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Strengthening of the Assmus-Mattson theorem for some dual codes 

1$p~fS1c*~ q=r~ 7($ 
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Kobe Gakuin University 

X 1: vf[jfilO)#,C~i)- t. L,, B Ii X 0) k #,CO):S:~5t~i)-O)~ ('fo 'Y 7 O)~i)-) -C-, 'i'!il t. VC{-f 

;gO) tfiO)J~liTm'.). {i.mO) 7''0 'Y 7 /:::~*:tl,Q t. T Qo =. 0) t. ~, (X, B) 1: t-(v, k, ).)design 

t.11'¥ ✓~~0 {'J,U:::, C 1: lFq J::O) [n, k, d] code t. T Qo c = (c1, c2, ... , cn) E C, (ci E lFq) /:::J,J
VC, supp(c) = {i: ci-/- O} 1: c 0) support t.11'¥ ✓~~0 X = {1,2, ... ,n}, B 1'. weight w 

0) ::1 - r' '7 - r' ~{,$:0) support t. T Q o T Q t., ~ii-ff@ Dw = (X, B) 1: C 0) weight w 

/::: ~T Q support design t. \,' -j o =. 0) support design /::: "? \,' -C {',X 0) Assmus-Mattson 0) J-E 
l:!1 [1 l iJ~m~'"t:' ~ Q o 

Theorem 1.1 (Assmus-Mattson [1]). Let C be an [n, k, d] linear code over lFq and c1- be 

the dual [n, n - k, d1_] code. Let t be an integer less than d. Let v0 be the largest integer 

satisfying Vo - l vo:.'!-;2 J < d, and Wo be the largest integer satisfying Wo - l woq~r2 J < dl_, 

where, if q = 2, we take v0 = w0 = n. Let c1- have at most d - t non-zero weights less 

than or equal ton - t. Then, for each weight v with d:::; v :::; v0 , the support design in C 
is at-design, and for each weight w with d1_ :::; w :::; min{ n - t, w0}, the support design in 

c1- is a t-design. 

~ Q linear code C 0) support design Dw iJ~ Assmus-Mattson O)n:'.J:!/::: J:. -:J -C t-design 

(t > 0) t. t.,:: Qt.,:: G ti, -=f O)ffi-%1'. applicable to the Assmus-Mattson theorem t. 11'¥ ✓~~0 
=. =. -C-, Dw /::: -:J \,' -C{',XO) J:. -j f.tn:'.~ 1'. lf ;z Q o 

o(C) := max{t EN I Vw, Dw is at-design} 

s(C) := max{t EN I :3w, s.t. Dw is at-design} 

=. O)n:'.~iJ• G B)j G ;Ip/::: o(C) 2 t t. o(C) :::; s(C) -C-~ Qo 20161:J::O)R.!.7 O)~)t [8] /::: B 

1,' -c i.X 0) J:. -5 ~ F"5~ 1: m~ L- t~o 

Problem 1.2. s(C) O)J::~.&1:>J<ilb J:.o 

Problem 1.3. o(C) < s(C) t. f,tQ~i)-lit:'=. -c-~=. I) fiQ7J'? 

Problem 1.2 /::: -:J \,' -C, t 2 6 0) t-design 0)~{9111if~-tf9i[J G :tl,-C \,' t.,:: \, 'o Problem 1.2 Ii, 
m~t.tffi-%0)7 7 7'-C-~Q extremal Type II code /:::-:J1,,-can!]~Qj@f~'"t:'~~ L,t~o 

1:f'i,ij\~%§::0) ,::'Jtimi~ I:>, iJill'.l'Ji!L'li :lt E N t t 'a:'. [En:,: L, --Cn::'.:E!!!O)imBJH: L, i L, td~i.E L, < f.t\i'1:T, 
;$:f/i1ili:;t 1J :::Jj- Jvl::;ili:1, '~1:il' ~ i L, t::, it::, t 'a:'. !En:'. L,f;::~1:iliJ':h --C Ii'{', )tj/;t, ~-:JiJ'd'J 9 i T, 
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2 Extremal Type II code 0)-ij-;j{- f-. 7'-if 1' / 

2.1 5(C) c. s(C) ~::-:>l-'t 

;R ~ n 0) extremal Type II code ~ C t T Q o ::. ::. -C- C 0) minimum weight Ii d( C) = 

4[n/24] +4 ·c-ili:J{jo if:::., Zhang [13] J:. I) (i) n = 24m 0)#1;15- m 2: 154, (ii) n = 24m+8 

OJ#li"i'.5" m 2: 159, (iii) n = 24m + 16 OJ#li"i'.5" m 2: 164 "c'::J'-ptftfii5i0 G tL --C I,' {j o 
::. 0) ::J - F OJ~UrJ '1J' G Ii Assmus-Mattson O)JE'.f!!!.!:: J:. '? --C (i) n=24m 0)#1;15- 5-design, 

(ii) n = 24m + 8 OJ#li-i"r 3-design, (iii) n = 24m + 16 0)#1;15- I-design iJqiGtL{jo 
8(C) t s(C) OJ{ii'[OJAJt~,tit:-:J1,,--c N. Horiguchi, T. Miezaki and H. Nakasora [6] t T. 

Miezaki and H. Nakasora [8] '1J'IQ{'~O);j\s~~qi--c1,,{jo 

Theorem 2.1. Let C be an extremal Type II code of length n. 

(1) If n = 24m, then 8(C) = s(C) = 5 or 8(C) = s(C) = 7. 

(2) If n = 24m + 8, then 8(C) = s(C) = 3 or 5::::; 8(C) ::::; s(C) ::::; 7. 

(3) If n = 24m + 16, then 8(C) = s(C) = 1 or 3::::; 8(C) ::::; s(C) ::::; 5. 

Problem 1.2 t: "'.JI,' --C, extremal Type II code t: BI,' --C s( C) ::::; 7 -C- iV.:> Q o Problem 1.3 
t: "'.J\,'--C, Theorem 2.1(1) 0) n iJt 24 OJ{tr~O) t ~ Ii 8(C) < s(C) t f.t, {j#l;15-iJt~ ~ f.t,\,' 
::. c'.. iJtfj-iJ> Q O {'~0)1fp-)m-C, 8( C) < s( C) iJt~ ~ Q r1_rn~,t!iJtiV.:> Q #li-i"rt: "'.JI,' L j£/'( Q 0 

Proposition 2.2. If the case 8(C) < s(C) occurs, then one of the following holds: 

(1) n = 24m + 8, m = 58, 8(C) = 6 and s(C) = 7 with w = n/2; 

(2) n = 24m + 16, m E {10, 23, 79, 93, 118, 120, 123, 125, 142}, 8(C) = 4 and 

s(C) = 5 with w = n/2. 

Extremal Type II code t: BI, ,--c, 8( C) < s( C) t f.t, Q ~,WIJ /i5i[J G tL--C I,' f.t, < *M~J,i 
/m-C- iV.:> Q 0 

2.2 Extremal Type II lattice c. spherical t-design 

8(C) < s(C) 0)#!;15-0)_&~,tili, fM=i'ft-lf-;t{- l-'f·1f-1 :1/0)lffl~J t f~-rt spherical 

t-design OJ!ffl{*J C: O)~{J;!Jit: J:. Q:: t iJt~/f G tl,{) 0 

Theorem 2.3 ([12]). Let L be an extremal Type II lattice of rank n and L2m := { x E L: 

(x,x) = 2m}. If L2m =/= cp, then L2m is a spherical 

{ 
11-design (n = 0 (mod 24)), 

7-design (n = 8 (mod 24)), 

3-design (n = 16 (mod 24)). 
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-Wct.:z/J, (Eshm Ii spherical 7-design '1:'26-oo -tG 
-C, 'i'JUJ) Ramanujan T jg§~ t (!)00~ii26-oo 

Theorem 2.4 ([12]). (Eshm is a spherical 8-design if 

and only if T(m) = 0, where 

00 00 

q IT (l - qm)24 = L T(m)qm. 
m=l m=D 

T -o t, ~ 1'i t~ Lehmer 'f;l'J iiOO~ L, -c 1,, -o o 

Conjecture 2.5 ([7]). For all m, 

1 ~% t support t-design (!) OO~J t Im-rt spher

ical t-design (!) lilf*J t (!)ffl{.!;}3! ~ * t l:b -o t t:i'~ (!) 
~ I'.) 'c'i:6-o 

Extremal Type II code 

o(C) = s(C) ? 

(*Mr1(Jmm [8]) 

t 
ffi{_I;,l 

+ 
Extremal Type II lattice 

o(L) = s(L) ? 

Lehmer 'f ;l'J [7] 

3 ~~ 48 0) triply even binary code 0)-ij-~- 1--- -r'-i:f1' / 
3.1 5(C) < s(C) ©-WU 

~k Ii [9] 'c' o(C) < s(C) (!),Wct~;R~ 48 (!) Triply even binary codes (!)q:rc-~ --::>lff;:o ;R~ 
48 (!) triply even binary codes /;J: Betsumiya and Munemasa [4] -C71ffii)t~ :rt,-C\,'-oo T-" 
-c-c 7647 @(I) ::i - F (!)-r'-:::$? iJtZUB'~~(!) '7 :r. 7"-l_t-1 r [3] c-lJ..:z G n -c 1,, -oo -t::. c-ffl1,, 
Gn-c1,,-oic% (Dimension, Code Id, [Generators]) ~;zl(fiflic-!;J: (Dimension, [Code Id]) 

-e~'t"o 

Proposition 3.1. If a triply even binary code of length 48 C is applicable to the Assmus

Mattson theorem, then one of the following: 

(A) (7, [144]), (8, [129, 130, 131, 132, 133]), 

(9, [59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 1109, 1712, 1714, 1716, 1960]), 

(10, [16, 17, 18, 19, 20, 21, 22,549,550,554, 1001, 1245, 1246, 1247]), 

(11, [6, 7,154, 520]), (12, [3]), (13, [l]). 

(B) (2, [1]), (3, [4]), (4, [7]), (5, [12]) 

Theorem 3.2. Let C be a triply even binary code length 48 in Proposition 3.1. Let Dw 
and D:;;; be the support t-design of weight w of C and CJ_. 

(1) For all w, Dw and D:;;; are I-designs. 

(2) If C is a code in Proposition 3.1 (A) except for (13, [1]), D{ (and also Df2) is a 

2-design but is not a 3-design. For the other cases, Dw and D:;;; are not 2-designs. 
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Example 3.3. Proposition 3.1 (A) (J) l --.J'c'26-0 (7, [144]) (J) triply even code 7,£: C c'..9 
-0 o -f (J) weight enumerator Ii 

Wa(x,y) = x48 + 3x32y16 + 120x24y24 + 3x16y32 + y48 

1:'26-00 C (J)~x'1'f-{f% C_j_ Ii Miyamoto's moonshine code [11] t l!'fl;ftL-0 o 

Proposition 3.1 t Theorem 3.2 iP G, 9 ~ "'C (J) weight w t::.x'I' L, "'C, Dw t D; Ii I-design 

1:' 26-00 ~ G t::., ~x'1'f-{f%(J) weight 6 li!r,\<53U'c' Dt Ii 2-( 48, 6, 2520) design t t.t-:i "'C 1,' -00 
(D;f2 Ii 2-( 48, 6, 2520) design (J) complement C' 26 -0 o ) 

Theorem 3.2 (2) 'c'~l,,f;: 1 f[jfil(J) :J - 1'' t::. ".)\,\"'[~~-00 

Example 3.4. (13, [1]) (J) triply even code Ii extended doubling D(Q24 ) 'c' 26 -0 o if-::, 
Aut D(Q24) = 212 .M24 'c' 26 -0 o D(Q24) = C' t B < o -f (J) weight enumerator Ii 

WG'(x, y) = x48 + 759x32yrn + 6672x24y24 + 759xrny32 + y48 

"c' 26 -0 0 

MacWilliams '[fl~A 

iJ, G ~x'1'f-{f%(J) C'_j_ (J) :1 - 1'' '7 - F (J)fi~ 7i£: !Hf"t -0 t weight 6 (J) :1 - F '7 - 1'' (J)fi~ 
iJ! At= 0 'c'26-00 ct-:i"'C, Dt lifo o/ :7(J)~i'fiJ!gg~i'f1:'26-0 §B~~'f4f1' :'./'c'26-0::::. 
t iJ!f]'iJ•-00 ~x'1':ffi%(J) weight 6 7i£: ~1,,t;: 9 ~ "'C (J) weight w t::.x'I' L, "'C, Proposition 3.1 

t Theorem 3.2 '/J> G, Dw t D; Ii I-design "c' 26 -0 o 

~ 1 t::. Ii Theorem 3.2 1:'1~ G tL -0 ~n:ffi%(J) weight 6 (J) support 2-deign t::. --.J 1,' "'C i t 
~"'[\,\Q20 

3.2 Theorem 3.2 oniEBY.I 

Theorem 3.2 (J)iiEBm::.--.Jl,\"'[~~-00 i-f, ~-Ol/!t l,"'[ harmonic weight enumerator (J) 
JE~iJ, G~~~ -00 

Definition 3.5. :R~ n (J) binary code 7,£: C, f E Harmk t 9-00 C t f t::.OO"t -0 harmonic 

weight enumerator Ii 

Wc,1(x, y) = L f(c)xn-wt(c)ywt(c) 
cEG 

f'J{f::. harmonic weight enumerator t t-design (J)OO~lif'JZ(J) Delsarte [5] r::. ct-00 
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* 1: weight 6 0) support 2-deign t::--:J1,,-c 

{J{~ [Code Id] 2-( v, k, >.) 
Weight distribution ( i, A) for A i- 0 {I~ 

7 [144] 2-( 48, 6, 2520) 

(0, 1), (16,3), (24,120), (32,3), (48, 1) 1 

8 [129,130,131,132,133] 2-( 48, 6, 1240) 

(0, 1), (16, 15), (24,224), (32, 15), (48, 1) 5 

9 [59,60,61,62,63,64,65,66,67,68,69,1109,1712,1714,1716,1960] 2-(48,6,600) 

(0,1), (16,39),(24,432),(32,39),(48,1) 16 

10 [16, 17, 18, 19,20,21,22,549,550,554, 1001, 1245, 1246, 124 7] 2-( 48, 6,280) 

(0,1), (16,87),(24,848),(32,87),(48,1) 14 

11 [6, 7,154,520] 2-( 48, 6, 120) 

(0, 1), (16,183), (24, 1680), (32,183), (48, 1) 4 

12 [3] 2-( 48, 6, 40) 

(0,1), (16,375),(24,3344),(32,375),(48,1) 1 

13 [1] -

(0,1), (16, 759),(24,6672),(32, 759),(48,1) 0 

Theorem 3.6 ([5]). Dw iJI t-design t:: f,t o::. t t, {f:~O) f E Harmk, 1 :S: k :S t t::n l, 
-C I:bEDw i(b) = 0 ~ri/iljf;:9::. t li"'-1{00:--C-dboo 

Bachoc [2] lii'J{O) J: -5 f,t Mac Williams ll;!J.OJfi[~~ ~ 7-K L, f::o 

Theorem 3.7 ([2]). Wc,1(x, y) ~ binary code C t degree k 0) harmonic function f t::00 
9 o harmonic weight enumerator t 9 o o 

.'f ::. --C-, Zc,1 Ii degree n - 2k 0) homogeneous polynomial --C- 21b o o 9 o t , i'J{ ~ rifil/t;: 9 o 

k2n/2 (x+y x-y) 
Zc_j_,1(x,y)=(-l) ICIZc,1 v'2, v'2 

Proof. C ~ Proposition 3.1 (A) 0) triply even code t 9 Oo td:!. l., (13, [1]) ~ ~ < o 9 o 
t , Assmus-Mattson 0) JE'.f! J: tJ 9 ""- -C 0) weight w t:: Ji l., -C, Dw t D:;;; Ii 1-design --C- 21b 

o o ::. 0) ~ Df iJI 2-design t:: t,t o ::. t ~ 1-K 9 o 

W0 ,!(x, y) ~ C t degree 2 0) harmonic function f t::009 o harmonic weight enumerator 

t900 

cEC 

= ax32y1G + bx24y24 + ax15y32 

= (xy)2(ax3oy14 + bx22y22 + ax14y30) 

= (xy) 2Zc,1(x,y) 
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::. ::. -C, a, b =/- 0 -Ccboo 

Theorem 3. 7 J:: I) , "'.J ~-O)~~ ~ Jj. t::. T ~~ a', b' ;/Jt(¥1'ET o o 

CJ_ Ii minimum weight 4 J:: I), Zcj_,J O)q=tO) x44 O)~~li O c'di:> 0 0 J::-:J -C, b' = -2a' ~ 

1~-oo ~;;U:, 

Wcj_,J(x,y) 

= (xy)2 (a'(x + y)3o(x - y)14 - 2a'(x + y)22(x - y)22 + a'(x + y)14(x - y)3o) 

Tot., @~1¥Jt~!t~r: J:: I) Wcj_J O)q=tO) x 42y6 O){*~liO-Ccbo::. t ~1~-oo Theorem 
3.6 J:: I), Dt Ii 2-design -C di:> o o 

□ 

4 Theorem 3.2 0)-~{t 

~2" 48 0) Triply even binary codes O)q:t-C~~t::.fj.~-Cdi:>o 8(C) < s(C) O){Jlj~-JiR{~ 

Gtds~ [10] ~~-"oo 
C ~ binary [n, k, d] code t. L, -C In E C t Too C 0) ;(JtJ,ff,f% CJ_ 0)1, 7 J. - !x Ii 

[n, n - k, dj_] c' di:> o o To t. , dj_ li{~~-C di:> o ::. t. t: tl:;@: L, -CB < o Assmus-Mattson 0) 
5:E:E!I!. (Theorem 1.1) 0)~{47'J>G, i'~O)~~~Jj.f::.T dj_ t t t:-:J1,,-c~.itoo 

dj_ - t = Hu I Cu=/- 0, 0 < u '.Sn - t}. (4.1) 

::. ::. -c, Cu:= {c EC I wt(c) = u} -Ccboo 

Du t Dt ~ "t" t1.:.n1, C 0) weight u t CJ_ 0) weight w 0) support design t. Too To 
t, Assmus-Mattson 0)5:E;E!j!_ J:: I), Du t Dt Ii t-design -C cb o o "t" 0) J:: :> t: L, -C, r1% 
C Ii applicable to the Assmus-Mattson theorem -C di:> o o 

* i', dj_ t t t:-:J1,,-ci'~O) J:: :> t~lliLl~HiJq~Gnt::.o 

Theorem 4.1. (1) If C is applicable to the Assmus-Mattson theorem with dj_ - t = 1, 
then (dj_, t) = (2, 1) or (4, 3). 

Moreover, we have 8(C) = s(C) = 8(CJ_) = s(CJ_) = 1 or 3. 

(2) If C is applicable to the Assmus-Mattson theorem with dj_ - t = 3, then (dj_, t) = 

(4,1),(6,3), or(8,5). 

::. 0) Theorem 4.1 ;/J> G, dj_ - t = 1 0) t ~, 8( C) < s( C) t 8( CJ_) < s( CJ_) O);l;jyi'f Ii~ 
~ t~1,,::. t iJ{fJ-iJ'-0 0 dj_ - t = 3 0) t ~, 8(CJ_) < s(CJ_) O)~'E'f;/Jr~ ~on t d O)~~~ 
i'~0)5Eilc-1§..:z o o 
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Theorem 4.2. Let C be applicable to the Assmus-Mattson theorem with (d1-, t) = (4, 1) 
or (6, 3). If the equation 

is satisfied, then Dtw+t+I is a (t + I)-design. 

::: . .rJJ Theorem 4.2 lil/','fJEO):fi!l;i:)-r:x,J'L,--C Assmus-Mattson O)JE'.3:!l!.0)5gi{l::.#.&~l};z --c1,, 
oa [10] 0) Appendix B t:, (d1-, t) = (4, 1) 0) t ~, n::; 10000 f:xt L, --C, .::. 0) Theorem 4.2 

~JJ-f;:9 Jat~l¥]t~ n, d t weight w O)~~~ii"--C\,'oo (d1-, t) = (6, 3) 0) t ~ Ii n::; 10000 
f:x,J"L,--c, Theorem 4.2 ~JJ-f;:9n t dlif¥:fi:L,t~1,,.::. t~tt~L,ti,<a 

(d1-,t) = (8,5) O)t ~. 8(C1-) < s(C1-) O);l;,!l;i:)-iJ{E.::.oAJf'f~•tilit~1,,o .!J~t G--Cf'XO) 

JE'.l!I!. iJ!f~ G tL o o 

Theorem 4.3. Let C be applicable to the Assmus-Mattson theorem with (d1-, t) = (8, 5). 
Then C is the extended Golay code 924 . 

8( c1-) < s( c1-) O);l;,!l;i:)-iJ{E ~ o AJf'fM-1: ~ ~*9 o -il!O)i'fiEtl,-C, extended Golay code 
924 O)lrfr L, 1,,~~Mtt ~.g:.:z G tLo.::. t liJJ!rt5K~1,,o 
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