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-&rJJt~{)l~A.O)t :J :i 7-l,.- /"1/ "71' /'0)-t,N'.{~ 

(A generalization of modular moonshine to composite order) 

1ffiif rl. (Satoru Urano) 

~~::k"F (University of Tsukuba) 

'E:::,, ;;z. J-, '7;;z.L-::,,1/-\71 ::,, t /i'E:::,, ;;z. 3?-l!H,1[ O)J!,)j;~~fja (L-::,, 1/ -\71 ::,,JJ[t,({/pffl*{-1;;. VI = 

EBnEZ Vn) 0)/j{~ c'. j-;f~:mO){*• c'. O),f,\!1-~fJ:l~~j{*O):: c'. 'c'd'J Go J: IJ -mJ!'.f;:: /i, 'E: ✓ A ??-ilfO){=f)lO) 

~ g f:::j,tt.,-c_ McKay-Thompson~- Tg(T) = LnEZ Tr(glVn)qn- 1(q = e27riT) ·//. SL2(lE.) O);f.i. 0 0)€,[l,] 

~~,fri!ff:::M't G Hauptmodul t t.i: G:: t "t:i:6 Go 'E:::,, A J-, 7 AL-::,, 1/ -v 1 ::,,71;).l/i 1992 ifof::: Borcherds 

f::: J: -:i -c_ ij~J!l!wu~JJ[,~{'Fffl*{-1;;., -ml!: Kac-Moody {-l;;.i:ffil'"Cilil:SJl7-1HJ.;z G tLtc:: [l]o 2010 ifof::: 'E:::,, ;;z. 

3?-M1:·t.i::,,~~Eli!ff:::J,t t., -c t,, 'E: ::J .:i. '7-■• t Bf*'t G t ,, -5 Mathieu L- ✓ 1/ -v 1 ::,,fja~0)9%Jlf..PJ*, 

L-::,, 1/-\' 1 ::,,O),frJ!ffi J: IJ ffl9%f:::lill~~ n-c,, Go q:i"Ct, 'E: ::J .:i. '7-L-::,, 1/-\' 1::,, t fi, ~~J,lJ;IJ:O)'E:::,, 

;;z.3?-0)$,fri!fO)~m•t'E:::J.:i.'7-■•0)ooO)■f*O)::t-r:JfiGo ::n0>eM$~am1:0)mt,c~•~~tt 

't G:: t li't"t'f:::9;0 G tL-C ,, Go :: O)■f*ti 1994 ifof::: Ryba f::: J: -:i -C, *.m.O)'E:::,, ;;z. 3?-ffO)~O)~.g, 

f:::zf,Uie~ tL, Borcherds, Ryba, Carnahan f::: J: -:i -C/!J¥i;k:f:::~-:i tc:: [2],[3],[4]o M#<:li Tate :::I ;i"i'E: P ::J-i:ffil' 

-C:fi':btL, 'E:::,, A 3?-JJ[t,c{-1;;•0) Tate :::I ;i"i'E: P ::J- f:::B't G Brauer ffif,\'l1-19'l{,$:ff(J~ Hauptmodul O)nlJi!~M 

.g,1:-~if'Go *.{_j'[•1:·t.i:,,'E::,, ;;z. 3?-ffO)~f:::tt G-C t,, fl,J~t.i:: ■1*•1'1!:1-1;,;z,. G tLG O)f2'.0 -5 1-1' t~r"i H~ < 
O)fi §~L'JfiG 1-1;, 'E: ::J .:i. '7-L-::,, 1/ -v 1 ::,,O).g,JJ.x:."'-0)-/Dl!'.{l:;f:::-:::,,,-c fi9(D G tL -c,,t.i:,,o 

;,fs:fi:'bfi, Borchards-Ryba [3],Borchards [2] f:::~-:J,,-c J!;l;f:'.:9(0 G tL -c,, G 'E: :/ .:i. '7-L- ✓ 1/-\' 1 ::,,O)M5'/: 

i:~ilr G, 'E:::; .:i. '7-L- ✓ 1/-v 1 ::,,0)-/Dl!'.fr;r:::~ G -c O)r .. iJi!.!lt,c~,, < -:::>1-1>0)lilf~M5'!:eiz!!-"'Go 

Definition 2.1. Ai: G-11Dff, Nr i: ,I J\,,b'ljf/~ A-+ A; a>-+ LgEG g(a) t T Go :: 0) t ~, i 1j( Tate :::I 

;i-i'E:P::J- ifi(G,A) i:1j(O)J:-') f:'.:JE'.~TGo 

!
H-i-1(G,A) (i <::: -2) 

• Ker(Nr)/(ga-alaEA,gEG) (i=-1) 
H'(G,A) = 

AG /Im(Nr) (i = 0) 

Hi(G,A) (i 2 1) 

::::-r:, AG iiAO);ffi'ckG-;f~$,fr,/]Di!f, Hi(G,A) /idj(;i-i'E:P::J-, Hi(G,A) /ii/j{:::I;i-i'E:P::J-"t'i:6G 0 
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:a:flJ\Go 

2. G-/J!p-$f, A iJ!gcJE13 Z[l/nl[G]-1JOff with (p,n) = 1 (1)/:::.~, fli(G,A) ""fli(G,A®Zp) for any 

i E z. = = "t\ Zp ti p-iH&~ij{'"(' ~GO 

3. Hi(g,A) ""fli+2 (g,A) for any i E Z. 

4. H 0 (g,A),H- 1 (g,A) /;J::t!;f:': Z/lglZ-1JOJf'°C~Go 

Theorem 2.2 ('E: 1/ .:i. '7-L- 1/ 1/ -v -11/ [2],[3],[4]). h 'a: $,~,,(~ff CM(g) (1) p-regular ji:; t T Go 1JZ~M 

~ Brauer m-m Tr(hlfli(g, V)) := LnEZ Tr(hlfli(g, Vn))qn- 1 (i = 0, 1) t::xt l., ""(, PJT(l)OO~~-/J!Jj)l; tJ 11.~o 

[

Tgh(T) (g E pA, 3G) 

Tr(hlfl0(g, V)) = Tgh(T) -Tt(T + 1/2) (g E 2B) 

Tgh(T) + Tghcr(T) 
2 (g E pB, 2l(p- 1)) 

1
0 (g E pA, 3G) 

-T h(T) -T h(T + 1/2) 
Tr(hlH 1 (g, V)) = g 2 g (g E 2B) 

-Tgh(T) + Tghcr(T) 
2 (g E pB, 2l(p- 1)) 

-=.-=. ·e, a E CM(g)/Op(CM(g)) ti il0 (g, V) J:'"C 1 t 1.,--Cf'Fffll.,, H 1 (g, V) J:'"C -1 t 1.,--Cf'FfflTG:x\.tft, 

Op(CM(g)) /;J: CM(g) (J)Mi;ki£tJap-)r~?j"Jf'°C~Go 

'E: :J .:i. '7-L- 1/ 1/ "i'-i 1/(l)mJl :a:ffi~f::~-"'Go mfr-T G$/i!!-'?>JE'.J:l(l)li$ l., l'tiEaJlti [2],[3] t::~:tJ.Go 

Theorem 2.2 'E::} .:i. '7-L- 1/ 1/-\' -11/(l)iiEBJl. Tate ::i ;t, 'E: P :J-(l)•tifi[ 2 J: tJ, Zp[g]-1JOff t l., --C~ x. Go 

Zp[g]-@Ja~;/JOJff:: ~l'"t" PJT(l)5t~JE'.J:l-/J1t¥:f:ET Go 

Theorem 2.3 ([7]). Zp-§ El3tJ:~~j§c:Jj)l; Zp[g]-@Ja~;/JOJfti 3 ~fftET Go -t :h G ti § BJlfJ:;/JOJf Zp, ffij{ 

Zp[g], §~tJ:~~ Zp[g]--+ Zp (l)~ I '°C~Go 

-:. :h G (l)@Ja~;/JOJf(l) Tate ::i ;t;'E: P :J-:a:[t~T G t, 

• fl 0 (g, Zp) = Z/pZ, H 1 (g, Zp) = 0. 

• fl 0 (g,Zp[g]) = H 1 (g,Zp[g]) = 0. 

• fl 0 (g,I) = 0,H1 (g,J) = Z/pZ. 
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Proposition 2.4 ([3]). h E Ca(g) 'a: p-regular jc, A 'a'.1'f~.&1:./JX Z-l&El3 Z[(g,h)]-1:JOiiftT7.io 

Tr(hlH*(g,A)) := Tr(hlH0 (g,A)) - Tr(hlH1 (g, A)) /: L,f;:: /: ~, Tr(hlH*(g, A))= Tr(ghlA) fi/JX ':J }L-:Jo 

Corollary 2.5 ([3]). g EM O),fftl/il(>a: p t T 7.io h E CM(g) 'a: p-regular 5G t T 7.i t, 

I:nEZ Tr(hlH*(g, Vn))qn-l = T9h(T) 

/:f.J'.Q 0 

:'.: O),'fH: J:: ':), Tate ::J ;t'f: P :::J- H*(g, V) O);,j.:l/&{1~ Brauedl'ltlii Hauptmodul t t.i: 7.:, :'.: t ii:biJ''J 

t::o PJJit:.1: H0 (g, V), H 1 (g, V) O)i'j(#&{1~ Brauer ffi~iJ>-'f :ti,.:f:ti, Hauptmodul O)*Jj!~*,';i:)--el!ciz!!-e~ Qi)> 

t 1,, -5 :'.: t 'a'.1GTo 5G g EM O:J~i:)--frtt'a'.f'r-5 o 

Case. 3A, 3C, 5A, 7 A, l lA, 23A 

g EM 'a: Mathieu ff M24 O)ilj-*l/&5ctT7.io H1 (g, V) = 0 'a'.1GTo 

ii~tJOfft:001"" 7.itiiJ!!!HBfl-T 7.io 

Lemma 2.6 ([3]). A 'a: no p-torsion t.i:ii~ Zp[g]-1:JOfft T 7.i 0 :'.: 0) t ~, H 1 (g, A)= 0. 

Lemma 2.7 ([3]). ii~tJOiifti@cfO, 9-:,,') Jvfft x\tf;/fl1Jt:--:i1,,-cl~,!Jl,.;·n,7.:,o 

filSJ§t:tiJ:::l!cO:JtiiJ!!!t 1J-1-mr A O)mrll'!,~f(;#&O:JJ/Hi~A VA >a:fflli'7.io $'.~t l.,-C, VA lili~tJOffc:· 

.t:>7.i[3]o J::'JL, H 1 (g,VA)=0tt.i:7.io 

Theorem 2.8 ([6]). V @Z[l/2] ti v 00 EB V01 EB V10 EB V11 t Dfil1'f~Fdl-frM~ :tL7.io :: :: c:·, 2B-pure 4-iif 

O:J5G h1,h2 t:J::7.iofil1'f~Fdl>a: Vii(i,j = 0,1) ti""7.i i.e. Vii= {Z[l/2]v E V@Z[l/2]lh1v = (-l)iv,h2v = 

(-l)iv}o ~ Gt:, v 01 , V 10 , V11 ti 224 .Aut(A)-1:JOiift l.,-C~-Cl'cu~c:·.t:>7.io 

2B O)jc t: J:: 7.i Dfil1'f{il 1 0) VA @ Z[l/2] 0) Dfil1'f~Fdl vi ti 224 .Aut(A)-1:JOff t l.,-C v 00 Ef) v 01 t i'cu~c' .tJ 7.:, 

t "' -5 OO~iJ, G, H 1 (g, V@ Zp) = H 1 (g,V) = 0 i)>tf:. -5 0 

Case. 2A,2B 

Case. 3A, 3C, 5A, 7 A, llA, 23A c'ti g il'ilf*l/&c'.t:> 'J td:: ilb, 2B-pure 4-fft: J:: 'J -C Dfil1'f~F.,i-frMc' ~ t::o 

Theorem 2.8 t l'cu~t:, g O:J{ftl!il(iJ, 2 O:J t ~ Ii 3B-pure 9-fft: J:: 'J -C, V@ Z[l/3, w] iJ>ofil1'f~F.,,~flai-frMc:· 

~, VA @ Z[l/3, w] O:Jofil1'f~F.,, t O:J00~•1'1!: 'a: ffl\, ,-c~iESJ§ 'a: ff 'J t:: [3]o :'.: :'.: c', w ti l O:J@:Mt 3 ji,J,&c:·.t:, 7.i o 

Case. non-Fricke 5G 

class CM(g) 
3B 31+12 .2.Suz 

5B 51+6.2.HJ 

7B 71+4.2.A7 

l3B 131+2 .2.A4 

f/i.iJ' G 2B O)jc a E CM(g)/Op(CM(g)) i)tf¥:fET 7.:, :'.: t i)>;bi)• ':), [2] c' a iJ, H 0 (g, V) c' l, H 1 (g, V) 

"c'-1 tl.,-Cf'FfflT7.i:'.:tiJ>!iESJ§~:tLt::o ~Gt:, Proposition2.4J::':J, Tghu(T) =Tr(hlH0(g,V))+ 

Tr(hlH1 (g, V)) i)>}iji; ':) }L""Jo 
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Case. J::!i:lPJ,;>'f-0) Fricke jc 

g E M 'a":'. l::!i:lPJ,;>'f-0) Fricke ji; /::: T Go 

Theorem 2.3 J: fJ, Zp[g]-W:ret;jl(J:IJOff ti 3 "'.)O),h. '"c'i6 fJ, ."f ti G O)@:ret;jl(J:IJOff0) 7::,,, 'J Jvffi'a":'.>l<<lb G /:::, '{X.O) 

M~ifJ,,\Z fJ-f.l."'.)o 

Lemma 2.9 ([2]). A,B 'a:: Zp[g]-:/JOffi:::TGo ;:0)/:::~, ffii=O,l_Hi(g,A@B) = ffii,j=O,l_Hi(g,A)@ 

_Hi (g, B) iJ;J,,\Z fJ -f.l."'.)o 

.:: O)fm~(i Tate ::i ;i°;'E: P 1/-!iT::,,, 'J Jvffi'a°:'.¼l'J -C 1,,G.:: /::: 'a::~ L,-C 1,,Go 

K 'a":: Zp[g] 0) Greenffli:::TGo K !i3 "'.)O)jc [Zp], [Zp[g]], [I] 'a":'.~@/:::TMH13 Q-:IJOi!f'"c'i6Go 

Lemma 2.10 ([2]). ffll'f.fj,]l!i!J.~~ K ➔ Q fi dim, Tr(gl•), f 0) 3 "'.)c.'26 fJ, 'tft.O) J: "J fd'.{@:'a":'. /::: Go 

• dim([Zp]) = 1, dim([Zp[g]]) = p, dim([I]) = p - 1. 

• Tr(gl[Zp]) = 1, Tr(gl[Zp[g]]) = 0, Tr(gl[I]) = -1. 

• f ([Zp]) = 1, /([Zp[g]]) = 0, /([I]) = 1. 

{l:~O) n E Z /:'.:x1L,-C, ct(n) := Tr(gl[Vn]) = dim(H0 (g, Vn)) - dim(H1 (g, Vn)), c;(n) := f([Vn]) = 

dim(H0 (g, Vn)) + dim(H1 (g, Vn)) /:::~~TGo 

I:nEZ ct(n )qn-l fi.l,- /' 1/ 1' 1' /'O)*,l/5'!,iJ> G, Hauptmodul c.'26 G,:: /::: iJ;ret/::::biJ> 'J -C 1.,' Go l!t'.11J:t/lt1:: J: 'J 

-CPX-fO)~:f!l!iJ;J,,\Z fJ-f.l."'.)o 

Theorem 2.11 ([2]). I:nEzc;(n)qn-l !i Hauptmodulc.'i6Go 

~ G /:'.:, l!t'.11J:t/lt1:: J: 'J -C ct(n) = c;(n) 'a":'.~T .= /::: '"c\ H1 (g, V) = 0 c.'26 G.=/::: HiESJl L, f;:o □ 

3 ~-era:-&l-J,,\Z~fll~"-'E 1/ :i. 7 -1'-::,,,::,,,, -1 ::,,, 'a":: -~f~T G ~O)r.,,~t-('a":'.Jzi!-'"', 1,, < -:)iJ,O)liJf~*'55'!:Htl 

fl-T Go 

(R,mR) 'a:: mixedffl~ (0,p) 0)/ffffi(M{@:ffl, v: R ➔ Z2'.oU{oo} 'a:: R 0)-@:Mtd'.Mf@:i:::TGo .= .= '"c', mixed 

ffl~ /::: 1i:B-~{2t;: Frac(R) O)ffl~iJ; 0, Jl!IJ~{,t;: R/mR O)ffl~iJ; p c.'26 G.::/::: 'a":'.~~T Go g O){li'.~'a":'. N /::: L,, p 

!i N O)~[z;;I~ /::: T Go :Hi:, h 'a":: N-regular ji; /::: T Go .:: 0) /::: ~, 'E: 1/ :i. 7 -1'-::,,,::,, -t 1' ::,,,O)lli[SJli:: ;JS1,, 

-Ci:1:: 2 "'.)O)F"i~,\\(iJ;Lt ~ Go 

• Brauedlltf1i R/mR[h]-1JOff /::: p-regular jc/::x1 l,-C O),h.~~~ ti-c1,, Go -~/::, Tate :J ;i°;'E: P 1/

/i R/mR[h]-:IJOff (n > 1) 'a::/::: G.=/::: iJ;i6 fJ, Brauer tl'iffl'a°:'.)[§!fflc.' ~ fd'.\,'o 

• -~/:: Zp[g]-@rot;j\<J;/JOffO){IIDJ,Uifflli~.l.Hli!l1¥tET G [8]o ~/::, .:: titi p3 IN 0) /::: ~ /::J,,\Z fJ -f.l."'.)o 

Definition 3.1 (p-Brauer tl'i,11, [10]). M 'a°:'.f3~~0):Bi: ~ 0) R[h]-1JOM /::: T Go M !i;\\§.J,,\Z3i1J O = M 0 c;; M1 c;; 
· · · c;; Mn= M 'a°:'.1Sf"'.) /::: T Go .= 0) /::: ~, N-regular 7C h 1::x1T G M 0) p-Brauer tllffl Trp(hlM) 'a":'.)'J(O) J: 

-51::~~TGo 

Trp(hlM) := vlp) I:~=l Tr(hlM;) 

==c.', M; ii R-§ES R[h]-1JOM s.t. M;/Mi-l e,, M; iSIR[h] R/mR[h] '"c'i6Go 
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Theorem 3.2 ([10]). N i:*lzsl~-frWft7.i /:'. TiiPr' /:'.tJ:7-> i:'.T7.io h E Cc(g) 'a': N-regular n, A 'a°:f§~i 

ltJiJi;R-l:1:!El3 R[(g,h)]-:llailfi:'.T7.io -:_0)/:'.~, 

ak,p, = {~:•:~~::~::/: f ~ :•~•:~:/~~) (p~ f k) 

(pr" lkl 

= = c\ l ti ( k, pr') = p\ 'a". l'il!it;:: T~~' 'P ti Euler 0) r - 1/ :,C / r OO~c' i!f:, Q O 

Corollary 3.3 ([10]). g EM O){ft~i: N = TIPr', h E CMI(g) 'a': N-regular ni:'.T7.i /:'., 

I:nEZ Trp,(hlH*(g, Vn Q9 ZpJ)qn-l = I:dlN ad,p,'P ( 1;}-) Tgdh(T). 

-:. 0) ,¥: 'a': ffl 1,' 7., /:'., {f~ 0) Fricke n t:: )(sj" L, --C Tate ::i ;t, 'f: P :J- .H1 (g, V) iJ, 0 /:'. t.t 7., /:'. 1,' -5 Borcherds 0) 

rfll [2] O)Bz,W!Ji:lJ.x. 7.i-:. I:: iJ,-c-~ 7.io 

&,WIJ (g E SA) [10] 

gEMi:8AO)n;/:'.T7.io -:.0)/:'.~, gtiFricken;-C-i!f:,7.io Corollary3.3J:.i'J, 

Hl'7.io 

q2 O)~~i:lUx-:t 7., /:'., length(.H0 (g, Vi))-length(.H1 (g, Vi))= -256 /:'. /;i: I)' H1 (g, V3) =I O i)q,t-50 J:,-::, 

--C, H1 (g, V) =/c 0. □ 

Tate :J )t,'f: P :J- .H1 (g, V) i)>{f~O) Fricke n;-C-ti O /:'. tJ: G tJ:1,'-=-. /:'. 7J'P7J'-::> f;:: 0 g ti tt-C-titJ: <, T-" --C 

0) i f::)('1" L, L, l :t Fricke n;-C-i!!i 7., /:'. ~, H1(g, V) = 0 /:'. tJ: 7., /:'. 'r~ L, L 1,, 7.io 

Theorem 2.2 -C-li, jj[mf~:IJ0iifO);ffi!Jij'jiJs 3 -:)-C,i!!:, 7.i-:. /:'. :a:: ffi1,,--c 1,,f;::o i',JiJi;~{.IL~"-f.JlH~T 7.i ~t::, ]][ml; 

~:IJailfO)fli!l~iJ'f§~.l.H611-C-i!f:, 7.i{ft~iJ, p2 O)J;!/;i',t::-:) 1,' --c~ x. 7.io 

PJr, g O){ft~i: p2 i:'.T7.io Zp[g]-]l[mf~:IJ0Mf::-:)1,,--cpJrO)-fr!Jij'jJE'.:f!!liJ,;(¥;fE't7.io 

Theorem 3.4 ([7]). Zp-1:1:l El3t.tf§ll][ltJiJi; Zp[g]-]l[mf~:IJ0Mti 4p + lflillff;fET 7.io .:u1, G ti;,j(O) J:. -5 t:: t.t 7->o 

A:= Zp, D := Zp[g], B := D/(1 + g + ... + gP- 1 )D, E := D/(gP - l)D, 

• C := D/(1 + gP + · · · + gp(p-l))D. 

• cA with O --+ A --+ cA --+ C --+ 0 exact. 

• cB with O --+ B --+ cB --+ C --+ 0 exact. 

• cf®B(l :<:: i :<:: p- 1) with O--+ A EEl B--+ cf®B--+ C--+ 0 exact. 

• Cf (1 :<:: i :<:: p - 1) with O--+ E--+ Cf--+ C--+ 0 exact. 

• Cf (1 :<:: i :<:: p- 2) with O--+ B--+ Cf--+ C--+ 0 exact. 

• cf®E(l :<:: i :<:: p - 2) with O--+ A EEl E--+ cf®E--+ C--+ 0 exact. 
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K ~ Zp[g] (1) Green :flt 't-5, ;: tLli 4p + lf[lif(l) Zp[g]-00:.1&~:/J□lWiJ' G {f G tL-5£®H<i1-::i g:J l±l IQl-:/J□ff 

c'afi-5, rn:.1&~:/J□ff(l)7/1/ Jvffi'.iJ>G, :El~[l,]l!;'l's'.,ffl1 K--+ IQ! ~>l<.lbt::, ,W!Jt l.,-C J:; < %1GtLt:::El~[l,]l!;'l's'.,ffl1 

lil'~(l)fiH t.-5, 

dim Tr(gl·) Tr(gPI·) f 

[A] 1 1 1 1 

[B] p-1 -1 p-1 p-1 

[C] p2 -p 0 -p p 

[D] p2 0 0 0 

[E] p 0 p p 

[CA] p2-p+l 1 -p+l p-1 

[CB] p2 -1 -1 -1 1 

[CfEllB] p2 0 0 2i 

[Cf] p2 0 0 2i 

[Cf] p2 - 1 -1 -1 1 

[CfEllE] p2 + 1 1 1 2i + 1 

J::lJc(l)fi/!.t: t, :fl~[l,]l!i'l's'.{tiJt(¥tET -5 iJ;, ;: ;: c·ti~~T 7.i, 

;:(l);jlaJ!,t.b.-1/Y-t-1' 1/, t:.i.17-,L,.-:,,::.,-t--( :,,J:; IJ, g E 4A t::;tij"L,-C, V@Z2 ~ Z2[g]-:/J□ffc·:B

!WT 7.i;: c'. iJ{c- ~ t::, Vn 0 Z2 fi n ;/Jq/.1,\Yij((l) c'. ~, A c'. D t: :B-IW i'E ti, n iJ{~Yij((l) c'. ~, cA c'. D t: :B-M i'E 

tl,7.:,, 
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