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SOME TYPES OF FIXED POINT FOR SET-VALUED MAPPINGS
EESEEROWVK DHDY A TOFER

ERBIERRIEARATRZET AT Sk (Yukio Takeuchi)
Takahashi Institute for Nonlinear Analysisl

1. R

HADEBDESL, EQOBBOES, EROEGE, TNEN Ny, N, R XL LET. ke N Tz,
Ne={jeN:j<k}, Ni« ={j EN:k<j}LULET. N=N<c TT. £H X DIDEATRTCOK
22X X RFEUET. CIIRBIIRERGE L 4 28U ET. C L X 2 CC X &iizdae L, C
M5 25X NOBE/RT % C o X ~OEGHEBRENVET. 2 €Tz 27Tz € CEEGHEHRT O
REPIEFOET. T OREETRTOEL {z € C: 2T} % F(T) L RKHLLET. —fHze X 2%
BRETIEAE {2}° &R L 9. FHHE2EM & Banach ZEM O FEARMN AR Z 8 ITHIRFL £9.

Nadler [10] I Banach O#f/NGARF I % 1969 FIZEAMEEHD LRIZHE L £ L7z, Reich [12] DG L
72 Problem 9 ~ODfi#% & L T, Mizoguchi-Takahashi [9] 1%, 1989 12 Nadler DFERZHLIRL F L7z, Z
PRAERIZHIM I NTEZ K OFET 20N FE L7, UL, ERUZAB RO IZIER ICH L, 2
K207z 2 BAEMEBREZERT 5121, TOMKZITTRATAZEEHERITIIBDbNET.

HEAEGHRT 2 X DRICEBET I EoTE, TRTD e CHT OARENHIZRDEZEHH 0 £ 3. 4

ZIE, BMEfTEA B R TIEZ OB ESEEHRIZVIEUVITHSVWET. ZORNEFET 5 &, EEHHEE
BOXRETD, X OMPLRESIVRBEZLEEbNET. 2L T, KV RNIE, Nadler BAFiA* 5 Browder,
Fan 72 £%  OFCFEED, ZORIZK ST SN2 RE 2 REMITIIHE L TWEZZ L IZ&ANEET.

Z OB S, RKRETIE, REHEEGHR T ORORBAI N EZEL T

(1) Tz ={z}* 2%i7=9 z € C % T @ intrinsic fixed point LIFUE 7.

(B) z € NyecTy %iii7=3 2z € X % T @ bundle point & MFUET.
SEIZ, 2 € NyecTy %5729 2 € C % T ® bundle fixed point & FFOE 3.
HERDBEEE L O MNP KT UTe, ZORBARESOES%E Fr(T ) p(T) &R L ET. ARgTIE, BE
G LT C DR {z,} ZERLES. ZO&&E, LIXLIE, Fp (T) ={2€ F(T): z € N,Ta,} HEE
2R Y. 72K, Fp y(T) 2 —*WRLVEEA. 4K, Fi,,(T) D ‘li%li {zn} OMWEIKREL £7.

Bundle fixed point 1, Z D& 2 WE LTEH, TORDEHDOWL 200 L@ & BEHICEE L, Fizb I
it DTY. HlZiE, KKM-lemma (ZHL% )72 bundle fixed point theorem T3 . —J5, intrinsic fixed
point &\ D BERITEIF AR & W E A, Hil 20K, IROEH (Theorem 3.1 DERY) 2 FFHTE £,

Theorem 1.1. Let (X, d) be a complete metric space and b € (0,00). Let K be a non—empty closed subset
of X. Let f be a proper lower semi-continuous mapping from X into (—oo, 00| satisfying infyc i f(y) € R.
Let T be the mapping from K into 2% defined by

Te={ye K: f(y)+bd(z,y) < f(z)} foreach z€ K.
Then, there is v € K satisfying v € Fr(T), that is, Tv = {v}*°.

Theorem 3.1 (Theorem 1.1) 725, Ekeland D2 435 [6] X Takahashi O /MEE IR [16, 18] 23EF 12
BhrhEd. 0% 0, BKRIONZHROW D0, TOEMOEHBREREEA S I LN TEET.



ARETE, EAMHEEGEHRD L 0L EKATENZATREH > T, E%(%@%*%(yﬂ&*’ibf’éa)’éb\(o
iawbiikou\f)%»a@ﬁc BHINDPEAET. W OO EEDAERITIND #5 LAEEHRT O%
RChHDIeWBRTELLEVET. T UT, FIZFAE, BFEOMEEZFBUR BT Z i3k
Pz e e Bbh, HrUWERIZLENL EEXTVWET. 72720, BARTTAMBUTHIIRY S 5 7=, HiR
W BIORMIZ e & E D (i$ % bundle point 72 ¥ OEE & Ebh 2 &%, IRET 55 2 O BIEZE
BEBMT DI LI TEETA. 72, WY EFBTRTCOERICHEHEDITSZ I L TEEFA.

2. FIXED POINTS OF SET VALUED MAPPINGS

Banach Qi NFEARFIEDILED WL D2 ld, FAEMEGHD LRICHRS NV TWET; #HlZIE Du and
co-authors [5] & D XHk%E S M. AHi T, Mizoguchi-Takahashi DEELD version % fifdi L £ 7.

(X,d) ZFlEMe Liue X, Cc2X ELET. 20 E uhd C ~OHFl d(u, O) IZIXRDORRIZEE
ENET: d(u,C) = infrec d(u,x). IRDFEEDPHNL L E T

Lemma 2.1. Let (X,d) be a metric space and let T be a mapping from X into 2X. Suppose z € X
satisfies Tz # ¢. Then, the following holds: |d(u,Tz) — d(v,Tz)| < d(u,v) for any u,v € X.

X ODIFEFERMLDIEST RN TOMBE CB(X) LKL, H ZIRDBRIZERZL £7:
H(A, B) = max { sup, 4 d(z, B), sup,cpd(y,A)} forany A, B e CB(X).
IRDKIEDSL T 5728, H 1 CB(X) ED d 12 & % Hausdorff #ilf & IFIXNE F.
Lemma 2.2. Let (X,d) be a metric space. Then, so is (CB(X), H).

(X,d) 25l e U, T % X 55 CB(X) ~NOGH L LET. D<K RVIIRED, #5 D%E L
7D NT, T OAFRUTRNRT 5 X ORFl2EELE Lz ue X £ T5LE, CeCBX)ThHo
TH, du,v) =d(u,C) 2723 v € C BFIET D LIZRY FHA. BFEOMENS, ZOMR ve C I
IWIHET 270 51, T DAREFADIEM RS 2 HRIIZES 2 L FLRNESZ e BbhEd. Lrl, 2
DL v e C DIFEIREEINEREAN S, T O LEIE, 2 ICHL T oME 2 AEMIZNE 2 Z &2k
D ET. I, ERRA A B A TR FREEZE AL, B hlESEL 20 LhEEA. AT
1%, 2 ORRRI % GELIZHE R 5 72012, Takeuchi [21] DK T DFF AP % ## D iteration 2% A £7.

ZDOXHRT, step n TOFFRHEP A, 2%, FRSIZH#fINs X OHNESTYT. ZLU T, o, €4, 2L
THEEEIND 58 {x,} X, D5 v, € F(T) IZHERINZIFRIURT 2 Z e BPEFHINET. 72720, A4 13
W 2, ITHRAFUTIRE D, HANZ {A,} 2UET B LIFTEERA. HEOHKINZ LT, 211 € Angsa
PRESNRITNETREE L £3. BRI, Apgpr DA XD, Bz D DT & ORI G 5 3%
D ERE DN LB, FHEIFELTEI TR . Z2NTH, {d(o,, z.)} PEERANIZIZ 0 V”Xﬂi
THDT, /=Bl step ng ECIELWVEZMS> TWEEEZDLIENTEET. ZOPFhi & LRI
W, d(2n,, 24) BRRITH>TH, 2y & 2, € F(T) ORROERREZEZD LD TEET.

a ZIRDZEA 2729 [0,00) 925 [0,1) ~NOBIEE U X9 limsup,_,,ga(s) <1 forall t € [0,00). ¥
R3O limsup, . gals) < 1IE, limeosupyeg i als) <1 EFEXTREVERA. BB SA,
e>0TT. ce(0,1) T&IZ, IRDFRZBIE b, 2FZ £ b.(t) = cx 1+ (1 — ¢)a(t) for each t € [0, 00).
ZDEE b % [0,00) 225 (0,1) NDBEBTH D, a(t) < be(t) for all t € [0,00) LIRAEE L ET:

o limsup,_,,,qa(s) <limsup, ,;,obc(s) <1 forall t € [0,00).
Mizoguchi-Takahashi DEELD version Z#R U £9. FEMIE, ABEHKIZIE Suzuki [15] DHDTY .

Theorem 2.3. Let (X,d) be a complete metric space and T be a mapping from X into CB(X). Let a
be a function from [0,00) into [0,1) satisfying limsup,_,, oa(s) <1 for all t € [0,00). Assume

(MT) H(Tz,Ty) < a(d(z,y))d(z,y) for all z,y € X.
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Define a function b from [0,00) into (0,1) by b(t) = (1 + a(t)) for each t € [0,00). Let x1 € X = Ay
and Ay = Txy. For each n € N, generate xpy1 and A,io by the following procedure:
(1) Tp+1 € Apta.
(ii) This procedure will be stopped if Tpr1 = Xy,
(iti) Apyo ={y € Topy1 : d(@ng1, Trnr1) < d(@ny1,y) < 0(d(@n, Tny1))d(@n, i)}
Then the following hold:

(a) There isl € N satisfying x; € F(T), if the procedure stops.
(b) The sequence {x,} converging strongly to w € F(T) is generated, if the procedure does not stop.

Proof. Txy € CB(X) &0, Ay =Ty # ¢ lFEHWTT . 20 € Ay C Ty ZEBERET. a0 #1 ZIWELFE
T d(er,a2) £0. DL E, b OWIEZETIUE, 05 € Tar, (MT) & HOEHEY,

d(z2, Txe) <sup,epy, d(z,Txo) < H(Tx1,Txs)
< a(d(zy,z2))d(x1, 22) < b(d(x1, 22))d(21,22) < d(T1, 22).

5T, d(wg, Tws) = infyery, d(xa,y) WD T, Az #£ 6 TT. x5 € A3 C Ty ZENET. TORRIZLT,
T =3 LWRB1LENPEND T, vpp1, Tong1, Apyo WERINET.

(b) ZRUET. MOZEENELET: vy #xp foralln e N. 2TDEE ZZETOFEMD S, miFl
{zn} B T, }, {An} ZFET. MO 2K >TVET:

Tpt1 € Anp1 CTTh, Tpy1 # Tn,

Ad(@pt1, TTpi1) < d(@pi1, Tni2) < b(d(Tn, Trg1))d(@n, Tnt1) < d(Tp, Tpi1) for allm € N.

B2 T, {d(@n, xni1)} 1[0, 00) DEFEDFITT . {d(zn, 20ni1)} DD 7€ [0,00) ITKRLEF. b(7) €
(0,1) & limsup,_, . ob(s) < 1 &b, IRDBEAL r € (0,1) & e € (0,00) PHFEIEL X T b(t) < r for all
te[r,7+e]. BIZ, IRDOWLng € N WMFELE T d(wy, xnq1) € [T,7 + €] for all n € Nyy<. 5T, X
ERES: b(d(zn, xpt1)) <rforalln € Nyy<. TNODIEMNS, TRTDn € Nyy< IZ2WT,

d(xn+l7 xn+2) S b(d(xn7 J"TL-Fl))d('/I/‘ﬂJ xn-%—l) < Td(xru 37n+1)~

re0,1) &9, lim, £ =0TF. £/, TRTD mke NIZ2WT,

k— k=1 m
d(a‘,"?/o+7'l>x7bo+m+k) < Z:n:tn ' d('r'ﬂo-i-ﬁ x’fbo+j+1) < Z;n:tn ! r]d(x”mm"o*-l) < ﬁd(x"m J7”0-%—1)'

B> T, {z,} 1& Cauchy #ITT. X IF5EHTT NS, {2,} DD ue X ITHICRL £7.
u€Tu%mRUET. Lemma 2.1 X9, |d(u,Tu) — d(zy, Tu)| < d(zy,u) TY. lim, d(z,,u) =0 &9,
d(u, Tu) = lim, d(z,, Tu) 213F 7. > T, 41 € Txp, (MT), & H DEFELD,

d(u, Tu) = lim, d(zy41, Tu) < lim, H(Tz,, Tu) < lim,, b(d(zn, u))d(zn, u) < lim, d(z,,u) = 0.

Tu e CB(X) HH#EATT NS, ue Tu 2B ET. IWIZ, () BRLET. Ay PERINT, o1y =01 7
ELUET. :@tg’,lﬁ%t::ﬂl:xl+16Al+1 C Tx; PRENE T O

ZOEMT, r € [0,1) &L, RO a %A Nadler [10] DFEREZMRE T a(t) = r for all
te[0,00). 7z, 2, € Ta,, DHWINREGIRSE, 1) € Ty L7851 € N DHBZ Fhi & DEILEMIZTE
¥ =0 86 x € Tey TY. a, 2T, OEFHEIZHNE, ZOHWHIZES L IZR 2EA.

Mizoguchi—Takahashi ® original D EH TIE, a DEFEHKIL (0,00) TH Y, 2 £y THD 2,y € X ITDV
T (MT) DN 2 EFLTWET. LAL, a(0) =ag €[0,1) &L, a DEHEHEE [0,00) LALLTHEN
FHA. ZOLE dz,y) =020 H(T2,Ty) =0&Y, TRTD 2,y € X 28 (MT) %2i7-LET. 7=,
5 1%, Reich [12] Problem 9 D (0,00) % [0,00) (22 L, limsup,_,, g a(s) < 1 for all ¢ € [0, 00) Z{KE
LTWET. 2D, ZOEHIE Problem 9 DEOMIMAL L TNETH, IFIFBERMETT.
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Mizoguchi-Takahashi ® original DFEAH IZ#HET U 7z, Daffer—Kancko [4] 23R U 725EIH S & 1F &l
TEHY EHA. TOHALHPT, Suzukild a DRDYIZ 0 2 AT (MT) ZIROEIZHRAEL X U
(S) H(Tz,Ty) < b(d(z,y))d(z,y) forall z,y € X with z #y.
Suzuki OFEHOEL, b 2HT 5 212K >T, 2D gap 2ED HF simple 2271 7 7 TT.

3. INTRINSIC FIXED POINTS OF SET VALUED MAPPINGS

EAMEER T 12DV T, intrinsic fixed point theorem (Theorem 3.1) 2§27 U £ 9. GFHHDO ARZEHY 758
DD EBRRTHEE Y. EHOZRMD T, FFAFHHZ KD iteration (2 X > TG {z,} 2EKL T
{20} DEBIRIID S, 6 € Fry (T) = Ny Ta, OIAEZR R, BIZ, 0 € Fy(T), % To = {0} 2= 5
Z DD LI, FERSS I & FHE ORBR D [20] Tii LN EO—H e BEICBELTWE Y.

(X,d) ZHEBEZERI & U, f 2 X 25 (—o0,00) NDBIEE LET. D(f)={z € X : f(z) <oo} % [ DE
FREWOET. D(f) Ao THDLE, fidproper EFHENET. a € R T LT, L (f) ZIRDEEL [ D
level 84 UET: Lo, (f) ={z € D(f): f(x) <a}. f» P (lower semi-continuous) & (%, 3T
Da€ RIZDWT L, (f) WHIESIZRD I ETYT. BIRAIZ, f A LEHE (upper semi-continuous) &
X, —f P REEFFICRDEZETT. X 925 (—o0,00] ND proper 7 NEEMFEHMT RCOEEE A/(X) &
KL 9. KI3EIZ X OIZHESE L, IR FEIBLET.

Fe(X),be(0,00) LLET. 2 € X T2, ROk g, HZET: g.(y) = f(y) + bd(z,y) for
each y € X. f,d(z,-) € ¥'(X), b€ (0,00), D(d(x,-)) =X &V, g, € (X) TT. £7z, gu(2) = f(x) for
allz € X TF. D(f)NK % Dr(f) LEZTLET. K 952X ~DGKT 2NORITEEL 3

(ET) Te={yeK:f(y)+bdz,y) < flx)} ={y € K:g.(y) < f(x)} foreach ze€ K.
BT, K WSS, T OEFH, FROME LY, OBEAFEIZIZIFHS LT (BETCHAL £9):
o Suppose infycr f(y) € R. Then, infyex f(y) = infyep,(p) f(y) and Dg(f) # 0.
Suppose further that ¢ # K’ C Dg(f). Then, infycx f(y) < infycx f(y) and infyexr f(y) € R.
oz €Tr C Dg(f) forallz € Dg(f), x€Tax=K forall ze K\D(f).
o Tx is non—empty and closed for all =z € K.
o Suppose z € Dg(f) and w € Tz. Then, w € Tw C T=.
Suppose further w # z. Then, f(w) < f(2).

BEDOFRZTHRLVET. 2 € Dr(f),we Tz &0, we Dk(f), weTwTY. yeTw &I,
fy) +bd(w,y) < f(w), bd(z,w) < f(z) = f(w),
f(y) +0d(z,y) < fy) + bd(w,y) + bd(z,w) < f(w) + (f(2) — f(w)) = f(2).

Tw CTz%23FT. w2451 bd(z,w) >0 & f(w)+bd(z,w) < f(z) £V, f(w) < f(z) TT.

Theorem 3.1. Let (X,d) be a complete metric space. Let K be a closed subset of X. Let f € 4/(X)
satisfy infycx f(y) € R and b € (0,00). Let T be the mapping from K into 2% defined by (ET), that is,
Te={ye K: f(y)+bd(z,y) < f(z)} for each x € K. Let x1 € Dk(f) = Ay. For eachn € N, generate
Ap+1 and x,41 by the following procedure:

(i) This procedure will be stopped, if Tz, = {xn}* (Tzp\{zn}* = 0).

(i) App1={y € Tan: f(y) < %f(a’n) + %infngzn f(2)}

(i) Zps1 € Apsr.
Then the following hold:

(a) Thereisl € N satisfying x; € Fi(T), if the procedure stops.

(b) The sequence {x,} converging strongly to v € Fr(T) is generated, if the procedure does not stop.
Remark. For (a), z; € Fy, 1 (T) holds; 2 € N, Tx,. For (b), b € F(,,y(T) holds; & € NpenTn,.
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Proof. infyci f(y) € R &Y Dy (f) # 9. 1 € Ay = Dg(f) 2FEXRET. 2y € Tay C Di(f) THY,
Ty FIEZEFAEATT. X PEME D Toy B5EMTT (T, PWNTE YA X2 R TE Tey # {21}° TY).
infyer f(y) € R & Tay € Di(f) &9, infyex f(y) < infyers, f(y), infyers, f(y) € RTT.

Tay #{x}P 2 ELET. w#m &8Dwe Toy WEAELET. o T, infyers, fy) < flw) < f(z1)
TT. infyers, f(y) € R KO, IROBIRAEAL L 3
(3.1) infyere, f(y) < 3infyers, f(y) + 5f(21) < fz1).

1;5017 Ao 7é @ T@‘VJ)B To € Ay C Txq BERET. ZOL %7 T2 75 r1, o € Twg CTxy C DK(f)7 Txo
5E0H, infyers, f(y) < infyere, F(Y), infyere, f(y) € R TT. Tag # {x2}° B HIE, TOFhi & ZMkkiT
EET. ORI, Tay = {0} 275251 NDBNDET, Ay, tppr, Top VERINET.

(b) ZRLUET. TRTDONneNIZDOWT, Tay, #{z,} ELET. ZOLE, TZZETOHMM» S, N
G {x,} ELEHN {Ta,}, {A,} BEEI N, IROEMEHEZLET: TRXTDneNIZOWT,

(A) zp41 € Txpyq C Ty, C Dk (f), and Tz, is complete.

(B) infyGTmn f(y) S f(anrl) S %f(rn) + %innyTzn f(y) < f(rn)
x1 € Toy WWHERETNE, (A) &0, {2,} & Tey ORFITT. (B) &9, {f(z,)} FHEFBEDTT. £554,
infyer f(y) € RIF{f(zn)} D NRTT. o T, {f(zn)} 1FHD ce RIZIWIRL 7.
(A) & (ET) &0, TRTDn,me NIZOWT, IROBEFRESET:
bd( Ty, ) < Z;n;()I bd($n+]’+laxn+]’) < Z;’Zol (f(xn+j) - f(wn+j+1)) = f(xn) = f(@ngm)-
{f(z,)} PWORL b> 072D T, ZOAEFEXL Y, {2,} 1E Ty @ Cauchy 51 TT.

Txy \$5EMRDT, {2,} 1352 0 € Toy C Di(f) THIRULET. £72, (A) &9, FEDje NIZD
W, {xn}nzj (BT AN N T.’L’j DFFITT. de NnenT'x, C DK(f) (RS F{zn}(T) C DK(f) %?%l‘ij_,
5, 6 €To C NpenTr, C D (f) TT. HIZ, f€4(X) &Y, f(©) < liminf, f(z,) = lim, f(z,) TT.

veF(T); To = {0} #EHIETRT 20O, To £ {0} L UET. BB, 0 #£0 THDw e T WL
THLULET. 2OLE weTdC NpenTa, 2D f(10) < f(8) TT. /o T, 0 € NpenTz, & (B) &0,

2f(xnt1) — flan) <infyerg, f(y) < f(w) forall ne N.
lim, f(z,) < f(0) Z2FE9. ZORKRE, f(0) <lim, f(z,), f(0) < f(d) XD, FEEZMGET:
F(0) < limy, f(en) < f@) < f(0).

o PERIN Ty = {2} L UET. L0 S, Remark 28D T (a) BHSMITHLLES. O

Theorem 3.1 75, Takahashi O R/MEEEE [16, 18] & Ekeland D24 H [6] 25 & 7.

Theorem 3.2. Let (X,d) be a complete metric space and K be a closed subset of X. Let f € v'(X) satisfy

infyer f(y) € R and b € (0,00). For eachx € K, let A, = {y € K : f(y) +bd(z,y) < f(x)} and suppose
either f(x) =inf,ci f(y) or Ay # {x}® holds. Then, there is v € K satisfying f(0) = infycx f(y).

Proof. Theorem 3.1 D T & L3UE, Ay =T0 = {0}° &5 9 € K BMFEL, f(9) = infyex f(y) TT. O

Theorem 3.3. Let (X,d) be a complete metric space. Let f € A/(X) satisfy infyex f(y) € R. Let
be (0,00), ue X and A, ={y € X : f(y) +bd(u,y) < f(u)}. Then, there is 0 € A, satisfying (E):
(E) F(0) < fy) +bd(0,y) forall y € X with y # 9.
f(0) = infye p{f(y) + bd(?,y)}.
f(0) < flu) = bd(d,u)  (f(0) < flu), f(8) < f(u)if uzo).
Proof. infyex f(y) € R &9, D(f) # ¢ T3 . Theorem 3.1 TK = X &9 4UL, T FIROBIZAR D £9:
Te={yeX: f(y)+bd(z,y) < f(x)} foreach z € X.



u € D(f) D case 2% XA £9. Theorem 3.1 £Z®D Remark £V, 2y = v L BIHE, To = {9} &% 5
b €Tu=A, CD(f) BEELET. A, 1ZIFERH, £(0) < f(u) —bd(d,u), f(0) = f(D)+ bd(d,0) TT.
yg A, LUET. ZOLE, f(u) < fly) +bd(u,y) TT. REMFET:

fly) +bd(0,y) > f(y) + bd(u,y) — bd(0,u) > f(u) = bd(d,u) > f(0).

yEA Dy £0 EUET. To={v}* £V, y & To XHWETT, BB, f(0) < f(y) +bd(6,y) 2BET.
ZORRIZLT, 0 e A, B (E) 2= Z L 2R L £ L7z

u@ D(f) Dcase xFEAET. TRV e D(f) 2LV ET. uz o/ ITEESHZ7Z (E) 22T 0 € Ay
PEIELVET. Ay =X, f(u)=cc 2EET 5L, 0€ Ay C A, WY (BE) 273 L3S 1TT. O

Ekeland DZ /3 FEUZIEN K DO RBIDFLEL £9; HlZ 1L, Phelps [11] % &8, Theorem 3.3 DFEH
IZ, Theorem 3.1 DX Y IZ Theorem 1.1 ZHHT 2 &, IFADD U TT VRS BRFMBLDY £7.

Theorem 3.3 T, f € 4/(X) i infyex f(y) € R %Ti7ZL, be (0,00),u € X TT. TDLE, Fhlzbld f
PRNREFEONE S PEHID £EA. LS L, Theorem 3.3 &0, (E) 2723 0 € A, BWMFIELET. ©
12 & % perturbation #F U7z g5 € V(X)) AFZET: go(y) = f(y) +bd(d,y) foreach y € X. ZD &
E,(E)FROZEHEELET: e fORRNRERZRNE LT, g, 1M DR/ 0 25D,

4. BUNDLE FIXED POINTS OF SET—VALUED MAPPINGS

Bundle fixed point D#IEZ k7 DT, Fi#% equilibrium problem (H#H#E) IZBREL £3. TN TH
/L #i72 DT, Fan, Takahashi X Blum-Otteli 2355t U 7z S TAREW & Bh 5 HEMREZKD £ 7.

AEiD X E I, Browder (2 (B 5 <) i D, Fan & Takahashi A3 FJE X 72 2 2B O Ham & 285
IZBHE L W E T, RGO 72012, Banach 228 E & £ QI ZE 0 B IZEmOBEEREL£T. %
LT, C% EDENEALL, Cx C EOFEHHE 2 ZHEBIBZHBNET; oo 2L LEEA.

BEAEFEHE. 5012, KKM-lemma %2253 U E£$. Brouwer O A E)SUEHE % {fi 5 727 KKM-lemma DGk
HHEFHEI TS, T TH 1 R—VRBEITB TR O Tl % #IZ U £ 9; Dugundji-Granas [3], Shioji [14]
& ZDXHkE S, Brouwer O E B DG TRIEAZGEIIL, Takeuchi-Suzuki [22], Kulpa [8] &L T
<7ZE . KKM-lemma &, ZFIH L T U £ 21, Brouwer DEI K O BN T NI 93D H Y A,
AHITIE, {y;} ey, & C OERIBAEE, co{y;}5en,) & {v}5en, PHMBOERTE LEY. KKM
lemma D FEHIIZ T Brouwer OEEZfIATE 200 IZfillivES. C % Banach 4[] E O HELGE L,
K =co({y;}Sen,) & K LOERIRACEHR g 2EZXET. ZUT, {y;}5cy, POEKRIND E OHRIKL
ERA KRR L 25 2 5. Mp2eR 'ﬂE 1, MEBRIRTE A S 1, WO R 2B HERHEET. LrL
BRI TTRRIE 22 L 2R BRI ZERIZ T BN A RV ZMAHIZ L D UMEIEL £/ A. (o T, hzbixZ
Ofiff% Buclid fifHE BATHREVWERA. b, E OMEAMHLSE2NS L OFNAAHE L O Euclid
MAIE =B, MBS K =co({y; ]EN;C) C L% L ® Euclid A8 T compact, g 1& L ® Euclid AAH T &
ZEZTHWERA. ZOHEEX, Banach 25 E OBV E DR TH 2 0 IZHEBEINEHA.

Lemma 4.1. Let C be a subset of a Banach space E and T be a mapping from C into 2F which satisfies
the following:

(K1) CO({ZJ]'}]CeNk) C Ujen, Ty; holds for each k € N and {yj}]ceNkf

(K2) Ty is weakly closed for all y € C,

(K3) there is v € C' such that Tv is weakly compact.

Then, Fp(T) # 0, that is, NyecTy # 0.

C % Banach %8 E OMGHEAELE Ly, o € C ELET. ZOLE, [y1;92] = co({y1, v2}) & [y1392]° =
{z € lyrsyal 2 & {yr, va}} &, y1 & g BHEIEHE ORI TOHIRSY L BIRD TS
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CEMEEGLL, LI % CHS RANOBEEE UET. |5 convex & I&, IRWRNLT 52 LT
((1-a)z+ay) < (1—a)l(z)+al(y) forall z,yecC, ac(0,1).

rFy oI, 2O <E < TEEMASND L&, [ % strictly convex EIFOEF . — H3 (strictly) convex
ThdLE, 1% (strictly) concave LI, [ %3 convex 7> concave TH 5 & & | % affine LIFUE T .

1 A% quasi—convex & &, IRD (q) DKL T 5 Z & TT. [ D semi strictly quasi—convex & 1%, (ssq) H3%T
TBHILTHY, D strictly quasi—convex &1, (sq) LT HI LT

(q) For any y1,y2 € C, l(z) < max{l(y1),l(y2)} for all z € [y1;y2].

(ssq) For any y1,ya € C, I(2) < max{l(y1),1(y2)} if 2 € [y1;92]° and I(y1) # U(ya).

(sq) For any y1,y2 € C, I(z) < max{l(y1),(y2)} for all z € [y1;y2]°.
173 (q) & (ssq) 21729 & &, half strictly quasi—convex LIERZ XIZLET. T 5%, g—convex, ssq—
convex, sq-convex, hsq—convex & #&it L £9. —1 A° q-convex, ssq—convex, hsq-convex, sq—convex D & &,
| % q-concave, ssq-concave, hsq-concave, sq-concave LI E T, B R VDO THERZFERTEZEA
23, 1% convex 72 51X hsq-convex, [ 28 sq-convex % 5 1 hsq—convex, I A% strictly convex 72 5 ¥ sq—convex
TY. ssq-convex LB DIEE q-convex ZBEDEIZAEBRIEH Y EEA. (q) & (q), (o) FFEETT:

(@) U(2) < maxjen, l(y;) for any k € N, {y; iCeNkv z € co({yi}iCeNk).

(@) Li<q(f) is convex for all a € R.
C LD convex RBIBDEIIMIEIZDWTLERETT; I & 17 M convex 251X 1 =1' + 1" % convex TT. I
7 strictly convex, I %3 convex 7% 51X, 1 1% strictly convex T . C D q-convex 7B DEIL convex 72
BB OB BE L TWETA, THEZDWTERTIED Y FHA. Convex BREEIZDONWTDOH 2 HIEN, &
%558 q-convex MDD FIRICEHE A Z 2 03H 5L LTH, KTl 2R HREZRK T 2121, &S
B DGR D WTERE TR Ve, LIELIEAREERZ LITHAVWET.

C% EQOHNELLLET. FACXCH6 RADEKEL, TH & ST 2 IROBRICERL T
TFy={xeC:F(z,y) >0} foreach ye C, Sz ={yeC: F(z,y) <0} foreach z < C.
TE, SEEC»e O ~NOEAEGHTH Y, IIFHHETT:
Fp(TF) =nyecTFy={z € C: F(z,y) >0 for all y € C},
Fp(S8T) = NpecSTx ={ye C: F(z,y) <0 for all z € C}.

Fp(TT) & Fp(ST) %, ENEN EP(C,F), ep(C, F) £ K LET. ep(C, F) % EP*(C,F) L &KL %
$. 2 € EP(C,F) 2k % Z L% equilibrium problem X IFUE . Z OfMEId /MU L BEEH D
9 29 € Fp(TF) 51 infyec Fwo,y) > 0. 72, y € ep(C, F) 23K 5 Z & T KAGRE & BRA
HYET: yo € Fp(ST) o sup,ee Fa,y0) < 0. 820T, Bhtzbld, Fp(TF) # o, [Fp(ST) # o] ®
Fp(TT)N Fp(SY) # ¢ #{RIET 25 MICBlEDH 0 £9. 1T, 5 2 ZHEE f OBMRTEIE f »
SR U 72 2 ZHEM F O B/MERIBIZBIET T SN E 945, w € EP(C,F)Nep(C, F) kDB & %
equilibrium problem & IENAAFREIZRZE9: we EP(C,F)Nep(C, F) = Fp(TF)N Fp(ST) =514,

sup,co F(z,w) = infycc F(w,y) = F(w,w) = 0.

AR CHS E*~NDEHLELET. CxC»5 RANOBEKF %, ANREAWTIROKIZEZL £
F(y,2) = (y — x,Ax) foreach y,x € C. TDE &, CHh o C ~NEGEEGHETE & ST ITROBRIZIR D £9:

TFy={xeC:{y—x,Az) >0} forcach yc C, SFx={yecC:(y—x, Az) <0} for cach x € C.
Fy(TF) & Fp(ST) %, ThZNRVI(C, A), vi(C, A) L KT L 7. Wb,
VI(C,A)={z €C: (y—a,Az) >0 forally € C} = Ep(C, F) = Fg(T*) = NyecT"y,
vi(C,A) ={y € C:(x—y,Az) >0 forallz € C} = ep(C, F) = Fg(SF) = NpecSFx.



zg € VI(C,A) = Fp(TF) 23k 5 Z & % variational inequality problem (7 A% XMEH) LI F
3, Hartman-Stampacchia [7] 228, yo € vi(C, A) = Fp(SF) & Rkd 2[EE, Minty DREIKRTOD
variational inequality problem &FERZ BV EF. {ye E: (x—y,Az) > 0} 1, 2 € C & Ax € E*
IZE o THRESNLHLERTYT. ZOMYERE C OL@Esy SFe OFRIE THy OFR LW
FBG DT, vi(C,A) # ¢ ZIRIAT DHRMDEFRIE, VI(C,A) # ¢ ZIRAT 2RMDERELDES T
T FE7, 0 £ vi(C,A) C VIC,A) EWHRHED FT o € vi(C,A) 2FNE, v € VI(C,A) TH Y,
v € vi(C,A) NVI(C,A) = Fp(TF)n Fp(S¥) TF. HIbH, v € vi(C, A) %K 5 R#EIE equilibrium
problem & AT ET. ZOBIRMN LI, ¢ £ vi(C,A) C VI(C, A) BRI DKMV EETT; b L FET.
72U, BIEEM & U T, [ UMD A HIZHA DR WG vi(C, A) = VI(C, A) L 7.

v € vi(C, A) &R 5 RIED, F?ﬁji:r.ﬂﬁﬂﬁ@ﬁ%@/\LnBﬁ@%%gtEgﬁbfl/‘f) LIS MTL LS.
Banach H”F"i E O | 2 F % 2 DO#IZAE L, 2 O@E@Fﬁkﬁ@#\: BRI TH D case 5 X
9. ZOHETIE, £ < OEED, T ORREATEIRD RO HLE \@%mr‘:ﬁ'gibflﬂij‘.

C % Banach Zffl E DG HEE, F,G % Cx C 95 RADBEBE L, RO &2 HIfERL £7:
TG ={x € C:G(z,y) >0} foreach ye C, SFax={yeC:F(z,y) <0} foreach z < C.
LD 2,y € CIZDWVWT G(z,y) = —F(y,x) 2IET 5% 51E, TC = S ©F;
TSy ={zecC:G,y) >0={zecC:F(y,z) <0} =5y foreach yeC.

ZDHIF, CEZEMEAL LTHEMLET; 2 LT, C 25 compact T case 2 WET. C M
EHLU, hECHS RADEBELET. CHHMNEDT, IROZ LAELNET. h DY g-concave 72 &
X, hAY R e b A3 PG (weakly upper semi-continuous) (£[HI U Z & TY . 7z, GFHIEEN L
FID, RO EIEDERAL L 92 b AY R T ssq-convex 72 5 (X hsq—convex TY. y,z € C & LFT. Z
DL E, lim,((1- 1)z +Ly) =2 TF. LRSS limsup, A((1 - L)z + Ly) < h(z) THY, h B
R 51X im,, h((1— L)z + Ly) = h(2) TT. RS D FHVROEEE BN ET: For any 2,y € C,
liminf, A((1 — L)z + 1y) < h(z). ¥iPES DT, REICEER 2 DORMBEZEZ T

1) 0 < G(z,y) — F(z,y) for all z,y € C.

(F

(F2) F(z,xz)>0forall z € C.

(F3) F(x,-) is g—convex for each = € C.

(F4) G(-,y) is weakly upper semi-continuous for each y € C.

(F5) G(z,z) =0forall z € C.

(F6) G(-,y) is sq—concave for each y € C.

(B1) 0 < G(z,y) + F(y,x) for all z,y € C.

(B2) 0 < G(z,y) — F(z,y) for all z,y € C. (F1)
(B3) G(-,y) is weakly upper semi-continuous for each y € C'. (F4)
(B4) G(z,z)=0forall z € C. (F5)
(B5) G(-,y) is hsq—concave for each y € C. weaker than (F6)
(B6) For any z,y € C, liminf, F (1 — 1)z + Ly, y) < F(z,y).

Lemma 4.2. Let C' be a weakly compact conver subset of a Banach space E. Let F' and G be functions
from C x C into R. Suppose (F1)~(F4) hold. Then, Fp(T%) # o, that is, NyecTy # . Suppose further
that (F5)~(F6) hold. Then, Fg(T%) is singleton.

Rewriting results. There is w € C satisfying inf,cc G(w,y) > 0 if (F1)(F4) hold. There is a unique
w € C satisfying inf,cc G(w,y) = G(w,w) =0 if (F1)~(F6) hold.

Proof. (F1) & (F2) 25, YIFHHTY: y € Ty c Ty for all y € C. TC % KKM-lemma @ (K2)-(K3)
T e RMERLUET. (F4) £V, TRTCDyc CIZOWT, T EBHEETT. C 1359 compact T
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Tho, T £ 59 compact TF. TE 75 KKM-lemma ® (K1) 2j723 2 L 2R L ET. (LEIZke N
& Ay z‘CeNk % [E5E L, CO({yi}iceNk) C Uien,TC%; 2 RLET. k=108 & y € TGy 2BEZKI>T
WET. k€ Noc XUET. BWHEKTRTEZDIT, ROME k € Noc & 2 € E OFL2KEL £
zeco{yitiin,) C C, 2 & Uien, T TDLE, $RTD i€ N IZDWT 2z & TC;, Blb, §RTO
i€ N IZDWT G(2,y) <0 TH. o T, (F1)(F3) & v, FEEFET:

0 < F(z,2) < maxien, F(zy:) < maxjen, G(z,y;) <O.

KKM-lemma & 9, F5(T%) = NyecT # 0 213% 9. w € Fp(T%) = NyecT BIFIEL T
BT, (F5)-(F6) 2{KE L, Fp(T%) ={w}* 2R LET. w#w THDw' € NyecTCy BHFET DL L
EFT. v =1(wtw) € [w;w]° LTIUE, w,w € NyecT% £V, Gw,v) > 05D G(w',v) >0TT. fito
T, G(v,v) =0 & G(-,v) ' sq—concave & Y F/EZEMHFET: 0 < min{G(w,v), G(w',v)} < G(v,v) =0.
F7z, we Fp(T%) & inf,ec G(w,y) >0 ZEWKL, (F5) &Y, inf,ec G(w,y) = Glw,w) =0TF. O

Lemma 4.3. Let C' be a weakly compact convex subset of a Banach space E. Let F' and G be functions
from C x C into R. Then, the following hold:

(1) Suppose (B2) hold. Then, Fg(TT) C Fp(T'%), that is, NyecT 'y C NyecT y.

(2) Suppose (B1)~(B2) and (B4) hold. Then, y € Ty C Ty and F(y,y) =0 for all y € C.

(3) Suppose (B1) and (B4)~(B6) hold. Then, Fp(T%) C Fp(TT), that is, NyecT%y C NyecTFy.

Proof. (1) Z2RUET. (B2) &9, IS, TFy c TCy forally € C. TDI L5, BV E T,
Fp(TF) = NyecTFy C NyecT = Fp(TY). (2) L ET. (B1), (B2) & (B4) 2IKE LD T,

0=-G(z,z) < F(z,z) <G(z,z) =0 forall ze€C.

BoT, (1) bEET DL, MPBBLLET: ye TFy c TSy, F(y,y) =0 for all y € C.

(3) #RUZET. 2 € F(T®) = NpecT2 & LET. [IRIZy € CEREEL, 2 € TFy Z2RLE
T.neNITEW, 2, =(1-L)z+LlylLEd. FRTOn e NIZOWT, Gy, z,) <0%&RL
¥F9. o y=2461F B4) &9, Gly,zn) = Gly,y) =0foralln € N. y # 2 UET. (B4) &b,
Gy, z1) = Gly,y) =0 TH Y, z, € [z;y]° for all n € Noc. G(y,zn,) > 0 &7 5 ng € Noc DIFE%R
REUVFEE2EEET. 2 € MuecT% &0, G(z,7,,) > 0TT. HIZ, (B4) &9, G(2py,Tn,) =0T
T ZUT, G(2,20) = Gy, zny) & TN, (B5) £V G( -, 2,) 13 g—concave DT, 0 = G(Tny, Tn,) >
min{G(2,2n,), G(Y, Ty )} = Gy, Tny) > 0. G(2,20,) # Gy, 2n,) EFTHUE, (B5) &0 G( -, ) 1& ssq—
concave 2D T, 0 = G(Tpng, Tny) > Min{G(2,20,), Gy, Tng)} > 0. EBIIFEEFBZDOT, Gy, z,) <0
foralln € No<. 22 E TN S, (Bl) EET 2L, 0< -Gy, z,) < F(zy,y) for all n € N.

ZORRIZUT, (B6) &9, 0 < liminf, F(z,,y) < F(z,y), 1% 2 e TFy 2133, gy IMILETT NS,
z € NyecT 'y = Fp(T") TF. ZOIZLT, Fp(T%) C Fp(TV) 213 % 7. O

Fan, Takahashi, Blum—Otteli OHfFRAA. I ETOME - S 2HKEL £7.
W E W% 3 1UE, Fan, Takahashi [17) 12 G = F £ LT (F1)-(F6) %% L, Blum-Otteli [2] {ZIXD
Bt F T (B1)-(B6) &R L E L7z G(z,y) = —F(y,z) for all 2,y € C.

Theorem 4.4. Let C be a weakly compact convex subset of a Banach space E. Let I be a function from
C x C into R satisfying the following conditions:

(1) F(z,z) >0 forallz € C.

(2) F(z,-) is ¢-convez for each z € C.

(3) F(-,y) is weakly upper semi-continuous for each y € C.
Then, Fg(TT) # @, that is, NyecTFy # ¢. Suppose further that F(z,z) =0 for all x € C and F(-,y) is
sq-concave for each y € C. Then, Fg(TT) is singleton.
Rewriting results. There is w € EP(C,F), that is, there is w € C satisfying inf,cc F(w,y) > 0.



Suppose further that F(x,x) =0 for all z € C and F(-,y
a unique w € C satisfying infyec F(w,y) = F(w,w) = 0.

Proof. G = F & LT, (F5)—(F6) & MaE L 2% (F1) HEBIMICRILET. (1)-(3) £ G = F & b, (F2)-
(F4) DEANZIEEATY. BHIZ, $RTD 2 € CIZDOWT Fz,z) =0,y € C Z&IZ F(+,y) I& sq—concave,
ERETIE, G=F 2DT, (F5)-(F6) AL LU 3. Lemma 4.2 £V, fifi 2B %7 |

Theorem 4.4 % &€ Fan, Takahashi DFER DWW < D22 Blum-Otteli [2] D +EE & Corollary 1 (17)
X, TOREIZNW DD LB EFEAE U7z, Theorem 4.5 1&, HHOAREMN R —Hy 2 ML 25 DT,

y) is sq—concave for each y € C. Then, there is

Theorem 4.5. Let C be a weakly compact convex subset of a Banach space E. Let F' be a function from
C x C into R satisfying the following:

(1) F(z,z) =0 foralzeC.

(2) F(z,y)+ F(y,x) <0 for all z,y € C.

(3) F(z,-) is weakly lower semi-continuous and ssq—convez for each x € C.

(4) For any z,y € C, liminf, F (1 — )z + %Ly,y) < F(z,y).

Then, there is w € C satisfying w € Fg(TT) = Fp(S¥). Furthermore, replace ssq—convex by sq-convex
in (3). Then, Fp(TT) = Fp(ST) is singleton.

Rewriting results. There is w € C satisfying sup,co F(x, w) = infyec F(w,y) = F(w,w) = 0.

Furthermore, replace ssq—convex by sq—convex in (3). Then, such w is unique.

Proof. IRDFRIZ G 2EHL T G(z,y) = —F(y,z) for each z,y € C. (F1)-(F6) & (B1)-(B6) % MiF
L. (B) EBIIZHILL £ 0 = Gz,y) + Fly, o). (1) 1% (F2) £ DRWRAETT. G 0EHE (1)
£0,0=—-F(z,2) = G(x,z) for all x € C; (F5; B4) i LET. (2) &9, TRTD 2,y € CIZDWVT
F(z,y) < —F(y,z) = G(z,y), #>T G(z,y) — F(z,y) > 0; (F1; B2) LU £ 9. (3) &0, (F3) ¢
WET. )L GOEFELD, ye C T8I, G(-,y) 1:39 EFERE, hsqconcave TT; (F4; B3) & (B5) »°
BAL U ET. £72, (4) & (B6) EFUEKMEROT, F & G i (F1)-(F5) & (B1)-(B6) %7z L EF.

Hi# L Lemma 4.2 &£V, w € Fp(TC) PMFAELET. BIZ, 5 L Lemma 4.3 £ 0, Fp(T%) = F(TT)
TF. GOEHED TC = ST TFH S, w e Fp(SF) = Fp(T%) = Fp(TF) 2B % 7.

(3) @ ssq—convex %, & DI sq—convex & UET. GDEFHLD, G(+,y) & sq—concave TT A5, (F6)
BHALL . M5, (F1)(F6) $RTHMALL £ 7. Lemma 4.2 & 0, Fp(T€) i 1 REATT. 0

F 7z, Blum-Otteli I&, ¥ DFRARFEED KT, C 5355 compact & \WHKEER C BEFHES & WD (EIZHHD
SNDHEFAFHIZERELUE Uz, 2O LA S Oz @MIZ RE TV, E 21 S 5 TR 2%
" Banach ZE# & 0K, E* 185 2 TR Z2PFE™ Banach B TY. ZOMBEORWERTIE, HF
DRI DN T HRAITE X J. Theorem 4.5 ZE [T % &, IRD Theorem 4.6 BFS5NF T,

C 15 RANDBEHRf 2 coercive & 1&, C DiiH {x,} D3 limy, ||2,]| = o0 72372 51 lim,, f(x,) = oo
MEKSL T 5 Z & T . Theorem 4.5 @ C 7355 compact & WO IKEN C PHELG L WO IREICESHRZ 5
TWET. 72, ZOHBDFHEMRDFEE D720, Theorem 4.6 D (3),(4) 1%, Theorem 4.5 D (3),(4) & D HRVK
FEWZ L TWET. Theorem 4.6 DFFHHIZH L < H 0 THAVHBMOBEGRTEHEL 7.

Theorem 4.6. Let C' be a closed conver subset of a smooth strictly convex reflexive Banach space E.
Let F be a function from C' x C into R satisfying the following:
(1) F(z,2) =0 forallze€C.
(2) F(z,y)+ F(y,z) <0 for all z,y € C.
(3) F(x,-) is weakly lower semi-continuous and convex for each x € C.
(4) For any z,y € C, limsup,, F’ ((1 — %)z + %1/ y) < F(z,y).
Suppose that —F (-, a) is coercive for some a € C. Then, there is w € Fg(TF) = Fp(ST).
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Theorem 4.6 DFEET, 2* € E*,r >0, a € C 2 LET. O xC 25 RANDEI f 1% Theorem 4.6
(1)-(4) 27T L U, RO C x C S RADEB g, .- & FEZZET:
gr=(@,y) = 5llyl* = 5ll=l® + 7y — 2,2%), Fla,y) = f(z,y) + gre-(x,y) for each z,y € C.
gr»+ V& Theorem 4.6 (1)-(3) Zifi7z L, g .+ (-, y) (F3HHE, —g, .+ (-, a) I coercive TT. f & g, .- DWE &
D, F £H0 Theorem 4.6 (1)—(4) Z{ifi7= L, —F(-,a) & coercive TT. ZOMIEIEBEATH Y, g & F
DHEREIPS, L OFHBHERMESNET; HIZIE, [1], [19], [13] LEET 2FEREB/ONET.
C % Banach Z5[i] E QM HEE, fLgZ2 Ox C 26 RADBEKE L, RO F,G 2ED £7.

F(z,y) = f(z,y) + 9(z,y), Glz,y)=—f(y,2) +g(z,y)  foreach z,y€C.
Blum-Otteli Digafld, TD f,g DERMEZHE L T, G(z,y) = —F(y,z) L L, F(z,y) #* Theorem 4.6
(1)-(4) ZH7=THICTEZ L E2FERL VD, LEFEHITTEDONET. £, g »5 Theorem 4.6 (4) &7z X
f4+gdi7zUEd. 72720, %5 D5 X 725MFf L Theorem 4.6 (1)-(4) L IFRFANPELY £5.

C % Banach %M E OB EGE L, A% C o E* ~DGH{L UET. AN monotone (HFH) & IFIK
DEMPFET-ENDEZ LTS (z—y, Ar — Ay) >0 for all z,y € C.

Theorem 4.7. Let C' be a weakly compact convex subset of a Banach space E. Let A be a mapping from
C into E*. Define functions F' and G from C x C into R respectively by

F(z,y) = (y —x,Az), G(z,y)=—F(y,z) = (y — x, Ay) for each z,y € C.
Then Fp(ST) is weakly compact and convex. Furthermore, the following hold:
(a) Suppose A is monotone. Then, Fg(TT) C F(ST) and Fp(ST) # .
(b) Suppose A is norm to weak continuous. Then, Fp(ST) C Fp(TT).
Rewriting results. vi(C, A) is weakly compact and convex. Furthermore, the following hold:
(a)" Suppose A is monotone. Then, VI(C, A) C vi(C, A) and vi(C, A) # o.
(b)" Suppose A is norm to weak continuous. Then, vi(C, A) C VI(C, A).

Proof. F,G DEFEL YD, EHMETT: G(x,y) + F(y,x) =0 for each z,y € C. f->7T, T¢ = SF TT.
CWEM, F,G OFEH, LIIROMELY, F & GIZoWT, RO ERIZIFIEHSH T

o F(z,z) =G(xz,z) =0 forallzeC.

o G(-,y) is affine for each y € C. F(x,-) is affine for each z € C.

o G(-,y) is weakly continuous for each y € C. F(x,-) is weakly continuous for each x € C.
C %% compact Ti'M& F(a,-) A affine THEHE & 0, ST 1£59 compact T, f€-> T Fp(ST) $ 5% compact
THTT. MIL<HRALTEE£Y. G(-,y) » affine XY G(-,y) I hsq—concave, F(z,-) »* affine £ 0
F(z,-) ® hsqconvex TT. CIFEAMES, G(-,y) & F(x,-) & C LTHEKE TS 25, 55 NPEE» D5
EREETY. F, Gld (F2)-(F5) KU (B1), (B3)-(B5) &iii7zLTWE 3.

(a) ZRLUET. F, GDEFL A D monotone &9, G(z,y) — F(z,y) = (y — 2, Ay — Az) > 0 for all
r,y€C. o T, F, G % (F1;B2) 27z LE Y. 6> T, Lemma 4.3 £V Fp(TF) C Fp(T%) = Fp(SF)
PN UET. £72, F, G & (F1)-(F5) 272 LTWA5DT, Lemma 4.2 £ 9, Fp(SY) A0 2B %7

() ZRUET. IRE LD, AN EIZ/IVANM, B* CHMHAEHZ 2 5L EEHKETT. LRI 2,y C %
BEL, neN T iZa,=1-L)z+Ly e LEd. 20L& lim, |z, — 2| =lim, 1|y — 2] =0 T
AlFERU 72 IR THERE T2 5, IROBIBRDENL L £9:

(4.1) lim, (y — z, Ax,) = (y — 2, Az), lim,(z —y, Az,) = (z —y, Az).

—hiz—an=L1(—y) LV, EEDnE N IZOWT, ROERNPHILL £

F(xnv Z/) = <y - xrmAxn> = <Z/ - Z7Axn> + <Z — Tn, Ax'n,> = <y 2 Axn> + %<Z - Y, Axn)-



ZOMBRE (4.1) &Y, lim, F(z,,y) = (y — 2, A42) = F(z,y) 2137, HIb, (B6) B LET. - T,
F, G % (B1) & (B3)-(B6) %%z L £ 9. Lemma 4.3 £ 0, F(SF") = Fg(T%) C Fp(TF) #13% 7.

Z @ (b) DEEAHIE, A 2% norm to weak continuous &\ D 5% £ D FGWRDEMFITRATH, HS M

ARHTT: EED y, 2 € CIZOWT, §19) [y 2] EOFH {zn} ={(1 - 1)z + Ly} HY (A1) 23, O

kokockokok
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