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Fixed point property and convergence 
theorems for hybrid-type mappings 

Sachiko Atsushiba 
Department of Mathematics, Graduate School of Education, 

University of Yamanashi, 4-4-37, 
Takeda Kofu, Yamanashi 400-8510, Japan 

Abstract 

In this paper, we establish the existence of absolute fixed points of nor
mally 2-generalized hybrid mappings in a Hilbert space by using the idea of 
attractive points. We also prove some fixed point theorems. 

1 Introduction 

Throughout this paper, we denote a real Hilbert space by H, and its inner product 
and norm by (·, •) and II· II, respectively. Let C be a nonempty subset of H. A 
mapping T : C----+ H is said to be nonexpansive if IITx - Tyll :S llx -yll for all 
x,y EC. For a mapping T: C----+ H, we denote by F(T) the set of fixed points of 
T and by A(T) the set of attractive points [16] of T, i.e., 

(i) F(T)={zEC:Tz=z}; 

(ii) A(T)={zEH: IITx-zll :S llx-zll, \fxEC}. 
Kohsaka and Takahashi [7], and Takahashi [15] introduced the following non

linear mappings. A mapping T : C ----+ H is said to be nonspreading [7] if 

2IITx-Tyll 2 :S 11Tx-yll2 + 11Ty-xll2 

for all x,y EC. A mapping T : C----+ His said to be hybrid [15] if 

3IITx-Tyll2 :S llx-yf + IITx-yf + IITy-xf 
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117

for all x,y EC. They proved fixed point theorems for such mappings (see also 
[5, 8, 17]). In general, nonspreading and hybrid mappings are not continuous 
mappings. Aoyama, Iemoto, Kohsaka and Takahashi [l] introduced the class of 
A-hybrid mappings in a Hilbert space. This class contains the classes of non
expansive mappings, nonspreading mappings, and hybrid mappings in a Hilbert 
space. Kocourek, Takahashi and Yao [6] introduced a broader class of nonlinear 
mappings than the class of A-hybrid mappings in a Hilbert space. A mapping 
T : C --+ E is said to be generalized hybrid [ 6] if there are real numbers a, f3 such 
that 

al1Tx-Tyll 2 + (1- a)llx-Tyll 2 :S /311Tx-yll 2 + (1- /3)11x-yll 2 

for all x,y EC. Maruyama, Takahashi and Yao [10] introduced a broad class of 
nonlinear mappings called 2-generalized hybrid which contains generalized hy
brid mappings in a Hilbert space. Let C be a nonempty subset of H. A map
ping T: C--+ C is said to be 2-generalized hybrid [10] if there exist real numbers 
<X1, /31, <X2, /32 such that 

a1 IIT2x- Tyll2 + a211Tx-Tyll 2 + (1- a1 - a2) llx- Tyll2 

:S /31 IIT2x-yll2 + /3211Tx-yll2 + (1- /31 - /32) llx-yll2 

for all x,y EC. Kondo and Takahashi [9] introduced the following class of non
linear mappings which covers 2-generalized hybrid mappings in a Hilbert space. 
A mapping T : C--+ C is said to be normally 2-generalized hybrid [9] if there exist 
real numbers CXo, /3o, a1, /31, a2, /32 such that 

2 

E (<Xn + f3n) 2: o, 
n=O 

and 
a2IIT2x-Tyll2+a111Tx-Tyll2 + exollx-Tyll 2 

+/32IIT2x-yll 2+/3111Tx-yll2+/3ollx-yll 2 :S 0 

for all x,y EC. We call such a mapping T an ( CXo, f3o, a1, /31, a2, /32)-normally 2-
generalized hybrid mapping. We know thatthe class of (1- a, -(1-/3), a, -/3, 0, 0)
normally 2-generalized hybrid mappings is the class of generalized hybrid map
pings. Kondo and Takahashi [9] proved attractive point theorems, fixed point 
theorems and convergence theorems for the mappings. 

On the other hand, Djafari Rouhani [11] introduced the concept of absolute 
fixed points for nonexpansive mappings. He studied an extension of nonexpan
sive mappings and established the existence of absolute fixed points of nonexpan
sive mappings. He established the existence of absolute fixed points of hybrid 
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mappings and some fixed point theorems (see [12]). He also established the ex
istence of absolute fixed points of generalized hybrid mappings and some fixed 
point theorems (see [13]). 

In this paper, motivated by Kondo and Takahashi [9] and Djafari Rouhani 
[11, 12, 13], we establish the existence of absolute fixed points of normally 2-
generalized hybrid mappings in a Hilbert space. We also prove some fixed point 
theorems. 

2 Preliminaries and Lemmas 

Throughout this paper, we denote by N and z+ the set of all positive integers and 
the set of all nonnegative integers, respectively. We also denote by lR and ]R+ the 
set of all real numbers and the set of all nonnegative real numbers, respectively. 
We know from [14] the following basic equality and inequality. For x,y EH and 
A E IR, we have 

and 

Furthermore, we obtain that 

2(x-y,z-w) = llx-wll 2 + lly-zll 2 - llx-zll 2 - lly-wll 2 

for all x,y,z, w EH. In fact, we have 

2(x - y, z - w) = 2(x, z) - 2(x, w) - 2(y, z) + 2(y, w) 
= (-llxll 2 +2(x,z)- llzll2) + (llxll 2 -2(x, w) + llwll 2) 

+ (IIYll 2 -2(y,z) + llzll2) + (-IIYll2 + 2(y, w)- llwll 2) 

= llx-wll 2 + IIY- zll 2 - llx - zll 2 - lly-wll 2 · 

We obtain that, for all x,y, w EH, 

((x-y) + (x-w),y-w) = llx-wll 2 - llx-yll 2 -

In fact, we have 

((x-y) + (x-w),y-w) 

= ((x-y) + (x-w), (y-x) + (x-w)) 
= llx-wll2 - llx-yll 2 + (x-y,x-w) + (x-w,y-x) 

= llx-wll2 - llx-yll 2 -
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Let C be a nonempty closed and convex subset of H. For every point x EH, 
there exists a unique nearest point in C, denoted by Pcx, such that 

for all y E C. The mapping Pc is called the metric projection of H onto C. It is 
characterized by 

(Pcx-y,x- Pcx) 2: 0 

for ally EC; see [14] for more details. 
The following result is well-known (see [14]). 

Theorem 2.1. Let C be a nonempty, bounded, closed and convex subset of H and 
let T be a nonexpansive mapping ofC into itself. Then, F(T) # 0. 

We write Xn -+ x (or limn➔=Xn = x) to indicate that the sequence {xn} of 
vectors in H converges strongly to x. We also write Xn ~ x (or w-limn➔=Xn = x) 
to indicate that the sequence {xn} of vectors in H converges weakly to x. In a 
Hilbert space, it is well known that Xn ~ x and llxnll -+ llxll imply Xn-+ x. 

Let {xn} be a sequence in H. We use the following notations: 

F1 = { q E H : the sequence { I lxn - q I I} is nonincreasing}; 

Fe = { q EH: lim llxn - qll exists}. 
n➔= 

It is clear that F1 c Fe. 

Lemma 2.2 ([2]). Let {xn} be a sequence in H. Then, F1 and Fe are closed and 
convex subsets of H. 

Let C be a nonempty subset C of a Hilbert space H and let T be a mapping of 
a nonempty subset from C to H. We denote by A(T) the set of attractive points of 
T, i.e., 

A(T) = {z EH: IITx-zll '.S llx-zll, \ix EC}. 

The concept of attractive points was introduced by Takahashi and Takeuchi [16]. 
Letx EC. If {xn} = {Tnx}, thenA(T) C F1 (see also [12, 13]). 

Lemma 2.3 ([16]). Let C be a nonempty closed and convex subset of H. Let T 
be a mapping of C into itself and let Pc be the metric projection of H onto C. 
Assume that A(T) # 0. Then, if u E A(T), then Pcu E F(T). Thus, if A(T) # 0, 
then F(T) # 0. 

Lemma 2.4 ([16]). Let C be a nonempty subset of Hand let T be a mapping of C 
to H. Then, A(T) is closed and convex subset of H. 

Lemma 2.5 ([16]). Let C be a nonempty subset of Hand let T be a mapping of C 
to H. Then, 

A(T) nc C F(T). 
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3 Absolute fixed points 

In this section, using the concepts of attractive points, we establish the existence 
of absolute fixed points of normally 2-generalized hybrid mappings (see also [3, 
11, 12, 13]). 

Kondo and Takahashi [9] proved the following result. 

Theorem 3.1 ([9]). Let C be a nonempty subset of H and let T be a normally 
2-generalized hybrid mapping ofC into itself. Then, the following are equivalent. 

(i) for any x EC, {Tnx} is a bounded sequence in C, 

(ii) there exists z EC such that {Tnz} is a bounded sequence in C, 

(iii) A(T) =/= 0; 

The concept of absolute fixed points was introduced by Djafari Rouhani [11] 
(see also [3, 12, 13]). Let C be a nonempty subset of Hand let T be a normally 
2-generalized hybrid mapping of C into itself. A point p E H is said to be an 
absolute fixed point of T if there exists a normally 2-generalized hybrid extension 
S of T from CU {p} to CU {p} such that Sp = p, and if p is a fixed point of every 
normally 2-generalized hybrid extension of T to the union of C and a subset of H 
containing p. 

Kondo and Takahashi [9] proved the following nonlinear ergodic theorem of 
Baillon's type ([4]) (see also [2, 3, 4]). 

Theorem 3.2 ([9]). Let C be a nonempty subset of H and let T be a normally 
2-generalized hybrid mapping of C into itself. Assume that {Tnz} is bounded for 
some z ED. Let PA(T) be the metric projection of H onto A(T). Then, for each 

x EC, ¾ Ei:~ Tkx converges weakly to u E A(T), where u = limn➔=PA(T)Tnx. 

By Theorem 3.2, we have the following. 

Proposition 3.3 ([3]). Let C be a nonempty subset of Hand let T be a normally 
2-generalized hybrid mapping of C into itself. Assume that {Tnz} is bounded for 
some z E C. Let x E C. Let 

1 n-1 
u = w- lim - [. Tkx. 

n➔=n k=l 

Then,for each y EC and n E z+, 

holds. Thus, u E F1. 
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Theorem3.4 ([3]). LetC be a nonempty subset of H. Let T be an ( ao,f3o, a1,/31, a2,/32) 
-normally 2-generalized hybrid mapping of C into itself. Assume that {Tnz} is 
bounded for some z E C. Let x E C. Let 

1 n-1 
u = w- lim - [. Tkx. 

n--too n k=l 

Let M be a nonempty subset of H such that M ::J C U { u}. Assume that S is a 
normally 2-generalized hybrid extension ofT to M. Then, Su= u. 

Adding that C is closed and convex, we can obtain the following fixed point 
theorem ([9]) by Theorem 3.4 (see also [9, 13, 16]). 

Theorem 3.5 ([3]). Let C be a nonempty closed and convex subset Hand let T be 
a normally 2-generalized hybrid mapping of C into itself. Assume that {Tnz} is 
bounded for some z EC. Then, F(T) # 0. 

We give a sufficient condition for a normally 2-generalized hybrid mapping 
of C into itself with a bounded orbit to have a normally 2-generalized hybrid 
extension to CU{ u }, where u=w-limn--+oo ¼ E?::l Tix. 

Lemma 3.6 ([3]). LetC be a nonempty subset Hand let T be an ( ao,f3o, a1,/31, a2,fu)
normally 2-generalized hybrid mapping of C into itself. Assume that {Tnz} is 
bounded for some z E C. Let x E C. Let 

1 n-1 . 
u=w-lim - [. T 1x. 

n--too n i=l 

Then, the mapping S: CU {u}-+ CU {u} defined by Sz = Tzfor all z EC, and 
Su = u is an ( ao, f3o, a1, /31, a2, /32) -normally 2-generalized hybrid mapping of 
CU { u} into itself, if either a2 + /32 2:: 0, a1 + /31 2:: 0 and E~=o( a,,+ f3n) = 0, or 
a2 + /32 < 0, a1 + /31 < 0, E~=o( an+ f3n) = 0 and the orbit {Tky} of every y EC 
lies on the sphere centered at y, with the radius IIY- ull-

By Lemma 3.6, we establish the existence of absolute fixed points of normally 
2-generalized hybrid mappings. 

Theorem3.7 ([3]). LetC be a nonempty subset Hand let T be an ( ao,/3o, a1,/31, a2,/32) 
-normally 2-generalized hybrid mapping of C into itself. Assume that {Tnz} is 
bounded for some z E C. Let x E C. Let 

1 n-1 
u = w- lim - [. Tkx. 

n--+oo n k=l 

Then, u is an absolute fixed point of T if either ( a2 + /32) 2:: 0, ( a1 + /31) 2:: 0 and 
2 

[. (an+ f3n) = 0, or a2 + /32 < 0, a1 + /31 < 0, E~=o( a,,+ f3n) = 0 and the orbit 
n=O 
{Tky} of every y EC lies on the sphere centered at y, with the radius IIY- ell-
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4 Fixed point properties 

In this section, motivated by [12, 131, we get some fixed point theorems for nor
mally 2-generalized hybrid mappings defined on nonconvex domains in H. 

Let C be a nonempty subset of H. We say that C is Chebyshev with respect to 
its convex closure, if, for any y E coC, there is a unique q EC such that 

lly-qll =inf{lly-zll :zEC} 

(see [12, 13]). 

Theorem 4.1 ([3]). Let C be a nonempty subset of Hand let T be a nonnally 
2-generalized hybrid mapping of C into itself. Then, T has a fixed point in C if 
and only if { Tnx} is bounded for some x E C, and for any y E co {Tnx : n E z+}, 
there is a unique p EC such that IIY- PII = inf { IIY- zll : z EC}. 

As a directed consequence of Theorem 4.1, we obtain the following theorem 
(see [3]). 

Theorem 4.2. Let C be a nonempty subset of H which is Chebyshev with respect 
to its convex closure. Let T be a nonnally 2-generalized hybrid mapping ofC into 
itself. Then, T has a fixed point in C if and only if {Tnx} is bounded for some 
xE C. 

If T is a normally 2-generalized hybrid mapping of C into itself, then {Tnx} 
is a normally 2-generalized hybrid sequence in the sense of [2]. Let {xn} = 
{Tnx}. Then, we obtain the following weak convergence theorems for normally 
2-generalized hybrid mappings by [2] (see also [12, 13]). 

Theorem 4.3 ([3]). Let C be a nonempty subset of Hand let T be a nonnally 
2-generalized hybrid mapping ofC into itself. Suppose that T is weakly asymptot
ically regular, i.e., 

for each x E C. Then, the following are equivalent. 

(i) Fi =I= (I); 

(ii) Fe=/= 0; 

(iii) A(T) =/= 0; 

(iv) { Tnx} is bounded in H for each x E C. 

(v) {Tnz} is bounded in H for some z EC. 
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(vi) {Tnx} converges weakly to an element v EH. 

Moreover, in this case v = limn➔=PF1Xn E A(T), where Pp1 is the metric projection 
ofH ontoF1. 

Adding that C is closed and convex in Theorem 4.3, we can obtain the follow
ing theorem (see [2, 16]). 

Theorem 4.4 ([3]). Let C be a nonempty closed and convex subset Hand let T 
be a normally 2-generalized hybrid mapping of C into itself. Suppose that T is 
weakly asymptotically regular, i.e., 

for each x E C. Then, the following are equivalent. 

(i) F1-/= 0; 

(ii) Fe-/= 0; 

(iii) A(T) -/= 0; 

(iv) F(T)-/= 0; 

(v) { Tnx} is bounded in H for each x E C. 

(vi) {Tnz} is bounded in H for some z EC. 

(vii) {Tnx} converges weakly to an element v EH. 

Moreover, in this case v = limn➔=PF1 Tnx E A(T), where Pp1 is the metric projec
tion of H onto F1. 
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