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Screenings and Applications 

7 JI,,;"'(-~*;,,;,. jc.5! @:)I'll! 

Naok:iGenra 

University of Alberta 

7-. 7 1) --=-:,, 7'{'FJfHfUiU'i,~{~~O) § EB~~lJl.OJlj,';,j!J&·::Htr:::ffl1,, G :f1Qi!~i';i:{'pffl*OJ~-::i-c-,b Q. :I& 
t,tf1',t;i:,WU t L, "C Virasoro {~~O) § EB~~l_ll.i,i!,b Q. a(z) 'a: V"'Jv 2(k + 2) 0) Heisenberg l}'i#,({~~'a: ~~ 

9Q~t 9Q. 9fJ::b't>, 

fJ:Q OPE 'a:lffif;:9. ::.OJt ~r:p,C,,ffl-l'ilf 

2(k + 2) 
a(z)a(w) ~ -( --)2 z-w 

c(k)=l-6(✓k+2- ✓k1+ 2r (1.1) 

0) VirasoroU'i,~{~~li (k i,)! generic L'<b:hli)Heisenberg U'i,~{~~1:::{'J,ffl9 QA-7 IJ -.=.:,,7'{'J,ffl* J e"(z) dz 

O)~t~f,(9Q. tdi.l., e"(z) Ii 

e"(z) = s"z°'(□ ) exp (- L °'(n) z:n) exp (- L °'(n) z:n) 
n<O n>O 

(s" li:l&i'.'li':'.7 x. -1 1' 0) 1/ 7 H'Fffl*) L';E'.~ ~ :fl,Q, Heisenberg l}'i#,({~~O) Pock ~J:l[O)f!lj0)3<':~{'Fffl*L' 

,bQ. ~1f1:, Virasoro{~~lir:f:l,C,,ffl:-l'ilfc(k)l:::L,i,i>{rx:(¥l.,tJ:\,'. -T::.L', ✓k+2~-ktJ:Q~~'a'.~ 

~Qt, c(k) OJ{@:li~:b G t;i:1,,f;:/b Virasoro {~~O):fliJ~li~{t L, t;i:1,,. L, f;:i,)L::, "C 

Ker J e"(z) dz ""Ker J e-m (z) dz (1.2) 

tJ:Q[q)~'a:f~Q;:. tnt1:~ Q. ;,J;n:::~WLie{~~g t:::M~TQ V"'Jv k OJ± W ~~OJ§EB~~J:l['a:~~Q. 

k nt generic L'<b:hli, ± W {~~li7-. 7 lJ --=- 1/ :7"{'J,ffl*'a'. ffl\,'"C Heisenberg l}'i#,(~~O)J'r~:fr~~t L, "C 

~lJl.~tl,Q : 

rankg 

Wk(g) = n Ker J e-mv(z) dz. 
i=l 

rank.g 

Wk(g) "" n Ker J e"f (z) dz = W£(Lg) 
i=l 

'a:!¥<::. t i,)!L.'~ Q. tdi. l., k t £ Ii rv(k + hv)(C + Lhv) = 1 fJ: Q OO~:i:-\'a:i11lJt;:9 (rv Ii g 0) lacing~. 

h v, L h v Ii "T :h-f':h g B ~ rJ "T 0) Langlands )(X)\",f Lg 0) )(X)\",f Coxeter ~). 
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7--,:; 1J-.::.1/,:;"fHIH!lin'i!~L'i.v.:ioti -5~-:JO)J:!!!.El:lt G-c, :it o/ J-fflpJ;O)filaJl"-O)Jitffln'i.v.:io. 9 'Ii::~ 
;\,i1iue{-1(;~. vk(g) 'Ii:: 9 1:N~"to v-"Jv k 0)77 7-11/JJif,\(1-1(;~, Lk(g) 'Ii:: vk(g) O)~;\,i1ilffit"to. 1m;i1s: 
t Feigin-Frenkel 1:J:--::,-C, Vk(g) O)§EE~~ffl.;IJ>9(1E,n-c1.,,o: 

(1.3) 

t:::. tit.., n+ iiJ::-=-'.flll ,-;:. ~~~:fr{-1(;~. 1f~+h v ii Cartan ~:fr{-1(;~ fJ 1:1-t~T o V-"}v k + h v 0) Heisenberg "ffl 

,~{-1(;~, /J'Y ii /J'Y 1/ 7-- T .L-]Ji,~ft~L'i.v.J o. .::.n/i Vk(g) O))m;;js:£031. t ll'fiitL-C $ IJ, (kiJ> generic "t'i.v.:itL 
~M0)-~7--'.19--=-1/~~ffl·O)-tl.,-CM•~~o-=-t~"t'~o. ~. g'/i::ADE~t~~Tol.,, 
k 'Ii:: generic t TO. .::. 0) t ~ Jv-7°{-1(;~ Ln+ = n+ [t, C 1] 0).!¥1!\€~j::i ;t-'f: tJ :,1-0)re!JO):.tfl!./bjbJ;. 

HT+o(Ln+, vk-l(g) 0 L1 (g)) '-+ HT+o(Ln+, (,B1)dim n+ 0 7r~+hv -1 0 L1(g)) 

;IJ>~)J\t~ tLo. jjjjjJllO) Heisenberg ft~ 1r O){'J:,ffl l:':OOT o ::it o/ I- 'Ii:: tot 

Com ( 1r, HT+0 (Ln+, vk-l(g) 0 L1 (g))) '.:oc Com (Vk(g), vk-l(g) 0 L1 (g)), 

Com ( 1r, HT+o(Ln+, (/J'Y)dim n+ 0 1f~+hv -1 0 L1(g))) '.:oc 1ri+hv 

~o~~~~GtLoO)"t', 1:0):.tfl!./bJbh~ 

Com (Vk(g), Vk-l(g) 0 L1(g)) '-+ 1rt+hv 

'li::lfx. -c1.,,o. vk(g) O)IJU**m. cu) ii7--'.1 9 -.::.1/,:;"f-tm•i: J:--::, -cMa·?'it Gn-c1.,,t:::.n' G, ::it o/ 1-
Com (Vk(g), vk- 1 (g) 0 L1(g)) 0) 1ri+hv A.O)f_ll!lb]bJ;,t, A '.1 9 -.::.1/,Y"~ffl-L'Mamt GtLo. ~~. 

rankg 

Com(Vk(g),Vk- 1 (g) @L1 (g)) '.:oc n Ker J e-mv(z) dz 
i=l 

tci: o ~~iJ,zcll\ Gno. ;;t"Jll/i:t w ft~ wt(9) t ~~ti--::> t:::.O)"t', if\a~t G-c:t w ft~O) ::it o/ J-fflpJ; 
iJ'fcll\GtLt:::.. t:::.t!.L., k t C ii 1/(k + hv) + 1/(£ + hv) = 1 "t'OO~-:J'it G;ti,-c1.,,o, .::.tL/i wt(g) O)m, 

/I 1-Creutzig-Linshaw ::it o/ J-ffljjJ; [ACL] t 11'¥/itL, Feigin I: J: --::, -C :R-\f:r;tJ.\ ~ tl,-C \,' t:::. Fc~,lll1!0)Wi1;st!:1: -:J tci: 

7-1'--::> t:::.. * t:::., k 7-1' generic O)~i,-1: vk-l(g) 0 L1 (g)-1J□ff vk- 1(µ) 0 L1 (v) 0) Vk(g) 0 wt(g)-1J□ff t L, 

-C O):frf/Jli! 

vk-1(µ) 0 L1(v) = EB Vk(.,\) 0 ri,A 
>-EP+ 

>.-µ-vEQ 

;/i::;jlgx.o. t:::.t!.L., µ ii3Z:llci¥J~17 .:r.-1 )-0)~,g- P+ O)Ji:;, vii P+ 0)$"t':l&i!'1iJv- I- 0 "t'O){illiJ> l PJ.7"0) 

17 .:r.-1 I- O)~i, P_J:. O)Ji:;, vk- 1 (µ) iiµ l:f1~T o~~jt){5t~;j,iji g 1J□ffiJ, G ~~ ~ tLo Wey! 1J □ff, £ 1 (v) 

ii v 1 (v) O)~;\,i1ilffi1J□ff, ri,>- ii vk(.-\) 0)~~1J□fft t..,-c~Gno wt(g)-1J□ff"t'i.v.:io. Tot ri,>- ii 

rankg 

Ti,>-= n Ker/ e-~(z1)···e-~(zn,ldz =H'iJ8 (M£(µ-(C+hv).,\)) 
i=l Jr 

tci: o*~ '/i::r,'f-:J.::. t 7J':07J' o. :l&flO);i:\'.;ii g 0) Verma 1J□ff0) Drinfeld-Sokolov ::i ;t-'f: tJ :J-)lji:;"t'i.v.J o. .::. 
O)*~n' G ri,>- iJ,7--/'?..,:; 1- '7 ;1,,7 o- t 11'¥iitLo*ffl.O) 'Y-1 7-- 1- 1:00 t.., -c N H1,ill '/i::r,'f-:J.::. t iJ,;piJ, IJ, 
:i:-f-~{iiJ"jtff(J Langlnads rrlliJ' G OOJI L, -C §::. ;t tLt:::.Fc~,lllJ!O)Wi1;5t!:O)~JljJ/: -:Jtci:;IJ>--::, -C 1.,, o. 

W,J::O) J: -5 1:, 7-- '.1 9 -.::.1/ ,:J"{'Fffl.ii]Jif,\({-l(;~O)ffl~HJl G iJ,1: To tiit"t'ii~ <, ;(J(~ft"?>*ffl.O)M 
;f:1r1: m,-cf))::i'z:-:Ji!~~ 'Y- Jv"t'i.v.:i o. ;i1s:m"t'tiJ"lf;ff11J'li::~ !5-c, 7--,:; 1J -=-1/ ,:;··1-tm•0)11t•1J~"?>-'t
O)r,t;ffl 1: -:J \, ,-c ~A.O. 
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2.1 fJ,y '1/ .7. T .b. 

1 
/3(z)'y(w) ~ --, /3(z)f3(w) ~ 0 ~ 1(z)'y(w). 

z-w 

'a'.'.till/f.::9~ /3(z) t 1(z) 1:~,llx~;h-Ql}'i,~{--1;;#&1:<e>-Q. L 'a:: (ulu) = 1 = -(vlv), (ulv) = 0 'a'.'.till/f.::9 u t v 

1:~Jlx ~ ;h-Q~#&:f,!H~- L = Zu EB Zv, VL 'a:: L i:Mfl.i!i"" -QJ}'ig{--1;;#&, Vu+v 'a:: u(z), v(z), eu+v(z), e-u-v(z) 

1:~Jlx~ ;h-Q VL 0)$:B-m#.\~#& t 9 -Q. :_ 0) t ~ /31 :./7, 'Tb. 0) Vu+v A.O)j:lj[6/).l2,J,. 

/31 c:= Ker(! e"(z) dz: Vu+v-+ VL) . 

:. :. 1: J e"(z) dz li~Alf\J-\il/#&1:<e> IJ, e"(z) 0) z- 1 O)~#& ef0) 'a:'.~9-

2.2 Virasoro :rn:~ {t~ 

L ( z) L ( w) ~ {) L ( w) + ~ + ____!:f!:____ c E (C 
z-w (z-w) 2 (z-w) 4 ' 

'a'.'.till/f.::9~ L(z) 1:~Jlx~:h-Qm,~{"I;#& Vire 'a:'.$1t/~J\ij c 0) Virasoro ]Ji,~{--l;;#&t ~'?. k E (C \ {-2} f:X°'f 

L, -C c(k) 'a:: (1.1) 1:W~9 -Q. Heisenberg l}'i,~{--1;;#& 1r 'a:: 

2(k + 2) 
a(z)a(w) ~ -( --)2 z-w 

'a'.'.till/f.::9~ a(z) 1:~Jlx~ ;h-Qm,~~#&t L, -CW.lb-Q. :. 0) t ~ $1iY~ri/i' c(k) 0) Virasoro m,~{--1;;#&0) Heisen

berg J}'i#,( {-I;;#& A. O)j:lj[ .lb .lb J,. 

Virc(k) '-t 1r, L(z) >-+ 4(k ~ 2) (:a(z) 2 : +2(k + 1)8a(z)) 

iJ!ff.(E9-Q. k iJ! generic O)~if. ::,.O);f:Jll..lb.lbJ,.O)~/i-ll}tf;.,..::71)-.:::.;,;::7".f'pffl*O)~t l,-C!Js\l$&-:nt~ 
;h-Q : 

2.3 !f~O){±JJ: OPEdefs.m 

/31 :,/;J..7/.,.0)~ifli7-.::7 1)-.:::.;,;::7"f'pffl*iJ!VL O)J}'ig{lpffl*t G-C!i:Gz!!~:h-C~'-Qf.::.lb, ;f:Jll..lb.iZ,J,.O)~ 

iJ!~~i:-'cO)~/:}v::> -C -Q:. t Hf!.il9 -Q:. t iifilillitih!, Virasoro J}'i#,({--1;;#&0)7-. ::7 lJ -.:::. ;,;::7"{/pffl*li-'c 

:hf:ti:A--C~fflt:<e> -Q. -'c:. 1: 7-. ::7 1) -.:::. ;,; ::7"{-'pffl*O)~'a'.'. J"H~ll"J/:wWj,-z-Q t.::.lbi:, :. :. 1:/i Mathematica 
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0)/, o/ -7- 1/°L'di) Q OPEdefs.m [Thi] 'a:: ffl\,' f::ITT.JJ?! -a::m:fr-t Q. Virasoro l][gf'l;~O) 7r A.O);t_!j[,lbjbJj.-a:: 

,WIR l.,,--C~ X. Q. 1 i" 7r O)~ a(z) c'. 7r A.fpffl""f Q l][gfpffl* e- •+2 (z) O)FdJO)~~li 

2(k+2) a -2e--.'h(w) 
a(z)a(w) ~ ---, a(z)e- •+2 (w) ~ ---'---'-

(z - w)2 z-w 

L'l§.x. G:rt,Q. td!. l.,, e- •+2 (z) ["1±0) OPE Ii:::: L'li~ x. QM~iifJ:1,,0)"{'4!\'~T Q. 1 t:: e- •+2 (z) ii 

n:'~7'J'G~~;t; 

O)~-a::l!t•-t Q. 7r O)+/;* 1) .:r.-1 1-- 1 0) c::: 6 t:: Ii~ c: tJ: Q.lCii1,,tJ:1,,0)L', +/;* 1) .:r. -1 1-- 2 0) c::: 6 t::~ 

c'. fJ: Q jc7'J{1,' fJ: \, ,;1,p~ X. Q. Ja!:{*(i{Jt:: ii 

e-•+2 (z) (s :a(w)2: +taa(w)) 0)-1-0)~~ = 0 
z-w 

1 In[l] :- << OPEdefs.m 
2 In[2] :- Bosonic[a, e]; 
3 OPE[a, a] - MakeOPE[{2 (k + 2) One, OJ]; 
4 OPE[a, e] - MakeOPE[(-2 eJ]; 
5 In [5] :-

6 e' - NO[-a/(k+2),e]; 
7 In [7 l :-
8 OPESimplify [OPEPole [l] [e, s NO [a, a] + t a'], Factor] 
9 Out[7]- (2(2 s + 2 k s - t) NO[a, e])/(2 + k) 

10 In[8] :- Solve[{2 s + 2 k s - t -- OJ, {tJ] 
11 Out[8]- {{t -> 2 (s + k s) JJ 
12 In[9] :- OPESimplify[s NO[a, a] + t a' /. {t -> 2 (s + k s) J, Factor] 
13 Out[9]- s NO[a, a] + 2 (1 + k) s a' 

7°P ~·7 t-0) 2 fi§I 0) a, e ii:t-:ri,.:f:ri, a(z), e- k+2 (z) -a::*T- e-m (z) ii~L'lif;i:1,,7'J;, e- k+2 (z) ["1±0)~ 

'a"::~X.QM~lit;i:1,,0)L', *;t;(i{]t::~c:Jj.tJ:l.,,--C1TT.l.,,--C J::I,,. Sfr§IL'OPEe-m(z) (s :a(w) 2 : +toa(w)) 

0) (z-w)- 1 O)~~-a::I!Jz IJ tt L,, 10fi§IL'-'t-0)~~7'J;0 UJ:Q s, t O)f!lj1-a::>J<<lb--C\,'Q. M*c: l.,,--C t = 2(k+l)s 

c: 1,' -5 ~~;t;;/Jq~ G :tl, 

s : a(z)2 : +2s(k + l)i:la(z) 

7'J{~O)jc"{',b Q:: c'. iJ{tJiJ,-? t::. :: :rt,;/J; Virasoro l][gf'l;~O)~ L(z) c'. l"l t.:; OPE -a::~t:: Tc'. 1,, -5 ~{4-a::11□ 
X.Q:: c'. l', fi~(l{Jt:: s = 1/4(k + 2) ;/Jq~i;:rt,Q. 

2.4 r 7 7 -1 ~ sb Hl~ {-t~ 

,s[z t::{,fll.if['t Q V"'Jv k 0) 7 7 7 -1 ;..,l][gf'I;~ Vk(,s[2 ) ii 

~ ~M -~M 
h(z)h(w)~ (z-w)Z' h(z)e(w)~ z-w' h(z)f(w)~ z-w, 

h(w) k 
e(z)f(w) ~ z _ w + (z _ w)Z, e(z)e(w) ~ 0 ~ f(z)f(w). 
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Vk(sb) "-+ /31 071", 

e(z) >-+ f3(z), 

h(z) >-+ -2 :1 (z)f3(z): +a(z), 

f(z) >-+ - :1 (z)2 f3(z): +ko,(z) + ,(z)a(z) 

;!Jtf~;(:EL.,, k iJi generic 0) t ~:r!l!.lb.l2:,oli.OJ.ffl(/i.7-:7 IJ-.=.::.,,f{'pffl~OJ~t l.,--Clr,\lf,!J;-:5'/t~:hQ: 

Vk(sl2) Co:'. Ker(! f3(z)e-ih(z) dz: /31 011" ➔ /31 0La). 

3 Y771~ffi~~-©~~~-=~~~m• 
3.1 -~O) g A..0)-~f~ 

Vk(sb) OJ-7-:7 1J -.=. ::.,,:7•'{/pffl~I:: J:: Q~)'J!~, -M'.OJ~t<l:(Lie {~fil: g t::fstili!!T Q v~Jvk OJ7 7 7 -{ ::.,,]J[ 

#.(~fi( Vk(g) OJ~-&'i-t::-jlg!:{~~itt::i,. ;'.".;h/i Feigin-Frenkel /:: J:: Q:/il~;J:.lfi{*~ffli,f:::B$iJiib Q [FFl, Fre]. 

-&~~vV~~~?<~tM*TQ: 

2. G ~ Lie G = g t.t. Q i!!fi!f~i!!fi!f Lie 1'!¥, B_ ~ Lie B_ = E,_ t.t. Q Borel it~:B-1'!¥, N+ ~ Lie N+ = n+ 

t,t.Q~~~$:B-1'!¥tTQ. G 1::J::Q:/il~;f:.lfif*G/B_ "'-OJE:{tffl G ,-,., G/B_ ~~.:z. 't"OJlllJ(,t~ t Q 

tlllJ(,t~)'J! g ➔ Dc;s_ iJiff i:,;hQ. tdi l., Dc;s_ Ii G/B- J::OJlllJ(,t:(l,Ji't'ib Q. 

3. G OJ~{ftjc l ~'@;t'[q]{[i'Ri'i [1] E G/B_ OJ N+ M~ U = N+ · [1] ~ t Qt, U ii G/B_ OJfflj\'i';t.t.7 
77-11/00~i'i-"t'iv.iQ. 

4. g OJlllJ(,t~)'J!~ U J::t::/llLlllHTQ t U Co:'. N+ t,t.0)1.', Lief~fi(OJ!Jt p: g ➔ DN+ iJ{ffi:,;hQ. tdil., 

DN+ iiN+ J::OJlllJ(,t:(li:!"t'ibQ. 

5. ~Wt.t.~:7 r Jv~r.,, V r:: J:: Q g OJJ!l~~l~ g Y gl(V) ~ mi,;nti, g t N+ tfr~J t oli.~-\tQ. 

exp: n+ ~ N+ /:: J::? --C N+ t::~tj~ }..:h--C-jlg!:O)jc X E N+ ~ t Qt p /:: J:: Q a E g OJ{tffl ii 
Frenkel OJ;i:\; 

(3.1) 

r:: J::? --cm-•-e~ Q. tdi VtiJlJ.OJ (·l+ W}t~ g __,, n+ "t'ib ~, a {o X /i11'~J t oli.t.t. l.,--Cffi~M
L.,--ci,Q. 

6. ~+ ~iEJv- \--OJ~i'i-t l.,--C Xa ~ a E ~+ r::l'f);t;TQ}v- r~:7 \--Jvea O)~~tT:hii, p(a) ii~ 

m;i:\;:(li:! IC[N+l = IC[xala E ~+l O)jc t C[N+l J::OJlllJ(:B- Oxa = 8/oxo;_ t::t, O)*Jl.oli.i'i-:bit t ~ Q. 

7. :1&1~/:: Oxa, Xo;_ ~ /3, VAT b. f3a,ra /:::!IX~ '®.:z --C, ~ r::Mili!!T Q v~Jv k + hv OJ Heisenberg JJt~ 
{~fil: 7r~+h v O)~ ~ ~'"fr /::{tj° /t1JQ .:Z Q ;'."_ t "t' p 0) 7 7 l ,( 1/ {~ 
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t.,:t:'c~'-::it::ila!lial:iJ'ffi:,tl,Q, -=:ti,{i: a E ,sl3 (1) X A.(l)f'pffl(l)ila!lial:cJJ-Q c, )'){(l)J:: -jt.,:j%j:71(1)~c:~ffi 

C:~Q: 

e1 >-+ Ox1 , 

e2 >-+ Ox2 + X10x3, 

h1 >-+ -2X10x1 + X20x 2 - X30x 3 , 

h2 >-+ X10x 1 - 2x20x2 - X30x3 , 

Ji>-+ -XiOx1 + (x1x2 - X3)8x 2 - X1X30x3 , 

h f---t X30x 1 - X~Ox 2, 

td!. L, { e1, e2, h1, h2, f1, h} ii Chevalley (l)~)lx;ji:;'t'i.f) Q. ~, 1 Ox., x; 'a: /3i, "Ii 1::: J!1 ~ff/,!;)t_ -C, )'7{(1) J::? 1::: 
~-lj)J/:::5t{i:f-ttt1JO?t.Q (: : (l)l!c%tift/Rtg, 1<iM!irWMtt1JO?t.t::~): 

e1 >-+ /31, 

e2 >-+ /32 + 11/33, 

h1 >-+ -211/31 + 12/32 - "(3/33 + ~, 

h2 >-+ 11/31 - 212/32 - "/3/33 + ~, 

h >-+ -1?/31 + bn2 - 13)/32 - 1n3f33 + ~, 

h >-+ "/3/31 -1i/32 + ~-
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~JE~9 o. k iJ' generic 0)~-8-, :: O);t_!l!,lb36~/i7-. 7 1) -= 1/ :7''fFY:!Hl0)1'$( t l.,-C/jsJf,&·:H:r'"l' ~ o. 7-. 7 

1J -= 1/7'{/pffl.O){fp IJ :1:H:. --:J~,-c sl3 0)~-8-~·W!Jl::lmSJl"t o. U1,t c.' G 0) U "'-O)ti:fpffl ~~ ft -c~,t:::. 

iJ\ U 'c:'. N+ l::ti N+ O)tJ{fp,E§ U -n N+ t,;Jiio. ::ti,~j%J::frl.,-Cffl,G:ho& Lie1~~0)!l,tn+--+ DN+ ~ 

~fto t, :::hti 

X ·a= -Xa, a En+, X EN+ 

t t~ o:: t iJq:,iJ>o. [r,]~I:: ox,, xi ~ /3i, ri I:: iii ~flit -C, e-*3 (z) t *li~-8-t>ito t, ~tifrJ)Zi!O):f;ij!,lb 
36~ Vk(,s[3) '--+ (/31 )®3 ® 7r~+3 ~ljsJf,&-j'/t o 7-. 7 1J -.=. 1/ :7''{/p,E§.1:: ;/;i:-:, -C ~' o. 9t~t,t,, k iJ' genric 

c.'ib:hti' 

Vk(,s[3) 'c:'. Ker J (/31 + 12/33)(z) e-m (z) dz n Ker J /32(z) e-#s (z) dz 

iJ'filZ IJ .lL ":J. i'±~L' ;Jii o iJ', ,i'lpjziJ, G:: O):f:il!<lb36~'?> 7-. 7 1J -.=. 1/ '.7''{/pffl. ti N+ 0) ~,!IO)J!)( IJ :B t::~.(¥ 

l.,-C~'o. ~~. frr)Zl!t~l';i:o 77 71' 1/[r,}Ji;!! 

iJ'i'J{O) J; -5 t;i:!j:,t t l.,-CJE'.~ c! ho : 

1 
e1 >-+ /31 - 212/33, 

1 
e2 >-+ /32 + 211/33, 

h1 >-+ -211/31 + 12/32 - 13/33 + 0:1, 

h2 >-+ 11/31 - 212132 - 13/33 + 0:2, 

Ii >-+ -1?/31 + G1n2 - 13) /32 - ( i1h2 + ~1113) /33 + ( k + D 811 + 110:1, 

h >-+ G1n2 + 13) /31 - 1~/32 + ( irn~ - ~1213) /33 + ( k + D 812 + 120:2. 

:: O):t!<lb36~~1Js1fi&-j'tt o 7-.'.7 1J -= 1/:7''{tffl•t fr,J~1::1Wlfc! :h, 

Vk(,s[3) 'c:'. Ker J (/31 + ~12/33)(z) e-m (z) dz n Ker J (/32 - ~11/33)(z) e-~ (z) dz 

t t~ 0:: t iJ,t,iJ>o. -f,f;f:O) g L''Ei [r,j~O)l/flfc.' Vk(g) 0) (/3r)®dim n+ ® 7r~+hv A_O):f;lj!,lb36~'f>J'J°);t;9 0 

7-.'.71J-=1/~,wm•~-~~~~1Zl!"to::t~L'~o. 
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g 'a:: basic classical 7-.-1,- Lie f-1(;~ t T Q. 7-.-;,-f-1(;~ll'f G 0)7-.-1,-t1lt~~{:ij;: G/ B_ "-OJ{'Fffl 'a:'.ffl 

, , Q .: t c: 7-. -1,- Lief-1(;~0Jlt 

HlJlJG-C~Q. t::.til., DN+ ti N+ J::0)7-.-1,-fff{i)-Jj,'!-C~Q. Frenkel OJ;t; (3.1) f::~),t,TQlit.:t;/i 

a· X = -X(X-1 ((-lfxaX))+, a E g, X EN+ 

-Clj.x. G :rLQ. t::.ti Ur:9UOJffHi (aij )(bij) = (l)kjUik) t 5'E~T Q. even O)Jv- r r,>:7 r Jvf::~r,t,-t Q 
k 

~,tt/1 t -'f O){Fmlf/f{i)-0)"' 7 ax., Xi ti ,a, 1/ 7-. T L. ,6;, /i 1:::, odd O)Jv- r "''.7 r Jvf::x1!,t,T Q "'7 ax., X; ii 
be:/ 7-. T L. b;, C; r=ili~J'lx. --C, [er]~!= 7 7 7 ~ 1/{I:: 

1 
h t--+ - 1 ,6 - 2cb + a, 

1 1 1 f,, t--+ 2,b - 2,c,6 +ea+ (k + 2)8c, 

hat--+ - 1 2 ,6 - 1cb + 21 a + (k + 1)(8c)c + k8,, 

/:: J:-::, --C5'E~ ~ :rLQ. k iJ! generic t;t G ii, Lie f'l;~OJ~-&'i- t [cr];#JH::.: OJ:f:il!&':>36JJ.'a:: 7-. '.7 l) -:::. 1/ 7'{'Fffl~ 

OJ~t G--C!lsfff!l(·:H:J- G:tLQ : 

4 w~•w~~~-=~~~m• 
4.1 W f-\;;~A.O)~~ 

g 'a::~~Lief-1(;~, f 'a:'. g O)"':f-~n;, x 'a:'. g O)~~~n;"Z:~-::,--C ad(x) f;:J:-::,--C g f;: ½Z-1?{~·:::ftt 

o = EBjE½Z oj 'a:: lj.x., ~ G 1:::17{0) J: -3 t.i:*flf:'a:: mt;:: G--c,, Q ti 0) t -t Q : 

• f E l.1-1• 

• ad(!): l.1j--+ l.1j-i ti j:::. ½ OJ t ~ ~lt/J<) j <:: ½ OJ t ~it!J1. 

T Qt g 0) Cartan H~i)-f-1(;~ !J 'a:: x 'a:'.-@it.' J: '? f::~,-q;f, g OJ::::'.j/cji)-fljlt, g = n+ EB !J EB n_ -C~-::, --C n+ c l.1:c:o 

tt.i:QJ:-')/::-C~Q . .:.OJt~~'a:'.gO)Jv-1--~tTQt, ~=LJjE½Z~j, ~j={aE~lg,,Cgj}ii 

JlJGt:l:\'l"J. <I>½'a::OPE 
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'a:rr!lit:: 9~ <I\,(z) (a E ,:l½) t:: i:, "['§::Jjjt ~ :hoITh'tR~):'. "t 7.:.. tdi. l, (·I·) Ii 9 J::O):J¥.i.ls11tP'lftL'i:V 7.:.. 
'it::F'a'. OPE 

'a:rr!lit::"t odd tci:~ 'Pa(z),<p~(z) (a E Ll>o) t::i:>L'§::pjt~:ho.7--1~-l][t,({-l:;fiU::"to. ::.0)/:: ~ W1-I:;~ 
Wk(9, f) ti7 7 7-11/JJi#,({-I:;~ Vk(9) 0) Drinfeld-Sokolov~ji:;:J ,t";'EP Y-1:: VOE'.~~:h7.:, [FF2, KRW]: 

Wk(9,f) = H2is,1(Vk(9)) = H 0 (Vk(9) @iJ?½ @F,d(o)) 

t:: ti. G d(o) ii 

d(z) = L ea(z)<p~(z) - ~ L 
o:E~>O o:,/3,--yEli>o 

t::J;-::i-Cn:'.~~:ho Vk(9) 0 il?½ 0 F J::O)~ d(z) O)l](#,(fF./fH!i;L'i:Vo. 1,,tmpjtiJ,G n+ = 9>o ffi 9t, 

9t = n+ n90 iJ!)jjt IJ "fl.--:J. S:.0)-frMt:: l,f::iJ!-::,-C, N+ = e>O x et iJ!fcl§\G:ho. tdi.l, e>o,et ii-t:h 

.::r·:n Lie e>o = 9>o, Lie et = 9t 'a:rr!lit:: 9 N+ 0)$-frll't"t'i:V o. e>o, et 0) 7 7 7 -11/ §lHl'a:-t:rH':h 
~n,'.l,, 

U:,1,,-c N+ J::O) 7 7 7 -11/~ffl'a'. X = X>o · Xi; i::n,'.<lb o. ::_ 0) X 'a: ffl1,,-c 7 7 7 -11/JJi#,({-I:;~ VK (9) 
O):till.<lbx,J:1. 

BJ; r.J.7-~ lJ -=-1/tlfFffl~'a'.m}lX;"t o. 9 7.:, I::, Drinfeld-Sokolov ~ji:;:J i;'E PY-~¥ H2is,1(?) 'a:~ 
ffl l,-C w 1-1:;~0):till.<lbx,J;i. 

Wk(9,f) '-+ (,B'Y)®dimgci @iJ?½ @7r~+hv 

iJ!fcl§\G:h7.:>S:.tiJ!biJ'7.:>. Il'a:90)~t<HJv-J-,0)~,3-/::l,, Il={a;}:=:,;kg /::97.:,. kiJ!genaricL'i:V:hii 

rankg 

Vk(9) ,__, n Ker J P;(z) e-ITt;v(z) dz 
i=l 

( = = L' P;(z) ii N+ O):;f=i{'pffl u FI N+ 7J' G ¥R:n:'. ~ :ho (,B'Y)®dim n+ J::O)~~ tci:~) L'i:V Q = I:: 7J' G' w 
{-1:;~ :t k iJ! genaric tci: G ii 

rankg 

Wk(9,f),__, n KerjA(z)e-ITt;v(z)dz 
i=l 

I:: 1,, '5 ~$'a: :t "':J = I:: iJ!~$~ :ho. = 0) I::~ P;(z) iJ!'c_'O) J; '5 tci:Jv-Jv"t'¥R:n:'.~ :ho 7J'iiat•L'~ o. 

Theorem4.1 ([Gen2]) (,B'Y)®dimgt 0 <1?1 J::O)~ P;(z) ii/'}{O)Jv-Jv"t'¥R:n:'.~:ho : 
2 

• :tGa;Ei'.l1tci:Gii, ff~O)aEL'.l>ot:::ttG-C, eat::)'(t/it"t7.>N+0)~,1'Jl'l'a'.xai::G-C, 8xa0)/li 

~~X. L'i:V.i ,Ba(z) 'a: ,Ba(z) >-+ <Pa(z) l::Ji:~~x.7.:,::.1::L', P;(z) >-+ P;(z). 

• '6 l, a; E Ll1 t;i:Gti, {f:~O) a E L'.l>o t::)\",fl,-C, ea t::)'(t/it"to N+ O)~ffl'a'. Xa /:: G-C, Oxa 0)/li 

~~X. L'i:V O ,Ba(z) 'a: ,Ba(z) >-+ (flea) I:: Ji:~~X. 7.:. ::_ I:: L', P;(z) >-+ P;(z). 
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Vk(sb) ~ Ker J (3(z) e-m(z) dz 

(:: )(,f L, -C, Drinfeld-Sokolov ~Jt ::J ;t; 'E P :J- 'ii: t -o -=. t -C 

Wk(s[2) ~ Ker J e-m(z) dz 

t1,,5~ffeiJ!(3(z) e-+ 1 t1,,5fli~~;z/::J::-::i-Cffi,G;/'1,-o. [qj:j'§JH:: 

Vk(,s[3) ~ Ker J (/31 + 12f33)(z) e-m (z) dz n Ker J f32(z) e- t;3 (z) dz 

,:: )(,f [_, "(, ,5[3 0) li!U _i_EJlU-" ~ ~ 7t !sub = /i ,:: {-t!MT Q Drinfeld-Sokolov J!!n ::J ;f"; t p :)- '/i: C Q -:_ C "{: 

7- -r,-O)~it-r:t [qi t:; Jv-JviJ!Jlffl-r: ~ -o tMffl G-c 1,, -o. ,WJJ x.tf 

Vk(osp 1 12) ~ Ker J (b + cf3)(z) e- k+~/ 2 (z) dz 

(:: )(,f L, -C, Drinfeld-Sokolov J!!n ::1 ;t; 'E P :)- 'ii: t -o -:. t -C 

Wk(o,sp 1 12) ~ Ker J <I>(z) e- k+~/ 2 (z) dz 

t 1,' 'J ~ffeiJ! b(z) H <I>(z), (3(z) H O t 1,' 'J fli ~~;z -Cfc!j\ G ;/'1, -o iJ!, -:_ ;/'1,/:l:_i_E l,1,' [Genl]. 

s.1 ixt-.t1tiA..O)M,\ffl 

■-~■-~G~~-o. ~~7-~A0)7-~0-= ✓ ~~ffl·'ii:~-::ik~m 

'ii: Vk(s[2) 0)7,~ 0-= ✓ ~•{tffl•'/i:~-::,f;::~-t*Jl.J;,,it:bit-o t, 

Vk(,s[2) ~ Ker J f3(z) e- k+-2 (z) dz 

~ Ker J e"(z) dz n Ker J e"+v--,;'h (z) dz 

C\,''J~ffeiJ!fc!j\G;/'1,-o. -:_;ri,/;J:: Vk(sl2) '--+ /3"/C?)'lr '--+ Vu+v07r t1,,5j£~J2,J;,,-C'6-o. if::Boson-Fermion 
)('tr,t, 
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~ ,Is( 1, \ 1±\ l,-C ;B < . .::. .::. "t' s[n O)Mfj_EJ!LJ,.Z ~ ~Jt !sub r:M[l.llrt Q w {-'l;Mil( wk (s[,,Jsub) 0) A 7 1) -=- ✓ 7'' 

{'H§*r: J: Q~ffi ~:air X. Qt.' ~r;ix t. fq);f::ifH: /3, 1/ AT l,. ~ VL O)n;f: /ii ~~x. L' 

Wk(,s[,,, /sub) 
n-2 

= n Ker J e--.¼ (z) dz n Ker J /3(z) e-~ (z) dz 
i=l 
n-2 

= n Ker J e--.¼ (z) dz n Ker J eu+v- 0 t+-n1 (z) dz n Ker J eu(z) dz 
i=l 
n-2 

= n Ker J e"' (z) dz n Ker J e-(k+n)(u+v)+0 n- 1 (z) dz n Ker J eu(z) dz 
i=l 

t. 1,, -5 ~ffiiJq-1r GtLQ. ~fiO) t..::. 0 "t''i Vrrasoro JJ!t,({-'\;Mil(O):J-.. 7 1) -.=.:,, 7'{'Fffl*O)JJCtHit (1.2) ~ ffii,, 
t::.. )'jzt: ,s[nll O)ifjlLJ,.Z ~~nr:M[l)ff9 Q w {-'l;Mil( wt(,s[n11) 0)7-.. 7 I}-=- ✓ 7"{'Fffl*r: J: Q~ffi ~~ X. Q 

t., Boson-Fermion :it-f'J;t t. i.ll.J::i.-g;b,±--C 

n-l 

Wt(s[n1i) = n Ker J e-r+'n (z) dz n Ker J b(z) e-i=f,; (z) dz 
i=l 
n-l 

= n Ker J e-r+'n (z) dz n Ker J e<l>-i=f,; (z) dz 
i=l 

t. 1,' -5 J-J-J;tiJ! Heisenberg JJ!t,({-'\jMil(O)~,O) fqjfl.f:i;/: -Q. l, t::.iJL:, -C Wk (s[n, /sub) t. Wi(,s[,,li) 0)7-.. 7 lJ -.=.:,, 

7"{'Fffl*O)*.ll.iJ!~~j"" -Q. a!> t. ii:J-.. 7 lJ -.=.:,, 7"{'Fffl*iJ!{'f,ffl l, -C1,' -QfE~~iJ!~~j"" -Q J: -5 r:, Heisenberg 

JJ!t,(ftMil(O)~to/~~t.~-c<b~k~, -~i;/:~~JJ!t,(ftMil(~7'":,,1/~L,k~TtL~ ~O)J:-5i;i:M~~ 

flGtLt::.: 

Theorem 5.1 ([CGN]) 

Com (7!", Wk(s[,,,fsub)) = Com (7!", w£(,s[n11)), 

Wi(,s[nll) = Com ( 7!", Wk(,s[,,, /sub)® Vz) , 

Wk(s[,,, /sub)= Com (K, Wi(s[n11) ® V vCiz) · 

1 t::., vt' (s[n1i) 0) 7-.. 7 lJ -.=.:,, 7'',('Fffi*t: J: -Q~ffi ~ !'§1,, -Q.::. t. iJ!"t' ~ tL/;f, -fl.J'."(f Boson-Fermion :it-f'J;t 
bi >-+ e<I>•, ci >-+ e-<I>, t. i.ll.J::i,-g;b,±--C, 

n-l 

= n Ker j e</>,-</>,+,- ,,;L, (z) dz n Ker j e<l>n- ,,;n-1 (z) dz 
i=l 
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1 1 
(k+n)(t'+n-l)= t'+n-l - t''+n-l =1 

C:9Q, ~Gr::µ E P~1nll 1::x-tt.,-c, ye' (.sln11) 0) WeylfJDff ye'(µ) 'a: ye'(g(n) 0 Com(7r, Wk(.sl,,,/sut))

fJDff c: l., -C 5J'f§/j19 Q c: 

ye'(µ)= EB ye'(>-) 0 rJ,>-

AEPtrn 

c:~:\&9Q c:-HJL,-c1,,Q, = ::--c S;(z) = eii'(z) Ii Wk(.sln,fsub) 0)7-./;1 1)-.::.y/;l"{'PJm~--c,bQ. [,'ij~ 

0)1J'$.'li: ye' (o.sµ 11 2nl r:: t~ffl9 Q c:, 

1 1 
2(k + 2n - 1)(£ + n + l) = 2(£ + n + l) + 2(£' + n + l) = 1 

C: 9 Q. µ E p~5 p112n r::x-t l.,-C' ye' (o.SJJ112nl 0) Wey! fJDff ye'(µ) 0) ye' (.SP2nl 0 we(.SP2nl-fJ□ff C: l.,-C 0) 

:frM'li:~;z -c, 

ye'(µ)= E9 ye'(>-) 0 rt,>-, rt,>-= Hffi8 (Me(>- - 2(£ + n + l)µ)) 
AEP~P2n 

s.2 ~ ,;t~,Q~m,;:-::>l,\"'C: 

7-.70--==-:,,~wm•~~~-cm~R•'li:•~9Q::c:--c~G~Q~m~~*~*~~~9Q. m~-c 
1,,Q~lffl--C;:;: 1:: 0 7-. 1-- C: l.,-C~31'9 Q. 

• B l!;'J.O) W {~-0) ::it o/ 1--ffl~ : 
Wk(O.SJJ112nl = we(O.SJJ112nl = Com(Ye' (.so2n+1), ye' - 1(.so2n+1) 0 F®2n+l ) . 

• A l!;'J.O) w {~-0),&;ffi [Gen2] : Wk(glN,+N2,Pl E0 P2) '--+ wk, (glN,,P1) 0 Wk2(g[N2,P2)-

• l\ 7 ;:N' 1) o/ 7 ~!¥ [Gen2] : wk (g, Indf 0) '--+ we (1, 0). 

• Adamovic 1,7-. [A, ACG] 

Yk(.sl2) '--+ Virc(k) 0 Yu+v, Yk(.s(3) '--+ Wk(.s[3, !sub) 0 Y,,~v, · · · · 
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