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::zl,:ffl/i, tr ,,_ l!JH~nlf;, a'ffi~filf; t (.))::!=¾lcrJ@f~ [OTY] 1:£--:5 < ffl1':rc:2Jr:i 7.i. 
Mackey 2-M~li!ll!m (groupoid) (.)) 2-llliP G1J□ l'!lll (2-lll) A..(.)) 2-M~-r2Jr:i 7.i. 2020 :$1: Balmer, 

Dell'Ambrogio jllljlf;(.))~l:t.J:7.i Mackey 2-lffl~(.));r.:t-7- J-7'.J'i/fl/l&'l(:ht.:: ([BD20]). Mackey 2-M~lilillN 

t/¥(.))~llU~~fil~ ([BD20, 4.1.4]), ~*~ ([BD20, 4.1.5]), 't{JE'.1J□t!¥~ ([BD20, 4.2.6]), lcrJ2t't{JE'.lJs"f: 1' l:'.0 -~ 

([BD20, 4.3.8]), lcrJ2t Kasparov lll ([BD20, 4.3.9]), Mackey lffl~(.))!j ([BD20, 7.3.9]) ~, §;. < (.))~J:/i: 'b-:). 
[BD20] (.))~-:)(.))-3".,@"!/i, Mackey 2-lffl~(.))"f:-f-rf ,f o/ ::77J"!W (motivic decomposition) ii'!, ~,,,_ >'-lt-1 Fffl 
([Yo91, OY0l, Bo03b]) (.))7f[Wt L--C4x.G:h7.i t1,,5:,p:~-e;;J,:,7.:, ([BD20, 7.5.4]). J.: IJJ'lf,$:fr-Jl:1m«7.it:i:G 
Ii, Mackey 2-M~ M (.))'fi~.IH:f't (J.: IJ~Jit',!:/:.i!Em) G l:J1i""7.i~t L--C4x.G:h7.i1J□l'!lll M(G) (.))7f[Wt G 
(.))jJf,,,- >--lt-1 Fffl(.));t[Wt (.))fdJ1:~t,t~t-J-Jt;iJtl'ftET 7.i t 1,, 5 *'5JJl<lc:2Jr:i 7.i. Mackey 2-M~ tjJf,,,- >--lt-1 
Fffllif:£~(.))pJ~fflJ:1:JE'.~pJ"!J~c:2Jr:i 7.i. ::zl,:fflc:liliJ!l!m~ffl Z J:c: G (.))jJf,,,- >--lt-1 Fffl(.))j]!J/l« ~~n 
:/i: 'J·X. (Theorem 4.1), :t-:ht Balmer-Dell'Ambrogio J!l!ililii:/i:ffl1,,-C Z 1:1: M(G) (.));j"[Wi)'if!\!G:h7.i t 1,, 5 
$~ (Corollary 4.3) :/i:1m«7.i. ~,,,->'-it-1 Fffl(.))/,l1'ti/l«~~nl:-:)1,,-c-t;t;f;:~1,,,t\l'i~ 0 (.))f,$:f,f-~(.))~-€;
li [OYOl] c:, IE-t\l'i~(.))i,$:f,f-~(.))~-€;-li [Bo03b] c::t-:h~:h~~'l(:h-C1,,7.i_ ::zl,:fflc:limlilii!Nmti""7.i. 

llliJl'lfit::zl,:f,l1'fflf'FJJXl:li, c:::ft!lll:/i:9'11i:.,1:t.:: < 'l(A,(.)),wJJ:/i:ffi1,,-c 2-lll*c:l:t&~q:r[lil!*filf;l:J.:7.i [Na15], 
B::zl,:alH: J.: 7.i::zl,:mfr-Jt.J: 2-lll~:/i: n iJ 7 - L- -c1,, 7.i ~z~,A.lf;I: J.: 7.i [As19] iJ'lt -c 'b ~~1:t.J: IJ * L-t.::. ~J:$ 
t li~t.J:7.:,fflJ:l!(.))q:tc:fiv:ht.::::zl,:@f~~rt~@f~f~~~(.))ffijll!Ji~AA.ff;:/i'.li t /JJ, i""«-C(.))jfflf,f-~l=~ffl:/i: $ L, 

J:lf* T. 

1 Mackey 2-functors and crossed Burnside rings 

::zl,:fr'ic:li, Mackey 2-lffl~tf4,,,->'-it-1 fffl(.))lffl:b 1J :/i: [BD20] 1:£--:j1,,-c1m«7.i. td3, ffllm-'Nc{'}(.)) 
~WHi [BD20] :/i:~l\11'l(:hb,. 

J;,Cfil'i Mackey 2-lffl~(.)),E~'1:2Jr:i7.i. 

Definition 1.1. [BD20, 1.1.7] A Mackey 2-functor is a strict 2-functor 

M : gpd0 P --+ ADD 

from finite groupoids to additive categories which satisfies the following axioms: 

Mack 1 Additivity: For every finite family {Gc}cEC in gpd, the natural functor 

(incl;)cEC: M(Il Gd)--+ IJ M(Gc) 
dEC cEC 

is an equivalence, where inclc : Ge >-a>- lL Gd is the inclusion for all c E C. 

Mack 2 Induction and coinduction : For every faithful functor i : H >-a>- G , the restriction functor 
i* : M(G) ➔ M(H) admits a left adjoint i1 and a right adjoint i.: 
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Mack 3 Base-change formulas : For every iso-comma square of finite groupoids as in Mack 2 in which i 
and (therefore) q are faithful 

we have two isomorphisms 

given by the left mate,! of 1 * : p*i* =;. q*u* and the right mate (,-1 ). of (,-1 )* : q*u* =;. p*i*. 
Mack 4 For every faithful i, there exists an isomorphism 

between some (hence any) left and right adjoints of i* given in (Mack 2) . 

.l;.(r(7) J; 5 ta: Mackey 2-lfflc¥(7)jj\JiJ;il!>l:J' 1c:>:trn,, 7.i. 

Example 1.2. G 1:lM, k lijj)"~ffl t T 7.i. 

• Usual k-linear representations M(G) = Mod(kG) in classical representation theory over a field k. 
• Derived categories M(G) = D(kG). 
• Stable module categories M(G) = Stab(kG). 
• Equivariant stable homotopy categories M(G) = SH(G) in equivariant homotopy theory. 
• Equivariant Kasparov categories M(G) = KK(G) of G-C*-algebras in noncommutative geometry. 
• Abelian categories of ordinary Mackey functors M(G) = Mackk(G). 

!-)ffli, Mackey 2-00c¥ M (})ff G c:(7):/J□it;ill M(G) (7)7:tmt G (7)~.'j./~-::,;-JJ-,( Ffflt (7)iffl:b tJ ~ff-i""fr, 
,l!.!!c:il!>7.i. 

Proposition 1.3 ([BD20, 7.5.1]). Let M : (G0 P ➔ ADD;c be a Mackey 2-functor and consider M : 
ZSpan -+ ADD;0 the associated realization of Mackey 2-motives via M. Then M induces ring homo
morphisms for every groupoid G E G0 

M 
Endzspim(G;])(G,G)(Idc)--+ EndFun+(M(G),M(G))(IdM(G)) 

between rings of endomorphisms of the identity 1-cells. In particular, precomposition with the isomorphism 
a 0 : B0 (G)-+ Endzspim(G, G)(Idc) yields a ring homomorphism 

(7.5.2) 

.l;.(rli, Mackey 2-00c¥ M (})ff G '1:(7):/JO#;li! M(G) (7):5:tmt G (7)~.'j./~-::,;-JJ-,( Fffl(7):5:tm(7)1ffl:b tJ ~:;f, 

TJE:E!l!c:il!> 7.i. 

Theorem 1.4 ([BD20, 7.5.4]). With notation as in Proposition 1.3, any ring decomposition 

yields a corresponding decomposition of the additive category M ( G) as 

in such a way that for every i fc j, the ring B; acts as zero on N'j and acts on N; via the homomorpshim 

.Ma0 of (7.5.2). 
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2 Crossed Burnside ring and Burnside ring 

::_Q)ffi'i1:'!i~.,,-1/-J:1-1 FJ;\l!Q);;;:it;:]J)Ji~,~1,,tf:1-t [Yo91, OYOl, Bo02, Bo03a, Bo03b]. MG E!!ll'~+tf~Q) 
ftffl1: G-~,@;-t 7-;.t.i: Lt.:'/:, Q)~ ac t iP <. ac J:Q) G-~,@;-Q)il!Q)jj['fQ t T 1/ Y 1vllH::M-t 7., Grothendieck 
ring 

Bc(G) := Ko(G-set/Gc, LJ,@) 

~ G Q)f,JIJ{-~-t:t-( ~~ (crossed Burnsde ring of G) )::1,,5_ Bc(G) Q)'f[Jl:::ffHi~ffi (1F3<:'fD) till 
G-set/Gc J:Q)-'f/ 13f;J.,,ffll~ 

/;:J:. IJ ':JI ~)lg::_ ~:lc0. 1F7-,,,-.,:;1,,lff G /;:j<j-L --c~ x. >b El~l'-'l!'lli 

(X, a)@ (Y, b) ➔ (Y, b) 0 (X, a), (x, y) ➔ (a(x) · y, x) 

/;: J:. 1J *r!W:iJ~1:'215 0::. t 1::tttt-t 0. ~Jt.,,-1/-J:l-1 1-'ffl Bc(G) Ii Z 1J□M (7-,,,-.,:;1,,lff) t L --CQ);;;Jl'\; 

{[H,a]a I H ~ G, a E Ca(H)} 

td~'L, [H,a]a!i J1 (H,a) (H ~ G, a E Ca(H)) ~f;$:Q)~,@;-f;: 

(H,a) ~ (K,b) {cc} :lg E Gs.t.H = YK and a= 9 b 

1:5.E'.* 01'-'Jfii'[l}!Jf*Q) (H, a) ~~tpl'-']{ii'[~, ~ >b ".J. 

;;;Jl'\;Q)jj:;Q) Fdl Q)ff!i 
[K, b]a · [H, a]a = [Kn 9 H, b · 9 a]a 

KgHE[K\G/H] 

G=G=G 

II . ti . II 
O"c([H, a]a) G ~ H ~ G 

11 ~ ,a ti II 
G=G=G 

td~'L, i: H ➔ G !i;t!l!clb:;2:,h-, ,a: i ⇒ i !:l:§~2£~ 1 Q) a E G /:ix,71, {t!!Q) 3 -::JQ)il:7:JJt;!iPT~tt.i:0, ~ 
J.'\"'- 5 -::JT. 

G Q)iffi11M-~-t:t-1' ~Ii !1(G) !HHH G ~,@;-Q)il!Q) Grothendieck $ 

!1(G) := Ko(G-set, LJ, x) 

1:'2150. ;g:/;/)1J□i'!T1/Y 1vM-¥ G-set/Gc ➔ G-set, (a: X ➔ Ge) ➔ X !i~~tffl~l'-'J!'lli'g'.® a: Bc(G) ➔ 
!1(G) ~~il\i-t0. 

3 Primitive idempotents of Burnside ring and group ring 

G Q) ::i'- 7-. r ffl ('fi:f!l!~~ffl Z Q) jj[ffffl) ~ 

Q(G) = II z, 
(H)EC(G) 
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:ffllN G-~i'i X f;: H [1!IJE'.,~(]),ffi'ilfic'a'.}'fr,t;~-it 7.>:::. t -r:4.:t i:,;h,7.,_lji~sfJ';1'!!1[ct]lW¥{~'a'. 

'P: fl(G)--+ O(G) = IT z: [X] >-+ (IXHl)(H)EC(G), 

(H)EC(G) 

t"t7.>. 
H f;:}'fr,t;"t 7.> fl(G) (])L!J{~il~ ~'\Jn'a'. eH t T 7.>. f!¥ G !;l;.:f (}):X~rf!¥t '\JL, 1,, t ~, "tt.t.bt>, G = [G, G] 

Hfillt;:T t gc:@:f!¥ t 11'¥1in7.>. G (})l]ilj~fl¥i.)~PJmm t t.t. 7., J:? t.t. G (})~1j,(}).i.Em.$:5tll¥'a'. G00 ' G (])',\::@: 
$:5tf!¥t;: t, (}) G +H5!'.~:@:1$:(])~i'i°'a'. C00 ( G) t T 7.>. 
trf (])JE'.Jljl.!;J; G (}),J~- >--l}-1 FJ';(])L!J{~il~ ~'\Jjcf;: J: 7.> G (])PJm1'11:!=M-t 7.> !l'f~{i!t-r: ;l1i 7.>. 

Theorem 3.1 ([Dr69]). The primitive idempotents in fl(G) are of the form 

L eH ((J) E C 00 (G)). 
H==J, (H)EC(G) 

Proposition 3.2 ([MS02]). The integral group ring ZG contains only trivial idempotents. 

~ = ( L ~(H, s)s) E IT ZCc(H), 
sECa(H) H (H)EC(G) 

p: Bc(G)--+ Bc(G): [(G/D)s] >----+ ( L 9 s) , 
gDE(G/D)H HSG 

a: Bc(G)--+ fl(G), 

a((xH)Hsc) = (c:H(XH))(H) -r:4x.6n7.>¥~'a'. 

a: Bc(G)--+ O(G), 

EH: ZCc(H)--+ Z: Lahh >-+ Lah 
h h 

1::1"7.>. ~ i:,f;:, l([G/D]) = [(G/D)el -r:4x.6n7.>'lf.~'a'. 

l : fl( G) --+ Be( G), 

"i((YH)(H)) = (YH)HSG, fd:!.l,, YH := YK for KE (H) L"-Y-X.lc>;f!,7.>'/ej'.~'a'. 

l: O(G)--+ Bc(G) 
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Be( G)~ Be( G) Bc(G)~ Bc(G) 

at i" ,t t, 
n( G)~ !1( G), n( G)~ !1( G) 

t, ~())fffiJH:f~G. 

Lemma 3.3. Let x E Bc(G). If p(x) = i:(y) for some y E !1(G), then Lo a(x) = x. 

4 Main results 

::;fs:ffi'ic.'li±fi'f:'Jlil~~« 0. "a]"~~ R ()) T «-C ()) lll{ftil« ~ '\lji7t())~~~ P(R) t T 0. Proposition 3.2 t 
Lemma 3.3 ~ffi1,, 0;: t /;:: J:: 1J P(D(G)) t P(Bc(G)) t ())r,lJ()):@:_!jlM:i.J,f~6:h0. 

Theorem 4.1 ([OTY]). There is a one-one corespondence between P(D(G)) and P(Bc(G)) induced by 
a: Bc(G)-+ D(G). 

Theorem 3.1 L'.ff;l 6:hG D(G) ())lll{tt€,.«~'\1ii7t~ ]J, td!.L,, J :c; G l:l:o/c:@:l'f~::frM, Theorem 4.1 L'.ff 
;l 6:h0 Bc(G) ())lll{M,.« ~~jf:, a- 1 (1J) ~ !J c'. T Q. ;: ()) C: ~, ~()) J:: -5 /;:: Bc(G) ())7tf¥J,~f~0. 

Corollary 4.2 ([OTY]). A decomposition 

Bc(G) = II hBC(G) 
(J)EC=(G) 

into a direct product of ideals each of which is indecomposable as an ideal. 

Corollary 4.2 t-=c'}'-ij 1 o/ :7::frM [BD20, in Proof of 7.5.4] 

G'::= E9 (G,h) 
(J)EC=(G) 

Corollary 4.3 ([OTY]). Let G be a group and let M be a Mackey 2-functor. Then we obtain an 
equivalence of additive categories 

M(G) '::= E9 M(G,!J). 
(J)EC=(G) 
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