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A NEW TYPE OF FIXED POINT THEOREM AND 
SOME NONLINEAR EQUATIONS 

ffi L, l,' type O),fijJ,~)Elf c tlct'fllfnmte 

i'i1i$':f-p;j\jj[J[~f!IH/rlvf~)i}r f'rpg ¥!it (Yukio Takeuchi) 

Takahashi Institute for Nonlinear Analysis! 

The Leray-Schauder theorem [5] Ii, fi:W r:. Banach @00-z>~jf, ~ h Nagumo [8] r:. J:-:> -C m5/iJr8@00 

t:.tJ.IJ:fii~h:l': l,f.::. ;:O)jjfa,§/:.li degree theory 1J"~ffl~tt-c1,,:J':t"; Lloyd [6] ~~~ll\t ;:O)JE'.f.llifi 

:t1iffl/;J:JE'.f.lO) 1--:J"t',b t:>, ~< O)),tffl~~t,:J':t". fit:, Morales [7], Hirano [3], Kartsatos [4] ffuli, 

m-:!1i::kf'f::ffl* t M~T QtJlj~BkJt;i:'1F~~AO)Jl\tl'r~{4'~, Leray-Schauder ~JE'.f.l:l': t.:: liM~T Q;\t,!f5'1,~ 

ffl1,,-c, Banach@Fei-e1q~L,:J': L,f.::; tn(il&J~ffi!jl'f,b11H£A1:.J;tffl~~t,:l';t". L,iJ,L,, ;:O)JE'.J'.IO)lJXtJtB< 

Hi-\'>-\'>t<i!:~-z>T. :l': t.::, "F~~~nt degree theory ~+:B-1:.f.lMT Q:::. c li~~-z>lit..:1,, t ,\lt-t>h:l': T. 

;,!s:M-z>li, Hirano [3]-\'> Kartsatos [4] 7J"'1q~ L,fdoili!llr:., 1tt*t liJ\fJ'.Q 7 70-'f-Ht tJ :l': T; ffi L, 

1,, type O):;fl/Jt-(JE'.f.13.4 ~~Jf, G, -tO)lliffl t G-C~{.[;/_O);\t,!f5'/:~~:l':T. B-t G <, ;,!s:fi',\IO)li!11Rl/li"F~~~ 

~t-:>-CJ:t:>f.lMG-\'>t"<,;21s:M-z>~Jf,TQ~W*#~:;fl/Jt-(f.111Rl/O)Mt-(~G~J:t:>~~-z>t". 

2. 1$,ffllj 

,$:fl'li1:.&f~t..:¥i:1'1tlicl%Hi!i.ijit:.IDtaJlL,:J':t". C lim'1:.:J.p,zg~-;"r~~L,:l':t"; 1Jh-C "'1F,zg" ~~~L, 
:l':T. E Ii~ Banach @r,,,~~ L, :l':T; "~" ~~~ L, :l':T. II· II 1i E 0) J Jv1', E* Ii E O)~f5t@F.llt'T. 

x E E t y* E E* 1:.--:J1,,-c, (x, y*) Ii y*(x) 0)5.JU~IJK-z>t". J ~ E 1J' G zE· A.O)_jfm~i<J"',j'.~ c L, :l': T: 

Jx = {x* EE: (x, x*) = llxll llx* II, llx*II = llxll} for x EE. 

C ~ E O)~~:B-~t'i" t L, :l':T. C, aC, Int(C) Ii, -th.:ftt, C 0)1¥)'EQ., ~W, JAJJ~~t'i"~~ L, :l': T. :l': t.::, 

co(C) t cc(C) Ii C O)r':J'EQ,cl¥)8'EQ.-z'T. Mazur O),!ll < 9alGht.::JE'.f.17'J>G, C 1J" compact /;J: Gli cc(C) 

'6 compact -z'T. Br[x] lig::t,t,, x EE, -'¥1:I r > 0 0) E 0)1¥)f-;1<-z>T. Br[x] li1iffl;J:1¥Jr':J~t'i"-z><b tJ 

Int(Br[x]) lii<J"J;tt" Q F,isJf-;l< Br(x) -z'T. ffil'.l\tt..:0)-z>, Br[O] O){-\;;t> tJ 1:. Br HJ!ffl L, :l': T. 

S ~ C 1J''? E A.O), A~ C 1J''? zE A.O)',j'.~t L, :l':T. D(A) t R(A) li-th"t''h A O)JE'.~;f!llGtf@'.;f!llG 

~~ L, :l': T. S /:.--:J1,,-c :t [ci]~-z'T. f;t-:> -C, C = D(S), S(C) = {Sx: x EC} = R(S) -z'T. F(S) Ii 

S O);;fl/]1~~-;"r, IlPt:>, F(S) = {v EC: Sv = v} -z'T. S 1J" bounded t Ii, S 1J" C 0)1ifft..:~~71~-;"r 

~ E 0)1ifft..:$:B-~-;"rt:.',j'.-t:::. t -z'T. S 1J" compact t Ii, S 1J"~~-z, C 0)1i fft..:$:B-~t'i"~ E O)t§Jt 

compact /;J:~~:B-~t'i"l:.',j'.t":::. t -z'T. C' 1J"t§i<!" compact t Ii C' 1J" compact ~t'i"-z><b Q:::. t-z>t". 

A 1J":!1i::k (accretive) {'f::ffl*-Z,,b Qt Ii, x, y EC.::· t 1:., )'J(O)~/;i: j E J(x - y) ;,'Jt(¥tfT Q:::. t "t'T: 

(u - v,j) 2 0 for u E Ax, v E Ay. :f1i::k{-'f::ffl* At a E (0, oo) 1:.--:Ji,,-c R(I + aA) 1J''? C = D(A) O)J:: 

A.O) Yosida resolvent Ja t R(I + aA) 1J''? E A.O) Yosida approximant Aa /il')(O)~/:.JE'.~~h:l':T. 

Ja= (I+ aA)- 1 , Aa = ¼(I - Ja)-

D(Ja) = R(I + aA), R(Ja) = D(A) -z'T. Ja t Aa O)J!!!:~Bk]t;i:•['lti![H, < "'.J1J'~JT, L, * T: 

2010 Mathematics Subject Classification. 47H14, 47H07, 47Hll. 
Key words and phrases. Leray-Schauder type theorem, m-accretive operator, fixed point theorem, nonlinear equation. 



50

0 II Jax - JaYII S llx - YII for x, YE D(Ja) = R(I + aA). 

o Aax E AJax for x E R(I + aA). 

0 IIJax - xii= allAaxll S ainf{IIYII: y E Ax} for x E D(A) n R(I + aA). 

At/ m-Jf/-:fa:. (m-accretive) f'Fffl*c:,b Q c: Ii, A iJ!Ji,fff-:};:_fpffl*c:,b IJ, l'JZO)~{tf:'a'.iil!ifc:9-=. C: 1:9: 

R(I + aA) = E for a E (0, oo). 

l'JZO)J-Efili Brouwer's fixed point theorem C: l,"C::(i!/i';c:9. 

Theorem 3.1. Let C be a compact convex subset of an Euclidean space. Let S be a continuous 

self-mapping on C. Then, there is v EC satisfying Sv = v. ■ 

Theorem 3.2. Let C be a closed convex subset of E. Let T be a continuous self-mapping on C such 

that T(C) is relatively compact. Then, there is v E T(C) c C satisfying Tv = v. ■ 

Proof. D = T(C) c: l,*9; f.&J-EJ:: IJ, D Ii compact, D c C 1:9. {-f:;@J:::: r > 0 'a'.~J-El,*9. 

-=. 0) c: ~, {Br(x)}xED Ii, compact-~ D O)~f.B(lli;i:O)c:, ~mHfll:B-~fl!lll {Br(x;)}r=l Hft, * 9. 

I= {1,2,··· ,n} C: l,*9. i\\frhlifJ:\,'0)1:, {x;}i=l Hi1!l\H:::: {x;} c:11~*9- ,:_O)t_ ~, co({x;}) Ii 

Eoc~~OOO)~fft:i:M~-~c:ht:i:it*9:L'a'.{~}~G~rfx.~:ti,Q~&l'JZ~■~~OOc:L,*9·L'a'. 

■~{11J§~OO t:::: 9 Q Hausdorff {_iH§ Ii 1 -:::i L, iJ•:(¥:(£ L, * it A.,_ :/tE-::, "C, L t:::: -:::i 1,' "C, 't!th~ L, A., ti Euclid 

{_j'[ffit_ E O)Jl'~:fr~Fsic: l,"CO)f§;\°tfil:ffili-fl(L,t«:lthlit:i: IJ *it A.,. *fc:, co({x;}) c C liSJlGiJ•c:9. 

i E I :'.::' C: (::::, E iJ• G [0, r] A.O)itilJ'i:¥~ d; 'a'.J-E~ l, * 9: d;(x) = max{0, r - llx - x; II} for x E E. 

x E D :'.::' C: (::::, llx - x;II < r (d;(x) > 0) C: fJ: Q i E J iJ!:(¥:(£ l, * 9. l'JZ0)$~1ill C: A., c:"§ SJlc:9: 

(1) For x ED and i EI, d;(x) > 0 if and only if llx - x;II < r. 

(2) B D d,(x) [0 1] f . J d -'n ( d,(x) ) 1 or x E , E,~, d,(x) E , or i E , an L.,i=l E,~, d,(x) = . 

1Jh "C, D iJ• G co( {x;}) A.O)J'JZO)~t«:itilli:¥~ Tr iJ'~ .:z G :tI, * 9: 

(3) T -'n d,(x) £ D rX = L.,i=l I:,~, d,(x)Xi or X E . 

x ED /;:::-:::,1,,--c, (1) J:: IJ, d;(x)llx -x;II <:: d;(x)r for i E J. :/fE-::,"C, (2)-(3) J:: IJ, 

llx -Trxll <:'. L~=l r:,~',c~~(x) llx -xiii<:'. I:,~,1d,(x) L~=l di(x)r = r for X ED. 

T C'. Tr O)~fix. TrT Ii, ll'~:fr~F.ll L 0) compact i;i:~-~ co( {x;}) J::O)iti\fttJ: § 3¥~1:9. Brouwer 0) 

J-EfiJ:: IJ, TrTu = u 'a'.m/fc:9 u E co( {xi}) iJ!:(¥:(£ l, * 9. :/tE-::, L, Tu ED J:: IJ, IITu -TrTull <:: r 1:9. 

!!Pt>, IITu - ull <:: r HlU 9. -=. O)~wi!li, ;$:JHf\J(:'.:li, Nagumo [8] (::::{& IJ * 9. 

,:_,:_*""(:O)~wi!iJ•G, l'JZO)~tJ: C0)~1U {um} iJ!:(¥:f±L,*9: IITum-umll S 1/m form EN. D 

iJ'compact C: {Tum} CD J:: IJ, d0Q v ED CC (::::Jfl()R9Q, {Tum} O):g'~:fr:f!J {Tum;} iJ!:(¥:f±L,*9· 

limm IITum - Umll = 0 J:: IJ, {umJ t V (:'.:Jfl()R L, * 9. l'JZO) ,:_ C'. 'a'.~ "'.J "(1,\ * 9: 

llv -Tvll S llv - Tum; II+ IITum; - Tvll for j E N. 

-=.:ti,G C: T iJ'itilli:J:: IJ, llv -Tvll = 0, !!Pt>, v = Tv 'a'.flU 9. v = Tv E T(C) li§SJlc:9. □ 

J-Efi 3.2 Ii, Schauder O)J-Efi (Brouwer O)J-EfiO) Banach ~00~&) C: Mazur O)J-Efi'a'.{-9!.:zli@:t, (::::ff 

Gh*9- ,:_0)~~1:, J-Efi 3.2 Ii Schauder O)J-EfiO) version C:9. tdil,, Mazur O)J-EfiO)fiESJlti<g 

~c:li<b IJ *it A.,. ,:_ ,:_ 1:li, J-Efi 3.2 O)fiESJlt:::: Brouwer O)J-EfifiltH9!ffl l, * l,fc:; Schauder O)J-Efi, 

Mazur O)J-Efi, degree theory i;i: t'.'li~~C:9. * fc:, Brouwer O)J-Efi/;:::-:::,1,,--c Ii, ~ill-'JZ~i;i:fiESJliJ'3B£R 
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~ ti -c v' ;t 9; WU ;Ui, Takeuchi and Suzuki [13, 14] $~. Bonsall [1] Ii, "Singbal -h\ Fcu/1Jrr"!~r!ii-c:, 5E 
J'!l13.2 0).±:iJ.&O)-'jl~i;i:aiES)H:lf.:ztc:" txl!A-;t9. Singbal li.::O)llifSJl'a:lmu::it~ilff/1::~~td'.-h'-:,fc:::l·.l!i-C, 

f)iO)llifSJl1;J: Bonsall 0) [I.Appendix] t::~il;~ti-c,,;t9; ':f'#di5EJ'!l! 3.2 O)llifSJlt[P]:niciJ-C:9. 

fJZO) trivial fd'.f!fl!li'a:fiO)lill!lffiilO)fc::,11)/::cm~ G ;t 9; lilf'~SJlfd'.O)-C:l!iES,/l1;J:~~, .:: O)~, WT IJ i;i: < (i)-(iii) 
:a:fFJ!m G ;t 9. ~ II · II Ii Br t=Mil.i!i9 Q Minkowski functional -C:21; Q.:: t :a:i'±J&'. G-C t:, ~ 19. 

Lemma 3.3. Let r > 0. Let fr and Mr be mappings defined respectively by fr(Y) = max{~,IIYII} and 

Mry = fr(Y)Y for y EE. Then, R(fr) C (0, 1] and R(Mr) C Br. Correctly, the following hold: 

(i) fr(Y) = l and Mry =YE Br for YE Br. 

(ii) fr(Y) E (0, 1) and Mry = 11 ; 11 y E Br for Y </. Br. 

(iii) fr and Mr are continuous. ■ 

5EJ'!I! 3.4 'a'.flfllm 3.3 t;i:'J'!I! 3.2 -h• G~ < .:: t li~~-C:9: llifSJlO)'T:7.:::. o/ :7 tttE*-h' G~Q Gti-c ,,td, 
0)-C:9. G-h• G f;i:iJ! G, .:: O);i:'J'!l!liB-'t G Oli u, type O)::fl/JB5EJ'!l!-C9; Remark 3.6 $~. 

Theorem 3.4. Let C be a subset of E with O E Int(C). Let r > 0 satisfy Br C C. Let T be a 

continuous mapping from C into E such that T(Br) is relatively compact. Define mappings fr from 

E into (0, 1] and Mr from E into Br respectively by fr(Y) = max{~,IIYII} and Mry = fr(Y)Y for YE E. 

Define a self-mapping Vr on Br by 

for y E Br. 

Then, there is Yr E Br C C satisfying VrYr = Yr· Also, the following hold: 

( 1) Tyr = Yr if Tyr E Br. In particular, Tyr = Yr if Yr E 8 Br and Tyr E Br. 

(2) Tyr = Yr ( fr(Tyr) = 1) if Yr E Int(Br) = Br(0). ■ 

Proof. 0 E Int( C) J:: IJ, *{4 'a: mltc: 9 r > 0 iJ!:(¥::(£ G ;t 9. (i)-(ii) J:: IJ , 

Mr(E) C Br, Vr(Br) = MrT(Br) C Mr(T(Br)) C Br. 

{&5EJ:: IJ, T(Br) Ii compact -C:9. 1th-C, (iii) t~/Jl.9Q t, Vr(Br) c Br, Vr Iii!!!~, V,,(Br) lit§M 

compact -C:9. ft£-:, -C, ;i:'ll 3.2 J:: IJ, VrYr = MrTYr = Yr t i;i: Q Yr E Br iJ!:(¥::(£ G ;t 9. 

(1) 'a'.~Gi9. Tyr E Br 'a'.{_E(5E9tl,li, (i) J:: IJ, Tyr = MrTYr = Yr· (2) 'a'.~G;t9. (1) J:: IJ, 

Tyr E Br 'a'.~ii"li+:fr-c:9. 'WJ'!!!#s;-C:~9fc::,li)/::, Tyr ,t. Br t G;t9. Yr E Int(Br) = Br(0), Tyr ,t. Br 

t (ii) J:: IJ, rn["t:,/::::yJllj"'3:'.f,lj\i9: 

r > IIYrll = IIMrTYrll = 11 IIT~rllTyrll = IIT~rll llTYrll = r. 

~~, Tyr E Br Ii fr(Tyr) = l 'a:;@'.~ G ;t 9. 

Theorem 3.4 Ii, ®Q;§'.~-C, 'l'JZO) Rohte O)::fl/J,~5EJ'!l!O)fflW{r.-C:9. 

□ 

Theorem 3.5. Let r > 0 and let T be a compact mapping from Br into E such that T(8Br) C Br. 

Then, there is v E Br satisfying Tv = v. ■ 

Proof. Theorem 3.4 -C, C = Br t G ;t 9. T(8Br) C Br t Theorem 3.4 (1), (2) J:: IJ Mlffiil'a'.f,lj\;t 9. D 

Remark 3.6. 5EJ'!I! 3.4 (2) 1iii:~1;i:f~WU H.§.,, ;t 9. (2) 'a'.~JJl.9 Qt, Vr iJ! 8Br l: fixed point free 

i;i:Gli, Tyr = Yr 'a'.mltc:9 Yr E Br(0) iJ!;(¥::(£G;t9. ftt-:,-C, F(T) n Br =/c 0 'a'.~llif9Qfc::,l/)O), 

Yr E F(Vr) n8Br O)l/JiciJl::i'±§ Gtc:, l'J.:O)~W*{lJ:iJ!~.:z GtJ,;t9: Tyr E Br if Yr E 8Br . .:.tilt Rohte 

O)~W*{lJ:O)fflW{r.-C:9. ;i:'ll 3.4 Ii, Tyr ,t. Br 0) t ~ t::/;J: Yr t F(T) O)~~l=~Bz G ;tii"A,. ■ 
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Theorem 3. 7. Let C be a subset of E with O E Int( C). Let r > 0 satisfy Er C C. Let T be a 

continuous mapping from C into E such that T(Er) is relatively compact. Assume that Ty # cy if 

y E 8Er and c E (1,oo). Then, there is Yr E Er CC satisfying Tyr = Yr· ■ 

Yr = Tyr -C:9. Yr E 8Er -J:t. 1::d£, {Jjz5E /::. Cr E [1, oo) J:: IJ, Cr = 1, Jlpi:,, Tyr = Yr -C:9. □ 

4.1. ~:llU:: 1,, < -::>1'J'O)~*-

E 'a'. Banach ~Fs9, A 'a'. D(A) fp G 2E A.JJ) m-~;k{'Fffl*, S 'a'. D(S) 'h' GE A..(J) D(A) c D(S) ':i".ilfey 

fc::9¥~/::. L, 19. A 'IJ'> m-~;k{'J,ffl*J:: I), D(Ji) = E, R(Ji) c D(A) -C:9. p EE t. L, 19. ;:.:ri,PJ 

ll,'f,, U t. Wn 'a'. E 'h' G E § !}A..(J)/'J((J)~i:t.¥~ t. L, 19: 

Uy=p+J1y-SJ1y for yEE, 

WnY = p - SJn(ny) for y E E, n EN. 

Morales [7], Hirano [3], Kartsatos [4] (J):±:Ji!JHi, i'X(J)tll!~(l(J-J:t.;j'.p;\\.!)!~~ (P) 'IJ'>Jvtv:9 -Mk{lf:(J):'/§"~-C:9: 

(P) p E R(A+S), p E R(A+S). 

p E Ax+Sx ':i".i1/eyf;::9x E D(A) ':i".tll!~SkJ#;\\.!J!~:.iJ1s[Ap E R(A+S) (J)M/::.v'v'19; Ax+Sx c R(A+S). 

v' < --::>'/J>(J)~f:ff G :h -cv,-QM*Hi:i1' L, 19. 

Theorem 4.1. Let A be an m-accretive operator from D(A) c E into 2E such that J1 = (I+ A)- 1 is 

compact. Let S be a bounded continuous mapping from D(A) into E. 

Let p EE and b > 0. Suppose the following: 

( *) For every x E D(A) with llxll :::>: b, there is j E Jx satisfying 

(u-p+Sx,j) :::>:0 for u E Ax. 

Then p E R(A + S). ■ 

Theorem 4.2. Let A be an m-accretive operator from D(A) c E into 2E such that J1 = (I+ A)- 1 is 

compact. Let S be a bounded continuous mapping from D(A) into E. 

Let p EE and b > 0. Suppose z E Eb(0) n D(A) and the following hold: 

(**) For every x E D(A) with llxll :::>: b, 

(u-p+Sx,j) :::>: 0 for u E Ax, j E J(x - z). 

Then p E R(A + S). ■ 

Theorem 4.3. Let A be an m-accretive operator from D(A) c E into 2E. Let S be a mapping from 

D(A) into E which is compact, and uniformly continuous on bounded sets. 

Let p EE and b > 0. Suppose the following holds: 

( *) For every x E D(A) with llxll :::>: b, there is j E Jx satisfying 

(u-p+Sx,j) :::>:0 

Then p E (A+ S)(Eb(0) n D(A)). 

for u E Ax. 

■ 
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5Efll! 4.3 C: 4.1 Ii Kartsatos [4] (1) Theorem 3 C: Theorem 5 c.'9. -15, 5Efll! 4.2 Ii Hirano [3] (1) 
Theorem 2 c.'9 . .::.ri,G(1)5Efll!li, i'JZ(l)::kl!!He!;l;i:!R1Ht (Cr) c: (Cp) (l)'i:::.'T'J GiJ•/;:/).iL,i9. (Cr) l!i[(l).±: 

iJ;Rc: (Cp) l!;[(l).:l::iJ;R/;:/i~t:: tJ n''&J tJ, ~(1)1'Jn!i(1)~1,,:1J,Gli'ii/i9.,,z~.::. c: t~t;i:-:i-C ~ i9. 5Ell 4.3 

(1) S (1)5:E~~ D(S) Ii, $~ G <, D(A) 'a:~t•M-~1i;i;i: < D(A) 'a:~libti+5tti c:J!(1,, i9. 

(Cr) Ji is compact and Sis continuous (D(A) C D(S)): 5Efll! 4.1, 5:Efll! 4.2. F(U) fc 0 'a:{W:1/iE9 

-o~{4H~5E-V~ti1i, p E R(A + S) iJq:W:1/iE;:;-tit 9. 

(Cp) Sis compact (D(A) C D(S)): 5:Efll! 4.3. n EN :::'c:(;: Wn E F(Wn) (l)f¥tfc'., {¼Jn(nwn)} 

n' 0 /;:lt,(*9 -0.::. c: 'a:{ifil9 -o~f4H~5EL' ~ tili, p E R(A + S) iJqiiliE ;:;- tit 9. 

~~(1)/llLJ~U•G, .::.tiPJ~li (Cr) l!;[(l)JJ-Hl?zv', -?-?~1'lt;i: (Cp) l!;[1;:--::i1,,-c/i~~'a::ffl'-:i-C~iliiuL,i9. 

i'JZ(l) 2--::i(l)M)i!Jj/i, .::.(1)5t!f-VJ: <9a1Gtlt::t(l)L'T. 

Lemma 4.4. Let A be an m-accretive operator from D(A) C E into 2E. Let S be a mapping from 

D(S) c E into E with D(A) c D(S). 

Let p EE. Suppose u E F(U). Then, x = Jiu E D(A) and p E Ax+ Sx c R(A + S). ■ 

Proof. Ji c'. Ai (l)•~'i!'lc: U (l)JE~'a:,\l:lv'tf:\ l,-C < ti;:;-1,,_ y EE /;:--::i1,,-c, i'JZ(i[qj{@:c.'9: 

(a) 0 = Aiy + SJiy - p = (I - Ji)Y + SJiy - p. (b) y = p + Jiy - SJiy = Uy. 

u E F(U) c'. 9ri,/i, x = Jiu E D(A), p =Aiu+ SJiu. Aiu E AJiu J: tJ, p E Ax+ Sx 'a:ff i 9. □ 

Lemma 4.5. Let A be an m-accretive operator from D(A) c E into 2E such that Ji = (I+ A)-i is 

compact. Let S be a continuous mapping from D(S) c E into E with D(A) c D(S). 

Let p EE. Then, U is continuous and U(Br) is relatively compact. ■ 

Proof. U (1) JE~ 'a: lit~ G -C < ti ;:;- \,'. Ji iJ> compact C: S i)>jf~ J: tJ , Ji ( Br) iJ>f§:tf compact C: U i)>jf 

~/ia}l GiJ•c.'9. Ji(Br) iJ> compact, Ji(Br) C D(A) C D(S) c'. S iJ>jf~J: tJ, S(Ji(Br)) t compact 

c.'9. :/th-C, S(Ji(Br)) c S(Ji(Br)) J: tJ, SJi(Br) c: U(Br) (if§xstcompact c.'9. □ 

~(1)5Efll!~,.::..::.-c(1)~5E~WL,k,5Efll!3A(l)R*-c9. 

Theorem 4.6. Let A be an m-accretive operator from D(A) c E into 2E such that Ji = (I+ A)-i is 

compact. Let S be a continuous mapping from D(S) c E into E with D(A) c D(S). 

Let p EE and r > 0. Then, there are u E Br and c E [1, oo) satisfying cu = p + Jiu - SJiu and 

c = max{r,IIP+~,u-SJ,ull}. Suppose one of the following holds: 

(1) u E Br(0). 

(2) llp+Jiu-SJiull-5cr. 

(3) There is j EE* satisfying (u,j) fc 0 and (u,j) (Aiu - p + SJiu,j) 2': 0. 

Then, c = 1. Furthermore, c = 1 and u = p + Jiu - S Jiu = U u are equivalent. ■ 

Proof. frr-'i'(l)±iJ:Rbj~L,i9. {&5E, U (1)5E~C:ftfi)i!1l4.5 J: t:l, U (iJI~, U(Br) lif§:tfcompact c.'9. 

fr c'. Vr 'a:~(1)1'~H;:5E~Gi9: fr(Y) = max{~,IIYII} for y EE, VrY = fr(Uy)Uy E Br for y E Br. ,:_(1) 
c: ~, 5Ell 3.4 J: tJ, i'JZ(l)~td'. u E Br 7J'fftt L, i 9: u = Vru = fr(Uu)Uu . 

.:..:.-Cc= fr(~u) c'.9tl,(;J:, fr(Uu) E (0,1] J: 9, C= fr(~u) E [l,00) c.'9. flPT'J, 

(4.1) __ i __ max{r,IIP+liu-SJ,ull} E [1 ) 
C - fr(Uu) - r 'DO · 

(1) 'a:{&5:E G i 9. u E Br(0) C:5:Efll! 3.4 (2) J: tJ fr(Uu) = 1, !lPT'J, c = 1 c.'9. (2) 'a:{&5:E G i 9 . .::. 

(1) c'. ~, IIUull = IIP + Jiu - SJiull '5c r, ElPT'J Uu E Br c.'9. 1th -C, fr(Uu) = l, ElPT'J, c = 1 c.'9. 
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(3) 'a'.f&JE L, i 9. ~J:!!!$1,i:~-::, L c = 1 /,i:ffi9f::i\bt::, c > 1 t L, i 9. Aiu= u - Jiu 1:~ tJ, (4.1) 

J:: tJ, cu = p+ Jiu - SJiu -C:9. (3) J:: tJ, l'JZO)~tJ: j EE* ;ot:(¥1=f L,i9: 

(u,j) # 0, (u,j)(u - Jiu-p+ SJiu,j) = (u,j)(u- cu,j) = (1- c)(u,j) 2 :::, 0 

-'.:.:h/i, 1-c < 0, (u,j) 2 > 0 t::;J,/§L,19. 

:l&:f&O)_±Jll,i:ffiL,19. u E Br(0) tci:G/ic= 1 l,i:j))t!::llt~L,i L,f::. ftt-::,-C, (4.1) J:: IJ, u = 0 0) case 

□ 

4.2.(Crja#■%1J-~O)M#t¥1=E~~~ilb0)+:fr•#. 

1-f, ~%iO)f::ilb1::, Rothe O)•{tt:t:: J:: -5J'j(O)f,!;5'/:Hiffi L, 19. 

Theorem 4. 7. Let A be an m-accretive operator from D(A) C E into 2E such that Ji = (I+ A)-i is 

compact. Let S be a continuous mapping from D(S) c E into E with D(A) c D(S). 

Let p E E and r > 0. Assume the following: 

(R) IIP + Jiy - SJiYII ~ r for YE 8Br, 

Then, there is u E Br satisfying x = Jiu E D(A) and p E Ax+ Sx c R(A + S). ■ 

Proof. !E'tl 4.6 J:: tJ, CU= p + Jiu - SJiu, c = max{r,IIP+~,u-SJ,ull} l,i:jjlljf::9 u E Br t c E [1, oo) ;ot 

fftt L, i 9. u E Br(0) t 9;h/i, JE'tl 4.6 (1) J:: tJ c = 1, u E F(U) -C:9. u E 8Br t 9;h/i, (R) J:: tJ, 

IIP + Jiu - SJiull ~ r. ftt-::, -C, !E'J:!I! 4.6 (2) J:: tJ c = 1, u E F(U) -C:9. Mffl 4.4 J:: tJ fr!filiH~i 9. □ 

Theorem 4.8. Let A be an m-accretive operator from D(A) c E into 2E such that Ji = (I+ A)-i is 

compact. Let S be a continuous mapping from D(S) c E into E with D(A) c D(S). 

Let p E E and r > 0. Assume the following: 

(o) For y E 8Br, there is j EE* satisfying (y,j) # 0 and (y,j)(Aiy - p + SJiy,j) 2 0. 

Then, there is u E Br satisfying x = Jiu E D(A) and p E Ax+ Sx c R(A + S). ■ 

Proof. JE'J:!114.6 J:: tJ, CU= p + Jiu - SJiu, c = max{r,IIP+~,u-SJ,ull} l,i:jjlljf::9 u E Br t c E [1, oo) ;ot 

:(¥1=£L,i9. uEBr(0) tL,19. -'.:.O)t~,JE'J:!114.6(1) J::IJ c=l,uEF(U)-C:9. uE8Br tL,19. 

-'.:. 0) t ~, (o) J:: tJ, J'JZO)~tci: j EE* iJ{:(¥{'E L, 19: (u,j) # 0 and (u,j)(Aiu - p + SJiu,j) 2 0. ftt-::, 

-c!E'J:!I! 4.6 (3) J:: ti c = 1, u E F(u) c:9. :miJm 4.4 J:: ti fr!fwuH~* 9. □ 

4.3. Mii. 

JE'J:!I! 4.8 Ii, Kartsatos O)JE'J:!I! 4.1, Hirano O)JE';flj! 4.2 t~{J;.(O)f,!;5'/:c:9. -'.:.;hG l,i:]l![:lll:~~9-0-=. t ii 

1: ~ 1 i± A..,;ot, S 'a: bounded t 9;hti, JE'J:!I! 4.8 ;o• G JE'J:!I! 4.2iJtl;!j/t 19. ~:j!f t:: Ii, JE'J:!I! 4.1 -\'>JE'J:!I! 4.2 

O):jil-t;i::tJU'r-*{tf:;ot, JE'J:!I! 4.8 O):tJU'r-*{tf:J:: tJ t,if;nn,-5 t%i.:z-oA.~J:!!!El3iJ{~tf:1i±ti±A..,. 

-'.:. 0)5t!l!}O)#t*O)Wf~1J$/i, %i~i,i:5§i5[ I:: Leray-Schauder ru/JE'J:!l!l::5[ ~,lf,±-ci,, -5 ~ G 1,,7,1,~ -5 t 
J\l\W 19. -=. O)JE'J:!l!;o>~.:z-ol'Ji!mH~.:z-5 t::ilbt:::t_lU'r-*{tf:-\'>~iESJWtil-t::t;i: tJ, -=. O):jil-~ iJ{r"iJi!!O),$:j/l · 

.j;/lj~i,i:~.:z/:: < < L,-c1,,,5 tlf:j!f/iJ~1,,t9. -1J, JE'J:!!! 4.8 O)IDfSJHi,#j'L,1,, type O)::fi/JR-(JE'J:!I! 3.4 0)-'jZ 

~tci:r,r,m-c:~ ti, mw*ftt:t>,t,:wu-c:wrn#. Gt::~r::ti1-t;i:t> O)c:titci:1,, tJ[ti,, t9. 

Kartsatos /i, JE'J:!I! 4.3 1: S ;ot~ W~i'f J: -c:-~jl;fift t L,, IDfSJH:: 0 E R(A) t Leray-Schauder rul!E'J:!I! 

/,i:{~ffl L, i L, t::. 0 E R(A) i;i: G ii, 0 E Az t i;i: -5 z E D(A) ;ot:(¥{'E L, i 9; J'!Pt,, Jaz = z for a E (0, oo). 

1&'.li-~•fit,;: ~ti-r1:: = O)*{lf'i,i:~ffl-c: ~ -o t _:l:Jl L, * 9; lf:j!f ti+:fr1::ll{(~t,;: vn, * -i± A,_ 't" vc, 
JE'J:!I! 4.3 (Cp) iJ•GJE'J:!I! 4.1 (Cr) t,;:J;J1,,-c1,,t9; (Cp) ru!t (Cr) rul/i-\'>-\'>~f,l'.c:9. Hirano [3] /i:±/:: 

condensing~-ffl<'a'.r]H', JE'J:!I! 4.2 O)IDfSJH:: Lloyd [6] 0) Theorem 6.3.2 'a'.~fflL,1 L,f::. 
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