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Abstract 

In this paper we generalize the concept of acute point and we introduce some acute 
point type theorems that holds under the same assumptions as fixed point theorems. 
Furthermore we show that fixed point theorems are derived from acute point type 
theorems. Furthermore we introduce some convergence theorems that holds under 
the same assumptions on parameters as fixed point theorems. 

1 Introduction 

Let H be a real Hilbert space and let C be a nonempty subset of H. A mapping T 
from C into H is said to be generalized hybrid [16] if there exist o:, (3 E lR such that 

o:IITx -Tyll 2 + (1- o:)llx -Tyll 2 :S f311Tx - Yll 2 + (1- f3)11x - Yll 2 

for any x,y EC. Such a mapping is said to be (o:,(3)-generalized hybrid. The class of all 
generalized hybrid mappings is a new class of nonlinear mappings including nonexpansive 
mappings, nonspreading mappings [18] and hybrid mappings [20]. A mapping T from C 
into His said to be nonexpansive if 

IITx - Tyll :S llx - YII 

for any x, y E C; nonspreading if 

2IITx - Tyll 2 :S IITx - Yll 2 + IITy - xll 2 

for any x, y E C; hybrid if 

3IITx - Tyll 2 :S llx - Yll 2 + IITx - Yll 2 + IITy - xll 2 

for any x, y E C. Any nonexpansive mapping is (1, D)-generalized hybrid; any nonspreading 
mapping is (2, I)-generalized hybrid; any hybrid mapping is (½, ½)-generalized hybrid. 

Motivated these mappings, in [14] Kawasaki and Takahashi introduced a new very wider 
class of mappings, called widely more generalized hybrid mappings, than the class of all 
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generalized hybrid mappings. A mapping T from C into H is widely more generalized 
hybrid ifthere exist a, fJ, 1 , J, E, (, 7) E lR such that 

allTx - Tyll 2 + fJllx - Tyll 2 + ,IITx - Yll 2 + Jllx - Yll 2 

+cllx - Txll 2 + (IIY - Tyll 2 + 7Jll(x -Tx) - (y - Ty)ll 2 ::; 0 

for any x,y EC. Such a mapping is said to be (a,fJ,,,J,E,(,7))-widely more generalized 
hybrid. This class includes the class of all generalized hybrid mappings and also the class 
of all k-pseudocontractions [3] for k E [0, 1]. A mapping T from C into H is called a 
k-pseudocontraction if 

IITx -Tyll 2 ::; llx - Yll 2 + kll(x -Tx) - (y -Ty)ll 2 

for any x,y EC. Any (a,fJ)-generalized hybrid mapping is (a,1- a,-fJ,fJ-1,0,0, 
0)-widely more generalized hybrid; any k-pseudocontraction is (1, 0, 0, -1, 0, 0, -k )-widely 
more generalized hybrid. Furthermore they proved some fixed point theorems [5-8, 13-15] 
and some ergodic theorems [5, 13, 14]. 

There are some studies on Banach space related to these results. In [22] Takahashi, 
Wong and Yao introduced the generalized nonspreading mapping and the skew-generalized 
nonspreading mapping in a Banach space. Let E be a smooth Banach space and let C be a 
nonempty subset of E. A mapping T from C into Eis said to be generalized nonspreading 
if there exist a, fJ, 1 , J, E, ( E lR such that 

acp(Tx, Ty)+ fJrp(x, Ty)+ ,rp(Tx, y) + Jrp(x, y) 
::; c( rp(Ty, Tx) - rp(Ty, x)) + (( rp(y, Tx) - rp(y, x)) 

for any x, y E C, where J is the duality mapping on E and 

rp(u, v) = llull 2 - 2(u, Jv) + llvll 2 -

Such a mapping is said to be ( a, fJ, 1 , J, E, ()-generalized nonspreading. A mapping T from 
C into E is said to be skew-generalized nonspreading if there exist a, fJ, 1 , J, E, ( E lR such 
that 

arp(Tx, Ty)+ fJrp(x, Ty)+ 1 rp(Tx, y) + Jrp(x, y) 
::; c( rp(Ty, Tx) - rp(y, Tx)) + (( rp(Ty, x) - rp(y, x)) 

for any x, y E C. Such a mapping is said to be ( a, fJ, 1 , J, E, ()-skew-generalized nonspread­
ing. These classes include the class of generalized hybrid mappings in a Hilbert space, 
however, it does not include the class of widely more generalized hybrid mappings. 

Motivated these results, we introduced a new class of mappings [9-11] on Banach space 
corresponding to the class of all widely more generalized hybrid mappings on Hilbert space. 
Let Ebe a smooth Banach space and let C be a nonempty subset of E. A mapping T from C 
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into E is called a generalized pseudocontraction if there exist o:1, o:2, /31, /32, 11 , 12, 81, 82, E 1, E2, (1, (2 E 

lR such that 

o:1cp(Tx, Ty)+ o:2cp(Ty, Tx) + /31cp(x, Ty)+ {32cp(Ty, x) 
+,1c/J(Tx, y) + ,2c/J(y, Tx) + 81c/J(x, y) + 82c/J(y, x) 
+E1cp(Tx, x) + E2cp(x, Tx) + (1cp(y, Ty)+ (2cp(Ty, y) 

:s; 0 

for any x,y EC. Such a mapping is called an (o:1,o:2,/31,/32,,1,,2,81,82,E1,E2,(1,(2)­
generalized pseudocontraction. Let E* be the topological dual space of a strictly con­
vex, reflexive and smooth Banach space E and let C* be a nonempty subset of E*. A 
mapping T* from C* into E* is called a * -generalized pseudocontraction if there exist 
o:1,o:2,/31,/32,,1,,2,81,82,E1,E2,(1,(2 E lR such that 

o:1cp,(T*x*, T*y*) + o:2cp,(T*y*, T*x*) + /31cp,(x*, T*y*) + /32cp. (T*y*, x*) 
+,1 cp.(T*x*, y*) + ,2c/J.(y*, T*x*) + 81 cp.(x*, y*) + 82c/J.(y*, x*) 
+E1cp.(T*x*, x*) + E2cp.(x*, T*x*) + (1cp,(y*, T*y*) + (2cp,(T*y*, y*) 

:s; 0 

for any x*, y* E C*, where 

for any x*,y* EE*. Such a mapping is called an (o:1,o:2,/31,/32,,1,,2,81,82,E1,E2,(1,(2)-*­
generalized pseudocontraction. 

On the other hand, in [21] Takahashi and Takeuchi introduced a concept of attractive 
point in a Hilbert space. Let H be a real Hilbert space, let C be a nonempty subset of H 
and let T be a mapping from C into H. x EH is called an attractive point of T if 

for any y E C. Let 

A(T) = {x EH I llx - Tyll :s; llx - YII for any y EC}. 

Furthermore they proved that the Baillon type ergodic theorem [2] for generalized hybrid 
mappings without convexity of C. 

In [22] Takahashi, Wong and Yao introduced some extensions of attractive point and 
proved some attractive point theorems on Banach spaces. x E E is an attractive point of 
T if 

cp(x, Ty) :s; cp(x, y) 

for any y E C; x E E is a skew-attractive point of T if 

cp(Ty, X) :s; cp(y, X) 
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for any y E C. Let 

A(T) {x EE I cp(x,Ty) :S cp(x,y) for any y EC}; 

B(T) {x EE I cp(Ty,x) :S cp(y,x) for any y EC}. 

In [1] Atsushiba, Iemoto, Kubota and Takeuchi introduced a concept of acute point as 
an extension of attractive point in a Hilbert space. Let H be a real Hilbert space, let C be 
a nonempty subset of Hand let T be a mapping from C into Hand k E [O, l]. x EH is 
called a k-acute point of T if 

llx - Tyll 2 :S llx - Yll 2 + kllY - Tyll 2 

for any y E C. Let 

dk (T) = {x EH I llx - Tyll 2 :S llx - Yll 2 + kllY - Tyll 2 for any y EC}. 

Furthermore, using a concept of acute point, they proved convergence theorems without 
convexity of C. 

We introduced some extensions of acute point [9-11]. Let Ebe a smooth Banach space, 
let C be a nonempty subset of E, let T be a mapping from C into E and let k, C E JR. 
x E E is called a (k, £)-acute point of T if 

cp(x, Ty) :S cp(x, y) + kcp(y, Ty)+ £cp(Ty, y) 

for any y E C. x EE is called a (k, £)-skew-acute point of T if 

cp(Ty, x) :S cp(y, x) + kcp(y, Ty)+ £cp(Ty, y) 

for any y E C. Let 

dk,c (T) 
= {x EE I cp(x, Ty) :S cp(x, y) + kcp(y, Ty)+ £cp(Ty, y) for any y EC}; 

~k,c(T) 
= {x EE I cp(Ty, x) :S cp(y, x) + kcp(y, Ty)+ £cp(Ty, y) for any y EC}. 

Furthermore we proved some fixed point and acute point theorems [9], and some con­
vergence theorems [10, 11]. However, acute point theorems require more assumptions on 
parameters than fixed point theorems. 

In this paper we generalize the concept of acute point and we introduce some acute 
point type theorems that holds under the same assumptions as fixed point theorems. Fur­
thermore we show that fixed point theorems are derived from acute point type theorems. 
Furthermore we introduce some convergence theorems that holds under the same assump­
tions on parameters as fixed point theorems. 
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2 Generalized acute and skew-acute point 

Let Ebe a smooth Banach space, let C be a nonempty subset of E, let T be a mapping 
from C into E and let k, £, s E R x E E is called a (k, £, s )-generalized acute point of T if 

s(cp(x,Ty)- cp(x,y)) :s; kcp(y,Ty) +£cp(Ty,y) 

for any y EC. x EE is called a (k,£,s)-generalized skew-acute point ofT if 

for any y E C. Let 

dk,e,, (T) 

s(cp(Ty,x)- cp(y,x)) :s; kcp(y,Ty) +£cp(Ty,y) 

= {x EE I s(cp(x,Ty) - cp(x,y)) :s; kcp(y,Ty) +£cp(Ty,y) for any y EC}; 

pgk,e,, (T) 
= {x EE I s(cp(Ty,x) - cp(y,x)) :s; kcp(y,Ty) +£cp(Ty,y) for any y EC}. 

It is obvious that 

(2.1) 

(2.2) 

for any k1 , k2 , £1 , £2 E lR and for any s1 , s 2 E (-oo, 0) with fu.. < !£.. and fl. < &_ Furthermore 
s1 - s2 s1 - s2 

dk,e,o(T) = pgk,e,o(T) = E 

for any (k, £) E [0, oo) x [0, oo ); 

dk,e,o(T) = pgk,e,o(T) = 0 

for any (k,£) E (-oo,0] x (-oo,0] \ {(0,0)}; otherwise, 

d.:,e,o(T) = E or 0, pgk,e,o(T) = E or 0; 

however, it is generally unknown which case holds. In this way, d.:,e,o(T) and pgk,e,o(T) 
may be empty. However, in later discussions, under some assumptions, such cases will be 
properly ruled out. 

The following lemmas are important property characterizing them. 

Lemma 2.1. Let E be a smooth Banach space, let C be a nonempty subset of E, let T be 
a mapping from C into E and let k, £, s E R Then d.:,e,. (T) is closed and convex. 
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Lemma 2.2. Let E be a smooth Banach space, let C be a nonempty subset of E, let T be 
a mapping from C into E and let k, £, s ER Then !!6k,e,s (T) is closed. 

Let E* be the topological dual space of a strictly convex, reflexive and smooth Banach 
space E, let C* be a nonempty subset of E*, let T* be a mapping from C* into E* and let 
k, £, s E R x* E E* is called a ( k, £, s )-generalized-*-acute point of T* if 

s(cp.(x*,T*y*)- cp.(x*,y*)) ~ kcp.(y*,T*y*) +£cp.(T*y*,y*) (2.3) 

for any y* E C*. x* E E* is called a ( k, £, s )-generalized-*-skew-acute point of T* if 

s(cp.(T*y*,x*) - cp.(y*,x*)) ~ kcp.(y*,T*y*) +£cp.(T*y*,y*) (2.4) 

for any y* E C*. Let 

dk~f,sCT*) 

= { x* EE* I 
s( cp. (x*, T*y*) - cp,(x*, y*)) ~ kcp,(y*, T*y*) + Ccp,(T*y*, y*) } ; 
for any y* E C* 

!!6Z f .(T*) 

= { x* EE* I 
s(cp.(T*y*,x*)- cp.(y*,x*)) ~ kcp,(y*,T*y*) +Cef>,(T*y*,y*) 
for any y* E C* }· 

Lemma 2.3. Let E* be the topological dual space of a strictly convex, reflective and smooth 
Banach space E, let C* be a nonempty subset of E*, let T* be a mapping from C* into E* 
and let k,£,s ER Then dtfs (T*) is closed and convex. 

Lemma 2.4. Let E* be the topological dual space of a strictly convex, reflexive and smooth 
Banach space E, let C* be a nonempty subset of E*, let T* be a mapping from C* into E* 
and let k, £, s E R Then !!6Z e 8 (T*) is closed. 

Lemma 2.5. Let E be a strictly convex, reflective and smooth Banach space, let C be 
a nonempty subset of E, let T be a mapping from C into E, let T* = JT J-1 and let 
k,£, s ER Then 

In particular, J( f!6k,£,s (T)) is closed and convex and J(dk,e,s (T)) is closed. 

Lemma 2.6. Let E be a strictly convex and smooth Banach space, let C be a nonempty 
subset of E, let T be a mapping from C into E and let k, £, s ER Then the following hold. 

(1) If (k,£) E (-oo,s] x (-oo,O] \ {(s,O)}, then Cn dk,e,s (T) is a subset of the set of all 
fixed points of T; 

(2) If (k, £) E ( -oo, O] x (-oo, s] \ { (0, s )}, then C n f!6k,e,s (T) is a subset of the set of all 
fixed points of T. 
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Lemma 2.7. Let E* be a strictly convex and smooth topological dual space of a Banach 
space, let C* be a nonempty subset of E*, let T* be a mapping from C* into E* and let 
k, £ E R Then the following hold. 

(1) If (k,£) E (-oo,s] x (-oo,0] \ {(s,0)}, then Cn dtes(T*) is a subset of the set of 
all fixed points of T*; ' ' 

(2) If (k, £) E (-oo, 0] x (-oo, s] \ {(0, 1)}, then C n 86'Z e 8 (T*) is a subset of the set of 
all fixed points of T*. ' ' 

3 Generalized acute and skew-acute point theorems 

Theorem 3.1. Let E be a reflexive and smooth Banach space, let C be a nonempty subset 
of E and let T be an ( a 1, a 2, /31, /32, 11 , 12, 81, 82, c:1, c:2, (1, (2 )-generalized pseudocontraction 
from C into itself. Suppose that there exists z EC such that {Tnz In E NU{0}} is bounded 
and suppose that there exists >. E [O, 1] such that 

(1 - >.)(a1 + /31 + 11 + 81) + >.(a2 + /32 + 12 + 82) 2:: 0; 

>.(a1 + 11) + (1 - >.)(a2 + /32) 2:: 0; 

>.(/31 + 81) + (1 - >.)(,2 + 82) 2:: O; 

(1 - >.)c:1 + >.(2 2:: O; 

>-(1 + (1 - >.)c:2 2:: 0. 

Then there exists a (-((1- >.)(1 + >.c:2), -(>.c:1 + (1- >.)(2), (1- >.)(a1 + /31) + >.(a2 + 12))­
generalized acute point. 

Theorem 3.2. Let E* be the topological dual space of a strictly convex, reflexive and smooth 
Banach space E, let C* be a nonempty subset of E* and let T* be an (a1,a2,/31,/32,11 ,12, 
81, 82, c:1, c:2, (1, (2 )-*-generalized pseudocontraction from C* into itself. Suppose that there 
exists z* E C* such that {(T*tz* I n E NU {0}} is bounded and suppose that there exists 
>. E [O, 1] such that 

(1 - >.)(a1 + /31 + 11 + 81) + >.(a2 + /32 + 12 + 82) 2:: 0; 

>.(a1 + 11) + (1 - >.)(a2 + /32) 2:: 0; 

>.(/31 + 81) + (1 - >.)(,2 + 82) 2:: O; 

(1 - >.)c:1 + >.(2 2:: O; 

>.(1 + (1 - >.)c:2 2:: 0. 

Then there exists a (-((1- >.)(1 + >.c:2), -(>.c:1 + (1- >.)(2), (1- >.)(a1 + /31) + >.(a2 + 12))­
generalized *-acute point. 

By Theorem 3.2 we obtain the following. 
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Theorem 3.3. Let E be a strictly convex, reflexive and smooth Banach space, let C be a 
nonempty subset of E and let T be an (a1,a2,/31,/32,"(1,'Y2,81,82,E1,E2,(1,(2)-genernlized 
pseudocontraction from C into itself. Suppose that there exists z E C such that {Tn z I n E 

NU {0}} is bounded and suppose that there exists A E [0, 1] such that 

(1 - A)(a2 + /32 + "/2 + 82) + A(a1 + /31 + "/1 + 81) 2 O; 

A(a2 + "/2) + (1 - A)(a1 + /31) 2 0; 

A(/32 + 82) + (1 - A)("/1 + 81) 2 0; 

(1 - A)c2 + A(1 2 O; 

A(2 + (1 - A)c1 2 0. 

Then there exists a (-(AE2 + (1- A)(1), -((1- A)(2 + Ac1), (1- A)(a2 + /32) + A(a1 + "(1))­
generalized skew-acute point. 

4 Fixed point theorems 

In this section we show that fixed point theorems are derived from generalized acute 
and skew-acute point theorems. 

Theorem 4.1. Let E be a strictly convex, reflexive and smooth Banach space, let C be a 
nonempty, closed and convex subset of E and let T be an (a1, a 2, /31, /32, "(1, "(2, 81, 82, E1, E2, 
( 1 , ( 2 )-generalized pseudocontraction from C into itself. Suppose that there exists A E [O, 1] 
such that 

(1 - A)(a1 + /31 + "/1 + 81) + A(a2 + /32 + "/2 + 82) 2 0; 

A(a1 + "/1) + (1 - A)(a2 + /32) 2 O; 

A(/31 + 81) + (1 - A)("/2 + 82) 2 0; 

(1 - A)c1 + A(2 2 O; 

A(1 + (1 - A)c2 2 0 

and suppose that one of the following holds: 

(1) (1- A)(a1 + /31 + (1) + A(a2 + "/2 + c2) > 0 and AE1 + (l - A)(2 2 0; 

(2) (1 - A)(a1 + /31 + (1) + A(a2 + "(2 + E2) 2 0 and AE1 + (1 - A)(2 > 0. 

Then T has a fixed point if and only if there exists z E C such that {Tnz I n EN U {0}} is 
bounded. 

Furthermore, if (1 - A)(a1 + /31 + "(1 + 81) + A(a2 + /32 + "(2 + 82) > 0 or A(a1 + /31 + 
"(1 + 81) + (1- A)(a2 + /32 + "(2 + 82) > 0, then the fixed point of T is unique. 

Theorem 4.2. Let E be a strictly convex, reflexive and smooth Banach space, let C be 
a nonempty subset of E satisfying J(C) is closed and convex and let T be an (a1,a2 ,/31 , 
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/32, 11 , 12, 81, 82, c:1, c:2, (1, (2 )-generalized pseudocontraction from C into itself. Suppose that 
there exists >.. E [0, 1] such that 

(1 - >..)(a2 + /32 + 12 + 82) + >..(a1 + /31 + 11 + 81) ~ 0; 

>..(a2 + 12) + (1 - >..)(a1 + /31) ~ 0; 

>..(/32 + 82) + (1 - >..)(1'1 + 81) ~ 0; 

(1 - >..)c:2 + >..(1 ~ O; 

>..(2 + (1 - >..)c:1 ~ 0 

and suppose that one of the following holds: 

(1) (1- >..)(a2 + /32 + (2) + >..(a1 + 11 + c1) > 0 and >..c:2 + (1- >..)(1 ~ O; 

(2) (1 - >..)(a2 + /32 + (2) + >..(a1 + 11 + c1) ~ 0 and >..c:2 + (1 - >..)(1 > 0. 

Then T has a fixed point if and only if there exists z E C such that {Tnz I n EN U {0}} is 
bounded. 

Furthermore, if (1 - >..)(a2 + /32 + 12 + 82) + >..(a1 + /31 + 11 + 81) > 0 or >..(a2 + /32 + 
12 + 82) + (1 - >..)( a 1 + /31 + 11 + 81) > 0, then the fixed point of T is unique. 

5 Mean convergence theorems 

Theorem 5.1. Let E be a uniformly convex Banach space with a Frechet differentiable 
norm, let C be a nonempty subset of E and let T be an (a1,a2,/31,/32,11, 12,81,82,c:1,c:2, 
( 1 , ( 2 )-generalized pseudocontraction from C into itself. Suppose that there exists >.. E [0, 1] 
such that 

and suppose that 

(1 - >..)(a1 + /31 + 11 + 81) + >..(a2 + /32 + 12 + 82) ~ 0; 

>..(a1 + 11) + (1 - >..)(a2 + /32) ~ O; 

>..(/31 + 81) + (1 - >..)(1'2 + 82) ~ 0; 

(1 - >..)c:1 + >..(2 ~ O; 

>..(1 + (1 - >..)c:2 ~ 0, 

Let R be the sunny generalized nonexpansive retraction of E onto B(T). Then for any 
X EC, 
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is weakly convergent to an element 

where q = limn--+co RTnx. 
Additionally, if C is closed and convex and one of the following holds: 

(1) (1- >.)(0:1 + f31 + (1) + >.(0:2 + 12 + c2) > 0 and AE:1 + (1- >-)(2 2: 0; 

(2) (1 - >.)(0:1 + fJ1 + (1) + >.(0:2 + 12 + c2) 2: 0 and AE:1 + (1 - >-)(2 > 0, 

then q is a fixed point of T. 

Theorem 5.2. Let E* be a uniformly convex topological dual space with a Frechet differ­
entiable norm, let C* be a nonempty subset of E* and let T* be an (o:1,o:2,/31,/32,11 ,12, 
81 , 82 , c1 , c2 , ( 1 , ( 2 )-*-generalized pseudocontraction from C* into itself. Suppose that there 
exists>. E [O, 1] such that 

and suppose that 

(1 - >.)(0:1 + /31 + ,1 + 81) + >.(0:2 + /32 + ,2 + 82) 2: O; 

>.(0:1 + 11) + (1 - >.)(0:2 + /32) 2: O; 

>-(/31 + 81) + (1 - >.)(,2 + 82) 2: O; 

(1 - >.)c1 + >-(2 2: O; 

>-(1 + (1 - >.)c2 2: 0, 

d_'.'((1 -,\)(1 +Ae2),-(,\e1 +(l-,\)(2),(l-,\)(a1 +/31)+-\(a2+-r2) (T*) C .'?8~,o(T*) =/ 0. 

Let R* be the sunny generalized nonexpansive retraction of E* onto .'?8~ 0 (T*). Then for 
any x* EC*, 

n-1 

s:x• ';;/ ~ 2)r*)kx• 
k=O 

is weakly convergent to an element 

q* E d_'.'((l -,\)(1 +Ae2),-(,\q +(l-,\)(2),(l-,\)(a1 +/31)H(a2+-r2) (T*), 

where q* = li111n--+co R*(T*rx*. 
Additionally, if C* is closed and convex and one of the following holds: 

(1) (1- >.)(0:1 + f31 + (1) + >.(0:2 + 12 + c2) > 0 and AE:1 + (1- >-)(2 2: 0; 

(2) (1 - >.)(0:1 + fJ1 + (1) + >.(0:2 + 12 + c2) 2: 0 and AE:1 + (1 - >-)(2 > 0, 

then q* is a fixed point of T*. 
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By Theorem 5.2 we obtain the following. 

Theorem 5.3. Let E be a strictly convex and reflexive Banach space with Kadec-Klee 
property and a uniformly Frechet differentiable norm, let C be a nonempty subset of E 
and let T be an ( a 1, a 2, /31, /32, "(1, "(2, 81, 82, E1, E2, (1, (2)-generalized pseudocontraction from 
C into itself. Suppose that there exists A E [O, 1] such that 

suppose that 

(1 - .X)(a2 + /32 + "(2 + 82) + .X(a1 + /31 + "(1 + 81) ;:::: O; 

.X(a2 + "12) + (1 - .X)(a1 + /31);:::: O; 

.X(/32 + 82) + (1 - .X)("/1 + 81) ;:::: O; 

(1 - .X)c2 + A(1 ;:::: O; 

.X(2 + (1 - .X)c1 ;:::: 0, 

and suppose that 1-1 is weakly sequentially continuous. Let R* be the sunny generalized 
nonexpansive retraction of E* onto J(A(T)). Then for any x EC, 

is weakly convergent to an element 

where q = limn-+oo 1-1 R* JTnx. 
Additionally, if J(C) is closed and convexx and one of the following holds: 

(1) (1- .X)(a2 + /32 + (2) +-X(a1 + "(1 + c1) > 0 and AE2 + (l - -X)(1;:::: 0; 

(2) (1 - .X)(a2 + /32 + (2) + .X(a1 + "(1 + c1);:::: 0 and AE2 + (l - .X)(1 > 0, 

then q is a fixed point of T. 
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