLE, TOG-JLTF—EEREWVS.
H#GHHTHE PecI\{0} LT, H2 m(z,€) € M, gc GWHEIEL TIRETE-T.

LM(P) = m(z,§)LM(g) 72 S(P) = m(x.£)S(g)

(LD m(z,&) BB SHRUBEAZET. #RE L TLM(mg) = m(z, )LM(g), S(mg) = m(z,£)S(g)
5. )

R 2
EFH 16D mglE, ME13 X0 SN THS. 51T, gb G-HENTHS. ZOZLHLEHICDG %
G- EDETINS6RE2 LTEN. ZThzs 67V 7 F—REOEHITIILOPSIMATHELLILHT
5.

129
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FE13 £ 0, S-WENZILD LM i signature T—EIZEED DT, TH 16 DHDE VS E LT RA
H5.

EE 17 (G-FLTF—EEKZD2)
I DEHEE G2 TEE, OG- IV TH—HEL NS,
% s € NS(Syz) IZH LT, % m(x,€) € M, ge GMWFIEL TRAEMT.

m(z,€)S(g) = s D mg ¥ S-BEK

14 &0, & mx, &) € LMU) 123U LM 23 m(x, &) &7 5 G-BERIEDFIEL, % D signature I%
m(z,€) TRIZEXZDT, EHE16DHDOSVHLUTUTHH 5.

EHE 18 (G-I LT+ —EEKZD 3)
I DENES G PR REZTLE, [0SV T F—HKEL WS,
Fou(z, &) e (M) IR LT, % m(z,&) € M, ge G WHF{LEL TRERZT.

LM(mg) = u(z, &) #2 S(mg) = m(z,£)S(g) 72 mg & G-
UROMBEITERE 18 LV EBIIRINS.

P19 (G-VLITF—ERRBILITFT—EETHD)
IDGIVTF—REZIDIVTF—RHEEXEL.

78 20 (singular B#IC & % 0 &)
GuRIDGITVITF—HKEKLTE. Z0rE, Pel\{0}kGIZL3singular flifyTOIIZ45.

SFBR P € TWZX LT P A G-BETRITNIE, regular fifIANEH X G- icfiiiiansg. Zok
&, G-TVTF—HEDEHLY, H5 SR mg (m(z,8) € M, g€ G) BFELT S(mg) = S(p) &
%%, (LM —3M & D LM(P) =LM(mg) Th 5. ) £>T, 3 ac K* 20E, LT(amg) % LT(P)
E—HIEBHIENTE, PP=P—amg i

S(P') < S(P) 7 LM(P') <, LM(P)
L%, Zhid singular A THON S Z L R EKT 5. MK, LEIOEELEEDETI LT,
P—P P —...
& 725 signature (2B BTN TE S, ZHIAERRBITIEE 2D THREZIL0IZRS. 1

08 21 (6-J'L T —HEEDEFK)
# s € NS(Syz) IZX U T signature 2% s TH 5 & 57 S-Bifwic —DMWY, i P, 95, ZD&
& {P; | s € NS(Syz)} £ &6- VT F—HETH 5.

G-IV TS —REDEHRCIIERESEZ2LATOTULOME2L L0 6- 7L 7 F—HEOFMLNRI N,
U PRTIRESIzGREEZRT.

ol 22 (6-7 LT F—EEDHRY)
GaG-IVTF—HELTS. ZOLE GOAREPEATS- /LT —HELLDLOPELT 5.

BEEBR DA NDEHSEEZS.

V:G>3g+— (LM(g),S(9) e M &M
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FA IV OMBUIEY, GOAEMRES HTV(G) TERINDE /AT TVEERT DL DONELET 5.
IOrE, HWS-ZV7F—HEIRB I 2RT. Pel\{0} % 682 T5. 6-7L7F—HED
EEED, DD m(x,§)e M, ge GWBFIELT

m(z,£)S(g) = S(mg) = S(P) 2*2 m(z,§)LM(g) = LM(mg) = LM(P)
WO, —F, HOMY KLY, 55 ulx,€),v(r,€) € M, h € HHBFELT
LM(g) = u(z, €)LM(R) 7 5(g) = v(z,£)S(h)
YA, M6 XD v(z,6)S(h) = S(vh) THH 5.

1. u(z,€) = v(z, &) DHE, m/(z,€) = m(z,&u(z, &) = m(z, Ev(x, ) £ T 5. ZDLE, S(P) € NS(Syz)
72D THHRE 6(2) 5,

LM(P) = m(z, €)LM(g) = m(x, €)u(z, E)LM(h) = m’(z, £)LM(h) = LM(m'h)
5(P) = m(z,§)5(g) = m(x,§)v(z,§)S(h) = m/(z,§)S(h) = S(m'h)
L35,

2. u(x, &) <v(x, ) DG, TOLE, u(®,)S(h) <y v(x,8)S(h) TH5B. 1 DEELFERIZ m/(1,8) %
EDB.
1 D& £ FABC LM(P) = LM(m/h) TH Y,

S(P) = m(z,)S(g) = m(z,)v(z,§)S(h) =m m(z, E)u(z,€)S(h) = m'(z,£)S(h) =m S(m'h)
B, TEm'h AP D G-flifIiE mBDT P OWY HITKT

3. u(x, &) = v(z, &) DHE, m/(x,&) =m(z,v(x, &) T 5.
1 DBELFRKIZ S(P) = S(m'h) TH Y,

LM(P) = m(x,§)LM(g) = m(z, &)u(z, ) LM(R) = m(z,)v(z, ) LM(h) = m/(x,&)LM(h) = LM(m'h)

THDMW, PEG-HHNTHLDT, £0O LM PE/MEIZREZ LITKT.
BLEIZE D u(z,€) = v(z, &) LRI D ZT, HARG-ILTF—RETH 5. .

T 23 (RAM)
PcllZG-BHTHZLT 5. m(z,€) e M\{1}, PP c ITP ZG-EEHNTHY, E5IZLM(mP’) = LM(P)
2D m(z, £)S(P) = S(mP') = S(P) £ 255 DIBEMLLARNE X, P A2EBHTH 5 LITR.

58 24 (W -V L TH—EE)
Gh G IVTF—HELT 3. GOEBIEEDDANSRIELEGLTE. Z0LE, G621
TF—HETHS. Z0GEBNG-JL TF—HELITLR.

BEPA G % G-I Rb D545 LTIV, G DIt g THIBEHNTRWSDVH o781, 5 e G
TG D LM(mg) = LM(g), m(z,£)S(9) = S(mg) = S(g) £ 722 HDIPFEAET 5 T & 2R3 L.
BRTIHG O g BEIAKTRWE TS, 0L E, €H23E0, 5% m(s,€) € M\ {1}, P € I B#{E
LT
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LM(mP) = LM(g) 22 m(z,£)S(P) = S(mP) = S(g)

Thb. PIEG-MHTHS. I T, G-JLITF—EEDEHRLY, GDitg T, D my(zr,6) € M M
FELT,

LM(mig1) = LM(P) 22 mi(z,€)S(g1) = S(mag1) = S(P)
b, ko7,

LM(mmaig1) = m(z,§)LM(mig1) = m(z,§)LM(P) = LM(g)
m(z,)mi(x,€)S(g1) = m(z,€)S(migr) = m(z,£)S(P) = S(g)

TH5. S(g1) <m S(g) CHEET S, g PEMHNTHRWIGEIE, ZOREL2ERERRD KT Z & THRIA
i ge GHrERIN, ZhIRDELDOTHS. 1

4 S-JULTHF—EEDERN

Weyl REUZBWTH, SHABRAKROHENT G-/ V7 F—HEEFHTE2T7NTY XL2MKT 52
ENTED. UNCRMEEOZDIV T F—HBEDIEIE TN T monic 255, (LCE21275. )

M &T5. IOHNESGHPUTORMEL 2H-TLE, TOsHUTF (RKEG-JLTH—HEEE W

EHE 25 (s AT (R#) 6-JLTH—EE)
s €
5. BEITGUT, RME1E2RME2ICESHMA S I LHNTES.

%M 1) signature A% s BA N (Kiih) T, G- TH D LI P I\{0} LT, HS m(r,£) e M, g€
G WEAEL TR &TG72 9.

—

LM(P) = m(z,§)LM(g), S(P) = m(z,£)S(g)

(%M 2) s’ € NS(Syz) T s’ I& s BAN (Riff) b DI U TH 5 m(x,&) € M, g € G HFAEL TR %
729

S(mg) = m(z,€)S(g) = 8’ 7D mg 1+ G-BEK

IDsPAN (Rif)S-IVITF—BEKEG%, Gz (Gzs) RT3, £/, D s KD S- IV T F—HK
NsUNDG-ZLVTF—EEIZITRSBVWE &, s #BEA signature £ W\, £ TRVE EIZs 2R
E7 signature £\ 5.

EH 26 (ERIN, SZIEN)
Pl,PQ c I\{O} e lJ, Z 3 5 1E monic tj‘%) 5@’ (Pl,PQ) DS %Iﬁiﬁ%‘: Spoly(Pl,Pg) =mi1 P —moPs bt
T5. Thbbm,m, DERRITTHTN

LCM(LM(P,),LM(P,))  LCM(LM(P;), LM(P,))

LM(PY) : IM(B)

Thd2T5. (SELHEHADm& P, OME mol P, OO D IZB I 2IkEAOETHS. ) 22T,
S(mlPl) ?é S(TTLQPQ) D& %, (P17P2) %IEEUNZL\L‘, SpOly(Pl,Pz) %EEU@ S %Iﬁitb\i m1P1 b
maoPy DD 5, signature DRKEWVIZD ZERDEIER. ZTDL &, Spoly(Py, P2) D signature &35 D
signature 125 L\ . T BRI (P, Py) D signature & FES,
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W’JZ‘.@:EEU;@‘ (Pl,PQ) o)j_ﬁk—'ﬁj\i)) m1P1 T%éi}%éy S %Iﬁfh@ signature S(mlPl) Liﬁﬁ‘g 6(2) K 0
mi(z,€)S(Py) TREIND. HWT, U NOMBEILEHK 25 OFE2 LVEBIIREINS.

i 27
s€NS(Syz) 2L, G, %2 s Kiii G-7' L T —HEL 5.

(1) % m(z,8) € M, g € Gis PMFEL TR ZiT L 5.
s =m(z,£)S(g) M2 my & G-HEH

ZDEE, m(2,8)S(g) = S(mg) T, Gis s AR G-IV TF—HETHD. Thbb, s EAER
signature T 5.

(2) EFED m(z,8), g WFELRNE &, s % signature IZRD &-N it gs e [ 2 —D& 5. TDEE
Gzs VT gs EMATZEBE s U TSIV TF—RIETHS. Thbb, sldbEL signature TH 5.

fRE 27(2) D& X g, 2FERT IBELNH DA, ZD72HITIE signature ¥ s TH D S LTER &ML L
(regular) G- & T Z L THROLNS.

3

= 28
=m(z,&)e; € NS(Syz) & L, Go, 2 s K 6-7 V7 F—HgEL 5.

V2]

S={(m(z,£),9) | m(z,&) € M,g € Gzs,m(z,£)S(g) = s}
LB ZDLESLPTHD. IHITSDIE (mi(x,€),91) TLM(mygr) BEBNMNIHRZ2EDE LD, T2
T, BANDSEE O LD,

(1) LM(m1g1) = LM(mag2) &7%2% ma(x,&) € M, g2 € G<s T, ma(x,£)S(g2) <m 8 L7255 DIPFE
LBWEE, mg EGENTHD. (Thbb, TOHEIZIE mig »S5ESN S signature 55 s D
EHZe S ZHEHAFFELR. ) @ 27(1) £ Gos Es AR S-FVTF—HETHY, s3AEL
signature TH 5.

(2) LFD ma(z,€) € M, go € G<s T ma(x,€)S(g2) <m 8 LRDEDPBHFIET DL E, migr — mage 1&
g1, 9o DIEAIZ S ZIHK Spoly (g1, g2) T, D signature ik s TH 5. ZDEHEIE g, & LT Spoly(gr, g2)
EATREZRMRYD S-fiL72H DL, gs Ik signature 25 s O S-BERIRTTH b, @l 27(2) £ b
GisU{gs} X sANG-IVTF—HETHY, sldHE signature TH 5.

PR (S0 THBI L) T,
s =m(xz,€)e; € NS(Syz) = e; € NS(Syz)

Thd. (WMEEENTHASHL. ) S(P) =e; TH Y signature »’ e; D G- ILHTFLET HDT, &6-7'L
TF—HEDEHLY Gos DILTT D signature M e; LB LDOVBEFMLTS. TOx% §; £T5L,

S(mgi) = m(z,§)S(9:) = m(z,§)e; = s
Thd. Lizh>T (m(z,€),5:) € STH 5.

(1) mig1 2 G-BE TR W RET 5.
ZDEE, mag® S-HHNILE LT S-HENRED Q Bend, EBE, #E14 &Y,

M(LM(mig1)) ={Q € I | LM(Q) = LM(m1g1)}
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EBIFE, M(LM(mig1)) #0THYH, ZODHT signature E/NDEDE Q L THIEQ 1T G-BEITH 5.
Q X migi @D 6-%%%(3@ D S(Q) ~m 8 VC&)%@T, G<S @i%f)};}, %é m2($,§) € ]\/[y g2 € G<s T
ma(z,€)S(g2) = S(Q) <m 8 72 LM(mags) = LM(myg1) £ 2 DRFLL, ZNIREFET 5.

(2) wi(x,8) (i=1,2) e M 2ENZTh
LOM(LM(g1), LM(g5))
LM(g:)
U, u; (i=1,2) € DDERRKEEINTN u;(2,8) £ T 5. ui(z,8) | mi(x, &) THY, my(x,&)LM(g1) =
ma(x,§)LM(g2) & 9,

my(z, §) mi(z, §)LM(g1) ma(x,§)LM(g2)  ma(x,§)

u(,€) ~ LCM(LM(g1), LM(g>) ~ LCM(LM(g1), LM(g2)) — ua(2,€)

Th5. v(r,€) = ’Z:((i’ )) - TZ((;":;) Y4%. 22T, LM(m;) = LM(vuy), LM(ms) = LM(vus) T%
5.

g1,92 D S ZIHX% Spoly(g1,92) = u1g1 — uegs EXRFLT S &, vSpoly(gi,g2) = vuigr — vuags £,
LM(mig1) = LM(mage) = LM(vu1g1) = LM(vuage) £ 9,

LM(vSpoly(g1,g2)) < LM(mig1)
THB. £, Simigr —mags) = S(migr) = mi(z,€)S(g1) = 8 THBZ Eh 5,
o(, ur(x,€)S(g91) = m1(2,€)S5(g1) =m ma(x,£)S(g2) = v(@,&uz(w,£)S(g2)
B, TNEHBEINS,
S(vSpoly(g1,g2)) = S(vuigr — vuzge) = S(vuigr) = S(migi) = s
ThB. S(vuigr) = S(migr) DEMITHE 9 OEHOBLORMR L AR RENG. LT,
S(vSpoly(g1, g2)) = S(migr — mag2)

LD, ZIT, up =mp THWIE, migr — mage 1& (91,92) P S ZIHR Spoly(gi,g2) = urgr — uage 12
— U, %0 signature i¥ s &5, IhEk S-flif) L T signature 7% s O S-FEI AR TEAMR I N 5.

URTIE uyp #my I D AN EERT. uy #my LIRET NI S(Spoly(g1, 92))<m s THEDT,
G-IV ITF—HEEDEBENSH D ms € M, g3 € Gos WFIELT,
my(x,€)S(g3) = S(mags) = S(Spoly(gi, g2)) <m s 3D mags 1% &-LEKY

_ ml('rv §)M3(.L 6) _

Thd. ZOLE, fEEH13 &Y LM(msgs) < LM(Spoly(g1,92)) £%5. ZZTw(z,§) ) =
14y

v(z,&)ms(z,&) LT 5L,
w(z,£)S(g3) = v(z, §)S(mags) = v(z, £)S(Spoly(g1, g2)) = s
Thh,
w(z,§)LM(gs) = v(x, §)LM(msgs) =< v(x, )LM(Spoly(g1,g2)) < LM(mag:)

b, (w(x,€),93) € STHDN (w(x,€),g3) DIFSH LM MMENWZ LD D (my(x,€),g1) DELY Fi
2K 9. 1
WE 28 ZRIDORFFETDHLLANIZRS.



i 29
sENS(Syz) & U, Gis &2 s Kl G-7 LT —HEL T 5.

(1) Gzs DILDXF (g,9') T, TD S ZIHAD signature »° s 12225 DMBFLELZL TS, s KHER
signature T®H % 72 D BB+ /351X, signature A s 12725 mg (m(z,€) € M, g € GLs) TLM A
BNDHEDE XS LT HEANPFLTEILTHS.

(2) LFDX (g9,¢") T, D S ZIHAD signature 7 s 127255 DDBHFIEL AW E &, s (AR signature
TH5.

WE29% sU NGV T F—HEICBESMAITERS.

& 30
sENS(Syz) ¥ L, G 2 s NG VT —HELTS. Gz, Dtk VR EAINOEAEL SP &L,
B/ND signature % s’ L35, ZDLE, G, s RS-V T F—HETH 5.

FEEA 8 & Gs B 8 KD G-I VTF—HEL LD XD READ signature £ U, § <, s’ L LTFE%E
B EE, Ges MW ERFED S- 7L TF—HIETH B, signature 7% § DIEAI DI L HWDT, 4
29 XD G XSRS TV TF—HERLRY, REIIKT 5. 1

M 20,30 £V G-V T F—HEDOFETLIVALNESNG, ISZELTLVITYALTEDEE
TV TFr—HEEFHET LI TESL. BARIZIE, signature (ZBIT 2RNETEHHAE T 5. s Kifi -2
LI —HBK G 526N &, Ml 29 OBEHZEEEMRL, BELR signature TdHNIXME
28(2) D & S S HLIHRERN L THETz g5 & G 1TBINT 5. RE signature THNUE G, 3T DFF
TV, ZHZED sUFN G-IV TF—HIK Gz 2185, THICTh e 30 12K 0 Hiin s'Kifi &-
TVTF—RIE Gy 2155, ZOHBOVELTS-ZLTF—HEGHESNS. LA NTIE signature 23\
DTHFHETEIHEOT N ITY XLOMEEHIT 5.

Signature-based algorithm OE (Weyl fX#iR), signature B’V D TEHETEATRERIEGES

(1) G={P,....,P.} X0 5. (F/ND signature e; £ DT 5. GlEetBAN G-V T FH—HET

»H5.)

(2) G DLV RBIERINDOES% SP & U, signature D/NE WIEIZIERS. H/ND signature % s &9

5. (Gl skKMGS-7VIFr—RETHS. )

(3) siTHf LT 29(1) DBE+NEMEEF v 7T 5.

(3-1) ELWEA: B/ND LM L3255 0% i L35 S ZEANAEHRL, T S-HifEfT->T
G-It g5 ZEIHT 5. Tk GITHA, G55 signature 28 g; LA UHDEHIRT 5. (G
EsUFNG-FVITFH—RIETHD. )

X 512 SP L Y signature * s TH B ERINZ2 T RTHEHEL, Hzil g, 2oL T2EAN%
SPIZIAS. ATv 7 (2) ITR5.

(3-2) ELLKBRWEA: SP X U signature 7% s TH B IEHINZ T RTHEL, ATv 7 (2) ILES. (G

X sANG-Z LT F—RETHS. )
(4) G G-V 7 F—HEL LTHIT 5.

GG TVITF—HELR-7-2 AT, TRTCOEMAZSLERIK (3-2) 7420, H-RSLERD
FIEIEFEEL .
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5 Fi8signaturell &3 L T F—EEFE

E# 31 (F78 signature)

PelxS(P)»BAIOTLETS. Z0OLE, m € MIZHULT m(z,€)S(P) % S(mP) DFEIhi
signature ¥ 0, S(mP) THT. M6 £ 0 S(mP) = S(mP) TH2BBEFTHEMIL, m(z,£)S(P) e
NS(Syz) TH 5. FHI N7z signature IZHDWTHEH L ZEADS 2 BERIT L IFY, ZhnrsfEond
SZHEAZBER S LA & V. HWIERI S LI OD signature 1 (B 0 DRWIR Y ) A X 7= signature
EZ25HbDLT 5. FHINT signature & ED signature B4 5 & &, FHI N7z signature ZEBD
signature & W\, I SIZEWEAS2BOERN, £OSLERXNZ2ED S ZERL L VD,

WEIEAHBRIZB W TIEPHI N signature 2 ZHABRO L S ITHEK L &5 & LTH, FIEAOHNEEHE
HAANDOEM (RIER & REREROR) AR RER 2 130 520, GErMORTIEBEH Y OEATTM
BEOZEHAER->TUED. ) LU Weyl REUZEI L TIX LM IZE U TH#THETE 2 2 WO IHEEDLD
D, FRROEZEDLIIZLT DIZBI2HETIIRLSAJHOBIZE > THKRT 2 LR TES.

Weyl REUZBWTH, ZTHABRFAKO HETTRI NIz signature 2 HERK L 22085 NI 6-2 L 7
FoREEFIHT A LHATE S,

fhEE 32

sEM U, G % s K G-IV TF—REL TS, m(n,) e M, gc G 12 UT m(n,6)S(g) = s
TH 3D S(mg) # m(z,6)S(g) THIL s € LM(Syz) TH Y, mglds & G IZET 2 S-flifIIzED 0
s, KD S ZIEHNIZZ D signature 2 s T2 L, s& G TS S-fifIckboeins.

e 33
seM &L, G s KiliG-7 L7 Fr—HELT 5.

(1) Gzs DILDK (g,9') T, ZOHIEAI S ZLIHAD signature 2 s (855 DDFMELIZL T D, ZDL
&, s WL signature TH D 72DDBETHEMEIA FD 2 DBK VDI L THS.
(1-1) signature #¥ s 12723 mg (m(z,£) € M, g € G<s) TLM H /MO H D% L5 & 9 5 HEHIN
PIFALT 5.
(1-2) HBEA S ZHEHN%E S-HHILTOoIRSA.

(2) LEDxt (g9,9) T, BER S ZIRD signature 2° s 12725 B DDEE LR WES, s [EAEZ signature
Th5.

EBR (2) X0 S 2.

(1-2) 1IZBWT, SEZHAD 0IZ G-I ND Z LIFHRE LT s ¢ NS(Syz) THDZ & A2EWKL,
I NNz Lix S LHEADED signature ¥ s RIHTIHHRWI L 2EH®RT 5. ZoHACFRINE
signature I& s TH 5 DT, HOD signature ld s TH 5.

56T (1-1) PO NEDDT, 29 &0 s IFHEAL siganture TH Y, S LHAN%E S-flifydsI T
HO signature 7° s TH 5 G-BENRTT g, BRD SN D, 1

ME33 %2 s A NGV LT F—REICESMATERS.

i 34
SEMYU, Ges ZsUFG-IVTF—HEKLTS. G, DItV RIBEAMTOESE SP L, s &
D K&\ signature DFHTERNDEDE s/ LT3, ZDLE, G TRl G- IV TH—HKETHS.



FEBA § & Gzs D58 KD 6-7' L 7 —HK L 75 & 5 R AD signature & U, § <,, 8/ L UTFE
B R, Gz BWERMD G-FVITFH—RETH DD, signature ¥ § DELEHIIHFEL RV DT,
MAES33 LV G RN G-IV T Fr—HEe Ry, REICKT . I

R 3 (syzygy criterion)

i 33(1) IZHBWT, PRI N signature s AR signature L HWT T hizH D o' TENHE, s
L THB. (s € LM(Syz) &9, s =m(z,§)s’ ThhiEs € LM(Syz) TH5. ) £ZT, ThoD
signature Z &% L THWNT s NDHEHFEAND quicktest £ T 52 &N TE S,

Signature-based algorithm OHE (Weyl X#k), signature 24T L CFHEY 3155

(1) G={P1,...,P.} XD D. (B/NOD signature e; K VBT 5. Gld e AN &-7' LT F—HET
Hb.)
(2) GDILL VIR BEREADES%Z SP L U, signature D/NE WIEIZWER S, H/ND signature % s &9
5. (Gl skKMS-7VIF—RETHS. )
(3) sITH L T 33(1) DRBEFF&MEF v 2§ 5. (IR 3 % quicktest & L TH siganture DHIE %
522N TED)
(3-1) ELWEA: BUNO LM 12253 0% i L35 S ZHEAAERL, 1 S-fEifEfi->T
G-t g, 21T 5.
(A) gs =00 &, s€LM(Syz) TH5. ZNIIAETD Y KRB signature TH 5.
(B) gs 0 D& &, s e NS(Syz) TH Y MBI signature TH 5. g5 & GIZIMAS.
G 15 signature H* g LEILH DD UL ZTNEHIRT 5. (GIEsANG-Z LT F—HETH
%. ) THIT SP XY signature 7 s TH SHIEHIN 2T RTHEL, Fifzil gs 2lin &9 58
EHI A SP 2Nz 5. ATy 7 (2) ILR5.
(3-2) IEL K RWEE: SP & U signature 73 s TH IEIEAIN 2 TRTHEL, ATV 7 (2) ITR5.
(GE s NG-ITVTF—RETHS. )
4) G& GFLTF—HEL LTHATS.

GG VTF—HELRSZEIAT, G% S-BHNZILOAMILTEITIE, GHSEEARIIHE
LW, ZOTNIVZALE2FDZHEDPMRDEDTHS.

73V XL 1 (signature-based algorithm (Weyl fX#hR))
input: F ={Py,...,P.},<m
output: F DEETBEATFTTND 6-7VTFH—HEG
SP+ {(P,Q)| P,Q € F;(P,Q) 3 E I}, G+ F
while (SP # 0) do
s < min, {S(Spoly(P,Q))} ((P,Q) e SP)
if (quicktest THTIZA\N) then
if (S(mR) =s £72% mR (m(z,¢) € M, Re Q) DHT
LM B/hNDH D% X5 &9 28 EAI (P, Q") MMFLE) then
h <Spoly(P",Q"), h—&  h
if (h # 0) then
G+ GU{h}
SP« SPU{(Ph)| PeG;(Ph) iFEEM Y
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end if
end if
end if
SP « SP \ {(P,Q)| S(Spoly(P,Q)) = s}
end while

return G

ZIEABUZ BT 5 SBA LU T, h <« Spoly(P, Q') & h —& , h D2 fHFiNEELTH 2. S HIH
X% DIZBIFBFTIERL S-flif% DIZBIIAFTITS. — A TFEI N7z signature (X AT HLOFE THEK
T35, ZHITED Weyl REUZBWT S SBA ASEHTE 5.
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