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::zls;~O)l7'JiHi Masoumeh Koohestani .Ef:, Bat~ml{$S~.Ef; t O)~[l'rj~~~;:£-::5 < o 

:ltr®1?$lffi/i0) .ft~i,J, t:i 0) ~l 7 7 0) 7-. « :7 1-- 1v0)~~ ( cf. [7]) 1: ti, ~ii)~~.&JE:E!!! ( CLT) 
O)~j{.p,{~l=j.;t Q :=. t liJ!IJ5K7J1,, r l::'.0 'Y 71:&!> Qo :=.:nti Cayley ::1'7 70)r~i;-~:~~;: 13?'& 
tJ:r"imt@:llll1: J!> o, :=. :=. tP t:i 1aER.ft'tiJ O)ffl~O)~-'-< 0) .9:l!lffi;6t1: t Q O ::. O)::st~1::m~tJ: 
{-tgO) :7 7 7,.0):7''7 7 t l, "C ieiftiEffU~'5 7 [2, 3, 4] i,Jt~~j' 6:hQo Hora [5] ti Hamming 

~7 7{> Johnson ~7 7 ~'2itrffiliiltiE~U::1'7 7 0)1,' < -:::>;6>0)*:>1Ut:-:::>1, 'L CLT ~7f, L, f.: 
i,Jt, CLT ~f~QJ:1::£-0)ffufl.ft~:ht.::!lltfH'r:>1UO)m.T~fWO)-'f-?iti, ie1MtiE~U:7•7 7 t 
t l'J:btt:t§'ti;6t~1,,o tJ::B, flr5tf!?j10)-'f-?iti:E!!!lffi/i~fiija):H;:'j""Qfnt1:tJ:C m.Tqlli)~j 
~H~ll (QCLT) O)JE:i:\{t~: t-:::>tJ:i,Ji "".J t.::o 

::zls;~1:tiFJrm'li:~ifta~11t5 )(-9 ~Mt-:::>iefflftiE~U:7•7 7 0) QCLT ~:-:::>1i,--c•lffi/iT Q O ;:_ 

0) J:: 5 tJ:ieffltiE~U:7•7 7 0)3<:Jl~ti@rfI. d t --:::>0),.1-1; 7 :J. - ~ q, a, ,B 1:~~ :hQo :=. 0) 5 
't q ti¥ t Wfti:h, d ): 3 tJ: 6 ti o, -1 .l-;.(?7'1-0)~~{iil~ I& Q o :=. :h 6 tiffifflti:E~U ~7 7 0) 

~1: t~~tJ: t 0) t O)~P~~Mrt.::nQ i,J, t L,:htJ:1i,i,J\ ml!'ifF.£-cm t:i:n --c1i, QieffltiE~u~ 
7 70) (d i,Jije~i"" Q) f!l€m*1Uti~--C, i;!,141¥),.1-1;7 :J.-~ ~Mt-:::>i,J,, !lJGt,ti:£-0) J:: 5 tJ: t 
O)~;:~*~;:~:;m L, --c1,, Qo 1kt-:J --C, i;!.141¥),.1-1; 7 :J. - ~ ~Mt-:::>ieN!tiE~IJ::7''7 7 ~:7g~T Q :=. 
t-c, W 6 :h --c1,, QffilftiE~U:7•7 7 O)::kff~5t~~Jti¥J~:ti7'J /'\-T Q :=. t ~:tJ: Q o q = 1 

t tJ: Q fJ!Hi~--C~;E~ :h --C :B l'J, Hamming ::7''7 7 t Johnson :7·7 7 ~'?itr 4 *1U L, i,J>tJ: 

1,,0 :=. :h6 ~;:-:::>1,,--c ~i Hora [5, 6] {> Hora-Obata O)::zls; [7] 1:::zls;jfi¥)~;:~--Cl& l'J t&:b:h --c1,, 
Q0)1:, ::z!s:~1:ti q-/= 1 O)r~i;-~:7g~L,, d--+ oo t L,f.:: t ~O) QCLT O);ji,jmO)#tE~{tf: 
~ q, a, ,B ~ ffl1, 'L l=j.;t Q o 

1-tl5ra~Hil$~rdl t ti, C J:O) *-ft~ At ,f O)J:O)~:kl~ cp: A--+ C O)lJl (A, cp) 0) :=. t 1: 
&!> Q o :=. :=. 1: cp i,Ji~~1: &!> Q t ti, li~¥~1: &!>-:J --C, cp(lA) = 1 7J>"".J cp( a*a) ): 0 ( a E A) 
~rrlilit.::T :=. t ~1,' 5 (lA ti A 0)1ji{ftn~~T)o A O)jf;/i ( {--1;;~1¥]) ffl$~15r t Wf~i:hQ o 



108

Ni$~WI: a EA ~;J: a*= a ~rilillt.::T c: ~~--C&!> G c: t,, '?o ~ui$~WI: a EA ~;:.j>j" L, --C, ~ 

J:O) Borel uf$j1Jll'. µ --C 

(i=0,1,2, ... ) (1) 

~rilillt.::T~®i.rt(ftETGo td2.L., µ ~;t-~~;:_~;t-~a"J-r:-~;ttJt'o 
*ffl--C~;J:~'7 7·fp 6f-lH:>hG{i:W!:a"Jui$~r~~.!:[z 9 t& '?o J;J,f& r = (X, R) ~;J:~~$*-iJ! 

~*-5~'7 7 c: T Go X ~:lJJt~ffi-@', R ~;tjllffi-@'--C&!> Go 2 JJt~ x, y r~®ffifflt~ 8(x, y) --C~ 

L,, f®l![;ff~d=max{B(x,y):x,yEX}C:TGo *f.::, A~f®IWltlfi>11Jc:L,, A(r) 
~~:Ji{i:W!:c:TGo J;J,T, A(r)J:®~:,O'i®fY!J~3fi~l~!J'G: 

t-- v-A~~ : :: n~:l 

1 
'Ptr(B) = IXi tr(B) (BE A(f)) 

-r:'5E© 6hGo :: ®tJ-@', ui$~WI: A ~;:_j>J-t G (1) ®uf$7,IIIJ./I'. µ ~;J:-~a"J--C&!> 9, r ®A 
~? 1--JL..~~-r:-l};t 6hG : 

mi 
µ(0i)=IXI (i=0,1, ... ,e) 

::. ::.--c 00 , 01, ... ,Be ~;J: r O)~tJGufil~{rni--C&!> 9, mi ~;J: r 0)7-../-{7 J-;H:.~~tG Bi ®i!~ 
Bt~~To 

~~~~: 1~,~J a EX ~lgj5EL,, 

'Po(B) = (8, B8) = B0 ,0 (BE A(f)) 

-r:'5Eilt:l 6hGo :: ::-r:- 8 ~;J: a ®~'['i./-{7 1-fv~~ L,, (·, ·) ~:lim1it®x..1v~ - 1- 17'Jll-r:'&!>Go 

Gibbst'(~: ;:ti,~;J:J:O) 'Po 0)-~{~-r:'©Go t E ~ ~lgj5EL,, 

'Pt(B) = ~ta(x,o)(i:,B8) = ~ta(x,o)Bx,o (BE A(f)) 
xEX xEX 

-r:'5Eilt:l6hGo tdc.'L.,, o0 := 1 c:twfRTGo Gibbs~xlt~~;J:~ff~~~~~c: ~~~ihGo tJ 

:s, J:®=~®fY!Jc:JFJ 9, Gibbs~lH:l~~~xlt~~;:.tJG c:~:l~6tJt' (cf. Lemma l)o 
J;J,f&, r = (X, R) ~UeffltiEffU~1''7 7 c: T Go -ttJ;biS, Ai~ r ®ffifflt i fiJIJ c: T G c: 

~, &!> G #Fjt~W!: ai, bi, ci ( i = 0, 1, .. . , d) iJ:l':(¥ff L, --C 

(2) 

c'. tJ Go t.::t2 L,, b_1A-1 = Cd+IAd+l := 0 C: L,, * t.:: bd = Co := 0 C: :l3' < 0 :: 0) c'. ~ r ~;J: 
i_I]{IJ--C &!> 9, ;[J(W!: k ~;J: k = b0 --C 1} ;t 6 n Go r 0) Ji!gfflt i -7" 7 7 ~ * t.::il:J{IJ--C &!> 9, 7c ®;[J( 
WI: ki ~;J: 

(i=O,l, ... ,d) (3) 
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A(r) = span{ A0 , A1 , ... , Ad} 

t tJ: Q o ~~;:, A(r) OJ::g.fi37U ~::l:x-tfilfit-5:til:l'-JE-C: <b IJ, :fAt 0 --C 'Ptr = cp0 t tJ: Q o Gibbs 

~-~t*k~~oEXOJ~a~~~6~ 

(BE A(f)) 

Lemma 1. If r is distance-regular, then the Gibbs state 'Pt is a state on A(r) if and only 

if the matrix Kt is positive semidefinite. 

'Pt(A) = tk, (4) 

7r(f) = { t E IR : Kt is positive semidefinite} (5) 

1g~;: 0, 1 E 7r(f)-C:<b I), :ftt0--C 7r(r) =/- 0--C:<bGo *t-= Kt 0) 2 X 2±tM-r3'1J~~;{_Q:. t 
-c::(J{i):l'-5:ti),Q : 

7r(f) C [-1, l] 

~1~ o e x i:: lffl t, --c, ~~ff 3'U A OJ m T~MiJ:l'fi; n Q : 

( E) -{1 ifx~y, o(x,o)=o(y,o)+ie, 
A xy -

' 0 otherwise, 
(x,y EX) 

l:'.TGo l:.t:3.L,, i+ := 1, i_ := -1, io := O--r:'<bGo ${:ftJIJ«:::7 }-;J..,<l>i ~ 

<I>·= - 1-Ao (i - 0 1 d) ' ../k;' - ', ... , 
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d 

cpt(B) = 1)\/~(<I>;, B<I>o) (BE A(r)) (6) 
i=O 

C: fJ: G ( i = 0, 1, ... , d)a fd:!. L, J Cd+lbd<I>d+l = ~<I>-1 := 0 --C <f!:> Ga 

Remark 2. A+, A-, A0 --C~nx~hG1i:~ A(r) ti, IXI = 1 Q):i:~-@i~~~#P:iJ~-r:-<b tJ, 
o ~:00-:tG r Q) Terwilliged"t~ (cf. [9, 10, 11]) QJ{f~½'1i:~ttJ:Ga ::::.:n6="'.JQJ{i;~irl' 
-~-:t G ~f,H:-::)1, v·n:t [12] -r:-llllrn/i~ h --ci,, Ga W(r) ti Terwilligedl;;~QJ!l)tf,J1JOM-r:- <b 
o, ~1.1am t n¥tin Ga 

[7, Section 3.4] --Cul:V: ~ ;ht,=, Gibbs ttl~ cpt ~:~~t G ffiJ1lfjjfl{U 7"7 7 ~:Jt-:t G QCLT 
~m:ff-:t Ga ~f&A ~MliJHf[P]ffi-@it L,, (r>.)>.EA ~ffilti::E~U:7''7 7Q),i', o/ r (:;g[P)J~~) 
C::TGa Bc;~Q)rffi!m{r.QJf,=ob, ~"f'. r),J tiJffim~!mTGa X,d,k,ai,bi,e;~tirQJjffl~ 

t <1'.1-7J:Ta ~ f,=, ~ r t:Jt L, --C ~;(A) > 0 t 7J G t E n(r) ~ufil5E L, (cf. (4)), ~ti O r Q) 

OO~t <1'.1-7J:Ta :$:~-r:-ti1fil&li.&½'l'fftrtM~.&-iJ-,f-- r ~~-:)~,g.~~ tJ t& 5 QJ--C, 

d ➔ oo 

~1&5E-:t Ga tJ:;J-3, 1fil&~.&~~G l~H:ti}JZ~ o BaF½'fflo t tJ: G l 5 ~:, ~Q)rr:m1r.~7g x. 
G (cf. (4)) : 

_ cibi-l 
wi = ~;(A) 

C::TG t, (7) l tJ 

A - tkl = A+ A- A□ 
~t(A) + + 

(i=l,2, ... ,d), 
_ ai-l - tk 
ai = ~t(A) (i=l,2, ... ,d+l) 

c:'. fJ: G ( i = 0, 1, ... , d)o fd:!. L, ~ <I>d+l = v'wo<l>-1 := 0 --C <f!) Ga ~ 6 ~;:: 

'Yi=tiA (i=0,1, ... ,d) 

Wi---'twi, ai---'tO'.i (i=l,2, ... ), 'Yi ➔ li (i=0,1, ... ) 

(8) 
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Assumption 3. With the above situation, we assume that the limits wi, ai, and ,i exist 

and that wi > 0 for all i. We note that ,o = 1. 

Assumption 3 O)""f--C:\ [m~L,tdiffi: {wi: i = 0, 1, ... } :a:-~"".)ffl€11.lt~j{jj:C-./'(7 }-;J.,.,~ 

rdl W :a:-~ ;t, {wi : i = o, 1, ... } iJ!iEtJfW:x£ffi: c:: tJ G l 5 tJ.:r..1v ~ - r- pgfff (·, ·) :a:-lj. 
x. Ga w _lO)~JjUf1{'Fffl~ B+, B-, B 0 :a:-

(i = 0, 1, ... ) 

(:l tJ~obGo t::.t!.l.., Jw=-i"W-1 := 0 C::TGa B+,B- /;J:1[l,,O)ll5H{f{'Fffl~c::tJ0--Cli'G 

:::. c:: i:a:~T Go IZ3--:)*Jl (W, {w;}, B+, B-) Ii, Jacobi 9IJ { wi} /:{iil.lHT G*!::!!H'l=ffl Fock 
~rdl c:: Wfii:hG o 

Remark 2 --c~J-. L, t::.:JP:iJ~{-\;;~ A(r) ~i A+, A-, A0 /: l 0 --c ?b 1:nx~ :hG iJ!, Gibbs if( 
~'Pt O)~~~:a:-A(r) 1:titS:RTG:::. c:: :a:-~x.l 5 (cf. (6))a :::,O)tJtS:R~i-?~i tJ£go EX 
O)J:& tJ 7'n:~if.&6 tJli'il\ A(r) O)~*lt~~:tJ 0--Cli' G c:: ~ill.& 6 tJli' (Lemma 1 l tJ A(r) 0) 

if(~--C~ii:!!> G )a Gibbs ~*lt~!:00--.t G QCLT ~H~r 0) l 5 /:~./'( 6 :hG : 

Theorem 4 ([7, Theorem 3.29]). With reference to Assumption 3, we have 

00 

'Pt(km ... k 1 ) --+ L 1i(wi, BEm ... BEl Wo) 
i=O 

for any E1, ... , Em E { +, -, o} and m = 1, 2, .... 

t 1i(wi, (B+ + B- + B 0 rw0 ) = 1:00
~mµ 00 (d~) (m = 1, 2, ... ) 

:::. 0) µoo ~i Gibbs ~*~~:00--.t GA O)jffiiftIE~!AX:? 1--J(;~fii c:: Wf~i:h, :::. :h:a:->l<ob, Be~ 
T G:::. c:: ~iJl!JvK~li,rei~/m--Ci:!!> Ga 

tJ.t3, Hora-Obata [7, Section 3.4] ~iii!> Gm (:"".)l, ,--c Wm = 0 c:'. tJ Gili';?b~~ l.., k ( :=. 
O)C:: ~ µ 00 0)-J:r~- r- ~;J:~13.&c::tJG )o l..,:b> l..,tJiJ!6, Assumption 30)l 5 /:~--CO)i /:"".)\,' 
--Cwi > 0 c::tJGili';i:13_&:h~i, liO)f¥t£0){&~~;J:~~;J:::f~--C&!>Go ~~' Bang-Dubickas

Koolen-Moulton [1] (: l tJ filESJl~ :ht::.J=ifrlll'J:l&p;i-'fj:ljji~~ :a:- ffl l, ,--c ~iJ!~ ~ :h G : 

Proposition 6. Suppose that the wi and the ai exist and that wi > 0 for all i. Then the 

ii exist as well. In particular, Theorem 4 holds true under this weaker assumption. 
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ti q--=~~f:Z-1:'6!:> Qo ~O)!J~ti.m~--C:J!:> Q (cf. [3, Proposition 6.2.1]) : 

qEZ\{0,-1} ifd~3 

~t:~«td: 5 t:, q = l 1r'.trlillt~T:~t'7 7ti~t:~Ji:'.~ti:·ct3 IJ, t-fFitT ,Q QCLT tifij6 
n --ci,, ,Q o f.tt 0 --ctt~ 0) .3:J!Hi q E { ±2, ±3, ... } t tJ: ,Q ~i?rt:J!:> ,Q o 

J.-:,(f~t ni~!W.1¥1-'~ 7 ,){ - ::$? ( d, q, a, /3) 1r'.~-::> t T ,Q o (5) --c:Ji:'.ot:itdf~i?r n(r) 1r'.~JE'.T 
Q::::. t ti-~t:tiJfU.., 1,,r"'i~--c: J!:> Qo q = 1 t tJ: -Q Hamming :7''7 7,&(;:' Johnson ::7''7 7 
t:-::,1,,--cti, ;:::_O)ffiif;trtMl~Jdl [0, 1] 1r'.~tr::::. tiJtm6n--c1,,,Q (cf. [7, Propositions 5.16, 
6.27])o ~O);f-a5IHi q =J 1 O)t~i?rt: n(r) 0)5I;1r'. Je!. #:1¥71:-?ti IJ m€~i001¥-.:t ,Q : 

Proposition 7. Suppose that r has classical parameters (d, q, a, /3) with d ~ 3 and q E 

{±2, ±3, ... }. Then q-i E n(r) for i = 0, 1, 2, .... 

::::. ::::. --C:~ !W_l¥7,1~ 7 ,){ - ::$? 0)-:@:'ti t:-::> 1,' --C ::.1 ,){ :1/ r T ,Q o [3, Corollary 6.2.2] t: J: IJ, 
d ~ 3 0) t ~ ~!W_l¥7,1~ 7 ,){ -::$? ( d, q, a, /3) ti~O) 2 ff!~ 1r'. ~ ~ -;@:1¥7/:Ji:'.* ,Q : 

( 2 ) (d -£ £(£+1) £(1+(-£)d)) 
d, £ ' 0, £ ' ' ' 1 - £ ' 1 - £ (10) 

t~ti.L, £ ~ 2--C:6!:>Qo Ivanov-Shpectorov [8] Ii, l> L fi)!J:0)~$1¥7,1~7 ,){-::$?1r'.~-::> 
tJ:6/i, ni~~«~--C:J!:> IJ, r /i::r:.;J..,~ - r~t-f;jlij::7''7 7 2A2d-1(£) (cf. [3, Section 9.4]) 
t:tJ: ,Q::::. t 1r'.fill:B}j L t~o 

:z1s:m--c:tiJ.-:,(~~ 6 t:~O)-f&JE'.1r'.~T : 

Assumption 8. Recall Assumption 3. We moreover assume that the graph r = r,\ has 

classical parameters ( d, q, a, /3) with d ~ 3 and q E { ±2, ±3, ... }. We will view q, a, and 

/3 as functions of r. For the classical parameters in (10), we understand that we may 

choose either set of them. 

Theorem 9. With reference to Assumption 8, q eventually takes at most three values. 
Suppose that q is eventually constant. Then so is a, and the following hold: 

(i) If a =J 0, then f3 / v'k, is eventually bounded, and there exist scalars I and p with 

p > 0 and ,(p + a/ p) > -1, such that tv'k,--+ 1 and the accumulation points of 

/3 / v'k, are in {p, a/ p}. Moreover, we have p = ~ if q < 0. 

(ii) If a = 0, then there exist scalars I and p with p ~ 0 and ,P > -1, such that 

tv'k,--+ 1 and (3/v'k,--+ p. 
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Suppose that q is not convergent. Then there exists a subnet of (f.x)>.EA for which q is 

eventually constant and (ii} holds above with p = 0. 

Conversely, if (f.x)>.EA is a net of distance-regular graphs having classical parameters 

with d ;? 3 and q E { ±2, ±3, ... } , where q and a are eventually constant, such that d ➔ oo 
and (i} or (ii} holds above with respect to a suitable function t E 7r(f) with ~;(A) > 0, 

then (f.x)>.EA satisfies Assumption 3 (and thus Assumption 8 as well}. 

Theorem 9 ~:_jp:1,' '"C q irtt;J; t A, t''JE~--C ii!:> -o :I:~'@;-~~ ;t J:: 5 a ;:::. Cl) t ~ a ll * tdi t 
A, t·JE~ t tJ: 1J, (9) J:: 1J ~Jl~ c; ~:--::n v-c ti !m~--c ii!:> -o a wi, a;,,; tl:"i!f J!!Hr"J-'{ 7 ;;t. - ~ 

q, a, &O' Theorem 9 (i), (ii) 9"0) ,, p ~ ffl1, ,-c,?j(CI) J:: 5 ~:~~ h-o : 

C; 
W;=-----

1 + 1 (p + a/ p)' 

[i~l] (p + a/ p) - I 
a;=--=---=-,.=======:=====:==c=-J1 +,(p+a/p) 

(i=l,2, ... ) 

(i=0,1, ... ) 

td:!.L, 0/0 := o&O:-o0 := 1 tmtRT-oa *f.:, JOO~tJ:ff~:5}_:z,'>' r ~Jfl-o;:::. t--c (8) ~:~r,t 
T -o 11HJt:7-~ :7 r Jv)j'11J J ;o!~§J.l>t!RT -o ;:::. t ;o!~--li:-, ~ 6 ~: ~ Cl)~j)N:5}111 ti if~ T--li:- -o 
;act, y J? 1:J~U:tJ: -o O)--C:2fs:ffl---cti:;:::. n G O)lJc~ti:~~ L,, J! tt,:fj!J ~-"'Jl§. x. -o ~:if rJJ -o a 

Example 10. ~llN{* IF q l: Cl) n .?Xn« :7 r Jv@rdf IF; Cl) d .?Xntt~:5t@rdf ~{i,:~ Ilt~m'@i t 
L,, 2 JJt~ x, y ~:"'J 1, ,-c' dim X n y = d - 1 ;o!ft\(; 1J .lL."'J t ~ ~:l~Hi~ --li:" Q O ;:::_ n~: J:: 1J YE 
* -o !f7 7 ~ Jq(n, d) t ~ L,, Grassmann /}'5 7 t 11¥~ (cf. [3, Section 9.l])a Jq(n, d) 
t Jq(n, n - d) tilmMtJ: 0)'1:', J;J,T1lt~: n ;;:, 2d ~i&JET -o a Jq(n, d) ti"i!f ~i¥J-'{ 7 ;;t. - ~ 

( d, q, a, /3) ~fif"'Jo ;:::_ ;:::_ '1:' 

a= q, /3 = q [ n ~ d] 
'1:' 21!:>-oa q ~ u'rl'.iE L,, d ➔ oo, t--/k ➔ 1 , ~ 6 ~:21!:>-o 8 E ½Z ~:"'Jt ,-c n - 2d + 1 ➔ 28 t 
T -o a ;:::. Cl) t ~ /3 /--/k ➔ p := q8 '1:' ii!:> 1J, fJt '"'.) -C Theorem 9 (i) O)~xf5H: 21!:>-o ;o:t, .iHJ[7-

~ :7 r 1v:5t111ti.?X--cl§.;t G n-o ®1$1JIU~ µ00 ~:~~l[l(*-t -o : 

µ 00 (qo+j + q-8-j _ q8 _ ql-8 _ ,(q _ 1)) 
(q _ l)Jl + ,(q8 + ql-8) 

_ ( 1 1 ) ( ( )/ HJ+l. -1) - qJ(28+J-1) - qU+1)(28+J) · , q - 1 q , q oo 

X 2<P1 ( q-j' q;-2o-j I q; ,( q - 1 )qo+j) (j = 0, 1, 2, ... ) 

t°JtJ:1J,~:, 8;? 1/2,&0'a/p = q1- 0 ;o>G, 8 O){[li~~;t-o t Theorem 9(i) ~:jp:1,,-cJFJ: 
-o~~_&~lj.;t-o;:::. t ;o:t,tiJ,-oa tJ::tJ, Jl@~xlt~ cp0 0):1$Jj'@j, -ttJ:bt°J, = 0 0):1:~'@;-~:ti, 
7JIUNµoo ti Hora [5] ~: J:: 1J ij!H:31<© Gn -ct,-oa 
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