139

Risa/Asir IC$51F % signature based algorithm D3RIE|C
20T
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Abstract

Faugere [1] presented the Fy algorithm for efficiently computing Grobner bases but the proof of its
termination and correctness was incomplete and since then many efforts have been devoted to verify
them. As a result many variants of the F5 algorithm have been proposed by various researchers and
they are called signature based algorithms. A Survey by Eder and Faugere [4] gives a summary of
signagure based algorithms. In this article we explain the basics of signature based algorithms and
reports the computational results by our implementation of a simple signature based algorithm in
Risa/Asir.

1 #BE

Faugere (1) A Fs ZFRLUTD, 2T THERSENTWE 7))V T X LOEIEYE, R4S MiEGAH D, LL
K, ZDELLDT-DDHFENEZ L ITONTE. TOWRET F5 7LV XALDOZBOEMNEREN
fz. TNHIXE L ® T signature-based algorithm (LLF, SBA) & XN TV %. Eder-Faugere I & %1 —
NA 4] 1 2014 FICTLTU 2 bA arXiv ICHD, 2T T 2014 £ TA XTI TNz SBA 1T 2
WFEDIF E A EMIRFEN Tz, A 2014 0D T DY —A ZItic sz E, SBA ZHfiE L
&5 BB, KR E UTHRREZ AN D D, G5 EADII BN EHRBTE Ao 7. 2016 &
MBIk T. Vaccon K& A Tidkam LIZAER, Arri-Perry [3] TRENTMHHAZ S LICHERZHEK T 5 T
LT, MRB X URERER T )NV IV ALZHKT 2 N TER. 2DO7)V TV X LIE Vaccon-#itll [5],
Vaccon-Verron-f#(L| [6][10] A tropical version M SBA & UL THEL TV AN, BHOLHEAER LTI
UALELTED DO RT R LIZE DN [7)[8] THS. AT, [8] IKEDNTZDT VAU XLD
JFIRZ R U, Risa/Asiv NOEEE L ZOHREL TOMREIC DOV TRET 5.

*1 E-mail: noro@rikkyo.ac.jp

*2 E-mail: kazuhiro@rikkyo.ac.jp
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T OWIFEE ISPS RHIFESHRITIZE (C)18K03432 DB Z 51 TV E T,

2 Signature

K 2K, R =Klz1,...,2,) £9%. I ={f1,....f1) Z ROATTIVET%. <% R ODEEF, < &
R'=Re; ® - ® Re, DINEHEIEF D £3%. feR(heRYICHL, < (<) ICBET 251 OiE
EHE LM(f) (LM(h)) &&EL<.

E#& 1 (signature) ‘ ¢
fel, f#0IixL, S(f) = ming{LM(h) | h = Zhiei € Rm,Zhifi = f} Z f O signature &FEE.
=1 i=1

AR 1

f=0 hifi RBEEDZRICH L LM(Y!_ hie)) % f @ signature ATV A XIkEH%. $15D
LWEAICIE, T T TERE LTz signature & minimal signature & PR,

5 2

M 7% R O 1 OBIEX2A, M % R OFE 1 OMBFHIER2kE 35 & &, Syz, NS ZRTEERT 5.

¢ ¢
Syz =syz(f1,..., fe) = {Z hie; | Zhifi =0} C R', NS={me;|me M,me; ¢ LM(Syz))} C M
i=1 i=1

EE 3 (sygyzy DJ LT F+—HEEL signaure)
G % syz(fi,.... fo) D < ICHTEILTF—HEKL L, NFg(h) Z he Rf O GILXBFRETS.

L f=Y hifi € I [ # 0 ZXL, 5(f) = LM(NFG(YXL_, hies)).

2. {S(N) [ fel,f#0}=NS.

3.meM &FBL S(mf) =mS(f) T, S(mf) =mS(f) < mS(f) € NS.
i

Lh=3X! he,r=X" re =NFgh) £T3E, f =S hifi = rifi THB. &L
S(f) < LM(r) 251, h' = X hles PMFELT f = 3, hifs D LM(R') < LM(r) £75%

M, TD&Er—h €8Syz £72%DT LM(r — k') = LM(r) € LM(Syz) LD FETH5. £>T
S(f) = LM(r).

2. S D

3 f = X hafi, IM(S hies) = S(f) £9%. W = Sy mhie; £ & mf = Y mhifi,
LM(h) =mS(f) &0 S(mf) X mS(f). mS(f) = S(mf) %5 2. XY mS(f) € NS. mS(f) € NS
51, LM(R') € NS & LM(h') = LM(NFg()) = S(mf)

mS(f) & mf D guessed signature &FESEEDNDH 5.

VISR FIc OV, BIAE [25 5 2 [ B,
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EE 4 (6(¥97)-B, G-BI)
L f el OFFHE g c I THATBHE S(f) - Simg) (m = {3d) WD LD EE, (regular)
S-top-fiK (M LT S-MiK)) &IP5.

2. 1. T S(f) = S(mg) & UJz& E singular &-(top-) fli#I & LS.
3. f 7% regular G-f§if) 95 ge I WEFELAEWVEZ fiT G-BIIE VLS.
f72 g TSMHILTr &% LZ S(r)=S5(f) £7%%5 T LITHERET 5.

EE 5 (S-BITticEy 32—, svE)
1. seNS &T5LE pel Sip) =sH GBI & LM(p) = min. {LM(q) | S(q) = s}

2.meM E&5B5LE pel LM(p) =m » &8 < S(p) = min<{S(q) | LM(q) = m}
3. p,p €1 D SBHDEE S(p) = S(p') < LM(p) = LM(p')
SiERA

1.pge I, Sp) = S(q) =5 £9%. LM(q) < LM(p) &b, % c € K IZHL r = p —cqg B
S(r) < s D LM(r) = LM(p) Z2#i7z9. TOIp & rickD S-fiFIENZDT, p 1T S-BIKTHK
V. Ko T pd G-BEHIGELIE LM(p) <LM(q) £7%%. p M GBI TRWIES, % q € I DMFE
LT LM(q) = LM(p) D S(q) = S(p). TDEEHB ce KL r=p—cqg B S(r)=sMD
LM(r) < LM(p). §7%%5 LM(p) # min<{LM(q) | S(q) = s}.

2. p,q €I, LM(p) = LM(q) £ %. S(q) < S(p) 25, p i ¢ I KD regular G-fEHNETNEDTp I

SBHITEV. XoT p A SHEHIEDIE S(p) < S(q). p H SBERITEVED, 53 q e I MAE
LT LM(q) = LM(p) 2D S(q) < S(p). TDLE S(p) # min<{S(q) | LM(q) = m}

3. 1.,2. KDEDILD.

3 G-JLI7Fr—HE
EE 6 (G-I LTH—HE)
GCIDPREWMTZTEEGRTIDSTLITF—HELTL,
FED 6-BE pe Il g€ G, m e M HBFEELT LM(p) = mLM(g), S(p) = mS(g).
AE 2
1. G EUTEREAEFLTVWA T LICHETS. Hl2X, G={g|gecl,g 3 GBI} X &-FLT
F—REKTH5.

2. FOZEIHIR & [FHE:
EED peIlcHL ge G, me M WFELT LM(p) = mLM(g), S(p) = mS(g).

ARl 7
GG TLITF—HELTBEELEE, f D S < LM(f) = mLM(g), S(f) = mS(g) ZHi/zd g € G,
m € M WEELZRW.
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SRR f A G-BEHITRVWERLI, 2 pc I BMEELT S(p) < S(f), LM(p) = LM(f). TD&57% p
DB S(p) ZERNDEDEENIL p IE G-BHNEHRZDT, G- T LT F—HEKDERELD gc G,me M
MWEE LT LM(f) = LM(p) = mLM(g), mS(g) = S(p) < S(f). ¥, LM(f) = mLM(g), S(f) = mS(g)
EiGld ge G, me G FET 345, p=mg &BITIE LM(f) = LM(p), S(p) < mS(g) < S(f) &
D fidplckD regular S-HRIENZDT f & S-BEKTRW. [
E&E 8
HIERIEY <, IMBEHERIEY < DRZHTZT L&, < & < & compatible THB LWV S:

t,sc MWD t<sZEWiizTEBIE, i=1,...,0 ITHL te; < se;.

il 9
IEEEIET < 3T < & compatible £ 5 5. f,ge I &L, f N G-EBNETS. CDEE uve M I
R LU LM(f) = uLM(g), S(f) = vS(g) %2518 u =w.

SEEH w > v &9 % &, LM(vg) < LM(ug) = LM(f). S(f) € NS T S(f) = vS(g) £ vS(g) € NS 7
DT S(vg) =vS(g) = S(f). T &-BIKZ fIcxd 5 LM(f) DE/IMEICKT 5.

u<v &9 %&, compatibility X9 S(ug) < uS(g) < vS(g) = S(f) WD LM(ug) = LM(f) &b f &
ug I XD regular G-AE %D f O S-BEIMEICKT 5. ]

FE 10 (AR 6-J L7 H—EEK)
MEEHIENIET < DHIEANET < & compatible D& EA T 7V [ DIEED &-F L7 F—HIEK G 1K
L, ZOHEBHNEEST, 8- T LT F—HELEZZLDONENS.

SEBE L = {(LM(g),S(9)) | f € G} THERENE MaeM DE/ATTIVOERERSR Ly =
{(LM(g1), S(91))s - - » (LM(gr), S(gx))} (91,---,9x € G) ZED, Go = {g1,..., 91} LB EHD pel
L, g € G, m € M WEHELT LM(p) = mLM(g) D S(p) = mS(g). TD g KX L g € Go,
u,v € M DFIEL T LM(g) = uLM(g;) D S(p) = vS(g;). TDELEME I KD u=v BRDIIDONH,
LM(p) = muLM(g;) D2 S(p) = muS(g;). > T Gold I D &-FLTF—HETHS. 1

% 11
IEEIERIEE < DHIERIEE < & compatible D & & S-EHIAARRMMDTN 5755 -7 L7 F—HLE
MFEET 5.

EH G={glgelgid GBI } DERHEHERT 6- VLT F—HEL BB EDEENEIL.

EE 12
pel X GHNETHLE, me M (m#£1), GBI p € I T LM(p) = LM(mp') D S(p) =
mS(p') = S(mp') ZWleTEOMEE LRV EE, p BFEIBNTH S &V 5. FUENGITOAN R0, %
JCD signature DR THEL S J L7 F—EHEEZMN &-7 L7 F—HEKE X5
fhRE 13
&-7 LT F— RN 6.7 LT F—HER ST, G, @ BHNS-7 LT F—E D& & {(LM(g), S(9)) |
g€ G} ={(LM(g),5(9)) | g € G'}-

SEBA G- L7 —EEH B RN/ T, signature & &I 1 D DBENEHN 6-7 L7 F—HK L 7k
5. —EMGEEOMNT LTS —HEEOSHEE A O—F M L FRRIORE 5. 1

% 14
IR IEEF < DHEIENIER < & compatible D& X, P = {S(p) | p (ZJFLEM } IGRESTHS.
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SEEA G 7%, & s € PIci LA TTZ 1 DI DEBATIE T RB LI 5 L, G BN 6- 7 LT F—
HELZ%. —7T, K211 LOAER G-V LT F—HENFET 50T, TOHIMES L UTHERZ) 6-
TUTF—HEMEET S, JoT—EIELD G 3EREATHY, P LARES LS. 1

4 G-JLI7F—REEHBETS7IVIVAL
EE 15 (s AT (Ki#) 6-FLTF+—EE)
sEMICHU, GCT ({fi,....[1} CG) PREWITLE GE T D s T (Rifh) -7/ L7 F—KikL
5.
G-BHIT S(p) < s (S(p) =< s) Zififed pe I ML g€ G, m € M WFHEL T LM(p) = mLM(g),
S(p) =mS(g)
AE 3
e, = min M T, {f1,...,fi} & ey, AT S-FLTF—HEKTHS.

E& 16 (HEL signature)
s Kt G- LT F—HEG W s LN G-F LT F—EEL%% L&, s ZARMEIR signature, Z 5 TEW
b ¥ s BT signature RS,

EE 17 (BERE S R7)
1. g,g' € I D SEZHXMN cmg — m'g’ (¢,d € K,m,m' € M DEE, mS(g) #m'S(g) %5 p=(g9,9")
& FERE S XY LS.

2. mS(g) = m'S(g") 725 mg &, mS(g) = m'S(g") %55 m'g’ ZERID L LS.

3. #&IEHIR S T p DFRIY mg ICxT B guessed signature mS(g) %z #EHIZE S X7 D guessed
signature &IECF, S(p) LEL.

AE 4

LIRTIThNs G ic k% &g, #ERx S X7 D guessed signature s %z, 2D S ZIHHKD signature
ERIELTmS(g) <s%%B meM,gec GIKKXOMNZEITI T LEEH®TS. G W s Kili 6-7 L7 F—
HEDEL E, 9,9 € G T, mg D mS(g9) = s B2FEWRNTH, Simg) < s LEBFEICIE, g, DS ZIH
AN G Tk &-fiifIT 0 1c7x5.

HHRE 18

s € NS(Syz) &L, G % s Kifi 6-JLTF—RELTS. Z={(m,g9)| g G,me M,s=mS(g)} &
L, Z OJTT LM(mg) WRINEE D& mogo £ 5. LM(mogo) = LM(m1g1) £%% m1 € M, g1 €G T
m1S(g1) < s Zifilc T EDNFET B L E, (g0, 01) & guessed signature B s DEEEAIR SXT T, H5
co,c1 € K IZH L Spoly(go, g1) = comogo — c1maga.

SEER  h = Spoly(go, g1) = couogo — c1u1ga (co,c1 € K) T 5. u; = %W (i=0,1) &

BIE, uo | mo, wy | my T %Ul = %l =t B & cymogo — cymigr = th. s € NS(Syz) &b
s =moS(go) = S(mogo) T,

s = S8(mogo) = S(comogo — crmig1) = S(th) X tS(h),

tS(h) < max(tS(uogo), tS(u191)) = max(tuoS(go), tu1S(g1)) = max(moS(go), m1.5(g1)) = s
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KD Sth)=tS(h)=s. &L t#17%&BEX S(h)<s&D,Hbgc G, me M MFELT mg 1T GBI
WD S(mg) =mS(g) = S(h). TDLE tmS(g) =tS(h) =s &V (tm,g9) € Z TH%. TT T, mg & &-
BEKI& D, LM(mg) < LM(h) < LM(uggo) 7255 LM(tmg) < LM(tugge) = LM(mogo) £7%% D, mogo D
EOHIERTS. £o5Tt=1T, h=comogo — crmigi, 37505 (go, 1) & guessed signature s O HiE
e ST TH 5. 1

EE 19 (s Kl G-FLITF—EHEDLSD s UTF 6-JLT+—EEDHERK)
G 7% s Kl 8- LT FHF—HIKELT 5. Z={(m,g9)|ge G,m e M,s=mS(g9)} &L, Z DILT LM(myg)
WENEE D% mogy £ T 5.

1. LM(mogo) = LM(my1g1) £7%% m1 € M, g1 € G Tm1S(g1) < s Zililc T L DMFELENE &
mogo 1& G-BHIT GIE s LR &-J LT F—RE. TDEE S(mogo) = s

2. LM(mogo) = LM(m1g1) £7%% m1 € M, g1 € G TmiS(q1) < s Zhi/zTEDONFEET 5 & &,
mogo &, mS(g) <s,me M, g€ G7x%b mg TTIXRHREIMKILILDZ r LT 5.

(a) r=07x5 G & s AT &-J LT F—HIKT, s € LM(Syz2).

(b) r #0775 (go,g1) & guessed signagure 7 s O LA ST T, GU{r} N &-J L7 F—
HIET S(r) =s.

SR 1. ZoRd. B L S(mogo) < s ED, G A s Kl 8- LT F—HETHS T &5 LM(mogo) =
LM(mg), mS(g) = S(mogo) ZHi’ed g € G, m € M WMFET 5. THUIREICKT HDT, S(mogo) = s
mogo D S-BIKI TRV ET UL, S-BENE p € T DMFEEL T LM(p) = LM(mogo) M2 S(p) <s. GiE s
Kl §-F LT F—REXD, me M, g € G HFEL T LM(p) = LM(mg) D mS(g) = S(p). TAUIK
FBICRKT B, &2 T mogo & S-BIHIMD S(mege) =5 L7E5HDT, EHRICED GIE sLF &-JLT7FH—
HIKE %%, 2. Z/RT. (a) DG, BICHWS mg 139X T mS(g) < s Ziii7z L, moS(go) =s THs
N5, LM(h) =s THB K57 heSyz WFET%. Ko T s € LM(Syz) THD, S(p) = s Zifilcs
pel BEELEVDT, Gl s LT -7 LT F—HIETHS. (b) DA, &L S(moge) < s 5H5EG A
SR G-T LT F—HETHHEMDE r=0 LX5DT, S(mege) =5 THB. TDE&ZE, s e NS(Syz)
KD, Wi 18 £V (go, 1) EHEAIR S RT7T, #he S-lBiILTHRLNIZr £01E Sir) =5 5% &-
BRIt TH 5. 1

% 20
s € NS(Syz) T, G M sk G-V LT F—HEL TS L X, guessed signature s DIRIER] S X7 HIEEL
BWEBIE G s UK 6-J LT F—HKTH 5.

S & USRI 19 O 2. OKMAEAIT 37 512, s € NS(Syz) &0, il 181250 (g0, g1) 1 HEEM
7% S R THEFIEA SR, FEEE S R7REFELAVOT, 19 0 1. &0 G 1d s UF 671
TF I, I

T 21 s UTF S-FLITH—BEHSD s, Kif 6-FLTF—EIE (s < 51) DIEAK)
G%sUTFS-FLTF—HEKELL, sy = ming{S(p) |p & G MBIES Tz BEER S X7 s < S(p)} &9
L, GEPE L s Killi 6-F LT F—RELRS.

SEB N={s|s =5GH s LUFS-ITLITF—RECEZLEZN} B &L N=0%561E, TE
D sy =sICHL Gid sy U S-TLTF—HETHS. N£DDEE, so=mingN £35&, s <5



XL GIE s IR G-TJLTF—HEXD, G X s Kiilf G-FLTF—HETHS. IREICEKD G & s
TR G- 7L T7F—REICR5RVDT, so € NS(Syz) TH5S. F 20 £ D guessed signature so D FEHI
SRT7DFHETS. £oT s <50 T, Gld sy Kiif S-FLTF—HEKTEDH 5. I

DURTRT7IVIY XA 16, 819, 81 21 ZRAICHEA LT s UK 6-7 L 7 F—HKZ e
M LTV ZORE, Bl 21 lIc X0, \EHIE S X7 DMENZ WV s IR signature THB. 375D
B, #IEAI S X7 EIL signature Z D5 Y —)Le LTHWSONS. HEX signature s ICXf L, &-
BER75 0% — DD NS T 275D T, IS 208458 % S X7 s I L—D Tk, TTT, Rdlilx
signature ZHIiET % D DEEILWEZHNT 5.

Rl 22 (syzygy criterion)
FRIER] S X7 D guessed signature s B, BUCHISNT W5 syzygy h I % LM(h) THDOYINE A5,
ZD S RTIFHETTERN.

SEBA LM(h) | s D& &, s € LM(Syz) ZM D s &R signature TH D ZD S N7 Z UG 2 L8
TV, K FO SRTHLIELNS S ZIEAD signature & s KiiTH D, s K &-7 L7 F—HJELIC
X% &-fHIT 01c7x%. 1

Algorithm 1 signature based algorithm

Input: fi,...,fe€R
Output : I = (f1,...,fe) D &-F LT FH—HK

G {f1,.. ., fi}; S(fi) e (i=1,...,0); S < 0; Sprey <=min-{eq,..., e}
2 D« G BlEo Tz SIEHI S X7 2k

3: while D # () do

4: s« min{S(p) |p€ D}

5. if s ZHID YIS S DILHE then

6: R+ {mg|geG,meMmS(g) =s}

7: mg + R T LM(mg) DENDTT

8: if mg ZET LTS pe D WFHET S then
9: r < Spoly(p) Z G T regular fifIL7zRD
10: if 7 # 0 then

11: S(r) < s; D+ DU (G & r BBAEo 7 HIERAI S X77); G+ GU {r}
12: else

13: S+ Su{s}

14: end if

15: end if

16:  end if

17 D« D\{qg€ D|5(q) = s}; Sprev <
18: end while

19: return G

fnd 23
THVIV XL 1 DITHABVT, G s UTS- LT F—HETHS.

SEBA while )L—7 D 4 ITHICBVT G B sprey LT 6-F LT F—EEL B, 5 1THICBWT G I3E
21 &0 s KM S-JLITF—HETHS. 2O X, €19 &KD 1717HICBIS GlE s IF -7

145
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TH—RIKTHS. T 3 KOINV—TICRINCASTZRERT G & sprey AT 8-F LI F—HRIKIEN 5, #
SIS & 0 D TR 5 .

g 24
TIVIV XL 1IKEBWT, GISBMENS r 3B THS.

BB B2 r AEUENTRVETIUL, G B s Kili 8- LT F—IURTHBZ I LD ge G,me M
(m # 1) DMFIEL T LM(r) = LM(mg), S(r) = mS(g) B DLD. r DFHHEICEBNT mg € R 72D T, R
T LM(mg) AM/NT, D LM(myg) % regular &-ffiif1d % G OILDMAL LA o &ic/xb. Th
X mg ZERKP LT BT p MFET ST EICKT 5. 1

EIE 25
hnEFHIENEY < DHEERIEF < & compatible D& E7)LTV XL 1 I3EIELT 6-7 L7 F—HEKxE
9 5.

SEB D=0 Lixofc &, EH21ICKD G BMEED s KL sy LRS- JLTF—HELKRS. §
Thb GlIE SG-TLTF—HKTHS. (FIEMERT. i 24 X0 G ITBINENS L THIBNTH
D, signature FHF7/2 5. compatibility & & 14 £ D T DK S HynldGRE LN ER S MRV, Ko T, ¥
folc DISEBMENZXTIIERETSH D, 7))V TV XLEFEILET 5. ]

5 Risa/Asir TDEE

73V XL 1 D Risa/Asiv LD, BEHED Buchberger 7))L 3V XLDHRETH % dp FK, nd F
R OBIBZ i Uiz, BARICIE, nd OZ AT — X BT signature Z3IBINL, signature B{AIZSEEEZ
fENR LS % 728 dp OHIEN T — 2 B% Wz, InBEIEIERE & L Cld Schreyer JIEFE:

BXU POT JEF:
te; <sej < i<j XRE (i=7jMhDt<s)

DRHZREE LT, SBA ZEITT %% nd_sba(Base,Vars,P,0rd|options) T, P= 0 DFEHMEUA
b, P A 2% KIGOEMOGAEERA Fp FCORBEZITS. SIHEZHIET 24 7> 3 options & LTiE
top (1 D& & FFIHICH U TOREHZITD, 0 D& ZEHITEZHENHLAZETHNTS;, 7740
1% 0), sba_pot (1 D& X POT JEF, 0 D& = Schreyer IEF; 774 NI 0) R ENHS. LUNDFHHE
FeBRIX, Mac mini(2018) 0 asir 20201215 Ti7o7z. FHAERFHIOHAIZTH S. 4 alE Buchberger
TIVAY XL DBHOENRUELT 2 S X7 DfEEES S RTEEDONE /2 b fzdic, K HmbniN
Y F— T BRI U THIRIKR Fao0s FTOHERZITS T

5.1 FHEEHOLER

#£ 1 T, full, top (& nd_sba ZZMNZH top= 0, top= 1 THEITL/HER T, buch I& Risa/Asir D
Buchberger 7)V 3V ALFEETH % nd_gr ZFATLIAERTH %, Singular i, Singular [9] D SBA 5
HTdH% sba 7, Schreyer JEF &, H% rewrite order THATT % sba(i,0,1) EWI5ETHECH LIz
RTH%. Singular IKDWTI, KOLHIHNDS SBA O—FETH 5 rewrite basis 7TV XL [4] ZHKEL



full | top buch | Singular full | top buch | Singular
£855 3.7 7.2 0.74 7.7 ecoll 4.1 6.6 15 9.5
filter9 6.7 9.2 0.08 6.9 ecol2 39 59 130 99
hairer2 140 36 0.87 28 redecoll 1.2 1.8 4.2 1.2
cyclic7 | 0.84 | 0.50 0.98 0.53 redecol2 8.4 12 36 8.8
cyclic8 | 47 25 28 26 reimer6 8.0 9.9 2.5 5.1
extcyc6 | 4.1 3.2 2.2 24 reimer7 | 1900 | 4400 | 540 780
extcyc7 | 880 640 460 310 katsural0 7.3 19 62 11
noon8 2.0 0.43 4.2 1.2 katsurall 62 150 610 97
noon9 31 3.9 57 14 katsural2 | 550 | 1400 || 5900 870

# 1: SBA & Buchberger 7))L 3V X LD FHHRFRT

TOVWTHIRILDBE N E1TE > TWVWB EEZBNED T, SRIDIKAL DIEETORER & Ll U TRlh /s 20 7%
WMERR S B Tz DIckERZB I L 7z

Risa/Asir IC 31} % Buchberger 7 /)L 3V X L2 L DLLERIE, & T TOHITZT TIXEL OHIBHZEEL W
MY, noon, eco, redeco, katsura DX I ICKE L FHb L7z DEHB. £z, Singular D sba & DL
H% &, Asir D SBA 1) % top BRIDOKER E Singular OFERMNEEINIVWE S ICRZ 3. £iz, 205
DINTIIKZE L TRV S THS.

% 2 1%, SBA & Buchberger 7L 3V X LIC I 2 KaEHIEIEES K T 0 IO DR TH % . NF IZHRME
IR, z 132 DOAD 0 ffiFnECT, TR &, Buchberger 7))V 3 U XL TEBINIW, SEaIED A RS A DAL
EDFEHIETHI D YN 5 X 5 GEEOMEzRT . 2MHNICIE, 0 fEIEIED SBA ICHW T Buchberger 7)1
JYZXLEDESTWVS. L L, BREFIEELEZ THBH00W O H 5. T EDHITIE, Buchberger
THAY XLTIFOBKEND, HEWFTIRELHMENSZEENMEREIN TS Lhbhd. 2D
75, FHIC reimer7? X E T, MEHEDOTDICEHIERMDZ <> TWEEEZENS. — /5T, i
FIEEE TERE S DRV, FFIC katsural2 7% & TIRREIERIDKIEICEH SN TN S.

5.2 FEOFMDLLE

£ 31, SBA 1B B, % S XTIHEHIEREE THE S NI SRT DIEEDNIRT, syz i& syzygy criterion
(friE 22) T, sig (&, YU S X7 L[F]— signature Z$5 T 5 criterion T, 1m &, signature s OYUHICH
WT, s =mS(g) &% % mg D5 BIRFHNER/ND mg BDERITD S RTNEELEWEGEAIC, signature
s D SRT &2 T3 criterion (EH 19) TZNFIUETHNTz S RV DEEERT. RicINE, syzygy
criterion MREE L SRTMERICHFLET BT elMbh D, —HTEH 191X % S RXTHER, Bdbirwn
EDDEETHS. ThEHT &, singular fGFIT 01223 TOEENEREN, ZhDERDE ST
MEREREINAS C LIck%.

6 BbYlc

T T 1323, ARMA EDORIHROATH D, SBA & Buchberger 7)VAV XL, H5HWE Fy 7V
TV XI5 E L OFTRMBO I Z LD REATI I, AHEA L COFMRLNETHS. £z T
FRIENE)F & LT Schreyer HFDH %z HWZW, POT HFZ &8 & D % < OREEHOENET TOLE LTS 2
ENHB. KRS, POT EF TORIER, (f1), (f1, fo) ... KT BT LT F—EEZZBRNICEHET ST &
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SBA Buchberger ) 1
NF yA e NF Z °ve 8 =
£855 1026836 | 43979 1939
£855 2429 | 949 | 1072 1881 1522

filter9 5596949 | 104061 | 7406
filter9 4792 | 1385 | 2767 2518 1863

hairer2 2447165 55313 9553
hairer2 2680 | 430 2005 986 714

cyclic8 6199422 | 160870 | 7947

cyclic8 4359 | 720 | 2501 5925 4468

extcyc7 | 62134296 | 1052454 | 18462

extcyc? 12879 | 1468 | 8436 | 17175 | 14076
noon9 4416 682 61 29182 | 25509

noon9 6706533 129642 221

ecol2 1428487 | 229438 | 3115
ecol2 3452 | 1524 895 7199 6320

redecol2 236162 171048 382

redecol2 2036 | 1013 0 8204 7181
reimer7 10468 | 1299 | 7160 || 3266 1907

reimer7 | 38848413 | 1326332 | 12659

katsural2 | 1813535 207680 0

katsural2 | 3364 | 1247 37 21763 | 19683

% 2 WAL, 0 FQITEO H R 3 SATHAROMN
IZ7&0, 0 fHRID—DEELEVK I AHIEMEINT NS, LA L, BE%EMND5 Risa/Asir LORETIE
23Sl HOM DS F, SHEICE R RIS D 7 5 Th%. (e, TRIEERT, SOEFrER
TiRWVIEIEFE T, 703V XLHMMELIET % % T Buchberger 7))V 3V XL EHNTERBIDZ5EE B
W e, IR & RIS compatible TAUHIADT LT ZLOEIEIES, 2IE0HEH L T4
VHIETO 65 LT F—ILEA RS FTTETIREND EEX TS,
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