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*~ association scheme 0)¥::zfs:®ti9;0lfflH:--::i \,,) --C i c. tiJ, -f O)fjH:. 1 association 

scheme J::O) difference setJ O);.E~~ff-L --CiJ> i; ~*~;m1)--t; a 

it.::, ::zfs:r~'"r:'ti~t:. l~P) iJ{ti 1,,) ~j 9 tCF 0) l -5 tile\%~ m 1,,);: 

G: tf~lf=F (e ~ $.fil:jf; c. T;), ~t:.~ x := (X,I, R): association scheme, 

9 iJttittnti' x t:.~~®t:.ftm x(k) := {B c x 1 #B = k} , 

L --C 1,,); l> 0) c. L --Cl> t& -5 , Y c X, GY := {g · Y I g E G} , 

X: tfllJUt!-@., Ar(B) :={BE BIT c B} , 

J: £~ i 0 Mtfil.&~-@., k( i E J O):frdfzt~~. 

R:XxX----+I, 

::zfs:l~'"r:' ti, =:. n i '"r:'-Ji&B"J t:. l < 9;□ i; n --c 1,,) f.: difference set ~ "i!r $8".I difference 

set c. 11¥~ =:. c. t:.-t; a i't:fJJt:., "i!r$® difference set t:.~ L --CJ.E~~¥::zts:®t~{7IJ, 

:i:~ ti '[i1t t:. --::i 1,, ) --C 3&"" ; a 
:ffi't:f)Jt:."i!r$® difference set O);.E~t:.-:il,,)"{J&"";a 

~- 1 ("i!r$B"J difference set). G O)~'"f:'til,,)J:tfm:fr~-@. Y i)t difference set '"r:'S 

Q :~ =ll EN s.t. Va E G\{e},l = #{(x,y) E Y x YI x-1y} c. ti6 =:. Ca 

0g 2. G := Z/Tll, c. L --C, Y := {O, 1, 3} c G c. T 6 c. Y ti difference set '"r:'S 

6 0 (-/71J7) 

("i!r$B"Jti) difference set ti, "i!r < ti Bose i)t7-"";t,f=F~ffll,,)"( r~~~-@.~::f 

%-Om!cm'.J (J;,rfJ-f~BIBD, f&!:.;.E~~J&""6) ~-JJx;-t;t;:tiJO)j-:7.::.o/ :7 c. L 

--C ff- L f.: ti 0) (~ L < ti [2] ti c.''~~!&) iJt9;o i; tL --C t3 9, Bruck iJt 1tf il.&f=F G iJt 

~~® t:. ft ffl T 6 l--3¥®*1 ti G 0) ( "i!r $® ti) difference set iJ, i; ;fllJJJx; '"r:' ~ ; J c. 

*1 l--'fJmO)'.,E~li1fllJHlir X 0) k f.'Hfll:5f~-§l-~0)$7f~ir-Z-'ilii I'), 2 --:JO)~ta: ◊7G (;:. h~~ c. il'f 
~) O)~lj'jjt;:: J: i; i'~t-(O)M&iJ~-n:'1-'ilfi ◊;:. c. ~llllJtc T [5]o ;:. ;:. '1-'li~ L < lilffi,-,;:t.:,,iJ~, >.
->Jllm Ii M~ BIBD Ua: ◊ ;:. c. il~~ i; h ··n, ◊ o 
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§ -5 .:ts:IH: l--:)--c:~J/Btf~~fr-::d.: ([5] ~~!&)a 1$:fmO)~ tJ 't''!i, A-3¥® c § -5 ffl 
lm~fflv)T@:~1¥.n: (it!11:!-1¥J~) difference set c block design O)~{*~}ffi~oa 

i--f:llii.mc block design O)JE~~lZll~oa 

~ii 3 (t-design). ~-c_;,~1,,) B c x(k) iJ,; t-design 't''S o 

:~ :3A EN s.t. VT c x(t), #Ar(B) =Ac ~o 2::. ea 
t.:t2.'L, T,M c X tc:ttV-C, Ar(M) ={BE MIT c M} 't''Soa 

B := {{0,1,3},{1,2,4},{2,3,5},{3,4,6},{0,4,5},{1,5,6},{0,2,6}}. 

(~J7) 

~tc, B iJ,;~pgJB,ij (i.e., k iJ,; 1 't''b #X - 1 't''b f,tv)~-€5-) iJ,-:> t = 2 0)~-€5-

~~-€5-ml~:JG-Oificffli'. (t(r, BIBD), :~Jc #B = #X 0)~-€5-~:tt~*2 fct design c 

Wf~o 
:f L'"t", (if!11:!-1¥J~) difference set c BIBD O)Fl'litcti~O)l -j ~~~fct~1*iJ,;9;□ 

t; n:-cv) 6 [5]: 

#1 D iJ,; (if!11:!-B"J~) difference set 't''S 6, 
#2 B := {Dg C Q(#D) I g E G} 7J,;~~~ BIBD 't''S Oa 

t.:ti.'L, Dg:={dgEGldED} cToa 

2:.0)~*ti, :tt~BIBD ~-~Tot.:~tcti, difference set ~-~TtLti'~v) 
2::. tiJ>:niJ,o~rm"tcffl:~~~*-z;,s t,J, 2::. 2::.tJ,t;;tikti difference set O):f.llj~r!~ 

c'iJ>:u]f~ ~ tL '"t." v) 6 a 

*2 Fisher O)~~A c. v, -j it ( iP i; ~ i; :h "C v, ◊ 1f:~ t.J: ~~At;:: J: -:) "C, t = 2 O)tfr€rt± #B 2: #X 
iJt~i;:n--c,,◊o J:'J"C, ;tt~t.J:2-designt±FisherO)~~AO)-fW~~,qx;T◊ '~v'J design 
"c';Jii ◊ C.1'f;(. ◊o 



118

2.2 Association scheme ,i:~1"" ~?-~~ 

,2fs:f~--C:'ti, association scheme O)JE~~mfrL, iP--:J:fO)Jl.~f71J~1fs:iffieX--C:'£,~ 
~'l~ff~c'~v) < --:JiJ,mfri".:Eio l lJJ!.~il~S.:E>~-8-~c"ti [1] tic"~*lfflL--C&( 
L vlo 

aW /;: association scheme 0) !H:51:!.®~~ ~ ~$ /;: .J&~ 6 o association scheme 

ti5Gk, BIBD (lWW*lffl) ~ c''O)-~{~ c L --C rgB?}ft9~-8-~7F~i'lffic~J (.D,,(r 

PBIBD) ~liff~'t.:Eitc&'Jt;:±'Eic L--C [3] tcck"J--C:::i ✓ ~1'ril~~~n [4] /Cl"'.) 

--C association scheme c ilftlt i; ntc*3 o 

:::. ntJ, i; association scheme O)JE~ c ~1fs:B~~f71J~.1&~ 6: 

~ii 6 (association scheme). X := (X, I, R) ii~ association scheme --C:'GO 6 :~ 

#1 R- 1 (io) = {(x,x) EX x X Ix EX}, 

#2 Vi EI, :::Ji* EI s.t. R- 1 (i*) = {(y, x) EX x X I R(x, y) = i}, 

#3 \:/i,j, k EI, =lpf,j E Z s.t. \:f(x,y) E R-1 (i), Pf,j = #(Si(x) n Sj•(y)). 

:::. :::. --C:', Si(x) = {z EX I R(x, z) = i} c T 60 i tc, ki := #Si(x) ~ i O)?}ilIJfl'I 
~cll'f~ (:::.ntixO)c 1)1ft;:cki;~P)o 

#1 X := G, I:= G, i 0 := e c L --CR ~~O) ck 'j t;:JE&'Jtc association scheme 

ti G iJ, i; ~;!J ~ n 6 thin scheme 'ta c 115¥ ~: 

#2 V ~ V J.'t1!-8- c T 6 0 X := v(d)' I= {O, ... 'd}, io := 0 C L --c R ~~O) 

ck 'j !CJE&'Jtc association scheme ti Johnson scheme J( v, d) c 115¥~: 

R(x, y) := d - #(x n y). 

( f71J7) 
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2.3 Schurian scheme 

%:t.:, association scheme O)Jl~~ 7 7 Ac L--C, 13~.IHW G iJ~ X t.:;ft~l'l"]t.:{1= 

m L --c ") 6 :1:~~tt!b < ~ t; n --c ") 6 0 *fiWi i.: t3 ") --c ~ ~* 1 0) r=r11)a"J~t-t'"t:'S 6 0) 

'"t:''.tE~~~fi-i" 6: 

~- 8 (Schurian scheme). G iJ~ X t.:;Jt~l'l"]t.:{tffl c L--C 6 c T 60 2:. 0) c ~. 
I:= G\X x X = {G(x,y) I x,y EX}, i 0 := G(x,x) c L--C R ~~O)J:: 7 t.:'.tE 
?1Jfc. association scheme~ Schurian scheme c l!lf~: 

R(x,y) := G(x,y) = {(g · x,g · y) EX x X I g E G}. 

#1 thin scheme 're ti, X = G t.: G ~~O)J:: 7 t.:{1=ffl~-1t6 Schurian scheme 

c fitl ml '"t:' S 6 : 
g · x := gx (g E G, x EX). 

#2 Johnson scheme J( v, d) ti, X = v(m) t.: G := 6v ~~O) J:: 7 t.:{tffl ~ -it 
6 Schurian scheme c fiuml'"c'<-t> 6: 

g·x:=x9 ={g(a) la Ex} (gE6v, xEX). 

2.4 i:iJ!t association scheme 

2:. O)ffij'"{:'/i, ~ -5 0 c -:Jit~~ 7 7 A '"c'<-0 6 m~ association scheme t.: -:J \tl "( 

J&~6o .:fO)Jmt.:, ff[-Omc L--C~T~7&~6: 

~- 10 (Bose-Mesner ft~). X := (X, I, R) ~ association scheme c T 6 o 2:. 0) 

c ~, X t.:Mll;f['t 6 Bose-Mesner ft~ A c ti, ~T'"t:''.tE~~ :h6 ccxxx O):gB:5-t 

~ml~Fdi'"t:'S 6: 
A:= E9 CCAi C ccXxX. 

iEJ 
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$11 11. Bose-Mesner ftM& A ti, 

#lfi~Mc7~v-~M~Mt6.fi~Mc7~v-~•~~h~h~T~~ 
~~h6: 

(AB)(x, y) := L A(x, z)B(z, y), (Ao B)(x, y) := A(x, y)B(x, y). 
zEX 

~- 12 (PJ~ association scheme). Bose-Mesner ftM& A iJ~PJ~1:'ib 6 c ~, X 

~ PJ~ association scheme c Ill¥~. 

~tc A ti §l~tc ex tcftffl L--Cv) 6. i tc, A iJ~PJ~t~tJ~ti, ex ti A tc~ 

L --Cim~fi!IT~~r~i1tm~ t '?--CV) 6. 2::. (J) c ~(J)?}[!ij1~~~~~ J ~f!J!'?--C 

c1Ht6. tct2.'L, j 0 E J 1:' Hj0 = {~M&~M&} c i"6. ~tc £2-IAJM (f,g) = 
I:zEX f(z)g(z) ~~;zht£'2::. hti[l[:3<:?}fw.1:''i.!i:> 6. 

v) i, Ej ~ ex iJ, C:J Hj ~(J) [![3<:it~ c T 6. 2::. (J) c ~, ~iJ~ § ;z 6: 

5iA) {Ai}iEJ ti71''?-JvMtc~i" 6/]tMfi~jf;~{;zj\:, {Ej}jEJ tHrfUM!C~T 

6 JW:Mfi~jf;~f,,$: c -~i" 6. (a:~7) 

3 Association scheme _tO) difference set 

*,l1l'li1:'ti, difference set (J) association scheme B"J~it~!C J: 6 0 c --:J(J)-/ttlt 
{~~ r association scheme J::(J) difference setJ c Ill¥~. 2::. (J)ffi'i1:''ti, association 

scheme 1:: (J) difference set (J)~~ c ~ (J)'tijf tc --:J v) --C ~--:J iJ,]ffi-1'\. 6 : 

~- 14 (Association scheme J::(J) differnece set). ~ffB?.t~~ Y c X iJ~ X J::(J) 
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difference set c' S .'6 

)!~) ffei"J 7#1 c'JE~~nt-:: thin scheme tc.t-;v)-C, ~:~=IHI~~ difference set c'Ji:>.'6 

2:. c c, association scheme J:(f) difference set c'Ji:> .'6 2:. c ti lmfrnic'Ji:> .'6 o (B:~7) 

#1 ffei"J 7#1 c'JE~~ ntc~~.IU$ G (f) thin scheme 'I'c tc.--:Jv)--C, ~!!1!1¥1~ G J: 

(f) difference set c'S .'6 2:. c c, 'I'c J:(f) difference set c'S .'6 2:. c iJtFrtff!ic' 

Ji).; 0 

#2 V = {0, ... ,4} c T.'60 ffei"J 7#2 c'lE~~ntc J(5,2) tc.--:Jv)-C, ~rti 

J ( 5, 2) 1: (f) difference set: 

{{0,1},{1,2},{2,3},{3,0}}. 

l I) ~~tc., v iJt 6 ~J:(f)_j_f (f)~M& c L -C, V = {0, ... , v - 1} c Lt-:: c ~ 
tc.~r(f) N :fe§~!i J(2N - 3,2) J:(f) difference set c'Ji:>.'6: 

{{0,1},{1,2}, ... ,{N- 1,0}} 

(ffei"J7) 

$& 16. X = (X,I, R) iJt association scheme, Y C X ~ X J:(f) difference set 

c T .'60 ;:. (f) c ~ ~riJt$; I) ir--:J: 

#1 1 B~'E't c #X - 1 B~i't!iffl't;: X J:(f) difference seto 

#2 Y (f)M~i't{) X J:(f) difference seto 
# 3 #((Y x Y) n Ri) = #Y(#Y - 1) 

0 

ki #X -1 

5ili) ~ !!I! 1¥1 ~ :f:J!i't c J! ~ I) , association scheme 1: (f) difference set tc. --:J v) -C, 

#( (Y x Y) n Ri)/ki ti!Z,f' L {) El ?'tM&tc. ~ .'6 c tiliJFi ~ v)o ffei"J 15#2 (f) J(5, 2) J: 

(f) difference set ti~~ #Y(#Y -1)/(#X -1) = 3/2 c ~ I) §l?tM&c'!i~v)o tc 
tiL, i 0 ~ji.(f) i tc.--:Jv)-C, ki t-::i;iJfJiv)tc.*c'Sht£11ttc.§lrtM&tc.tct.'6o(B:~7) 
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4 M~ 1; Schurian scheme _tO) difference set t:. block 

design 

:tf;:fm't'ti Schurian scheme c block design c 0)00{7H:00i" 6 ~:fi.7cr.J&~illl:i:!Jli" 

6 o mEl:!Jl O)fiH:, ~~f71J,;r~~ iHr-i" 6 o 

~JI. 17. X = (X, I, R) ~ Schurian scheme ~ 9 -l>o JtffB-5}~~ Y C X t: "':J 

"l -r, t{ r ti fiufOOt: 

#l Y ti X J:O) difference set 't'i!S 6 (i.e., ,(:f~O) i E J\{io} t:~l "( #((Y x 

Y) n Ri)/ki ;a>;-~), 

#2 GY :={g. y I g E G} ti BIBD '"°('d') 6 (i.e., ,(:f~O) TE x(2) t:~l-C, 

#Ar( GY) ;a>;-~) o 

~:fi.O)filEl:!Jj ti, # Stabc(a) ii,; a O)}& I) )Jt:{t{ i; ~ 1,,l:: c t:tt:~i" 6 c, ~0)11fl 

~,;rffei":: c 't':jGJ9 6: 

MM 18. {£~0) i E J\{io} c TE xC2) t:::t-:tl-Ct{r;o,;pj(;l)ft"':J: 

#Ar(GY) = #((Y x Y) n Ri) # Stabc(a) 
ki # Stabc(Y) 

1m~illl:i:!Jl0),ffi!t~,;r3&~6o a, b EX -;r~~ l, i := R(a, b) cl -C~0)1J'.~,;r~ 

<lb 6: 

<py: G 3 g f-------+ g ·YE x(m), 'Pi: G 3 g f-------+ (g · a,g · b) E R- 1(i) C X x X. 

:: 0) c ~, :: O)J:. t.:: "':J0)1J'.~ti .:f :h>fn, 45,#,(0) 7 71 ,>{-0)~/Jt;o,;-~--c_;-i!S 

6 o .:f :h,,;r,&! -5 c ~O)'[~ff;o, i; ffe--lk 6 0) 't', .:f n i; -;r*Jilj.~b--li" 6 :: c "('illl:i:!Jl ;o,;:jG 

71"6: 

#1 #A{a,b}(GY) = #{g E G I (a, b) E g-1 · Y x g-1 · Y}/# Stabc(Y), 

#2 #{g E G I (a,b) E g•Yxg•Y}/#(Stabc(a)nStabc(b)) = #((YxY)nRi), 

#3 # Stabc(a)/#(Stabc(a) n Stabc(b)) = #Si(a) = ki. 

}!~) 1m ~ iJ, i; b iJ, 6 ~ I) , :: 0) BIBD ;o>;;tij~ t: ~ 6 t.:: <lb t: ti # Stabc (a) = 

# Stabc(Y) 't' ilS 6 £\~ ii,; i!S 6 o l iJ, l t~ ii,; i;, mtE 0) c :: ;;s ~1'r ti .:f -5 ~ 6 
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i§g 19. {7IJ 15#2 "t:'JE~ L tc, J(2N - 3, 2) J::O) N fl§% Y := {{O, 1 }, ... , { N -

1,0}} !C-Jl,,l"(~X.60 

# Stabc a= (n - 2)!, # Stabc Y = n x (n - 3)! 

(f71J7) 

5 &a• 2; i:IT:JI association scheme _tO) difference set c. 
-~t~~~fflli 

:: O)ffiJ"t:'!i, S 6f_i0) (Bose-Mesner ~~!C~-j'l,,l"(2JA L tcAI1¥J~) :ffl:J;,.{j 

~ 0) ~!tifl ~ ~-J lm~~FdHc ~ it 6 1ffi:frill{P,(J ~ ~ x. 6 c 1 ~ t ~Pill{!;,(~ T 6 ffB 

:fr~i!.J iJ~ difference set "t:'S 6:: c ~ffeT o :: O)~*!i, "i!t < iJ, ~ J:: < ~□ ~ :tl "(l,,l 
6 PJ~fH!fO) difference set c tl'feO)~{*!C~T 6 Turyn O)~* [7] 0)-JttU~ c ~":) 
"(1,,l6o 

itc, ;:O)ffijO)~*!iJ:: IJ~L < [6] 1ciaix~:n-c1,,l60 

5.1 quasi-Monte Carlo(QMC) -~ 

:: O)ffiJ"t:'!i, i T~W!c:: O)~*O)!tifl~ c ~ 6 quasi-Monte Carlo(QMC) !C-J 

l,,l"(3fil~6o J:: IJ~Ll,,l;: c!i QMC c!i~{iiffl:frr:¼O)-:frly--C:'&060 ~Fm'!C77 

!CfJit~~~~ 6 o 

4-, s ~jj:;/fflll:15{:,tqo, 1) 8 J::O)jm~~Fa51-l ~~ ;z 6 o ;: 0) c ~, il<;k !i 1-{ J::O) 

Im~ f O)ffl'.fr f[o,l)s f(x)dx ~ITT~ L tc l,,lo ;: 0) C ~ !C, [O, 1) 8 0)1f~$:fr~{5- Y 

"t:'O).IJZ-:ley, T~b 't (1/#Y) L.xEY f (x) "t:'ill{P,(T 6 ;: C ~~ X. 6 o QMC C !i, ;: 

0) J:: 1 ~ r~,M~JET--c:,, 1-l 1: 0) im~ ic -J "l "( ffi:fr~~ ~ ,1\ ~ < -r 6 ffB:fr~i!r Y ~ 

flpj(;-tl.- J::, C l,,l '7 O)iJ~±ffi"t:'&0 60 

ffB:fr~i!rY ~*T!CStc--:J-C, ~TO)J:: -5 ~JEffl!iJ~"i!f~B"J!CJ:: < ~~:fl"(l,,l6: 
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1 f(x)dx - #lY L f(x) ~ V(J)D*(Y). 
[O,l)s xEY 

-:. -:. '1:', V (J) ti r (Hardy and Krause 0)) ~2£ifJJ, D* ti r star-Discrepancy J '1:' 

S6a 

-:. 0) '.jE;fl ~ Wi/i i ~ ntf', D* (Y) ii~1J, ~ < '/;t. 6 J:: -5 '/;t. tf~7J'~-8- Y ii~ 1 J:: ( ff{7J' ~ 

lli~ T 6 $71'~-8-J c i§ -5 -:. c !::: '/;t. 6 a i- -:. "0', QMC "0'/i, -:. 0) D* (Y) ~ 1J, ~ < 
T 6 tf~7J'~-8-~ ~T -:. c ii~-:fl 0) § ~ c fct -:::i 't v) 6 a 

ik, ~O)~~~~~S-:::ik9, i-ti-ts~n~ft~~~~~QMCO)ffi~~ 
~~ 6 c ~ t:: t, -:. 0) Koksma-Hlawka O)::f~AO)ffi~~~~. µ:fl~t;:,Wf3'G9 6-:. 

c ii~~ v)a -:. nii, t; 3&~ 6 P3® t, i- 0)9£mii~~J;'H:: S 6 a 

5.2 i:iJ• association scheme ..t©~-l> QMC ffiitU::: difference set 

(X,I, R) ~ AJ~ association scheme c T 6 a Jruffii O)'iJc\%~{31!-:::i 't 7&~ 6 0) '1:'S 

ntf, ~O) J:: -5 i:t._ml}t-f ~2tmflii~S 6 ~~~rai~~ ~ J:: -5: 

V(J) := L IIEjfll dimHj, 
jEJ\{jo} 

tc.tc.'L, IIJII := L-xExf(x)f(x) ('t'l;t.bij £2-/ Jvk), Hj = E/Cx 

"('di) 6 0 

mgf.!t~rdJ ::$:fiwi"0' ti ex ii~Jif~ c t:t. 6 ~~~ Fai "0' S 6 a X t:t ;g ~.&~-8-t:t. 0) '1:', 

ex c ;g W.2tifl~~O)~~ii~-%('t 6 a 

fit~ fx f(x)dx = (1/#X) L-xEX f(x) C 9 0a 

J:'iJc\O)~'.t£"0'/i, ~TO) J:: -5 t:: L 't Koksma-Hlawka ~O)::f~;i:\;O)ffi~ii~ffe~ 

tl-6: 
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1 1 
#X L f(x) - #Y L J(x) ~ V(J)8(Y). 

xEX xEY 

8(Y) := max 
jEJ\{jo} 

8(Y) iJ~filJffii't''O) star-discrepancy !CS tc 6 fffrl'' S 6 a ~ L --C, ~ !C 8(Y) 0) 

r W,O)JW-ftffi c difference set 0) M{ltHc --:J 1,,) --c 3&""'- 6: 

~}I 22 ([6, Theorem 5.15.]). Y c X !C-:J\,)'""(, PAriJ~$; tJ ft--:J: 

8(Y) ~ 
1/#Y-1/#X 

#X-1 

5i ~) {JIJ 7 # 1 0) ~ ~ ff G tc Mi" 6 thin scheme 0) ~ ~ tc -:J 1,,) --C 3& ""'- 6 a thin 

scheme i)n:iJW! association scheme 'l''S 6 ;:::. c c, G iJ~P.TW!ff't''S 6 ;:::. c !J: 1'8llll1't'' 

S 6 a ~ L --C, PJW!ff't''S 6 rJ~!i, Ej tc 't !i G O)ret~fiHJtct,J-J;t-i" 6 (Ej0 !i 

gi im~m, c JfJ;t-i" 6) a 

;:::. O)~~tc~%iJ~~$:i" 6~{tf:~~~r-tl-!£, ~~ Turyn O)~* [7] c-fici" 6 

;:::. c iJ~tJiJ, 6 a (a:Jf-7) 
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