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Primal-dual splitting algorithms and its applications* 
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;1&1Nr. f(x) + g(Dx), (1.1) 

t::..ti ih H, 9 1;:1:~ ~ Jv/'(Jv t- ~rd.l, f: 1i --+ JR u { oo }, g: 9 --+ JR u { oo} 1;:1:--r ~J!!!~tJ:~81ffl~, 

D: 1i --+ 9 li1i W~~f'Pffl~ t 9 7->o roilm (1.1) Ii, 81ffl~O)f00);1&1Nr.r"ilm1':~9~fi'E-r'Jv--C 
2f;i 9' •lfffl$0):frJf 1:: mt Q .Al\-A 'E -f' 1) 1/ 7">i'->l@~M.fi t:: :JS It Q l@~fl5cFoilm~ t ~~t=lffl~ 
L,-c1;,7., ([9, 10] $ml)o 

:,f,.:llmfJt--Cli, 8:1&1J\1'r.Foilm (1.1) 1::xsJ"97.>fW¥!c'iJ;i7.>::t-~xt:frttl¥! t::-:J1;,--c~N<f97.>o :±-~xt 

:fr1'ftlf!liPJ--rO) J::? t::JJc'.~~ tI,7.> ([4, 5])o 

{
Xk+l = prox7 f(xk -TD*vk), 

Vk+l = proxag* (vk + o-D(2xk+l - Xk)), k = 1, 2, .... 
(1.2) 

t:::.tiG, X1 EH,, V1 E (J, T,o E (0,oo), g* t D* /;:1:-i:-tl,"t''tl,lffl~ g O)::J¾f~lffl~t{'Fffl 

* D O)ll.l/[{'ffpffl* (2 l'i'i:$m!), prox7 f /;:!:lffl~ f r::xt97.>Jii~'¥~tll'¥/itl,, prox7 f(x) = 

argminyE1l {f(y) + 2~ IIY - xll 2} tJJc'.~ ~ tL7.>o f iJ{--r~J!!!~tJ:~81ffl~0)8~\ prox7 f /;:J:~{iffi'¥ 
~tfJ:Q ([1, 12, 13] ~ml)o :,f,.:llmfJt1':~l,"(, PJ--rO)?R{lf:1':{&JE9Q 0 

• 
(1.3) 
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*1 S: O)gi:,{IJ:li, ljj!J~!il.l,i.'. ({91J;U;f, 0 E int(Ddomf - domg) [l, Proposition 15.24]) iJl)lx; l".J 3L"J /:'. ~, roiJl!'i (1.1) 
O)f!/it0):f¥t£ /:'. ~1iffito:;i:,14 /:'. to: Q 0 
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T(TIILll 2 < 1 <D t ~' g?[J { Xk} liF.,i!l!l! (1.1) <D~l:::§§JtURt" 0:::. bjt~ G tt,--c Ii' Q (-WLl ~ Ii, [5, 

Theorem 3.2])a ~ Gr:::, f iJt5si81ffl~*2 t {BUE'. G, :±-jj(Jsj"71fLlW<D~~~ ilJ(.N t" 0 t 5si.l(JCJ.Rt" 0 

:::. tiJt~GtL"Cli'0 ([2] $m'!)a ¼t::, (1.2) t:::1ffl~90:liid~{~*Wt G--C, Forward-Backward W 
Z:> Douglas-Rachford WiJt,b7.J ([1, 7,8])a 

;,fs:~J'.(-Cli, :±-jj(xSJ?J"®LlW (1.2) r:::fiJ~J:!!!.~.il1l1J□t" 7.J:::. t C\ ~)¾~ tI,t;:,~jU<D5si.lJ3U:f:Hf7'Jt{J?J.iE 

--r:-~ 0:::. t ~~t"a ¼ t::, 1i~-cli.J -1 _;?;'~*F"i!l!l!t:::xstt" 7.J~{ti~§l:::--:J\i'"C~Mt" 7.ia 

;,fs:~J'.( ~~ L, --C 1-l, 9 ~ ~ ~ Jv-"Jv 1' '6".Fdl t l,, (·, · )11 t II· 1111 (resp. (·, · )g t II-Ilg) ~ -f" tL.:f'tt, 

1-l (resp. 9) <D IAJffl t .J }v At t" 0a L: 1-l --+ g H,'RmffllH[n t" 0a ff:)&'.<D (x, v) E 1-l x g r:::xst 

L, --C, (Lx, v) = (x, L*v) ~riit:: t" L*: 9 --+ 1-l ~ L <Dll.ii{f{'FJlUJ; t Ii' -5 a ~i'dii!'!J~ A: 1-l ~ 1-l 

O)/f7 7~ Gr(A) = {(x,x*)lx* E A(x)} tJE'.~90a A: 1-l ~ 1-l iJt 

(1) ljii\ffll t Ii, 
(x - y, x* - y*) 11 2 0 ((x, x*), (y, y*) E Gr(A)); (2.1) 

(2) W!::kljii\ffll t Ii, 

A iJtljii\fflj, B: 1-l ~ 1-l iJtljiwi\)-CiJ'--:J Gr(A) c Gr(B) ⇒ A= B; 

~riit:: t"lli'f~ "'' -:5 O ~i'dii!'!J~ A r:::xstt" Q 1J '.l}v-" / 1' Ii JA(x) = { u E H : X E (I+ A)(u)} 

tJE'.~~tL7.ia A iJtW!:;kljiwi\){'Fffl*<Dlli'f, JA li-frlli'!J~, -:Ji~ JA(x) = (I +A)- 1 (x) tt.,:7.J 

uE1-l tt"7.ia OEA(u)iJtJ¾~:V:--:Jt~, u~A<D~Ji'?:tti,-ja ¼t::, A<D~g~{:;$:<D~il'~ 

A-1 (0), -:Ji~ A-1 (0) = {u E 1-l: 0 E A(u)} tt"7.ia 

f: 1-l --+ (-oo, oo] ~ ""f ~~~t..:~81ffl~ t t" 7.ia f t:::xstt" 7.J ~~71 ~ PJ ""f <DJ: -:5 l::JE'.~t" 7.ia 

8f(x) = {x* E 1-l: f(y) 2 f(x) + (y- x,x*) (\:/x E 1-l)}. 

:::.<Dt~, 8f:1-l ~ 1-l li,l<i:;kljiwi\]t:::t.,:0:::.tiJt~GtL"Cli'0 [1,12,13]a it::, u E 

(af)-1 (0) {cc} f(u)=argminyE11f(y) iJ{J¾~:V:--:Jo Jt:::xstt"oili:~'!J~prox,f b>O) ~PJ""f 

O)J:-j f:'.:JE~90a 

prox,1 (x) = argmin {f(y) + _!_IIY- xll 2 }. 
yE11 2')' 

f <D::#J~lffl~ J* Ii p E 1-{ t:::Jsj" L, --C j*(p) = sup{ (p, x) - f(x) : x E 1-l} t JE~ ~ tLoa f t J* 
<Dili:~'¥~1::: Ii Moreau's decomposition t 11¥1itL7.:iPJ""f<Dlffl~7'J;J¾ ~ :V:--:Ja 

I= proxuf + crprox(l/u)f* o (1/cr)J. (2.2) 

(2.2) J: ~, :±-jj(.X'J-71fUW (1.2) --r:-:EltLo g* <Dili:~'!J~li g <Dili:~'¥~~,m1i,--c~W•-c~ 7.:ia ;,fs:1fl'i 

--r:-J£,,-;:;_tdl!l~t:::--:J1i,--c1i, J'.ci¥i/:[1,12,13] ~$m!t"otJ:1i,o 
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:JE'.:@. 2.1. ([11, Theorem 3.1]) A: 1-l =; 1-l ii~:k$.w.'H{'Fffl*"c' A-1 (0) =J 0 tToo it::, ;~JU 

{xk} lit.J---r0):ni'!r:J:-:J--C1":r,x;~tit::,~J°LltToo 

• limk--+oo ak = 0 fp--:; Lr=l ak = 00. 

• ci'loa>0iJ!#t£l...,, {rk}C[a,oo). 

-:.O)tE' {xk} Ii,~ PA-1(o)(u) E A- 1 (0) t:::%iJ.13URToo -:.-:."c', PA-1(o): 1-l-+ A- 1 (0) Ii 

A- 1 (o) 0) 1: .r-.. O)ielffl}tlH: *To 

:JE'.:@. 3.1. f: 1-l -+ lR U { oo }, g: 9 -+ lR U { oo} liT!¥~iwGt.t~J:flilffl~, D: 1-l -+ 9 iifl J'HJR%{'F 

ffl* t T Oo B7'1 {xk} lit.J---rO):ni'!t::: J:-:) --c 1":r,x;~ tit::B7Ll t T Oo 

{

Xk = akX + (1 - ak)Xk, 

'fh = akv + (1 - ak)vk, 

Xk+i = proxT1(xk - rD*'fh), 

Vk+l = proxag* (vk + aD(2xk+l - Xk)), k = l, 2, ... , 

00 

lim ak = 0, L ak = oo iJ,--:; arllLll2 < 1. 
k--+oo 

k=l 

filBJt ~iES_ij"c-ffl.tio @ffl~FdH:::lfflT o ff*IB Ii [5, 14] ~$~Tot J: 1, 'o 

1(, := 1-l X y t l...,, (x,u), (y,v) E 1(, t:::Jtl...,--C, p;jfflt: J Jvl,.~ 

((x,u), (y,v)),c := (x,y)H. + (u,v)g, ll(x,u)ll,c := J((x,u), (x,u)),c 

M(x,v) := (8f(x), (8g)-1 (v)). 

(3.1) 

(3.2) 
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-=. 0) /::: ~, Bf /::: 8g O)~.:k~~tLJ:. tJ M /i~.:k~~{'pffl$; /::: fJ: Q ([1, Propositions 20.22 and 

20.23])0 ~Jf{ilm{'l'ffl$i S: "IC-+ "JC ~tJTO)J: -:5 t::::'.iE~TQo 

S(x, v) := (D*v, -Dx). 

:::. 0) /::: ~, S* = -S /::: tJ: tJ S li~.:k~~o iH:, domS = "JC J: tJ M + S :t~.:k~~ /::: tJ: Q ([1, 

Corollary 25.5])o :::. :::. --r:-, 

(x, v) E (M + s)-1 (0) {cc} (O, o) E (af(x) + D*v, (8g)-1(v) - Dx) (3.3) 

/:::fJ:Q 0 (3.3) /:::~1J¥,x:jj'O);,fQO)•ti.Jii'.J: fJ 

0 E 8f(x) + D*8gD(x) C 8(f + g O D)(x) (3.4) 

:liJJx tJ :V:':J 0 ;::. 0) /::: ~, x lir"iJm (1.1) O)(W /::: tJ: Q O ;::. ;::. T, (1.3) Ii (M + S)-1 (0) =/- 0 /::: ~{jffi 

'c'ifbQ:::. i::::limGti-c1,,Q ([1, Proposition 26.33])0 

l'JU::::, 1'i"W~~{'l'ffl$i V: "JC-+ "JC ~l'JZO) J: -:5 t::::'.iE~T Qo 

V(x,v) = (~x -D*v,-Dx + ~v). 

;::.0)/::: ~' V /i§2:ttf)tT p--strongly positive /:::fJ:Qo -=. -=.--r:-, p = 1- JTO"IILll 2 > Do ;::.0)/::: 

~, y-l :IJ!:(¥:(£ L,, 1iv-1 11 :::: 1/ P /::: fJ: Q ([14])o 

~15, (3.1) J:f) 

Xk+i = proxTf(xk - TD*vk) {cc} Xk - TD*vk E Xk+l + Taf(Xk+1) 
1 

9 -(xk - Xk+1) - D*(vk - Vk+1) E Taf(xk+l) + D*vk+l 
T 

Vk+i = proxag• (vk + uD(2xk+l - Xk)) 

{cc} Vk + a-D(2xk+l - Xk) E Vk+l + u(8g)-1(vk+1) 
1 

{cc} - D(xk - Xk+1) + -(vk - Vk+1) E (8g)-1(vk+1) - Dxk+l 
(T 

( ~(xk - Xk+1) - D*(vk - Vk+1), -D(xk - Xk+1) + ~(vk - Vk+1)) 

=V(akv + (1- °'k)vk -Vk+1) (3.5) 
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t f.j: 0 0 (3.5) t (3.6) ~ fJ, 

V(akv + (1- ak)vk - Vk+i) E (M + S)(vk+1) 

{cc} V(akv + (1 - ak)vk) E (V + M + S)(vk+i) 

{cc} Vk+l =(I+ v-1(M + S))-1(akv + (1- ak)vk) (3.7) 

tt.i::7-io ;:. ;:. 'c\ PJ--rO)pgffit .l Jvi-~'Rf-:>l:'..Jv;,:::;1,, J--ggFdJ JCv ~~x.7-io {f~O) (x,u), (y,v) E 

JC r:xt t..,, -c, 

((x, u), (y, v)),cv := ((x, u), V(y, v)),c, ll(x, u)ll,cv := ✓((x, u), V(x, u)),c· 

M + S ,i JC -C~:;k$.j'ij-Cif.:> fJ, v-1 (M + S) li JCv -C~:;k$.j'ij t t.i:: 7-io it::., V O)'tii!i ~ IJ, 

JC t::B,;7.J5!Jl.lC~t JCv 1::B,;7.J5!![lO:f:Ui~flllitt.i::0 ([5,14])o 

(3. 7) ~ fJ, i'f~'F?! (3.1) 'i JCv 1:: m,,-CJE'.J:11! 2.1 0) 7 }v ::1" 1) ;;(.t- t ll'u lj,j;J~~'Rf"?o t::.ti L,, 

A= v-1 (M + S), Tk = 1 'c'it> 0o #1:-::i -C, { vk} 'i P(V-l(M+S))-'(oi(v) t::5!Jl.lO:ft'9 7-i::. t TJ' 

(V- 1 (M + S))- 1(0) = (M + s)- 1 (0) 

-/J>/J.JG fJ 1f.-:)o ;:_:t1, t (3.3) t (3.4) ~ fJ, { Xk} -/J>F",Jl!.§ (1.1) O)~~f;:5:{g~5R9 0;:. t TJ'1R '6 :h0o D 

@i~~nt,i, .®t¾JO)~lJIUT'-31 (~1~iJ'it>0@1Mlt.i::t:') iJ•G*¾l0)1,7;,(-3/ (n@i~O)@i 

~{ii'[) ~;ftJE'.9 Q F",Jl!.§-Cit> 00 @i~~nF",Jl!.§1:: ;B/7 7.J~lJILlO)~fi,HJ--rO) ~ '? ,:: =ef';v{~'c' ~ Q 0 

b = <I>x* + 6. (4.1) 

;:. ;:. -c, <I> E ]RmXn ,i~¾JO)fj~J, 6 E ]Rm ':l:*9;[10) ./ 1' ;;( t 't 0o ;:. 0) t ~, @i~~nF",Jl!.§'i, 

.®l;J,:[lO)~lJILJ'f'-3/ b E JR.m TJ'G*9;[]0)jc@i~x* E JR.n ~;JtJE'.90F",Ji!!-Cif.:>0 ([2-4] $lffl)o ~1:: 

m = n, <I>= In t L,t::.~~, @i~~nF",Ji!J!'i./ 1' ;z:'~*F"i!l!§tt.i::00 

-lf-1 ;z:'i)> N x N O)@j~~ n := N x N (Xjc0);,:::-7 1--Jvt G-Crlk-5 (n 1i@i~~1::f§*'t7.i)o i 

f::_, @j~O)@j~,:J: Xi,j (1 ~ i,j ~ N) t~9o 

PJ~-r-,i, .l 1' ;z:-~*F",Ji!! (-·::ii IJ, <I>= In O)~) 1::-:>1,,-cfj:lf't't00 ;:.O)t ~, ~lJILl'f'-31 b 

b = x* + 6 (4.2) 
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• b Ii(/ 1 -7.:'1:~tliJ>) if.>ofi~jc]l!ij~ x* ,::m:lt'o 

• § ~@~lil~Hi@*r.ll ,::5t1,,ffi~iJti6 oo 

~~~ttW1:~•G. ~~~-1:~~oo 

:1&1N~ llx - bll1 + ..\TV(x) (4,3) 

::.::.·e, II· 111 Ii Z1 / Jv.l,.*3 , ..\ > 0 liiE.IW{~1,7J.-1;J., TV: llln-+ lR 1:.DJTc'JE~Too 

Y := ]Rn X ]Rn t G, L: llln-+ Y,xi,j H (L1xi,j,L2xi,j) 'a: 

L x·. ·= i ,J i,J L x· . ·= i,J i,J { x·+1 · - x· · (i < N) {x· ·+1 - x· · 
1 i,J. tj0 ("t"~{ih), 2 i ,J. 0 

CJE~9Oo L1 t L2 lii\11/t/fli~l!JHt@*F.Jl~?:tHlG, L liflW-~~fpffl*c' IILII -S: Js iJ!J¾IJ 

.:V:-:J::.tiJ>ffiG:tL"Clt'o ([3]~~)o ::.::.-e, TVlil'J\~J::il::JE~c!:tLoo 

TV(x) := IILxll1 
N-lN-1 N-1 N-1 

= L L (lxi+l,j - Xi,jl + lxi,Hl - Xi,jl) + L lxi+l,N - Xi,NI + L lxN,Hl - XN,jl• 
i=l j=l i=l j=l 

/ 17.:'1:~A.,,tillt){IJ@~ b iJ•G;:;l:J;0~5c@~1::!'lJE"to / 1.7.:'ll#s*F"5■ 1i, r"5■ (4.3) t G"CJE~ 

{~<! :tl,o ([4] ~~)o f(x) := llx - bll1, g(y) := ..\IIYll1, D :=Lt JS<::. Cc', r"5■ (4.3) tiF"5 

■ (1.1) ~~~{91Jtt..:oo TV li~~JJ.JtlllJ<li':tL, r"5■ (4.3) li~~JJJ1:iE.lliJ{~JJH::M:-:J:!&~f~F"5 

■ t G-C~DG:tL"Clt'oo 

ili~~~ prox71 lill!X'!lUJEll{@:~M&*4 1: fUffl"t o t t+•-e ~, ili~~~ prox,,.9 • Ii Moreau's 

decomposition 1:fUffl"t o:: t -c:-11+•-c:-~ Oo 

3 ~~~5'1:1: F"5■ (4.3) nim G, fc!J G :tLt=~5'1:1:iHl'"t oo 

• .f'£ffl~ffi: MATLAB2020a 

• @~: -l:J--17.:' 256 x 256 ~~i'v1 .7-.7-Jv@~ 

• T = 0.7, a= 0.9/(8 * r), ..\ = 0.7, ak = l/k 

M&{il!~~L'ti, 5c@~ (I§ 1) l::JtG-c, / 17.:'1:{-f1J□ Gt=@~ (I§ 2) 1:i!lj'J!ij]l!ij~ b t G-C.f'£ffl 

G f=o ml~-'f'm1:~ffl G, *-'k 1J :ig G@IM& k = 20 c'fc!J G :tLt=ili{Y-@~1: I§ 3 ,::JF"t o 

*3 11"'111 := I:£:1 lx;I 
*4 11 / Jv.t.t::x-tT-QJII:t-!€~~ prox7 ll·II /;J:]'j(<l)J:: -5 t::)'E'~~ti,-Q, "'E Rn r::x-tVC 

(
prox7 1,1(x1)) {x+')' (x'.'o-,') 

prox7ll·lli ("') = .. · , t::tiL, prox71 _1(x) = 0 (-')':'ox '.'o !'). 
prox-Yl·I (xn) x - ')' (,':'ox). 

¥,rt::i@Mf00:lllrn&O)Jlrrl€'.!J~ prox71 .1 >;:ll!)(~Ji'E'IIHOO:ll!IM&l::ll'J',.S!, 
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* X Restored Image 

I§ 3 ili:{J;(@i~ (k = 20) 

;$:~::X:Tti:±-.5!Xxt:W,!nl~ (1.2) t:::fiJtl!1J:!!!.~.ilt/JaLd::!&~{~~~ (3.1) ~m!~Gtc:o m!~~~ti, 
I::'. ;J..,,,_;;J.., r ~rsit::: a::,1,,--c5!liJ!JCJR9 Q:. t iJqlj1;~;:;- ti,Qo 

-■~%~(ffl*I•*~~--~) ~, WW~11~198~~~*;:;-ti,tL,ko ~~~$· 
f~±~{-l;;t:::-■%~0)f,Fpcj!f~~~ G--C~~~~tf'i±"--CJJl ~, fflI*ff±1iMlll1'~~{-\;;I::: ti%~0),lvf 

~'¥'.T~Ul~fir/il,f'.fi~t ir:itfYH.fi~t::: -::i1,,--cl!1[~f,Fp:Jti~~ffl~ 1 Gtc:o -■%~ti~~~~I!1[/:::;j:,@.:lt.Q 

:. /:'..O)*,W;:;- ~f.&1:::•;lt. --C < tt;:;-1,,t l,f;:o :.tLi'c'~iJ,1,,~JJJ}Jt ;::':Jti~, ;::'11(lfj~ffl1,,f;:-■% 

~[:'.:JL,\d: I) ~ft~$ L,J:tf, f,Fp~fi~J':>t./r I)$ L,J:tfi9o 
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