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Abstract

We survey some recent results in the field of arithmetic dynamics. We especially focus on
topics where the height functions play important roles, namely integral points in orbits and
Kawaguchi—Silverman conjecture relating arithmetic degrees with dynamical degrees.
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I& Furstenberg DA [16] Z T2MD Z &). (IENFZR CTIEAAMHZEM (R BEREZ<m) (2R
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DN (ZETHRNDY, MERONRE) WEEL L. B\ B4 O [F R R M
% ¥5k 3 % Multiple Birkhoff Recurrence 8%, {1,2,... kN2> Z & T, o idf
AEDERMNIZFEH X 72 van der Waerden O EH THA K% Lk EDOEEIZHET
5L, BEIDSHLD—DIMERORIDELELINNEEND ] 2B I P Nhot
Zeno, INEREEGE & 1FERPFET DN,

72, ARMAEZER (X, u) EORHIZEBIZBEIL CiX, HERNFERERE, 2F0, H
WIZARBR Ty, ... Ty EIEHIEOES AT LT,

p(ANTy"(A)n---NT,™(A)) >0

Zi729 n BFET S (Multiple Poincaré Recurrence EH). T 3 IF K2 #EfR 70 @ # 70
DD, ZnzEHWS L, TIED upper density & DB DM ES ITIIMTEEDOEI DOF
ABFIDIFAEST D] £\ S Szemerédi DEH E THEITS.

CDEIBBELENEREZREAS &, MHEECRIEZERIZE T 2 G HROLEG K &
BEmIZIGHT 2 Z 8 % TEGRINIFR] CIPRZ EDADRD B EEKEHRZ 72D d LN
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bHO!, TOXIBXIRT MBGERLZER] LidHE D IR,
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1, REEHAELOACEEROLEGROHED Z L 24Ed &9 5. FITREBK ORI
ZHREEERTLHILIZL, ZORTEHIFEBNEST5E502 05 TH 5, THuE -
DEF R & THFRIE ORAIIRE L OB (R %2 H TS, Fi, M#iE Lo
Bl 20T T —RNUVERIER L HERDOERNBEUN E o &> TE D, THF
R E OBE ] 1T U TIRERNERIIBE T DMAEDRE oI o T0S,. £I T,
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LEZRING, AN, PV(K) E well-defined 2B TH Y, |- | OEHELD, &
P ePVNQ) 2L OREMEk 2 H>TH h(P) DIENEDLS RV L RES D,
PN(Q) FoBskE 5. &b —fz, Q FOSMAEEHA X & Q EEH XN D Cartier A
F DKL, D= D,—Dy LRI EERRT D, #flioTES PHOAAT : X < PN
M ar(01) = 0(D;) &ir-F L,

hp(P) = h(m1(P)) — h(m2(P))

BZOBARZT AWML TVWIIE, SEEBEZERETELDT, REUAKTRLS TS, MIZXIZEBKLETHE
KTES., ZOFTERINIEHES I N TH 3.3 TEIHT 5.
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LEHT D, COEHAKE D, OBEOHITEET DD, EIMH HIZLTH X(@Q) Lo
BEREABDOELUPEZNZVDT, D hp 12 &0 HEFRIGH

h : Pic(X) — {functions X (Q) — R}/{bounded functions X (Q) — R}

MEBINDZ L1275, Weil &I D723 KU MEE & U T Northcott DEEDLH
5. ik TADPEERKATOEE, FEODERC & DIZHLT,

{PeX(k):[k:Q] < D,ha(P)<C}

DAERESTHS] LW EIRT, FHAOAREZEL DICBROIGEETHS. 77,
Y — X DPREK EEHESINIHTHD L &

heg=p(P) & hp(¢(P))

DEVPY(Q) LOFRBEH L BEZ Lt RES (X251 ERUICET 2BFMHE). Weil
HESIIEWTE, BIEEMERRETD TAU] EPERBE) L4050 T, Weil X1 13
Al RBDERAOENDE T LBL .

Tz U CaprmE S B, LoEGaRetoTh b, LIFER, D=D1—Dy &
EBX, 2(D) DKRIBYIMOEEE s;1,...,500, D={U, fu)} LEVT {fu} & L (D)
DEIYIME A72ED%E s & L, DIIKNT 5 v ERE Bz

Ap(P,v) = mn%xmeinlog |(51,m ® (52,0 ® s)_l)(P)|v
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DEFITMER, D; OELD X KIBYIWr - FHEYIBOHD HITEKFEL TLE S DD, 5
FARERICIEFALEERTIENTES. 22T, BERDWE {f, ver, Db [ARERIZ 0
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LY, Rk

(max; \ai]v)d
|F(a0, e ,(IN)|1)

(2.2) Ap(lag : -+ an],v) = log

b, Bz, P EizBWTiE,
A:]([2™ ¢ 1], v2) = nlog?2, Apap([2" 2 1], v2) =0

L0, MERMER 2 5[0 1) & [1: 1] ZVEAE S EROZIZFERERE 52 Z & h

TIN5, ZOLSICHEEIEHE, BAFHE WD X0 IFEGRNLESTH 5.
AREIEARIZ, BEGIIZOWTHRS, 2N, 7 —NIVERRMARIZE 1) B Néron-Tate 1

JDHLLTH Y, BERNNFERIZIIRPELRVER L R-oTWS, D7D, Sz L

DHEIZBELTOBEIEREHTE. AT, AHEG ¢: PN --» PN OR¥ L3, i@
K& 0EFRA Fy, ... F, 2#HWVWT ¢ = [Fo(Xo,...,XN) - Fn(Xo, ..., X))
LENWZLZED, degFy =+ =degFy D22 95 (DFH, @FHHIZHLTOD

deg¢p*H D Z &).
¢ : PN — PN DS, BIERULICEBBEFMICLD,

|ho 1 (P) = hu (6(P))|
WEREMCTHY, £72, ¢ OWEM d7251E, (2.1) &,

|hg= (P) — dhp (P)|
LERBEBTHD. Lo T, hy=hThHdILBMli5L, HIEMC PEFLELT
(2.3) |h(¢(P)) — dh(P)| < C

MEDLD. DFED, ¢(P)DEIIFPOREIDEBLRIGELRDEDIEN, ZOERHY
BOAL 272 TOPRDIEEZITH 5.
i 2.1.  ¢:PY — PN 2REEKEERINDIHTEL, ¢ DIREADV 2 EET 5.
IOYE, RO 2 MR TEE by  PV(Q) — R AMEET S
(i) BEC PFAELT, HED P e PN(Q) 128 L |h(P) — hy(P)| < C
(ii) hg(6(P)) = d - hg(P)

IO hy DI L% ¢ICHTHBEBE LS.

M. Ry BRODESITEHL, EEAWETILERT

(2.4) Fa(P) = Tim ——h(¢™(P)).

n—oo dm
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£, (2.3) & telescoping sum DFEZMES &, n>m T LT

1 on 1 om
Zrh(@°(P)) = —h(e @w
= Z ( dz-lﬂ [1((¢™(P))) — dh(¢°i(P)>}>|

< ! + +i C< ¢
= \ gm+1 dn dm'H-(l—é)

L2RBDT, (24) DABIFI—V—FF L2, WRPGFET S, 72, ERlEEDOm =0
DGEEEZEZ, n—oo T hHL,

—~ C
|h¢>(P) _h(P>| < ﬁ
LRES. (i) OWEE hy DEH (24) LDHSHTH S, O

H51UEDEBEHnIZH LT ¢ (P) =P 2 2BAPRE VY, £72, n>m >0
2 U T ¢°"(P) = ¢°™(P) %27z 3D L 2RIASHRE WS, PARiEHSATH S Z
L, PD¢Ilkb88E

O¢(P) = {P7¢(P)7¢(¢(P))7¢03(P)7}

PEREGLRLZENEMETH S Z 21X, TITHn5. REBUR EORTERA ML, B
FIIZEORDE S IR oG, Tk, TWeil @50 2ARBEIL 05, 1D
HIERTHD] £\ Kronecker DEHD IFZ RN TH 5.

0@ 2.2. ¢:PN PV EQLEEHEINDHEL, KEUZ2UEETE. ZDk
&, PePNQ) MHiAMINTHDZL L, hy(P)=0ThH2ZLIEFAMETH 5.

AEBH. P DSRTAM SR 51, {h(e°(P)) :n = 0,1,2,...} TAEREESTHEH 5,
(24) DEFHEL D hy(P) = 0 S HTHB. H1Z, U he(P) = 074513, 2.1
DWE (i) £ D, he(¢°(P)) = 0 L7%5H, $HLMWE (1) L0, RTOn IZHLT
h(¢°™(P)) < C' &5, ¢ & PHEBINIZALAKRE E 2 T0E, ¢o°"(P) b k EEH

TNBDT, Northcott DEH LD {¢°"(P):n=0,1,2,...} FHERESLRS. O
ZomEeadE 2.1 OWE (i) K0, HiAMSROEIIZC AT 50T, HY

Northcott DEH Z2{H > Z & T,
(2.5) KRBk EEEINDS ¢ OHTEASDELITIERETH 5

WS ERERES. ZOFEEE, T—RUEHIAE HEROEME S 12, [REUA R
EHEINDIETEAS DML ¢ DR ZBEETHE —HRAERTHE] LW FHNNIT
LNTWVWA, ZHZDOWTIE, 31HTEDFHLLLERS,
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B EMONOBETS, EESXIZIZZIOLS BISHAHBDT, HEDHDOEID
BREEZJZ 7201, IFHORNTELERERIOEENILEENS. FEE, BEIhTW?
BEHHD (428 THRRBHILIMNZE, [63, 36, 44] ), TD KD REGAE, S#%EM
FOR L FEBRCRIASRSICRATE SR BEDEZ V. £72, FE S EEBGRT (2.3)
DE SR EH - RNDED, WY RRAHZED S Z & TR S OEHER X % 3
TEHEEH D (HlZIL[6, 28, 60, 38, 29, 17, 30, 69, 35, 31]), /AR I 2@ L T
Weil B DEMEZGIAMEATELLDIIREZLEEL.

§3. NFREEHR

ARETHE, Pl EOBBRICBET 2R RE2BRRS. £33, ZOMEOEFHBEAMITE L
T, 7—NUVERKREBERNIIFRDBELUZ DOVWTIRHITE L OB, ZNITHE DI
REEZ T TR, BERNDZEROMEZED 5 LT ITARRREREL 2 >TWa5.

§3.1. T7—RILZKEEHHBHINFER
ZOHilE, [75] IR > THBRARTWL., 7—RIVZRRE A &%, SRS ABE K
THIOMEBELZRDOE DT, 1IRTOGEVPEHIRTHS. O 2F kL, Pe Ao
i, POERT BE SR

(3.1) o) P 2P 3P . mP

DEDIZELZENTES, ¥/, 7T— VLA OBESE X 7T — RV B L 2
35D T, PQeArT5E,

+P +P +P +P
(3.2) O P~ 2P 3P~ ...

o [0 [0 [0
+P +P +P +P

Q7 P+Q”  2P+Q 3P+Q -

+Q< £+Q £+Q £+Q
+P +P +P +P
20 P+2Q  2P+2Q  3P+2Q ...

+Q(: (TQ fTQ (TQ

DA 705, k BIMREBUAD & 1%, Mordell Weil DEHE 0, A(k) IZERER LD T,
¥ (3.2) DABIRTE TR Z/ENE, A(k) DIEORTHARDE ZNERT 5 L1k 5.

ZOMIZARMZEB-E D%, NFRIZEUTHEETLZZ N TES. 2Fh, HUE
Bo: X — X & X EDEPRHENZE, &P OHIEL,

PN N ¢ ¢ ¢ ¢
¢(P) ¢02<P> ¢03(P) ¢Om(P)—N

33) P
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DEHIZ, K@B1)ICHHMZIETETS. —H, 5 —2HEERY: X — X ¥d-o7-
ELTH, —&iTiE poy Yo DT, M (3.2) DEMUMZ IFRTEL I LITTE
B\ T2, W 2 BAR ¢ 1B L TR, BBl AT

®
(3.4) TP p(O(P)) e ...
{00 T
(P) 6(6(P) BOW(P) PP T
Ao b £w by
¢ 1/)02 ¢02 77Z}o2 ¢03(¢02< )) T
w( (w P (w

HEELZENTES.

D& BEFE»S, RESHREASRIZHEEEPASZVWEATEH, HEGHRIFE
THGEITE, (027 10) 7T —NUVERE ETHO I DOEHPHE VLD THAS & F
HINTWBEROFLD, BB HEBMOBIEZIHIRE T D LD D TIXR WD
EWVWORBBEENDS. K0T, AREOE AL ES ¢, 90 X — X
DFET B & 12, BRI A X—iE

O¢1 ..... ( )_{(bonl ZnZ(P)Z nl,...,ngz()}

FIZRELT, T—RUEHRE EOEHP PO EERT LI 128D, HLET
LA EHCA D272 THY, TDF FOELUIIFRLRKFINRHE I LHL VDT
0, REEHRIK EDNEREZERZLUTWL BT, 7T—VZRRIKRTOREL ORI KSF

—DDHELHRNELHEH>T V5.

B 21X, B CBRZZFAHAEZE 2 5. B (3.1) & (3.3) DL ZE W T &, ¢ (P) =
¢°™(P) DT —ROVERRKIZ B 2HLUEZ, nP=mP THbO, ZhiEdHs (> 01X L
TIP=0TH5ILLfETHD. DF0, BIAMEDL, 7T —NVEHREKICEITLR0
NEED IR T . 7=V ERMAD R UNEHZBI L TiE, TREBUR k& BRE g 1ot
UTREXDEBC PFEL, k EOMERED gIRIGT —NIVEHIK A I LT, A(k) D
CNHEDOREZIICUTTHE] W —KERFEVNH L. ZhiX, EHHROEGE
1& Mazur [54], Merel [55] IZX DRI N TS

—FRERFPHOLEL S ERBEZEZD L, T ITKBIDEDOD2 1 ¢4(x) = (x—1)(z—
2)-(z—d)+ziE1,2,...,d ZEEMEL ULTHODOT, P! EOFOMEE MOMEBUIZ ER
V., T2 T, IMRBUAE EEZEINZ PN EO dIROFD k-1 A OB X R
NH5] WS FEVERL LD, Morton—Silverman FEEMIEN 5. WHIX, (2.5)
DEREFR CIRBOEEOHTHNLLEZEDTHS. (N,d) = (1,4) DEEH Merel D
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EHLAE X, Fakhruddin [13] (2 & O —f&D (N, d) DEBEN T —NIVERMAD R UNFED
—RRERMEZELS ZLERINT VWS, KEBRNBRFHETHD, Q Lo 2 REHEKD
BEORMTH S, FEIL, ¢o(z) =2+ c EWVWILHAD 1 AT A X —JRIZ|EL T
H, BT AN EIDREEHSNTWRODED, B - SRR 2 5 B A
ZEINTW3 [15, 56, 61, 11, 50, 3, 25, 24]. F7z, abc TR abed FHERET S Z &
T, 284 ¢ LW ZHADIRIZHN U TOfFRA, Looper [49] 12 & D BGEFERI N TV 5.
T =RV ERRE O LTI A S Z e N TELERNNFERONTD S5, FifEN
D—RRERM, v 7REDE, 715K Mordell-Lang A8 (#ii & 50 RE L Bk &
DB OBAME) 1B L TIE, VLR [75]) 2 TSR TF .

§3.2. HELDEHS

X Z2REBUE E EOSRRBEHE, D%k EEBEINDIRFEL, S % M, DAL
NEELTE. ZDEE, DIZHNT S SEHAE,

{PeX(k): > Ap(Pv)<C}
vEME\S
LREHT D (CIIISHLOER). FitES OO HPEMCIZL W EAREDLZDT (C
EEZBI L, REIORD %2 TREMIZFEIL] $DIZANERZSEZ L, FIFH
DL 72 5%), WEOEHATIEHED, ZOKE L-HEE% (X \D)(Rs) £ &£ilT 5
ZriZ9 5 (Rs & SEBEDES, 20 SOOI T T7IVIIHT BHMENRETOMUE
TH5 kDIDEED). DITHIGT S8R 0(D) (Z#Y) 7 metric 2\ D HikP, ¥
ETNEMD HIETH, BEUEAEZTEHRTDHILNTEDLD, INS5DER L HARRIZ
FFEEOBEE L 22> TWa. FlZIE, FHFHE PN OBFE H = (X, = 0) (253 285K
MIE, SIZETOTVFATAZLANEGEENTVEEA, 22) 2HWC=02T5L,

(max; |a;|y)
(PY\H)(Rs) ={lao: -~ :an]: Y 1ogT20}
’UEMk\S Olv
={lag: - :an]: % <1 forall i and all v € My \ S}
01y
={[l:ay:---:an]:a; € Rg for all i}

L0, HERWET 74 VB AN 128172 HR%Z S BEUSOESE L R->T W5,
T = RVERRRIZE U TOREID— D, BEUITEIT % Faltings DIRDFER [14]
TH 5 (FHEFRDOEE D Siegel DEHDILI).

EE 3.1. A%k LEEHERINEZT—RUEHALL, LEZEERHNFLTSE. ZDL
&, (A\L)(Rs) I3ERELGTH 5.

(3.1) & (3.3) DFMZRWHT &, ZOEMDN¥RIE [X 2R 80k L LE®X
N7REEHRIR, LEEERRNT, ¢: X — X %2k EOET L, LED P c X(k)
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IZH LT O4(P)N (X \ L)(Rs) ZABRES) &5, 7272, 2T SITRBIDRD
5 X =P &L, LZMRZER, ¢(x) % Rs REZHKX, Pc Rg 2 THIX, P OHL
BORIETRT Rg Dtk b, (X\L)(Rs) (A3,

ZOHIE, MPHEERDES S Hh. ZHATB VT, MR 0 W5 A R E 5 D
ATHD. ZDEIIZ, ¢ Y E)=FE 23T H0EEDI L% p-FEFEERL L,
ZOWE&REAWT, ROFEEL TR [70].

F18 3.2, ¢: PN - PN 2REUAE LEBINDIEHEGL TS, S & kOMNED
FIRES, D% PN OFAMBANRT LT 5. o582 RET Zariski B EIHHELD
Q EFIELRWARSIE, (F7O kHBE P2 LT, #l 0,(P) & (PV )\ D)(Rg) Dt
W % (PN NT)Zariski B2 Tl

N = 1 D5&1%, Silverman [64] 2 & D ZOFRIZEERITHERINTNWS. F7z,
N =2 ORO ZOFRUL, [EH— B O RS RIROBE LR T 5] & FIETS
Lang—Vojta PR LIFEND T 1 4 7 7 > b A% D FHEZ HJ2 FH OHES 1T U TR
EL, 7714 vREGRMOMEEHNSHONTWAIEREZHWS Z & THEWW [48]. —
e NIZBILTIX, £ L0 TwARWn. AUES Hh s 0msEe LT,
Vojta PA [68] &\ D5, T4 A7 7 v M ABRMOBERLFHEET S LT, #HEdD
BRUSH Zariski FAZIZ22 50+ 05%M% [71, 70 THOITH L TW5A. Vojta TAHIT,
Silverman O EHLDFEIATIEH X 172 Roth DEH D ERTifbE B A 5NEHDT, Th
5 DFER L Silverman OFERDILIR E 7> T\ 5.

N =1 OHAED Silverman DFEHRIK, A4 2T - BEAEIPHSN TS, FE
BRIZIE, o EoBEBGRIE TAER] SOOI D TFRELRWV] EWHHERD AN, E
BIZE-THED, INEERMET DX BRIV DD 5. HIZIX, Pl OyP) D
M ¢ (P) DRIARA T 7 IV LT,

67 (P)lpy <1222 [¢7"(P)ly 21 Vm <n

B2 TEAT T pDILT, M EITB T2 HLWREASA T TV 2T, IO
Zsigmondy £& &1, FRFEA T TNV EFZIRVHDEE D D Z & T (Zsigmondy [73]
iF{a" — 1} RO DIGE 2~ 7z), THE Oy (P) @ Zsigmondy HENVHRTH D] &
W9 FEEDY, Faber—Granville [12], Ingram-Silverman [32], Ghioca—Nguyen—Tucker [18],
Krieger [42] m EIZ K DHEPD ONT WS, DR EDTOEENEZ ANBEATEADL L, &
[ LWHRA T TR RHNIEIG T2 2 E/ALTWHDT, SEBHENTHL2HIED R
FRAERE & 720, Silverman DEH L D KM EZRFRE Lo TWD. £z, #E L
DR DRZRKRBA GG T 2 RBOWMGENE, NFRATREODBOREZ L HEDO N
HBZEHEHY ([59, 33, 4]; Jones IZ K HHFFR X [34] HSRD I L), BAIHFEI N
TWa.

£7z, ~EHRICKDHE LOBERND TR W 0ARST, GHROBEZEZATE
Bl L OBEUIOMEBA [ —HRAFMEZ 2 ZLI22WTHHRoNTED, fIZXIE
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Hindes [21] I¥¥R%Z /R L7z, T 2T, Raty L& d IRAHEBEBOES, DF D
Ratd:P2d+1\(Res:O):{[a0:---:ad:bgz---:bd]:

Res(adzd+---+alz+ao,bdzd—|—---+blz+bo) 750}
DZEThsb.

EI 3.3 (Hindes). C ZREEE EEZINHME, d > 2, & : C — Raty &
a:C—PLEWS k EERINZHVEDHE LT L. HL 02 ¢ k(O)[2] 2D he(a) >0
5,

I={teCk): ®(t)°* ¢ k[2]}
IZEENRN C(k) DRITAERMETHS. £72, Vojta FPRERET 5 &,
sup{n: &%t e Ck) 2R, ®(1)°"(a(t)) € Rg 1 hag (al(t)) > 0}

RAHT, 5125 U [C(k)] = 0o 251,
Z ‘Oq)(t)(oa(t)) NRg

lim sup telht)<B =0
B—oo {t:t eI, h(t) < B}

DX, AHEAKE RZNZND L NTAZ—ERDH D &, Bl Op)(at)) DRA Rg
WZADLZEAGMDERIZIF L IZE SRV ERDRDH O, -HEIZE TN BEROMEBUIL
Fr072, LERULTVWS. ThENOAHBIKE T 2 ICHiE EOBBUROARM 2 &
&9 5 Silverman OEHIZLEAR D & 1X 20T 58E. & D IEREICIE, 135 A X —fhifgiEns
723 m S BB D AERD AL BE T, Vojta FPENS ZDAELXNEIFSZ Lid1h
DAER [26, 27) THB. n il ERDVH S Z L OFEATIE, E¥ESIVRIEHET 5.

38 D BB DAEE D FEIGZ DWW TIE, Gunther-Hindes [20) $H 0, & ZE)12 Wik
L& (DFD, POLIZELTH (t) = ¢(2)), D UTFD Q mekz#E 2,
ZTORDPOWEDYPEIZE TN BELROMIEBOMAEZFIRLTH, 0zl
MR- TWD., ZOFBREEH 3.3 2@A L T, P x PLITEIT 2 /BN ERITIZ &
HRGEEMZM S Z 2T, ARRBIREBIEIRDOERE 3.3 281) 5 & 5 2IEEHR © DflZ,
Hindes-Yasufuku [22] TH§FE L 7z.

ZZETIE—D2DERIZEBYEZITEHZ>TE/DT, X (3.3) DRHUTHY, F v
71 DT —=NIVEREDOREB LU DER L TWWiW. X (3.4) DRIET, #EOBBUSD D
BRI EZKTBHERE LT, Corvaja-Sookdeo-Tucker—Zannier [7] 3% 5.

EIE 3.4 (Corvaja—Sookdeo—Tucker-Zannier). k ZMREUK, S % k DFHMEDHRE
Gel, flz) 20 d>2 0 kBEAEEBRT 2T I3 ETRVWEDLE TS, P2 Q
W f DRI R TRWR S,

{(m,n) € (Z=%)?2: fom™(P) H* fo(Q) 12X LT S HH }
FHBREST, EHWIFRTE 5.
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AU, (f.0d) & (id, f) £ P x P RO 2 BEHIC L 2B LD, (P'xP'\A)
DS BERDOARETH S (AFKMER). ZHATHS f,g 12095 (f,id) & (id, g) IZ
FAHEIZEALTE, 774 YRECGRMOFEZH WS Z & T, Levin—Tucker—Yasufuku
[47] THEOEEROHMMEEZ KL T W5,

§4. BHMTALRE

AT, FAMRIREICET 2 BEDMEEZ BN T 5. PLUBED RO E S DHRE L W
S BRI 7RG EAS, BTN IR T D 5 DRI HRITEE T 5 & WS 28730 T,
FTIIERELUT, ERENFRIBIT D NFRRBOBRZ RETHEMNT 5. JIERIRE
PREAMAIRENCE L T, NITOKIC X 28 [74] BSROZ L.

§4.1. BRANFREHNZRREK

X % C EEBINZHOSPRHBRESHRIKE L, ¢ X -—» X % LG
Bigr 35, ZOLE, LRAZRRE (o) &1, (o) : HY(X) — HY(X) D
EAEOMSMEDRKIMEEZEZ, TDn FTROMPEZ n — 0o E UTEFHAELZIETH 5.
Russakovskii-Shiffman [62] (P ®¥5#), Dinh-Sibony [10] (2 >/82 hr—3J —% k%
EOHGE)IZED, ZOMRIFFET EZ D> T05E. X 2RIZBVWT, CORE
NERPNENCERET 2002 2 HEE S X 5. 0I5 (dim X) IR E TOHFERIR
BDS5L, BARBRLOONBEL DL, J0EHI»oHHMET, YOMNE Iz L
LIRVWELZEGMMPHENTIT>TCLE I 2Rt T 2MEITY bOE—E LI R5Z
&, Gromov [19] & Yomdin [72] IZX DRI NT WS (X DY O DR REBE RRIR,
¢ MEHOHDOEE ; —BOXMNLZHERERDEE, Ty haov—2n%, J¥ERIK
BOBRKOMMUT 25 [10]). ZNSDOBERNS, NFERREILEMFANTH 5.

RIZ, A DO REREZDOMLTT BN T D (FERR IR 0 OREPAK L 3 5).
Z4X) " RIRTT L DRI RPN ER T 5 HH 7 — V&, Num‘(X) %, RoT
( DIEBDOEH D LR DX 0 &b Z4X) DxDELEE L, NY(X) %
ZYX)/Num®(X) 8L, 2o %, NYX) ZEREREHT —RXLVEETH S Z &
MohThh, EEOYEMNEHER ¢ : X --» X ITHULT, BERAMHZMH->TH
EMEMRHETAZLT, ¢ : NY(X) — NYX)DEHTES. AT R R EM
Endg (NY(X)®R) LD/ VA || -] 2 1 DEEL,

lim [|(¢°")*[|"/"

n— o0

FERBL, JVADID HITESRVEREDEIEL, A(d) EBELWI LN,
7z, FEOEERTF AITXHULT,
>\£(¢) = lim ((¢on)*AZ . AdimX—£>1/n

n—oo

LIRBI WD, FEiE, M(¢) BMEHALETEDH DI LWRINTVEDT 8, 9],
X % oh] LIRETHHEIFR. 7238, Truong [67] (2 & D ERAZTRRE, 2
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ED, 6 X 2 X, Y s Y BKEIRIIS, 7 X - Y BRI A HE 4T
rop=tor BT EIREBAICE, \(¢,) WEBSN, Ba AMESEINTVS.

§4.2. NERREEFMALRE

TERRED R ERD R FIIRAE R TH 2 DI L, JIH-Silverman [41] A°
% U EMBIEIE, BB RS EEID AL D0THS. X 2 Q EEHRINT
WEEHSREE MR, A ZBERKNT, ¢: X -+ X 2 Q EEBINS XN LEHE
%, TOREHREAZ Indet(¢) £T5. ZOLE, (Fih) BELPEBZTE L HOES

Xy ={PeXQ): ERDn>1ITHLT ¢°"(P) ¢ Indet(¢)}
EERL, Pe X, ITHUT,

@y (P) = limsup max(1, ha(¢°"(P)))/"

a,(P) = liminf max(L, ha (6™ (P)))"/"
LHEEL, 0o E EEMERY, TEMBEORELIER. ag(P) = o, (P) L7425 & E1,
fHEIZ ap(P) b FHL Z2IZL, IhE2EMBIREEITES. P O#MBE LORDEI N ED
MDR—=ZATEAL TV 2 Z2H->TVWEEHEDT, BLBEIZL->THRLS.
Z DEMBIREDS, 1 IRIERUE E BED T 5N5 Z LT, BEHRERE S AT
W3 EERTEONVRDTETH 5.

F18 4.1 (Kawaguchi-Silverman [41, Conjecture 6]).  EDFKEIZHWT
(a) P e Xy KRULT, a(P) = ay(P).
(b) P € Xy ITRNUT, ay(P) DIEIXRBERTH 5.
(c) BEMPRIDES {ay(P): P € Xy} FHAMREELGTH 5.
(d) Pe X425 UT, B L Oyh(P) A X T Zariski FE72 51F, ag(P) =\ (¢) TH 5.

(d) DHUXEL D L7272\ 0 JIEBS TR VDS, FESI N HIEHAIZA->T VD
EAETL, HIRE, P2 Lo ¢ = [X2:Y2: 22 DA IE2THD, ay([2:1:0)
L2720, 2:1:0 OHEIXLTZ=0FLETHb. ZOFRIIZETHNTHLSE 10
BIFETH DN, BAITHEINTWS. (a)—(c) ICEAL TIE, HDHEGIZ Kawaguchi-
Silverman [40] TIEHAZI N T W3, ay(P) < \i(¢) TH D Z i, —BOFHEGEHOYE
T Matsuzawa [51] TRINTWS. £z, W O0DEAICEL TEFRBETHILL
TV N (X)QR=R»D ¢ VDL E [39], 77« vHCAEEZ PN IZMIELxA
HEHD L & [39], PV EFOBIEAGHO L X [66], HiE EOHD L E 53], X 37—
WERRIRD & & [40], T —NUVERRIKOH D & & [52]. 7z, (a) & (d) ZBIL Tl [46]
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T, hyperkihler ZH(K EORFLH DHGEX, /NERITN 0 ThH D O 7R 3IRouE Rk
K ED, RE2 U EOEHOHDOLGENHRRINT VWS,
—74, (c) IZB8 L TIX, Lesieutre-Satriano [45] IZHWT, M4l

o[ X:Y:Z:A:Bl—[XY+AX:YZ+BX:XZ:AX : BX]

MESN-, Thz
(z,y,a,b) — (y—i—a,%—l—b,a,b)

LELZET, 2IRTEDER ¢y DIEE D ZENTEDDNRRA Y T, ¢up D 1IRS
PRI OFE [1] WEAI NS, FROMBIERE UTIE, [EDOIERTTERS 2RI il IR
LT%H, ¢ Wfibration Z722WT &) ZFMITRT I EHREINT WS,

AR EUE SRD 2 121%, BUBEDRDOE S Z2HIHT 2H8ENRH LD T, PDEI L ¢(P)
D SRR BRI D 2D & S A S S B DM MELD Z L ARG IS T
5. FEBE, MY br =2 EOHmE EOSDEGE [37] ¥, EiLOT —NIVEERK
PHIFAGHBOGE R EDZHEIZEVT, EEGIPEEINTVS. =720, PN 04
DG L N5 EREFITEHET, B LB O#E %M N S VA THAGHDET
F 2720, BUERFRERE P2 EGRIRTIZT 27-20) L REN (53 B o
D KX D7D) ZHNFT720 T 50ENH L. 7z, FHMKIREDOHTICIE, &S
DT+ 47 7> N AWREZ /2T, REEMOEHREEHAINTWS.
Wz, dhi o 2R /NE TIOVEEER, % U T hyperkihler ZRRA LD E 21, i
FEORFORXFERDRD DI 5 & 57, Beauville-Bogomolov-Fujiki £ & X
LHRFED 2EROE@wmAMF b NT NS,

S DFEMPIRBBIEDHFLE UT, EIRANFERIRBNED K 512 S BI L BlEd
L0 EFRLZDE, HMARIZIZHAWE B> TWS, &3 EBIZEERIZIE, HFITRL
THEINDGEDROT, 1 IRIFRTEE OBER—FBEHRLOED, Tua—7v %
i > TRRIRITCHAD ZHRARZRTIZ U720 RTOH@EH s & UTHZMikEzEL Z L
T, EEOHFAF— LW TIHEIABEMEINTVE. ZOLIITERI NG
B, BRI RIRBRED IS IZEEL TV D, H LEELRH L6, Thi
FAWTHEIZERDZERRBDHETERWEDRDD, Z2ENHRZMEL LTHTL
5. ¥72, BirEIBEEEHOTEMREEFAU L2 REDEEZ S LIZH K%
FoTWwa., #HlziE, MEAKE COMIZEBSPELT 200, & EOBERMMEZ T
FRIE OFEEN S S TENE, EESLVWEE->TWS.

SE

[1] Eric Bedford and Kyounghee Kim, Periodicities in linear fractional recurrences: degree
growth of birational surface maps, Michigan Math. J. 54 (2006), no. 3, 647-670. MR
MR2280499 (2008k:32054)



2]

[21]

BER 17 %R & X B HEIGHTS AND ARITHMETIC DYNAMICS 243

Robert Benedetto, Patrick Ingram, Rafe Jones, Michelle Manes, Joseph H. Silverman, and
Thomas J. Tucker, Current trends and open problems in arithmetic dynamics, Bull. Amer.
Math. Soc. (N.S.) 56 (2019), no. 4, 611-685.

Robert L. Benedetto, Preperiodic points of polynomials over global fields, J. Reine Angew.
Math. 608 (2007), 123-153. MR MR2339471

Robert L. Benedetto, Xander Faber, Benjamin Hutz, Jamie Juul, and Yu Yasufuku, A
large arboreal Galois representation for a cubic postcritically finite polynomial, Res. Num-
ber Theory 3 (2017), Art. 29, 21. MR 3736808

Enrico Bombieri and Walter Gubler, Heights in Diophantine geometry, New Mathematical
Monographs, no. 4, Cambridge University Press, Cambridge, 2006.

Gregory S. Call and Joseph H. Silverman, Canonical heights on varieties with morphisms,
Compositio Math. 89 (1993), no. 2, 163-205. MR MR1255693 (95d:11077)

Pietro Corvaja, Vijay Sookdeo, Thomas J. Tucker, and Umberto Zannier, Integral points
in two-parameter orbits, J. Reine Angew. Math. 706 (2015), 19-33. MR 3393361
Tien-Cuong Dinh and Viét-Anh Nguyén, Comparison of dynamical degrees for semi-
conjugate meromorphic maps, Comment. Math. Helv. 86 (2011), no. 4, 817-840. MR
2851870

Tien-Cuong Dinh, Viét-Anh Nguyén, and Tuyen Trung Truong, On the dynamical degrees
of meromorphic maps preserving a fibration, Commun. Contemp. Math. 14 (2012), no. 6,
18pp. MR 2989646

Tien-Cuong Dinh and Nessim Sibony, Une borne supérieure pour l’entropie topologique
d’une application rationnelle, Ann. of Math. (2) 161 (2005), no. 3, 1637-1644. MR 2180409
(2006£:32026)

Xander Faber, Benedetto’s trick and existence of rational preperiodic structures for
quadratic polynomials, Proc. Amer. Math. Soc. 143 (2015), no. 2, 685-694. MR 3283655
Xander Faber and Andrew Granville, Prime factors of dynamical sequences, J. Reine
Angew. Math. 661 (2011), 189-214. MR 2863906 (2012j:37120)

Najmuddin Fakhruddin, Boundedness results for periodic points on algebraic varieties,
Proc. Indian Acad. Sci. Math. Sci. 111 (2001), no. 2, 173-178. MR MR1836365
(2003a:11075)

Gerd Faltings, Diophantine approximation on abelian varieties, Ann. of Math. (2) 133
(1991), no. 3, 549-576.

E. V. Flynn, Bjorn Poonen, and Edward F. Schaefer, Cycles of quadratic polynomials and
rational points on a genus-2 curve, Duke Math. J. 90 (1997), no. 3, 435-463.

H. Furstenberg, Recurrence in ergodic theory and combinatorial number theory, Princeton
University Press, Princeton, N.J., 1981, M. B. Porter Lectures. MR 603625

Dragos Ghioca and Niki Myrto Mavraki, Variation of the canonical height in a family of
rational maps, New York J. Math. 19 (2013), 873-907. MR 3158237

C. Gratton, K. Nguyen, and T. J. Tucker, ABC' implies primitive prime divisors in arith-
metic dynamics, Bull. Lond. Math. Soc. 45 (2013), no. 6, 1194-1208. MR 3138487
Mikhail Gromov, On the entropy of holomorphic maps, Enseign. Math. (2) 49 (2003),
no. 3-4, 217-235. MR 2026895

Joseph Gunther and Wade Hindes, Integral points of bounded degree on the projective line
and in dynamical orbits, Proc. Amer. Math. Soc. 145 (2017), no. 12, 5087-5096. MR
3717939

Wade Hindes, The average number of integral points in orbits, Math. Res. Lett. 26 (2019),
no. 1, 101-120.



244

[22]

[23]

[24]

[25]

[41]
[42]

[43]

YU YASUFUKU

Wade Hindes and Yu Yasufuku, Uniform boundedness of integral points in orbits, 2018,
preprint.

Marc Hindry and Joseph H. Silverman, Diophantine Geometry: An Introduction, Grad-
uate Texts in Mathematics, vol. 201, Springer-Verlag, New York, 2000. MR MR 1745599
(2001e:11058)

Benjamin Hutz, Determination of all rational preperiodic points for morphisms of PV,
Math. Comp. 84 (2015), no. 291, 289-308. MR 3266961

Benjamin Hutz and Patrick Ingram, On Poonen’s conjecture concerning rational preperi-
odic points of quadratic maps, Rocky Mountain J. Math. 43 (2013), no. 1, 193-204. MR
3065461

Su-lon Ih, Height uniformity for algebraic points on curves, Compositio Math. 134 (2002),
no. 1, 35-57. MR, 1931961

, Height uniformity for integral points on elliptic curves, Trans. Amer. Math. Soc.
358 (2006), no. 4, 1657-1675. MR 2186991

Patrick Ingram, Lower bounds on the canonical height associated to the morphism ¢(z) =
2% + ¢, Monatsh. Math. 157 (2009), no. 1, 69-89. MR MR2504779 (2010a:11122)

, Variation of the canonical height for a family of polynomials, J. Reine Angew.
Math. 685 (2013), 73-97. MR 3181564

, Variation of the canonical height for polynomials in several variables, Int. Math.
Res. Not. IMRN (2015), no. 24, 13545-13562. MR 3436155

, Canonical heights for correspondences, Trans. Amer. Math. Soc. 371 (2019), no. 2,
1003-1027. MR 3885169

Patrick Ingram and Joseph H. Silverman, Primitive divisors in arithmetic dynamics, Math.
Proc. Cambridge Philos. Soc. 146 (2009), no. 2, 289-302. MR MR2475968

Rafe Jones, The density of prime divisors in the arithmetic dynamics of quadratic polyno-
mials, J. Lond. Math. Soc. (2) 78 (2008), no. 2, 523-544. MR MR2439638

, Galois representations from pre-image trees: an arboreal survey, Actes de la
Conférence “Théorie des Nombres et Applications”, Publ. Math. Besangon Algebre
Théorie Nr., Presses Univ. Franche-Comté, Besancon, 2013, pp. 107-136. MR 3220023
Mattias Jonsson and Paul Reschke, On the complex dynamics of birational surface maps
defined over number fields, J. Reine Angew. Math. 744 (2018), 275-297. MR 3871447
Shu Kawaguchi, Canonical height functions for affine plane automorphisms, Math. Ann.
335 (2006), no. 2, 285-310. MR MR2221115

, Projective surface automorphisms of positive topological entropy from an arith-
metic viewpoint, Amer. J. Math. 130 (2008), no. 1, 159-186. MR 2382145

, Local and global canonical height functions for affine space reqular automorphisms,
Algebra Number Theory 7 (2013), no. 5, 1225-1252. MR 3101078

Shu Kawaguchi and Joseph H. Silverman, Ezamples of dynamical degree equals arithmetic
degree, Michigan Math. J. 63 (2014), no. 1, 41-63. MR 3189467

, Dynamical canonical heights for Jordan blocks, arithmetic degrees of orbits, and
nef canonical heights on abelian varieties, Trans. Amer. Math. Soc. 368 (2016), no. 7,
5009-5035. MR 3456169

, On the dynamical and arithmetic degrees of rational self-maps of algebraic vari-
eties, J. Reine Angew. Math. 713 (2016), 21-48. MR 3483624

Holly Krieger, Primitive prime divisors in the critical orbit of 2% + ¢, Int. Math. Res. Not.
IMRN (2013), no. 23, 5498-5525. MR 3142262

Serge Lang, Fundamentals of Diophantine Geometry, Springer-Verlag, New York, 1983.




[44]

[45]

[46]

[47]

BER 17 %R & X B HEIGHTS AND ARITHMETIC DYNAMICS 245

MR MR715605 (85j:11005)

Chong Gyu Lee, An upper bound for the height for reqular affine automorphisms of A™,
Math. Ann. 355 (2013), no. 1, 1-16. MR 3004574

John Lesieutre and Matthew Satriano, A rational map with infinitely many points of
distinct arithmetic degrees, Ergodic Theory Dynam. Systems 40 (2020), no. 11, 3051—
3055.

, Canonical Heights on Hyper-Kdhler Varieties and the Kawaguchi—Silverman Con-
jecture, Int. Math. Res. Not. IMRN (2021), no. 10, 7677-7714.

Aaron Levin, Thomas Tucker, and Yu Yasufuku, Two-parameter orbits under polynomials
and integral points, preprint.

Aaron Levin and Yu Yasufuku, Integral points and orbits of endomorphisms on the pro-
jective plane, Trans. Amer. Math. Soc. 371 (2019), no. 2, 971-1002.

Nicole Looper, Dynamical uniform boundedness and the abc-conjecture, Invent. Math.
(2021), to appear, https://doi.org/10.1007/s00222-020-01029-7.

Michelle Manes, Q-rational cycles for degree-2 rational maps having an automorphism,
Proc. Lond. Math. Soc. (3) 96 (2008), no. 3, 669-696. MR MR2407816 (2009a:14029)
Yohsuke Matsuzawa, On upper bounds of arithmetic degrees, Amer. J. Math. 142 (2020),
no. 6, 1797-1820.

Yohsuke Matsuzawa and Kaoru Sano, Arithmetic and dynamical degrees of self-morphisms
of semi-abelian varieties, Ergodic Theory Dynam. Systems 40 (2020), no. 6, 1655-1672.
Yohsuke Matsuzawa, Kaoru Sano, and Takahiro Shibata, Arithmetic degrees and dynam-
ical degrees of endomorphisms on surfaces, Algebra Number Theory 12 (2018), no. 7,
1635-1657. MR 3871505

B. Mazur, Modular curves and the Fisenstein ideal, Inst. Hautes Etudes Sci. Publ. Math.
(1977), no. 47, 33-186 (1978). MR MR488287 (80c:14015)

Loic Merel, Bornes pour la torsion des courbes elliptiques sur les corps de nombres, Invent.
Math. 124 (1996), no. 1-3, 437-449. MR MR1369424 (96i:11057)

Patrick Morton, Arithmetic properties of periodic points of quadratic maps, Acta Arith.
62 (1992), no. 4, 343-372. MR MR1199627 (93k:12004)

D. G. Northcott, Periodic points on an algebraic variety, Ann. of Math. (2) 51 (1950),
167-177. MR MR0034607 (11,615c)

R. W. K. Odoni, The Galois theory of iterates and composites of polynomials, Proc. London
Math. Soc. (3) 51 (1985), no. 3, 385-414. MR MR805714 (87c:12005)

, On the prime divisors of the sequence wp4+1 = 1 + wi - - - wy, J. London Math.
Soc. (2) 32 (1985), no. 1, 1-11. MR MR813379 (87b:11094)

Clayton Petsche, Lucien Szpiro, and Thomas J. Tucker, A dynamical pairing between two
rational maps, Trans. Amer. Math. Soc. 364 (2012), no. 4, 1687-1710. MR 2869188
Bjorn Poonen, The classification of rational preperiodic points of quadratic polynomials
over Q: a refined conjecture, Math. Z. 228 (1998), no. 1, 11-29.

Alexander Russakovskii and Bernard Shiffman, Value distribution for sequences of rational
mappings and complex dynamics, Indiana Univ. Math. J. 46 (1997), no. 3, 897-932. MR
1488341 (98h:32046)

Joseph H. Silverman, Rational points on K3 surfaces: a mew canonical height, Invent.
Math. 105 (1991), no. 2, 347-373. MR MR1115546 (92k:14025)

, Integer points, Diophantine approzimation, and iteration of rational maps, Duke
Math. J. 71 (1993), no. 3, 793-829. MR MR1240603 (95e:11070)

, The Arithmetic of Dynamical Systems, Graduate Texts in Mathematics, vol. 241,




246 YU YASUFUKU

Springer, New York, 2007. MR MR2316407

, Dynamical degree, arithmetic entropy, and canonical heights for dominant rational
self-maps of projective space, Ergodic Theory Dynam. Systems 34 (2014), no. 2, 647-678.
MR 3233709

[67] Tuyen Trung Truong, Relative dynamical degrees of correspondences over a field of arbi-
trary characteristic, J. Reine Angew. Math. 758 (2020), 139-182.

[68] Paul Vojta, Diophantine approximations and value distribution theory, Lecture Notes in
Mathematics, vol. 1239, Springer-Verlag, Berlin, 1987.

[69] Elliot Wells, Computing canonical heights on the projective line with no factorization,
Math. Comp. 86 (2017), no. 308, 3019-3029. MR 3667036

[70] Yu Yasufuku, Deviations from S-integrality in orbits on PY, Bull. Inst. Math. Acad. Sin.
(N.S.) 9 (2014), no. 4, 603-631. MR 3309943

, Integral points and relative sizes of coordinates of orbits in PV, Math. Z. 279
(2015), no. 3-4, 1121-1141. MR 3318263

[72] Y. Yomdin, Volume growth and entropy, Israel J. Math. 57 (1987), no. 3, 285-300. MR

889979

3] K. Zsigmondy, Zur Theorie der Potenzreste, Monatsh. Math. 3 (1892), 265-284.

4] JIE JE, KRB BERAERICDOWT, 55 IR U RI T AMIELE (2014), 68-86.

5] A8 1K, T—NILS A EBERNNFER — BEEEE, HABZESMERE DRI EasHE -

RIS 7 2 b Z 2 ME (2018), 69-80.

[66]

[71]

7
7
7



