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(P) minimize (a, x) 

subject to f(x) :S 0, g(x) 2'. 0, 

td!.L,, f,g: llln--+ lllU {+oo} ti800~, a E llln t900 rcri~ (P) ti, ?JZO)-f,Ri'r-9t~ DC 
:idi{l:rcriml (Q)(t:..ti G, ffiU~OO~ Ji, 9i iJ{~~fil!00~0 t ~) ~ lmfil!2t~ Vt:~G :no-: t 
iJ{ffi G :ti, ··n,, o o 

(Q) minimize fo(x) - go(x) 

subject to fi(x) - 9i(x) :S 0, i = 1, ... , m, 

t:..tiL,, fi,9i: llln--+ lllU { +oo} ti800~ (i = 0, ... , m) t 9 oo C$ DC rcrim!ti-f.Ri'r-91:: 
ti8ii~{l:rcriffl--c/it~1,,o L,;o• L,, rcri~ (P) ti?JZ(l) J: -j t~8ii~{l:rcriffl (Py)(y E domg*) 

l::?J"M V-c~~9 o-: t iJ{--C~ o (g* ~ domg* 0'.iE~t::--:J1,,-c tifiJZt9 o )o 

(Py) minimize (a,x) 
subject to f(x) :S 0, (-y,x) + g*(y) :S 0. 

S:0t~, ■$DCii~~~m!05~5 ✓ 1/~~~lt 

inf (a, x) = inf sup inf { (a, x) + >.J(x) + µ( (-y, x) + g*(y))} 
xES yEA >,.,µ2'.0 xEJRn 

r:: --:J "\ -Cffl:~9 Q O *~~~--c Ii, 7 !l 7 ✓ 1/ ~ ~x-H1: ~ JJJG.s'r ~ -1:t Qt:.: .lb O)~{tf: t L, L ml; 
#'.0~* [5] --cf&'.iE~:n-c1,,offiU~t.fl'.iEJ: IJ :t§§1,,ffi1J~m'.i:Et::--:J1,,-c;\IB:fr900 

i T ti${/ffi t L, -C, 00~ f : llln --+ lll U { +oo} /::xt L, -C ~,~t~ffl;$ ~ JE~9 o o 

domf = {x E llln I f(x) < +oo} 

epif = {(x,r) E llln x lll Ix E domf,f(x) :Sr}, 
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~ J O)~frfE~~, J O):r. l:::0 tf 5 7 t 1,, 1,,, J O):r. l:::0 ::7''5 7 epif ii8~ir, M~ir, irg;g 
O)t~, OO~Jti--ctit'ti8, M, ~-c~Qt,1,,-50 OO~JO)~f)i'.00~~ 

f*(y) = sup {(x,y) - j(x)} 
xEJRn 

t fE~T Qo ::. 0) t ~, J iJ\~8t.t G ii J* : !Rn-+ IR u { +oo} t;:J:1¥1~8-C~ Q::. t iJ!m G 
ti --CB I), if:: f iJ!l¥J~8tJ: G Ii 

f = J** 
iJ!pjts'z:-t Qo ;,){t:, PJ--rO) 8i!d@l{~Fo5Jmt:OO-t Q %fr-Wf~ ~ 1,, < "'.:)7J>;\l?Hl'T Qo 

(P) minimize J(x) 
subject to gi(x) :S O,'v'i EI, 

}E'.!I 2.1 (J.E. Martinez-Legaz, Michel Volle, [1]) I ~1'f~H~irtTQo 9i: !Rn-+ 

!RU {+oo} (i EI) ~800~, S = {x E !Rn I gi(x) :S 0, 'v'i EI} -/-0 t L,, Slater~{lf: 

:lxo E !Rn such that 9i(xo) < 0 for all i E I 

iJ!pj(; I) _ft-::) t T Q o ::. 0) t ~, {f:;&'.O) 800~ f : !Rn -+ IR t:J,t L, --C 7 ::7'' 7 :1/ :J -1 ~X'f•t!iJ! 

w: IJ _tz:-::)0 "tt.t:bi:J 

inf j(x) = max inf {f(x) + :~:::>i9i(x)}. 
xES A;ElR+ xEJRn . 

iEI 

t:: ti L,, 0 • ( +oo) = +oo t T Q o 

7 ::7''7 ✓ :J .::z.~Jsf•t!pj(;_tr/: "'.:)\,\"(, Slater ~{lf:l;:l:~ < i -C:t +5J-~{4-C~ Qo TfJ::bi:J, ff: 
J&'.O) 800~ f : !Rn -+ IR t:J,t L, --C 7 ::7'' 7 :1/ :J .:i~X'f•t!iJ!pj(;_tr L, --C :t, Slater ~{lf:iJ!pj(;_tr L, 

--c 1,,t.,::1,,~iriJ!~ Qo ~13-c, ;,){O);;E:f!'c'li 5 -:f 5::.,, :J .:i~Jsf•t!w;_trt:X't-t Q ~~+5J-tLl 

~~fEiJ!:i£ ~ G ti --C 1,' Q o 

}E'.!I 2.2 (M.A. Goberna, V. Jeyakumar, M.A. Lopez, [2]) I ~{£)&'.O)~ir, 9i : 
!Rn-+ !RU {+oo} (i EI) ~1¥!~800~, S = {x E !Rn I 9i(x) :S 0, 'v'i E I}-/-0 t L,, {:f;i&'. 
0) i E J /:J,f L,"( 9i iJ!Jl~t_ fJ: Q S O)jciJt(¥tfT Q t{/l(;;ET Q0 ::_ 0) t_ ~{j{O)= "'.:)/;:j:fq){j 

'c'~Q: 

(1) FM(Farkas Minkowski Property) iJ!pj(;_tro "ttJ::bi:J, ?j{O)~-€riJ!1¥J~ir: 

cone co LJ epig; + {0} x [0, +oo) 
iEI 

(2) {:f J&'.O) 800M& f : !Rn -+ IR t:J,t L, --C 7 ::7'' 7 :1/ :J -1 ~Jsf•t!iJ!nJG IJ _ft"'.:) o T t.,:: :b 'tJ, 

inf f(x) = max inf {f(x) + L Aigi(x)}. 
xES AElR~) xEJRn iEI 
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td:!. L,, o · ( +oo) = o t t- o o 

7E;E_! 2.1, 7Ef!I!. 2.2 ·eti, Lagrange ~J;j"•['it::B1,,-c, ~5:\0J15;i2IOJ{00:1:~;EJ!9ot::.lbOJ 
.>..i(i E I) OJ:;i¥;(£•[1:i,lf5f:fill: ~ n -C It' o t ~ OJtLl~~7E7'.J>'~,,,z G n -C 1,, oa ?.XOJ7Ef!l!."c'ti, it, 
i' L, 'El .>..i(i E I) OJ;i¥;(£•['iiJ>'i5f:!.iE ~ n -C 1,, t~1,, t ~ OJ$Ll~f.Itti:'.iJ>'~,,,z G n -C 1,, oa .:. .:. --C 

tiMlliOJ t:: .lb, I iJ>'1J~.&~~ (I = {1, 2, ... , m}) OJ t ~ 1: lttlJ tl!c5 a 

>E'.I:I 2.3 (V. Jeyakumar, G. Y. Li [4]) gi : ]Rn ---+ lR U {+oo} 1::1¥1~800~ (i = 
1, ... ,m), S = {x E ]Rn I 9i(x) :S O,i = 1, ... ,m} =/- 0,intdomg =/- 0 tt-o . .:.OJt 
~' ?.X!il<'(]{[i['c'iboo 

(i) h0 !il¥100~--r:,<bo, 

(ii) {f~OJ800~ f: lR---+ lR /::xt L, -C, ?jzOJ~5:\7'.J>'p)Z I'.) }l-;J: 

inf f(x) = sup inf {f(x) + f Aigi(x)}, 
xES >.;:2:0 xEJRn i=l 

?jzt::., ;zl,:-!Uf~t:: OOJ-lt- o $t;fi-!Uf~ 1:: ~fr-t- o o 

>E'.I:I 2.4 (Y. Fujiwara, D. Kuroiwa [5]) f, g : ]Rn ---+ lR U { +oo} 1:: 800~, S = { x E 

]Rn I f(x):::; O,g(x) 2:: O} =/- 0, UxEs8g(x) ~ A tt-oo {!:::; O}n{(-z, ·)+g*(z):::; O} =/- 0 
1: mt:: 9{f~O) z E An domg* t::xt L, -C cone co (epif* U {-z} x [-g*(z), +oo) U {0} x 

[O, +oo)) iJ>'i¥]~~t~ G tf', {=f~O) a E lRn t::xt L, -C ?jzOJ~5:\iJ>'p_x; I'.) }l-;J : 

inf (a, x) = inf sup inf { (a, x) + .>..J(x) + µ( (-y, x)) + g*(y))} (1) 
xES yEA >.,µ:2'.0 xEJRn 

L, 7J' L,, 7Ef!I!. 2.4 OJ{j7EO) cone co (epif* U {-z} x [-g*(z), +oo) U {O} x [O, +oo )) 7'.J>'I¥] 
'c' tit~\,' 7'.J>', (1) 0)~5:\7J>'p)Z--SZ.9 0 J: 'J t~~~iJ>'ib O 0 

f9U 2.1 

{
-y'=2x x<O 

J(x) = - , g(x) = 0 
+oo X > 0 

tB<o .:.OJt~, 

S = {x E lR Ix :SO}, g*(y) = b{o}(Y), An domg* = {O} 

cone co (epif* U {-z} x [-g*(z), +oo) U {O} x [O, +oo)) 

= cone co (epif* U {O} x [O, +oo )). 
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J::-::i-C coneco(epif*U{0} x [0,+oo)) l;l:.1¥Jffii't'T:'/;l:.td:li'o Gii>Gtd:il>G (1) O)~~l;l:.J¾_S'[ 

9-0o ~~'a= l O)t_ 2' 
inf (a, x) = inf -x = 0, 
xES xES 

inf sup inf {(a,x) + >..J(x) + µ((-y,x)) + g*(y))} 
yEA >..,µ'?_0 xEJRn 

= inf sup inf {-x - >.-J=2x + µ(-xy + <>{o}(y))} 
yEA >..,µ'?_0 xEJRn 

= 0. 

3 ~*a* 
>E'.i:13.1 f,g: ]Rn---+ lRU{+oo} ~1¥1~800~,s = {x E ]Rn I f(x):::; O,g(x) ~ 0}-=/-
0, UxEs8g(x) i:;;; A t 9 Oo {fJ&'.O) y EA t:::tf L, L h~ i)>l¥JOO~td: G /;f, {fJ&'.O) a E ]Rn t:: 
:tf l, "[{'JZO)~;i:\;i}>J¾ IJ -1L~o 

inf(a,x) = inf sup inf {(a,x) + >..J(x) + µ((-y,x) + g*(y))}. 
xES yEA >..,µ'?_0 xEJRn 

tdi l.,, \/z E lRn, h~(z) = inf {(>.J + µ( (-y, •) + g*(y)))* (z)}, 0 · ( +oo) = +oo t 9 o. 
>..,µ?:_0 

JEJ:! 3.1 O){&JEl;l:.JEJ:! 2.4 O){&JE J:: IJ ::t ~Ii, ii1, -=f O)~/;J:.~M:a~ t:J¾_S'l G td:li 'o JU 2.1 --c: 

~X.Q t, 

{
....!... y > 0 

f*(y) = 2Y , g*(y) = o{o}(Y), An domg* = {O} 
+oo y:::; 0 

{o y > o 
h~(z) = inf(>.f)*(z) = - . 

>..?:_0 +oo y < 0 

too: h~(z) t;J:.1¥100~1:'ib oo ~ 1 IJ, JEJ:! 2.4 O){&JE'T:'/;l:.J¾_S'l G fd:li'17Liil 1, JEJ:! 3.1 O){&JE 
t: i:, Ii' -C /;l:.J¾_S'[9 o o 

* 3.1 roiim (P) 0)$Ll;t000~t: ;t:,1i,-c, f = (b, ·) + c (b E ]Rn, c E JR) 0) t 2", J-Efl 3.1 O){j 
JEO) h~ t;J:.1¥100~--c:ib o::. t il1!-t-fJ¾_S'l9 oo 

inf {(>. ((b, •) + c) + µ((-y, •) + g*(y)))* (z)} 
>..,µ'?_0 
inf {( (>.b - µy, ·) + >.c + µg*(y))* (z)} 

>..,µ'?_0 

(i) y E domg*, y-=/- 0 0) t 2' 

inf { O{>..b-µy}(z) - >.c - µg*(y)} 
>..?:_0,µ'?_0 

{
0 z E coneco{b,-y}, c::; O,g*(y):::; 0 

-oo z E cone co { b, -y}, c > 0 1 t;:; t;J:. g* (y) > 0 

+oo z t}. cone co {b, -y} 
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• 0 {coneco{b,-y}x[O,+oo] c:::;0,g*(y):::;0 
ep1hy = 

cone co {b, -y} x lR c > 0 i f;:-./;l:. g*(y) > 0 

2::'.f~Qo {:f~O)-i?i'0)8~'EJ./;l:.!3fj.i?i'J: IJ, epih~ /;l:.!3fJ.i?i'-C~Qo 
(ii) y (j. domg* 0) t ~ 

inf {((>.b- µy, •) + >.c + oo)* (z)} 
>-,µ::,:o 
inf {-oo} 

.X,µ::,:O 

-oo 

ftt.-:i-C, epih~ = JRn+l t t~ l:J, oo•i?i--c~ Qo (i), (ii) J: l:J, h~ liMl~,H.t-c~ Qo !!Pt:>, Fo5 
)i!Jj (P) O)l[fU~~M&i/; f = (b, ·) + C O)~i?i- t;J:.~ f' (1) O)~~iJ!JJxiCt Q -=- t iPiJiJ> Q 0 

~u 3.1 

f(x) = -x, g(x) = x2 - 1 

t B < 0 -=. 0) t ~, s = { x E JR I x 2". 1} t t~ Q O -=. -=. -c ti A = iR t B < t , a~ G iJ, t:: 
UxEs8g(x) ~ A /;l:.J¾iCt Qo if;:-., f O)'ff!.~15:IJ> Gl:-C~-"f;:-.* 3.1 ~ffl\.,' Qt, {=f~O) 
y E A t::xt l, -C h~ tiM~M&-e~ Qo {'~t::'ff!.:E!t!. 3.1 r:: ;B tt Q~-%iJ!JJx.ft9 Q-:. t ~,W{g~ l, -C 

1.,, < 0 

inf(a,x) = infax = -{
a a> 0 

xES xES -oo a < 0. 

inf sup inf { (a, x) + >.f (x) + µ( (-y, x) + g*(y))} 
yEA .X,µ::,:O xEIR 

= inf sup inf {ax - >.x + µ (-xy + Y2 
+ 1)} 

yEA .X,µ::,:O xEIR 4 

= inf sup inf {(a - >. - µy)x + µ (Y42 
+ 1)} 

yEA .X,µ::,:O xEIR 

= inf sup µ (Y2 + 1) 
yEA µ::,:O 4 

a-.X-µy=O 

= inf supµ (Y2 + 1) 
yEA µ::,:O 4 

a::,:µy 

{
a a> 0 

= -oo a< 0. 

inf(a,x)= inf sup inf{(a,x)+>.J(x)+µ((-y,x)+g*(y))}. 
xES yEA .X,µ::,:O xEIR 
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