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Abstract

This is a survey article that advertises the idea of a p-adic Langlands correspondence for
GL2(Q,) in the setting of not necessarily étale (¢,I')-modules of rank 2. In particular the
cohomology of various (semi)-groups is considered.

§1. Introduction

Let AT = (ZP_O{O} (1)) and P = (Z’;_Zio} (1)) This article is devoted to a survey
of the cohomology of these (semi)-groups and their appearance in the p-adic Langlands
correspondence. Let L be a finite extension of Q, and let % denote the Robba ring

with coefficients in L, cf. Definition 2.2. Recall the ultimate goal is starting from A
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(a (p,I')-module over Zp,, cf. Definition 2.4), one would look to produce a suitable
L-representation II(A) of GL2(Q,) and vice-versa. To put things into context, let us
recall the general history of this correspondence. Fix a linear continuous semi-stable
2-dimensional L-representation V' of the absolute Galois group Gq, of Q, with distinct
Hodge-Tate weights w; < we. To V one can associate a linear algebra object (cf. [6]), a
so-called admissible filtered (¢, NV)-module. Forgetting the filtration for a moment, this
produces a Weil-Deligne representation to which one can in turn attach a smooth admis-
sible representation m of GL2(Q,) over L by the classical local Langlands correspondence
(cf. [9]). The question posed by C. Breuil is starting from w;, wy and 7, can one re-
cover V7 That is, can one recover the filtration on the associated (¢, NV)-module, after
passing to w7 This filtration should correspond to constructing an appropriate norm
on the locally algebraic representation det™* ®;Sym®?~"“*"1(L?) ® «. In [1], this was
achieved for small values of ws —w;. Upon completing det™* ® LSymw2_w1_1(L2) R T
with respect to this norm, one obtains a Banach space representation of GL2(Q,) and
the birth of the p-adic Langlands program.

In [3], [10] and [5], a bijection V' +— II(V') between absolutely irreducible 2-dimensional
continuous L-representations of Gq, and admissible unitary non-ordinary Banach L-
representations of GL2(Q,) which are topologically absolutely irreducible is established.
The point here is that the category of local Galois representations in L-vector spaces
is equivalent to that of étale (¢, I')-modules, a certain subcategory of (¢, I')-modules.
These turn out to be very useful intermediary objects for the construction of the corre-
spondence in question. It is natural to ask the question whether such a correspondence
can be realized for all (¢, I')-modules, not just étale objects. This question is addressed
in [4] and [8]. One of the main results in [4] is the following.

Theorem 1.1 ([4, Théoreme 0.1]).  Let A be a (p,I')-module over Z;, of rank
2 which is an extension of X (02) by #r(01), where 61,02 : Q; — L* are locally
analytic characters. There exists a unique extension of A to a GLa(Q,)-sheaf AKX, P!
of analytic type over' Pl with central character® w. Moreover, there exists a unique
admissible locally analytic L-representation II(A) of GL2(Q,), with central character
w, such that
0—I(A)®w— AKX, P! = TI(A) — 0.

Theorem 1.1 generalizes the bijection V' +— II(V') and also provides a new construc-
tion by working directly on the locally analytic level. Moreover the methods developed
in [4], allow the author to work in the setting of GLy(F') for any finite extension F' of Q,,.
A variant of Theorem 1.1 is proved in [8] where the field L is replaced by a Q,-affinoid

!From now on, P! will always mean P!(Qy).
2Here w = §182x ! where x(x) = z|z| corresponds to the cyclotomic character via local class field
theory.
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algebra. This is expected to have applications to the study of eigenvarieties. This means
in particular that the representations considered in [8] do not live on topological vector
spaces over a p-adic field but rather on topological modules over an an affinoid algebra in
the sense of Tate. The overall strategy in [8] is similar to that of [4]. Arguing pointwise,
the authors in [8] actually use Colmez’s results in many places. Nonetheless, there is an
additional layer of technical problems they need to overcome. For instance, they need
to introduce locally analytic representations on A-modules (where A is a Q,-affinoid
algebra) from scratch and study their homological properties. In this framework the

following questions are therefore unavoidable:

Q1 What is a locally convex A-module?
Q2 What is a locally analytic GL3(Q,)-representation in A-modules?

Q3 What is the relation between locally analytic GL2(Q,)-representations in A-modules
and modules equipped with a (separately) continuous action of the relative distri-
bution algebra Z(G, A)?

These questions are answered in a compatible manner with existing theory (the case
when A is finite field extension of Q,), cf. [8, Theorem 1.6].

We summarize the structure of this paper. In §2, we review basic definitions, so
one can make sense of Theorem 1.1. This includes definitions of the Robba ring, (¢, I')-
modules and analytic sheaves. In §3, we outline the main ideas that are present in both
[4] and [8]. The remaining sections expand on these main ideas. In §4, we explictly
state the action of P on 7, via principal series. In §5, we write down the complexes
which are used for cohomology calculations. Since the cohomology theory considered
uses locally analytic cochains, this is a slightly non-trivial matter. Finally in §6, we give
some explicit examples of cohomology calculations using the complexes in §5 and the
actions in §4. These calculations underpin the heart of [4] and [8] and are interesting in

their own right.

§2. Robba rings, (¢,I')-modules and analytic sheaves

In this section we briefly recall the definitions of the Robba ring and (¢, I')-modules.
For a more complete reference, we refer the reader to [4]. For 0 < r < s < oo (with r
and s rational, except possibly s = 00), and v, a p-adic valuation on L with v,(p) = 1,

one begins with the following definition.

Definition 2.1. Let %g’s] be the ring of rigid analytic functions on the annulus
{zeL|r<uv,(z) <s}.
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Remark 1. In Definition 2.1, one views the ring (@g,s] as a subset of the Laurent
power series ), 4 apT* with aj, € L. Equipping %g,s] with the valuation

o781 — min <gg£('l}p(ak) + k), Iilelg(vp(ak) + Sk))

endows it with a Banach ring structure.

One then defines the Robba ring as an inductive limit of rigid analytic functions

on the open annulus.
Definition 2.2.  Let 9?][’8] = ﬂte]r’s]%%’s] and Z, = Us>09?1;0’8].

Remark 2. In Definition 2.2, one sets %2’ = %]LO’OO]. Then 9?2’ is the set of rigid
analytic functions on the open unit rigid disk. This no longer has a Banach structure,
but has Fréchet topology. The quotient Z; := %1, /%] is an inductive limit of Banach
spaces (an LB-space).

In order to introduce (¢, I')-modules over #Zr, we need to equip #Z1 with actions
of ¢ and I'. From now on we set I' = Z .

Definition 2.3. For s small enough, one defines an L-linear ring endomorphism
o %[Lr,s} _ %g/p,s/p] via o(T) = (1 + T)? — 1. This induces an operator ¢ on %,
Similarly for a € Z, one sets oo (T) = (1 +T)* — 1.

Remark 3.  The actions of ¢ and o, € I' commute and 9?;5 is stable under these
actions.

We can now define the notion of a (¢, I')-modules over Z,.

Definition 2.4. A (p,I')-modules over Z, is a free #Z-module (of finite rank)
equipped with semi-linear and continuous actions of ¢ and I'. Furthermore these actions

are required to commute.

Example 2.5.  Suppose 6: Q, — L* is a locally analytic character. Then the
twisted (o, I')-module by § of rank 1, Z1,(4) has actions of ¢ and o, € I" twisted by d(p)
and d(a), respectively.

Remark 4.  Let A be a (¢,I')-module. Then A is naturally equipped with an

ka0
(pOal Cz = gok 004(2)

action of A1 via

fOIkGZZo,GGZ;.
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Remark 4 gives some geometric flavour to a (p,I')-module. This leads one to the
following definition.

Definition 2.6. Let H be a semi-group and X an H-space (totally disconnected,
compact space on which H acts continuously). An H-sheaf .# over X is the datum:

1. For every compact open U C X, an A-module .Z XU, with .# X} =0

2. For each U C V of compact opens, there are restriction maps:
Res); : MRV — M KU,
such that if U = U] ,U; and s; € # KU, for 1 <i <n, such that
Resgzm}j 8; = ResgjﬁUj S5,
then there exists a unique s € .# X U, such that Resgi s = s; for all 7.

3. There are continuous isomorphisms:
gu : M RU = 4 W gU

for every g € H and U compact open, satisfying the cocycle condition, g,y o hy =
(gh)u for every g,h € H and U compact open.

Moreover, we say that an H-sheaf .# over X is analytic if for all open compact U C X,
A KU is an LF-space (an inductive limit of Fréchet spaces) and a Z(K, Q,)-module?
for all open compact subgroups K C H, stabilizing U.

Indeed starting from a (i, I')-module A, one can naturally produce an A™-sheaf Ma
over Z, in the sense of Definition 2.6. The global sections of M are A while sections
over a small neighbourhood of the origin p"Z, are given by the image of ¢" 0™ acting
on A (here v is a left-inverse of ¢, cf. [8, §2.1.3]).

In the next section we will use the language of analytic sheaves to see how one can
adjoin elements to A, to obtain a (larger) object A ¥, P!, a GL2(Q,)-sheaf over P!.
The underlying point is starting from an A™-module we produce something equipped
with an action of GL2(Q,).

§3. Cutting out representations from (¢, I')-modules

Let us now describe some of the main ingredients common to [4] and [8]. For
simplicity we will work in the setting of a field as in [4] and address the additional work

3Here (K, Qy) is the dual of the space of locally analytic functions from K to Q.
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required in the relative setting along the way. Let d1,d2: Q; — L* be two locally
analytic characters. Suppose that we have an exact sequence of (p, I')-modules over Z,

0— Z1(01) > A — Z1(52) — 0.

Starting from this datum, the aim is construct a suitable L-representation II(A) of
GL2(Qp). This is done in two steps.

Step 1 Enlarge A and construct an object which is suggestively denoted by A X, P!,
This will be a GL2(Q,)-sheaf over P*.

Step 2 Cut out the representation II(A) from A X, P1.

Let us begin by explaining Step 1. How to construct an object A X,, P! equipped
with a nice* action of GLg(Q,) is a difficult problem. On the other hand, geometrically
this should be two copies of A glued along its Z-sections. In other words, forgetting
the action for the moment and if one thinks of A X, P! as a sheaf over P!, then
the Z,-sections are precisely A. Now Zr(61) and Zr(d2) are both 1-dimensional and
it so happens that there is not much choice for how to construct %y (d;) X, P! and
R1,(62) K, P! (we will review this in the next section). This provides some guidance
for the construction of A X, P!(=?) as it should sit in an exact sequence

0— %L((Sl) &w P1 —7 — %L((Sg) &w Pl — 0.

As just explained, taking Z,-sections of %y, (d1)X,, P! recovers #,(61), but the cru-
cial observation (coming from the equivariant nature of %, (9;) X, P1), is that %1, (5;) is
now equipped with an action of P! This is because P stabilizes Z,,, when considering
the usual action of GL2(Q,) on P!. Indeed if z € Z,, then so is
a,beZ,.

The following definition is now appropriate.

ThagT € Zp for any

Definition 3.1.  We note Z,(d1,2) to be the P module

%L((Sl,(sg) = (%L(él) &w Zp) (24 52_1

Remark 5. As At-modules, #Z (d1,d2) is nothing but ,%’L(dléz_l). The notation
X1, (01, 02) is introduced to emphasize the action of P

Of course the crux of Step 1 is to construct an appropriate® action of the involution
( 0 (1)) on A X, P!, but this seems difficult to do in one step. As an intermediate step
the first question to ask now is as follows: can we compare Exty. (21, % (5105 ")) and
Extlﬁ+ (Zr,%#1,(61,02))7 The answer is yes.

4The action should at least be locally analytic in some sense. More precisely it should be analytic
in the sense of Definition 2.6.

5Here appropriate can be summarized as something that is compatible with the already present
action of AT on A.
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Theorem 3.2.  The restriction morphism from P to AT induces a surjection
HY (P, #L(51,8,)) — H' (A", Z1(5:671)).

Theorem 3.2 is the heart of completing Step 1. This is contained in [4, Proposition
5.18], however in loc.cit. the mentioned morphism is claimed to be an isomorphism. It
turns out that this is not quite true, cf. [8, Proposition 5.2], however it is sufficient
for constructing A X, P'. To prove Theorem 3.2, Colmez essentially calculates the
dimensions of each of the cohomologies. This turns out to be sufficient for the case
of a field, but when L is replaced by some Q,-affinoid algebra say (in the context of
families), understanding the higher Ext’ becomes important. Thus one is required to
calculate the higher cohomology groups H i(ﬁJr, —) and H*(AT,-) for i = 2,3. The
author believes that understanding these cohomology groups are crucial for achieving a
p-adic Langlands correspondence for GL,, for n > 3. For this reason, we have decided
to illustrate some explicit calculations of these cohomology groups. This is the goal of
64, 5 and 6.

We end this section by briefly explaining Step 2. At this stage we have enlarged
A to A X, P! to obtain something equipped with an action of GL3(Q,). One could
stop there, but upon further inspection this action is not quite locally analytic. In
fact it turns out to be a hybrid of something locally analytic and dual to something
locally analytic. This is one reason why we decide to cut out the relavant part II(A)
from A X, P!. This II(A) will be a locally analytic L-representation of GL2(Q,). In
the relative setting, one needs to make sense of locally analytic topological modules (as
mentioned in the introduction) to properly state II(A), cf. [8, §A]. Now Step 1 gives

U.S6

AR, P! = [%2.(6,) K, P! — %21 (5,) K, P].

As mentioned in §2, the Robba ring %, is made of parts #; (this is a distribution
algebra, that is dual to something locally analytic) and #; (this is locally analytic).
Therefore in the search for II(A), it seems reasonable to first cut up the Robba ring parts
Rr,(61) K, P! into their +/— constituents. Fortunately, from the way % (5;) X, P!
are constructed, we also have

Rr(6;) R, Pt = [#] (0;) R, P! — %; (6;) K, P]
for i = 1,2. Therefore

AR, P! = (%} (61) K, P — %; (0,) K, P! — %} (62) K, P! — %; (52) K, P'].

6The notation M = [M1 — My — ... — My] means that M admits an increasing filtration 0 C Fy C
... € F, = M by subobjects such that M; = F;/F;_; fori=1,...,n.
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The key to completing Step 2 is now to show that the middle extension
(2, (61) Ry, P' — 2} (82) B, P

is split. This allows one to separate the locally analytic parts and the distribution
algebras. Moreover this explains the appearance of both II(A) and its dual II(A)* in
Theorem 1.1.

84. Principal series

In analogy with Definition 3.1 we have

Definition 4.1. We set %’Z“ (61, 02) the P _submodule of X1, (61, 02) correspond-
ing to %Z, and % (01,02) to be the quotient of Zr, (01, d2) by %’ZF (61,02).

Remark 6. Similarly to Remark 5, as AT-modules, %} (61,62) and %} (61,02)
are just Z; (0105 ") and Z; (6165 'x~ '), respectively. The character y appears when
identifying the quotient Z; with locally analytic functions (cf. [4, Théoreme 2.3(ii)]).

We now have an exact sequence of P -modules
(41) 0%%2(51,62) _)e%L((Sl,(SQ) —)%;(51,62) —)O,

and one can describe the actions of P on #7 (61,02) and that of the Lie algebra on
#; (01,02). In order to achieve this, one relates the given objects to principal series,
where the actions are understood.

We define B, (61,92) to be the space of locally analytic functions ¢: Q, — L,
such that §(z)¢ (1) extends to an analytic function on a neighbourhood of 0, where
§ = 0105, 'x~1. One can equip Bz (1, d2) with an action of GL3(Q,) defined by

(4.2) ((Z Z) : gb) (x) = d2(ad — be)d(a — cx)p (Zm_;;)) :

Further one can show that Br(d1,d2) is in fact a principal series representation, that is
B (61,62) = Ind%(élx_l ® &) (where B is the lower-half Borel subgroup of GL3(Q,)).

Lemma 4.2. We have
° %2_(51) X, P! = BL(52,51)* X w

[ ] %2(51) &w ].:)1 & BL<(51,52).
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Lemma 4.2 is the content of [4, Corollaire 4.11]. Coupled with equation (4.2), it is
now a formality to obtain the action of P on R} (61,02):

(4.3) /Zd»-((j?)*u)=516;1<a>/zp6<cx+1>¢(c;ﬁl)-u<x>, (¢9) P,

P

where yu € #} (81,02) and ¢ € #; (61,62). Indeed by restricting the (dual) action of
(4.2) to P c GL2(Q,), one obtains formula (4.3). At first glance this formula may be

hard on the eyes but is explictly given by’
(4.4)

’ —K(01 I I .
0u(t!) = 6107 (@)alt], () = 6105 ()Pt Tw):Z( (Mf—) 1 h>p‘7_hth,

|>—IO

for the generators o, = ( ) = ( ) and 7 = (;1) (1))
0
0

Let ™ := (}9) and u™ := (9 §). The action of the Lie algebra on #J (61, 02) can
be summarized as follows.

Lemma 4.3.  Let f € Z; (61,02). Under the identification (as modules) Z; (61,062) =
LA(Z,,L) (the space of locally analytic functions from Z, to L), the infinitesimal ac-
tions of a™ and u~ and the action of ¢ are given by ®

(@™ f)(@) = k(0)f () — = f' (=),

Proof. First note for (Z ?) e P and [ € Z; (61,02), the action of P on

(Z?) s=sta-mr (25 )

The above action can be deduced from identifying %#; (61)X,, P! with the space of locally
analytic functions from Q, to L with some finiteness condition at co (as explained in

#; (01,02) is given by

7As usual we have set ¢ := log(1 + T') and x(e) = €/(1) is the weight for a character e.

80bserve that, in the formula for ¢ below, f (%) is taken to be zero whenever z € Z,, so the

precise formula should be (¢f)(z) = 1,z,(z)d(p) f (%)
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the previous paragraph). The action of ¢ is now evident. By definition

(g 2) £(z) ~ f(o)
(@ ) (a) = lim ~—/——
L 0@ (2) @)
a—1 a — 1

=d'(a)f (2) —za"%5(a)f’ (g) la=1
= K(0) f(z) — f'(z).

Viewing % (01,02) as the module % equipped with action of ﬁ+, we have by [7,
Théoreme 1.1],
u” = —t'V(V + k(6267 1)),

where here V = t%. Thus

= ——((1 + K(8267 1)) f () + zf'(2))

d :
=~ (=K f(x) + xf'(x))

= r(0)af(x) — a*f'(x).

We will use the actions developed in this section to calculate cohomology.

8§5. Koszul complexes

In this section we review complexes which calculate AT-cohomology and P
cohomology. Assume for simplicity p > 3, let a be a topological generator of Z; and

note
v=(89), e=(51), 7=01),

for the topological generators of the (semi-)group P". The relations

Y =P,

a—l

=T,

p1? =T,
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give a finite presentation of P, Let M be a P -module such that the action of P
extends to an action of the Iwasawa algebra Zp[[ﬁJr]]. Recall that the Herr complex

Cor 0> MZ MaeM IS M0,

where

E'(z) = (1 - @)z, (y—1)z)
Fl(z,y) = (v — Dz + (¢ — 1)y,

calculates the AT-cohomology of M. In addition the following complex calculates the
?Jr-cohomology of M (cf. [8, Lemma 4.8])

Gy 0 MS5MaMaM S MeMaeM 2 M -0

where the arrows are defined as

X(z)=((1-7)z,(1—p)z, (v —1)x)
Y(2,y,2) = (1 = pdp)x + (1 — 1)y, (v0a — D+ (7 = 1)z, (v = Dy + (¢ — 1)2)
Z(x,y,z) = (700 — L)z + (pdp — )y + (1 — 7)2

and where we have noted,

1— 7P
Sp = 1_:_=1—|—7'—i—...—i—7'p_1
and _—
5, =1 -
T—1

One can check that these are well defined elements as M is a sufficiently nice P -module.
The key difference between the complexes 6, , and €~ - is given by some twisting
by 7. More precisely there is a distinguished triangle

1-7, cpotwist
(g’r:@:'y — %5077 (530,’}/

where

et 0 M Me M IS Mo,

Here the maps are twisted versions of E’ and F’

E"(z) = (1 — @dp)z, (Y6s — 1))
F'(2,y) = (700 — D)z + (pdp — 1)y.
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Finally it is often the case that M is equipped with additional structure (for instance
it is a locally analytic representation of ﬁJr) which allows one to calculate H*(A™, M)
and H' (ﬁi M) via a linearized Lie algebra complex. We note

I 10 _ 00 i 01 _ 00
a’t = ,a = ,u = , U =
00 01 00 10

the usual generators of the Lie algebra gl, of GLy. Let H{, (A", M) denote the coho-
mology groups of the complex

Cpar 0> M MoOM S M -0
where
X(z) = ((p — D)z,a"x)
Y(z,y) =a’z—(p—1)y.
0 ZX O 0 . . y .
Let AY := 6’ L Then the A°-invariants of H{, (A", M) are precisely the groups

HY (AT, M), cf. [4, Lemme 5.6].
In a similar fashion denote by H{ .. (?+, M) the cohomology groups of the complex

G- par 0 M MoMoM S MoMaoM 25 M -0

where
X'(z) = ((p — Da,a"z,u" )
Y/(ilf,y, Z) = (a+:1: - (90 - 1)y7u_y - ((1+ + 1)27 (ng - ].)Z - U_IE)
Z'x,y,2) =u"z+ (pp — Dy + (a¥ +1)z.
~ Z;0 S =t :
Let P := Zp i Then the P-invariants of Hj, (P , M) are precisely the groups
bép

H' (FJr, M), cf. [8, Lemma 5.3|. To simplify matters we have two distinguished triangles

Co > Co g,

[a™]
(gu77997a+ - Cguiﬁp Cg’u’77<p'

The morphisms and complexes are

C,- : 0 > M > M > 0
lw—l lptp—l
€,- :0 > M > M > 0
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and
Cu—p 1 0 >y M >y M & M > M > 0
J/a+ J{s J/a++1
Cu—p 1 0 > >y M & M >y M > 0

where s(z,y) = ((a* + 1)z,a™y). Unpacking these complexes gives rise to the
following;:

1. HY(Cy- par) = H([aT]: HY (€G- ).
2. We have the following exact sequences in cohomology:

(5.1) 0— HY([a™]: HO(‘KU—,LP)) — Hl(%u—’(p7a+) — H([a™]: HY(%,

(5.2) 0— H'(lp—1]: HY%,-)) = H (6~ ,) — H([¢ — 1]: H'(%,-)) — 0.

3. We have the following exact sequences in cohomology:

(5.3) 0— HY([a™]: H (%,

wmo)) > HA (G o) = HO([aF] : H? (6~ ) = 0,

(5.4) (%, ) = H'([p — 1] : H\(6,)).

4 H(Cy- o) = H ([a7]: HX (- ).

§6. Some examples of cohomology calculations

We want to understand the ﬁ+—cohom010gy of #1,(01,02). This is a key step in
proving Theorem 3.2. Exact sequence (4.1) comes to our aid and we can reduce the
problem by understanding the cohomology of %} (61,82) and %; (61,82) separately.
Now %7 (81,02) and Z; (61,62) are of different topological nature (they are dual to
each other). On the one hand %} (61, d2) is some kind of distribution algebra (a Fréchet
space), while %, (01,02) is a space of locally analyic functions (an LB-space). Thus
we can expect the method of calculating cohomology to differ. This is also part of the
reason why we can use Lie-algebra cohomology on the #; (01, d2) part.

We begin with the ﬁJr—cohomology of Z; (61,82). For this part [2, Lemme 2.9(ii)]

(p)

the ?Jr—cohomology on TN*1% [ (61,62) vanishes for large enough N. Rewriting (cf.

provides a significant reduction. The point is that depending on the valuation of d(p),

Lemme 2.9(i) in loc.cit.)

N
R} (61,6) =P L-t' T 2%}
1=0
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for N large enough, it suffices to calculate the F+—cohomology of ®N (L -t* (recall that
t := log(l + T)). This is convenient as the action of P on powers of t are easily
described by (4.4).

Example 6.1 (§;5,* = 2~1).  In this case one can take N = 2, that is
H'(P" %] (6,,6,)) =H(P ,LoL-t®L-3).
Let us denote by My = L& L-t® L-t?. We can see from (4.4) that 7(t) = ¢°, 7(¢!) = t!
and 7(t2) = —pt +t2. Let U = (p%p (1)) We have a spectral sequence
(6.1) Hi{(AT, H (U, Ms)) = H'W(P', M)

The existence of spectral sequence (6.1) requires proof as P isa semigroup and one
needs to check that the relavant actions are continuous, cf. the proof of [8, Proposition
3.3]. From the description of the action of 7 above, one easily obtains H(U, M) =
L@ L-tand H (U, M;) = L @ L -t? as the only non-zero U-cohomology groups. We
obtain from the description of the action of o, and ¢ on t* (cf. (4.4))

(6.2) dimy H (AT, HY(U, M,)) = 1,2,1 if i = 0,1, 2 resp.
and keeping in mind that the action of AT on H'(U, M>) is twisted one obtains
(6.3) dimy H'(AT, HY (U, M,)) = 1,2,1if i = 0,1, 2 resp.

To combine (6.2) and (6.3) and obtain a final result for H Z'(F+,M2), one needs to
understand the transgression map

tr: HY(AT, HY (U, My))) — H*(AT, H(U, M>))).

on the second page. According to (6.2) and (6.3), this is a morphism of one-dimensional
L-vector spaces, so it is either the zero morphism, or it is an isomorphism. We claim
that it is the zero morphism. To prove this we use the following trick, cf. [8, Proposition
5.2]:

Lemma 6.2. let G be a semi-group, H a normal subgroup of G and M a G-
module. Suppose that there exists a submodule M’ of M which is stable by the action of
G and such that the natural map HY(G/H, H'(H,M")) — H°(G/H,H*(H, M)) induced
by the inclusion M’ C M is an isomorphism. Then we claim that the transgression map
try  HY(G/H,HY(H,M)) — H*(G/H,H°(H,M)) sits in a commutative diagram:

H(G/H,H'(H,M)) —* H2(G/H, H(H, M))

; T

HO(G/H, H'(H, M")) —5 H2(G/H, HO(H,M")).
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With M = My, M' = L, G = P and H = U, it is easy to check that Lemma 6.2
applies in this case. However in this case the target of the transgression map try; (i.e.
H?(AT, HY(U, M"))) is trivial. This gives the result:

dimy H'(P ', %} (61,65)) =1,3,3,1if i =0,1,2,3 resp.

We now turn our attention to the ?Jr-cohomology of #; (01,62). Recall in this
situation, we can use the Lie-algebra cohomology, as an intermediate step.

Example 6.3 (§ = 6,0, 'x ' = ). The idea is to use the list of cohomologies
developed at the end of §2, together with Lemma 4.3.

It is easy to check that 1 — py is injective on LA(Z,,L). This immediately
gives H(€,- ,4+) = 0 and so HO(?JF,:%’Z(&,&Q)) = 0. Next we begin calculating
H?*(€,- ). For this one writes (cf. [4, Lemme 5.9])

%Z (51, (52) = (LA(Z;;,L) + (pgo - 1)%; (51, (52)) e L- £L'2.

According to (5.4), we need to understand the operator u™: LA(Z),L) — LA(Z,, L).
The proof of the following Lemma is omitted in [8], so we include it here for completeness.

Lemma 6.4.  The operator u™ restricted to LA(Z), L) is surjective on LA(Z,, L).

Proof. Take f € LA(Z,,L), i € Z) and choose an N > 0 such that f is analytic
in the ball i + pNZ,. Writing

flx) = Zan(a: —i)" forz €i+pVZ,
n>0
and developing (in the ball i+p™Z,) u™ f = k(8)x f(z)—2?f/(x) =: h(z) = D >0 bn(z—
i)™ gives
bo = iH((S)CLO - @'Qal
by = (K(0) —n + Dan_1 +i(k(6) — 2n)an —i2(n + Dapy ¥V > 1.
To show u~ is surjective on LA(Z,;, L), it suffices to show that given (b;);>0 such that

vp(by) + nr 2225 oo (for some fixed r > 0), there exists (a;);>o satisfying the above

system of equations and for some fixed ' > 0,

/] nN—o0

vp(an) + nr’ —— oo.

Setting ap = 0, we obtain uniquely the (a;) in terms of the (b;) and it is easy to prove
by induction that

vp(ayn) > min(vy(by,)) + ¢ —vp(n), Vo >1,

m<n
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where ¢ = min(v,(£(9)),0) is a constant.

Given C' > 0, 3Ny > 0 such that v,(b,) + nr > C for all n > Ny. Let Ny > 0 be
such that min,, <y, (v, (b)) +nr > C for all n > N;y. Then, for any n > max(Ng, N7),
we have

vp(an) +nr +vy(n) — ¢ > min(vy(by,)) +nr > C.

m<n

Finally let Ny > 0 be such that nr > v,(n) — ¢, Vn > Ny. Then for all n >
max(Ng, N1, N3), we get
vp(an) +n(2r) > C.

Hence for ' = 2r, v,(a,) + nr’ === 0o, which completes the proof. O

Thus by Lemma 6.4, we get H*(¢,- ,) is of dimension 1 generated by [z?]. Re-
calling that H>(%6,- ,.+) = H'([a%]: H*(%,- ,)), and seeing that the action of [a*]
on H?(%,- ,) is given by a®™ + 1, we get that H>(%,- , .+) is of dimension 1 gener-
ated by [z2]. Finally by taking the P-invariants, one arrives at H? (?+,%Z (61,62))
is of dimension 1 generated by [z?]. Similar calculations yield results for the other
HI(P", %5 (61,05)), 1 < 2.
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