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An improvement of the coefficient condition for a 

convergence theorem in a complete geodesic space 
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Abstract 

In 2009, Kimura proved a weak convergence theorem in Hilbert spaces. In 
this paper, we attempt to extend this theorem for convex minimization prob­
lems in Hilbert spaces to that in complete CAT(l) spaces. As a result, we 
obtain a new theorem. 

1 Introduction 

In this paper, we consider the following result for approximating a zero of an accretive 
operator. 

Theorem 1 (Kimura [1]). Let H be a Hilbert space, A an m-accretive operator of 
H satisfying that A-10-=/- 0. Let {/3n} and hn} be real sequences in [O, 1] such that 
L~=l /3n = oo and that both {/3n} and hn} converge to 0. Let { en} be a sequence 
in H such that L~=l llenll < oo. For an initial point x1 E H, generate an iterative 
sequence { Xn} as follows: 

Yn = (I+ A)-1xn, 

O:n E [min{/3n, llxn -Ynll - 1n}, 1] n [O, 1], 

Xn+l = (1 - O:n)Xn + O:nYn + en. 
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We also know that we can apply this theorem to the convex minimization problem. 
In this paper, we extend it to the setting of complete CAT(l) spaces. In order to 
prove our result, the notion of resolvent plays an important role. The definition of 
resolvents is as follows [2]: 

JJXn = argmin{f(y) +tand(y,xn)sind(y,xn)}, 
yEX 

where f: X--+ ]-oo, oo] is a proper lower semicontinuous function. 

2 Preliminaries 
Let X be a uniquely geodesic space, and x, y, z E X. We take x, y, z E JR2 such that 
d(x, y) = llx - VII, d(y, z) = llfJ - zll, d(z, x) = llz - xii- The sets~ and b. are defined 
by~= [x, y] U [y, z] U [z, x] and b.= [x, y] U [y, z] U [z, x]. X is called a CAT(O) space 
if for all ~, p, q E ~ and their comparison points ii, ij_ E b., the inequality 

d(p, q) ::; llii - ii_ll 

holds. Moreover, if d(x, y) + d(y, z) + d(z, x) < 21r, we can take b.(x, y, z) c § 2 such 
that d(x,y) = d52(x,y),d(y,z) = d52(y,z),d(z,x) = d52(z,x). X is called a CAT(l) 
space if for all such ~, p, q E ~ and their comparison points ii, ij_ E b., the inequality 

holds. We say that a CAT (1) space X is admissible 

d(w,w') < % 

for all w, w' E X. 

Theorem 2 (Kimura and Kohsaka [2]). Let X be an admissible complete CAT(l) 
space, f: X--+ ]-oo, oo] a proper convex lower semicontinuous function. For 'T/ > 0, 
let J 11 J be the resolvent of 'T/f. Let { Xn} be a sequence defined by x1 E X and 

Xn+i = O'.nXn CD (1 - O'.n)J>.nfXn 

for n = 1, 2, ... , where {an} is a sequence in [O, 1 [ and {An} is a sequence of positive 
real numbers such that I::=l (1 - an)>-n = oo. Then the following hold. 

(i) The set argminx f is nonempty if and only if {J>.nfXn} is spherically bounded 
and supn d(J>.nfXn, Xn) < 1r /2; 

(ii) if argminx f is nonempty and supn an< 1, then both {xn} and {J>.nfXn} are 
~-convergent to an element x 00 of argminx f. 
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3 Main result 

The following theorem is the main result of this paper. 

Theorem 3. Let X be an admissible complete CAT(l) space. Let f: X--+ ]-oo, oo] 
be a proper convex lower semicontinuous function and suppose that argminf-/=- 0. Let 
{,Bn} and hn} be real sequences in [O, 1] such that L~=l ,Bn = oo and that both {,Bn} 
and {'Yn} converge to 0. For an initial point x 1 E X, generate a sequence {xn} as 
follows: 

Yn = JJXn, 

CYn E [min{,Bn, d(xn, Yn) - 'Yn}, 1] n [0, 1], 

Xn+l = (1 - CYn)Xn E8 CYnYn· 

Suppose that one of the following conditions holds: 

• infnEN CYn > 0; 
• L~=l CYn < 00. 

Then, Xn ~ Xo E argmin f. 

Proof. If infnEN CYn > 0, it is already shown by Theorem 2. So, we consider the case 

that L~=l CYn < oo. We show Xn ~ xo. Put M = supjENd(y1,x1). Then 

d(xn+l, Xn) = d((l - CYn)Xn E8 CYnYn, Xn) 

= CYnd(yn, Xn) 

:::; CYnM. 

For m, n E N such that m < n, we have 

d(xn, Xm) :::; d(xn, Xn+l) + d(Xn-l, Xn-2) + · · · + d(xm+l, Xm) 
n-l n-l oo 

= L d(x1+1,x1):::; L a1M:::; L a1M. 
j=m j=m j=m 

Since L~=l CYn is finite, {xn} is a Cauchy sequence. Therefore, Xn--+ xo, and hence 
~ 

Xn -' Xo. 
Next, we show that there exists {ni} such that d(xni,YnJ--+ 0. We focus on the 

range of CYn- Put P = {n EN I CYn E [d(xn,Yn) - 'Yn, 1] n [0, 1]} and Q = {n EN I 
CYn E [,Bn, 1]}. Assume that there exists n0 E N such that n E Q for all n ::::: n 0 . Then 
we have 

00 00 

n=no n=no 
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This is a contradiction. Therefore for all n0 E N, there exists n ::::, n0 such 
that n E P. So, there exists { ni} C P such that ni ::::, i for all i E N. Then 
O:n; E [d(xn;,YnJ - 1n;, 1], and we get d(xn;,YnJ - rn; :s; O:n; :s; 1. We know that 
L~=l O:n < oo, and this implies O:n ➔ 0. Hence we get limi--+oo d(xn;, YnJ :s; 0. 
Therefore d(xn;, YnJ ➔ 0. We also get Yn; ➔ xo since Xn ➔ xo and d(xn;, YnJ ➔ 0. 

Next we show x 0 E argmin f. From the property of resolvents defined by 

JJXn = argmin{f(y) +tand(y,xn)sind(y,xn)}, 
yEX 

for ally EX, we have 

f(YnJ +tand(Yn;,xnJsind(Yn;,XnJ :s; J(y) +tand(y,xnJsind(y,xnJ­

Put t E ]0, 1[, w EX, and y = tyn; E8 (1 - t)w. Then, 

J (Yn;) + tan d(Yn;, Xn;) sin d(Yn;, Xn;) 

:s; J(tYn; E8 (1-t)w) +tand(tYn; E8 (1-t)w,xnJsind(tYn; E8 (1-t)w,xnJ 
1 

:s; tf(YnJ + (1- t)f(w) + d(t E8 (l - t) ) 
COS Yn; W, Xn; 

- cos d(tYn; E8 (1 - t)w, XnJ 

:s; tf(YnJ + (1 - t)f(w) 

sin d(Yn;, w) 
+ cos d(Yn;, Xn;) sin( td(Yn;, W)) + cos d( w, Xn;) sin( (1 - t)d(Yn;, W)) 

cosd(Yn;, XnJ sin(td(Yn;, w)) + cosd(w, XnJ sin((l - t)d(Yn;, w)) 
sin d(Yn;, w) 

Putting Ai= d(Yn;,XnJ,Bi = d(Yn;,w), and ci = d(w,xnJ, we get, 

f( ) 1 ( A . A cos Ai sin tBi + cos Ci sin(l - t)Bi 
Yn; + -- tan i sm i + . B 

1 - t sm i 

- ------------ < w. sinBi ) J( ) 
cos Ai sin tBi + cos Ci sin(l - t)Bi -

Letting t ➔ 1, we have 

1. ( 1 ( A . A cos Ai sin tBi + cos Ci sin(l - t)Bi 1m -- tan · sm · + ---------'-------'--
t--+l 1 - t ' ' sin Bi 

sin Bi ) 
- cos Ai sin tBi + cos Ci sin(l - t)Bi) 

__ 1. !}__( A·. A· cosAisintBi+cosCisin(l-t)Bi 
- 1m d tan i sm i + . B 

t--+l t sm i 

sin Bi ) 
cos Ai sin tBi + cos Ci sin(l - t)Bi 
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= - lim (cos Ai cos tBi ·Bi+ cos Ci cos(l - t)Bi • (-Bi) 
t--+1 sin Bi 

+ sin Bi ( cos Ai cos tBi · Bi + cos Ci cos(l - t)Bi · (-Bi))) 
( cos Ai sin tBi + cos Ci sin(l - t)Bi) 2 

= -(cos Ai cos Bi· Bi+ cos Ci · (-Bi) + sinBi(cos Ai cos Bi· Bi+ cos Ci ·(-Bi))) 
sin Bi ( cos Ai sin Bi) 2 

= - ( cos Ai cos Bi . Bi + cos ci . ( - Bi) + cos Ai cos Bi . Bi + cos ci . ( - Bi) ) 
sin Bi cos2 Ai sin Bi 

--~( A- B·- C· cosAicosBi-cosCi) - . B cos , cos , cos , + 2 A 
Sln i COS i 

_ Bi ( C A B cos Ci - cos Ai cos Bi ) - --;---B cos i - cos iCOS i + 2A 
Sllli COS i 

= ~(cosCi - cos Ai cos Bi) (1 + - 1-) 
smBi cos2Ai 

= ~(cosCi - cos Bi+ cosBi(l - cos A)) (1 + - 1-). 
~~ ~A 

It is obvious that cos Ci - cos Bi ---+ 0. Letting i ---+ oo, we have 

-.-'-(cosCi - cos Bi+ cosBi(l - cos Ai)) 1 + ---B· ( 1 ) 
~~ ~A 

---+ _d(xo,w) (O+o)(l+!) 
smd(xo,w) 1 

= 0. 

Hence we get 
f(xo)::; liminf f(YnJ::; f(w). 

i--+oo 

This inequality implies x 0 E argmin f. □ 
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