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SOME TYPES OF FIXED POINT FOR SET-VALUED MAPPINGS 

ma•~~w~<?~©~~7w~~• 

i',,'jjjj:j.p~)JU~f!ljl,f-frlilf~/1/r ,ttpg ¥tl (Yukio Takeuchi) 

Takahashi Institute for Nonlinear Analysis! 

1. ffl~ 

~F~O>!,/Hil(O>:$i'/", iEO>~Mil(O>$i'/", ~Mil(O>$i'/"'a'., -'c:h-f':hNo, N, R t~lfi:L,:t't. k EN ::.•t1:, 

Nk = {j EN: j <:: k}, Nk,s = {j EN: k <:: j} t U a; T. N = N15c -C't. ma X O)Jt~:B':$i'/"'tX--CO)~ 

'a: 2x t~lic l, :t't. C iim'1:#~$i'i"t l, "~F~" 'a:~~ l, :t't. C t X 'a: Cc X Hl!if:::'t$i'/"t u, C 

iJ'G 2x "'-0>¥8 T 'a: C 7'J'G X "'-O>$a{i¥8til>¥rf:t't. z E Tz 'a'.l'il!/f::TB z EC :a:$i'/"{1¥8 T 0) 
:fill#,( t IJlJZrf :t T. T O),fi/JR,(T x.--c 0)$i'/" {z E C : z E Tz} 'a: F(T) t ~lia l, :t T. - BX E X tnt :a: 

~1/'it'tQ:$ir:a: {x}" t~lii:G:t't. Ji!g!ff~Fdlt Banach~Fsi0>l!i;z!>:BkJt~~lilll!H1\:~f:MfflG:t't. 

Nadler [10] ii Banach O);f,/lj1J\¥8J,l.fEl:a: 1969 ,if1:•i'/"f@¥80>.:±:iJ:IH:,¥$ L, :t l, f::. Reich [12] O)~)l!s l, 
f::: Problem 9 "'-O>f!J/i1~ t u--C, Mizoguchi-Takahashi [9] ii, 1989 ./fl: Nadler 0>*,li!f:'a'.1Jti)l l, :t l, f::. ::. 0) 

-~M!f:~~-~:h--c~<0>M~TQM~#m:h:tuk. L,~t.,,~~L,k:fi/J#,(O>ffl~~#'m'~ffl<,~ 

tt~bkQ•a■¥8:a:~•'9Q~~,::.0>ffl~~~-C~:f+:B-~t-~~~mb:h:t't. 

•a■¥8T'a'.~0>-~~-TQ~~~~--c~,T"'---CO>xEC#TO>;;fi/J#,(~~Q::.tt~~:tT.M 

;zii, !ruNl:r"iJm:a:~•-:tnii::. 0>•~•afr¥a1: Giiuiitf:l~1,,::1;-:t. ::.0>~i£:a:~EITQ t, •afi¥ 
80>,fi/J#,(O>, ~ ~i\11B.l(:>;ipt~[R:5ttti.h~~titJl!;lb:h:t't. -'cu--C, j:~~j,lg:hii, NadlerPJfiJ;ip/;_:, Browder, 

Fant~~-~< O>M&"Jt~;o!, ::. 0>•1:[R:B-it ~ :hf:::fi/J#,('a'.::zl>:~BkJf:iiM~ t.,--c1,,f::::. t 1:~M~ :t't. 

::. 0>-t~;fil,~;IJ• G, ;zl>:~-Cii, .i'i-{1¥8 T O>)'j{O)·t~,fi/J,~:a:~• L, :t't: 

(I) Tz = {z}" 'a'.l'il!/f::T z EC 'a: T 0) intrinsic fixed point tlJlJZrf:t't. 

(B) z E nyEcTy 'a'.l'il!/f::T z EX 'a: T 0) bundle point tiJlJZtt':t't. 

J!f::, z E nyEcTy 'a'.l'il!if::T z EC 'a: T 0) bundle fixed point tlJlJZrf:t't. 

1tt*O>ffl~:a: ~ ~ i\11B;IJ• < [R:B'tt l,f;:, ::. 0)-t~,fi/J#,(O).i'/"'a'. F1(T), FB(T) t~llc l, :t T. ;zl>:~-Cii, ~~ 

f:JZ;t.:;--C C 0>,~7U {xn} 'a'.§::/lJGL,:t't. ::.0>t ~, uiiUi, F{xn}(T) = {z E F(T): z E nSxn} 1J'm~ 
1=~ ~ :t't. tdi l.,, F{xn}(T) :a:-17 S}l~ l, :tit/v. ¥fr~, F{xn}(T) 0)•1'1J:~ii {xn} 0)•1'1J:~l=f.!x-ff l, :t't. 

Bundle fixed point ii, ::. 0>ffl~;1J,t~1,, t l., --C t, ::. 0):5t!l\y0)1,, < "?;/J'O>.±Ji!! t W~f:00~ l,, ffd;: i:, I: 
~ili:t~tO>-CT. ,WIJ;zii, KKM-lemma iiJl!!Jli'J.89~ bundle fixed point theorem -CT. -15, intrinsic fixed 

point t 1,, -5 ffl~iilfl[~.7}.;ott~i,, t ,1!;!.1,, :t T1J', WU ii, )'j{O)~Jlll. (Theorem 3.1 O>~~) HiESJl-C ~ :t T. 

Theorem 1.1. Let (X, d) be a complete metric space and b E (0, oo). Let K be a non-empty closed subset 

of X. Let f be a proper lower semi-continuous mapping from X into (-oo, oo] satisfying infyEK f(y) ER. 

Let T be the mapping from K into 2x defined by 

Tx = {y EK: f(y) + bd(x, y) <:: f(x)} for each x EK. 

Then, there is v E K satisfying v E F1 (T), that is, Tv = { v }8. 

Theorem 3.1 (Theorem 1.1) ;IJ•G, Ekeland O)~:B'JllUJI! [6] .l(:> Takahashi O)~Jj\{@~llll. [16, 18] 1J'~~I: 

~;o•:h:t 't. "? :t ~, .& < ~ G :ht::M!f:0>1,, < "?;/J•ii, ::. 0>~Jlll.0>1'f fflt~f£111R t ~ ;z Q::. t ;ot-c ~ :t 't. 
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,$:~-C ,i, ~-8-{@'¥~0) J:: IJ *llliJ· < 12<: 71' It~ ;/1,f;:::fl/JF.'H::&-:i -c, l!!f(¥0)*'1f* (tfril5tt:: :bf;: 7-i 0)--Cv, < -? 
iJ•O)_::l_:Ji!!t:: -?v'-C) iJ1'.l::·O)at::~fJI!~ :h7.i iJ•:a: J;,-:t 9. v' < -?iJ•O):i:Jil!'lO)fflJ\,il& IJ ~ -5 ~i'rfii!¥~ T O)ffl 

~-c2!!> 7-i::. t iJ!ffl~-c ~ 7-i t ,i!lv' :t 9. ~ G-c, 11'\l't::"Fttt:: ,i, ret.f¥0)*'1f*:a: Jll.~ L, lll < ~fJl!9 7-i::. t ,i::k 

-tmt;i::=. t tJ!l:b:h, ~L,v'M*t::t~iJ!7.J t~;z -cv,:;!;9. td!..L,, ~~-C9iJ!*J.HSn::ff1!J~Ut2!!>7.Jt;:clb, ~~ 
1¥]t;i:,Wlj0)*1Jft-t:: t t:· :;I; IJ, {11ljj[9 7-i bundle point i;i: /::'O)!'lf~ t ,i!l:b;/1, 7-ilffi:~-?, l'JRl!:9 7.iffl!k O)~JvKl'511v ,r"i 

■:a:~M97.J:=,t~-C~:tit~.:tk,l&IJL~7.J9~-CO):±:~~&~:a:-?07.i::.tt-c~:tit~. 

2. FIXED POINTS OF SET VALUED MAPPINGS 

Banach 0)~1J,¥~!]l{f_!l!O)jJJ;~O)v'< '?iJ''i, ~i'rfil'¥~0):±:~t::ffl~~;/1,-Cv':;l;9; .WU,i Du and 

co-authors [5] t ~O))t~'a'.~~- :2fs:W-C,i, Mizoguchi-Takahashi O)JEfJl!O) version :a:Mlllt L, :;I; 9. 

(X, d) Hslff~F"i t L,, u EX, C E 2x t L, :;I; 9. ::. 0) t ~, u iJ, G C A.O)jj!glff d(u, C) 'il'J{O):f.i(H::JE¥i 

~;/1,:;!;9; d(u,C) = infxEcd(u,x). l'J{0)1mJil!'liJ!JJx:j'[l.,:;!;9, 

Lemma 2.1. Let (X, d) be a metric space and let T be a mapping from X into 2x. Suppose z E X 

satisfies Tz i= p. Then, the following holds: Id( u, Tz) - d( v, Tz) I ::; d( u, v) for any u, v E X. 

X O):j:p~~WMl°t~JJ'~-8-9~-CO)~'a'. CB(X) t~lJi:;L,, H 'a'.l'J\O)at::JE¥iL,:;!;9: 

H(A, B) = max { supxEA d(x, B), supyEB d(y, A)} for any A, BE CB(X). 

l'J\0)1m/miJ!JJx:j'[9 7-i f;: .lb, H ii CB(X) LO) d t:: J:: 7-i Hausdorff jj!glff t IJS¥iih :;I; 9. 

Lemma 2.2. Let (X,d) be a metric space. Then, so is (CB(X),H). 

(X, d) 'a'.§\Hffijj!gJIMt=,;gr.,, t L,, T :a: x 7J' G CB(X) A.0)'¥~ t L, :t 9. j>t;i: < t.tv'-liif~1'fiJ!, 11.t G O)~JE L, 

t;:~{tf:O)T-C, T O)::fl/J,~t::531J!JOl:[9 7-i X O),~;VIJ'a'.~~ L, :;I; L,t;:. u EX t 9 7-i t ~, C E CB(X) -C;b-:i 

-C t, d(u, v) = d(u, C) H!lif;:9 v E C iJ!.f¥t£9 7-i t iii!N IJ :tit~- ret.f¥0)-li/f~iJ• G, :=. O)ai;i: v E C iJ!m' 
t::.f¥t£9 7-i t.t G Ii, T O)::fl/J#-\ A.O)JlI{)_;l_#.Cf!J :a: fJl!Mi¥J t::f~7.i::. t iilt~i¥J!g~ t!.. t ,'!l:b;/1, :t 9. L, iJ· L,, ::. 

O)ai;i:vEC0);(¥~~~&~;/1,:;l;it~~G,::.O):i:Jil!'j~,-ffl~■{)_;l_97.J~■ :a::2fs:•1¥]~~~97.,::,t~t;i: 

IJ :;!;9. ~t::, illf.J;.(#-\-91JH&fii!lltff-Cf~7.i-¥~~:a:~;z:h1i, ~t;:t.tl;EIJiiJ!ttt7.iiJ•t G:h:tit~. :2f,:1,l'1i-c 
,i, ::.O)at.t~fi'5t:a:i'rfJl!i¥Jt::m;z7.if;:clbl::, Takeuchi [21] O)~JvKL'O)lfF:@ilislfflH;!f-? iteration :a:~;z:;!;9. 

::, O))tll/K-C, step n '"CO)ilp!g)jiglffl An t ,i, -¥~~ t::1$,vffi~ ;/1,7., X O)J't~JJ'~ft-C9, ~ l.,-C, Xn E An t L, 

-C l!:JJx ~ ;/1,7.i,~:V!J {xn} ii, 21!> 7-i x. E F(T) t::fJl!Mi¥Jt:: ,is31JlJC~9 7-i::. t iJ!~it~ ;/1,:;l; 9, td!.. l.,, An+i Ii 

~m' Xn l::{&;(¥L,-C~:;l; IJ, trn/JI:: {An} 'a'.~!E9 7.J::, t ,i-c~ :;!;it~. l:5f~O)/[jlj;%\Jt:: J::-:i-C, Xno+l E Ano+l 

;IJ!f!l\G;/1,t;i:1t:h,i-¥~~,if¥11:L,:;!;9, WLl;z,i, Ano+l 0)-1j-,( ~:n;, fL.f;:i:,0)-¥~~-?~~1::~[:§97.,.ffl 

O)Li!NJ:: IJ ,J, ~ < i;i::h!i, -¥~~ iif~JJ:9 7-i::. t t:: t.t IJ :t 9. ~;/1, -et, { d(xn, x.)} iJ!f_!!!.ft(Jt:: iiO t::J[UR 
9 7., 0)--C, fL.f;:i:, ,i step n0 :;I; -CiE L, Hifjgj:a:~-:i -cv,7.J t~ ;z 7.,::. t iJ!-C~ :;I; 9. ::. 0)-¥~~ t~~t::-? 

v'-C, d(xn0 ,x.) iJ!*~-C2b-:i-Ct, Xn 0 'a: x. E F(T) O):i&,BlO)JlI{.J;.(,~t~;z7., :=. tiJ!-C~ ;;!;9, 

a 'a'.l'J{O)~{tf:'a'.{l!lif;:9 [0,oo) iJ·G [0, 1) A.0)00~t L,:;!;9: limsup8 --+t+oa(s) < 1 for all t E [0,oo). -? 

-?71'7J'i:JTGv'limsups--+t+Oa(s) < 1,i, lime--;OSUPsE(t,t+e]a(s) < 1 t~;z-C;IJ>:;);v,:tit~. tt,7>~, 
c > 0 '"('9, c E (0, 1) ;::· t 1::, )'J{O).i;i:00~ be 'a:~ ;z :;I; 9: be(t) = c X 1 + (1 - c)a(t) for each t E [0, oo). 
::.0) t ~, be ,i [0, oo) 7J' G (0, 1) A.0)00~-C;b 1J, a(t) < be(t) for all t E [0, oo) tl'){ 'a'.{l!lif;: L, :;I; 9: 

o limsups--+t+oa(s) :S limsups--+t+obe(s) < 1 for all t E [0,oo). 

Mizoguchi-Takahashi O)JEfJl!O) version :a::m~ L, :;I; 9. iiESJHi, ,$:•ft(Jt:: ,i Suzuki [15] O)t, 0)'"('9, 

Theorem 2.3. Let (X, d) be a complete metric space and T be a mapping from X into CB(X). Let a 

be a function from [0, oo) into [0, 1) satisfying limsups--+t+O a(s) < 1 for all t E [0, oo). Assume 

(MT) H(Tx,Ty) :S a(d(x,y))d(x,y) for all x,y EX. 
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Define a function b from [0, oo) into (0, 1) by b(t) = ½(1 + a(t)) for each t E [0, oo). Let x1 E X = A1 

and A2 = Tx1. For each n EN, generate Xn+1 and An+2 by the following procedure: 

(i) Xn+l E An+l • 

(ii) This procedure will be stopped if Xn+1 = Xn-

(iii) An+2 = {y E Txn+l: d(Xn+1,TXn+1) :<::: d(Xn+1,Y) :<::: b(d(xn,Xn+1))d(xn,Xn+1)}. 

Then the following hold: 

(a) There is l EN satisfying xz E F(T), if the procedure stops. 

(b) The sequence {xn} converging strongly to u E F(T) is generated, if the procedure does not stop. 

Proof. Tx1 E CB(X) J:: fJ, A2 = Tx1 # 0 li§SJ§c:9. x2 E A2 C Tx1 '3::il!'"'*9- x2 # x1 '3::{,&~L,;t 

9i d(x 1,x2) # 0. :'.:O)t ~, b O)•~J/H~/Jl9:hl:J:, x2 E Tx1, (MT) t H O)~~J:: fJ, 

d(x2, Tx2) :<::: SUPzETxi d(z, Tx2) :<::: H(Tx1, Tx2) 

::; a(d(x1,x2))d(x1,x2) < b(d(x1,x2))d(x1,x2) < d(x1,x2). 

:ft£-:, L, d(x2, Tx2) = infyETx2 d(x2, y) f,t. 0)1:, A3 # 0 1:9. X3 E A3 C Tx2 '3::Jll'"' ;t 9. ::. O).fsl[H:: V-C, 
Xz+1 = Xz tt,t.o l EN iJ!lJi.:ho ;tc:, Xn+1, Txn+l, An+2 iJ!~)lx;~;h;t9. 

(b) 'a::~ l, ;t 9. '/XO)::. t 'a::{.&~ l, ;t 9: Xn+1 -/c Xn for all n E N. ::. 0) t ~, ::. ::. ;t 1:0)i'lmfsiJ, G, gf[J 

{xn} t~-;"rf[J {Txn}, {An} 'a::;/~;t9. ~O):'.: t '3::1;lh-C1'';t9; 

:/tt-:,-C, {d(xn,Xn+1)} Ii [0,oo) O)~jj/eyj~j>f[Jc:9. {d(xn,Xn+1)} liibo TE [0,oo) f::~3Rl,;t9_ b(T) E 

(0,1) t limsups➔T+ob(s) < 1 J:: fJ, i'J(O)~~ r E (0,1) t E: E (0,oo) iJ1:(¥tEl,;l;9: b(t) < r for all 

t E [T, T + c]. J!f::, i'J(O)~~ no EN iJ1:f¥tE l, ;t 9: d(xn, Xn+1) E [T, T + c] for all n E NnoS.· :ft£-:, -C, i'?Z 

'a::ffl,;t9; b(d(xn,Xn+1)) < r for all n E NnoS.· ::_:ri,i;O)::_ t iJ,i;, 9A7."(0) n E NnoS. f::-::>1,,-c, 

d(xn+l, Xn+2) :<::: b(d(xn, Xn+1))d(xn, Xn+1) < rd(xn, Xn+1)

r E [O, 1) J:: fJ, limm L: = 0 1:9. 1 t::, 9"'-L 0) m, k EN f::-::>1,,-c, 

d(Xn0 +m, Xn0 +m+k) :<::: ""I:,']'=-t;;,-l d(Xn0+j, Xn0 +j+l) < ""I:,']'=-t;;,-l r1d(Xn0 , Xn 0 +1) < 1"_:d(Xn0 , Xn0 +1)-

:ft£-:, -C, {xn} Ii Cauchy f!J-C:9. X li%-M/ic:9iJ' i;, {xn} liib o u EX t:::si~.JR l, ;I; 9. 

u E Tu 'a::~ l, ;t 9. Lemma 2.1 J:: fJ, ld(u, Tu) - d(xn, Tu)I ::; d(xn, u) C:9. limn d(xn, u) = 0 J:: fJ, 
d(u, Tu)= limn d(xn, Tu) H~t 9. 1th -C, Xn+1 E Txn, (MT), t H O)~~J:: fJ, 

d(u, Tu)= limn d(xn+l, Tu):<::: limn H(Txn, Tu):<::: limn b(d(xn, u))d(xn, u) :<::: limn d(xn, u) = 0. 

Tu E CB(X) liM~€i"L'9iJ>G, u E Tu 'a::1~19. i'JZ/::, (a) 'a::~l,;!;9. Az+1 iJ!~Jlx:~:h-C, Xz+1 = xz ti. 

tl.,;t9_ :'.:O)t~,@:t,t::x1=X1+1EA1+1CTxziJ1:ftt1,,;);9_ □ 

::_O)~J'lc:, r E [0,1) tl,, ~O)~~~~a'a::il!'"'l:J:Nadler [10] O)ifla*H~i9: a(t) = r for all 

t E [0, oo). ;t t::, Xn E Txn O)fijWj-iJ!@'.~~ i; 1£, xz E Txz t ~ o l E N 0) lliffl.'3::-':P~~ O)~l.i::?kf4'f:: c: ~ 

;I; 9. X1+1 = Xz ~ G Ii Xz E Txz 1:9. Xn iJ! Txn O):!JU'f.Mm:f::ib:hl:J:, ::. O)fijr£1rli@'.~ t li~.lB 1-1±/v. 
Mizoguchi-Takahashi 0) original O)~J'IL'li, a O)~~~li (0, oo) 1:ib fJ, x # y 1:ib ox, y EX t::-::>1,, 

-C (MT) O)gx_j'[ 'a::~~ l, -c1,, ;t 9. l, iJ, l,, a(0) = a0 E [0, 1) t l.,, a 0)~~~'3:: [0, oo) t Jj.t,t. L., -C iJ' ;t 1,, 

;t-ttlv. :'.:O)t ~, d(x,y) = 0 f,t. Gl:J: H(Tx,Ty) = 0 J:: fJ, 9'"'-CO) x,y EX iJ! (MT) H!lit:: l,;t9. ;tt;:, 

~ G Ii, Reich [12] Problem 9 0) (0, oo) 'a:: [0, oo) t::~',!! l,, limsups-+t+O a(s) < 1 for all t E [0, oo) 'a::{.&~ 

t.,-c1,,;t9. ::.O)t:::rh, ::.O)~J'lli Problem 9 O)lr~::B-1¥JM~t ~:h;t9iJ{, la:1£'%11:t,t.M~c:9. 
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Mizoguchi-Takahashi (J) original (J)wfSJHitllJt-z: L, t:::.. Daffer-Kaneko [4] iJ'W~ L, t:::.~iESJH, ~ ,;:1: t''i'lll~ 
1: ,i 21!> I'.) i it A., . .::. (J)f2(t~ $1:, Suzuki Ii a (J){-1;;:t> I'.) r::: b ~ ffl \, ''"C (MT) ~)'jz(J)f2((:::::j:,@x_ il[ L, i L, t:::.: 

(S) H(Tx, Ty) < b(d(x, y))d(x, y) for all x, y EX with x =/ y. 

3. INTRINSIC FIXED POINTS OF SET VALUED MAPPINGS 

~~{ii'¥~ T (:::: -:;i1,,--c, intrinsic fixed point theorem (Theorem 3.1) ~W~ L, i 9. ~iESJj(J);;f,:~(l(Jt;i:~~ 

1t(J);k,j$~.®_A'. '"Ca:,~ i 9. ,Ef_!l!(J)~{tt,(J)r1:, Wf'gfrjlffi H,\l-::i iteration (:::: J:: -::i --c -~YU { Xn} ~ §::}lx L, ii"". 

{xn} (J)§::JJx~JH!UiJ·G, v E F{xn}(T) = nSxn (J)f¥B:~~L,, ~(::::, v E F1(T), J'lP"I:, Tv = {v}8 ~!§:~ii"" . 

.::. (J)fllj(J):i:J1!!!/i, i@i~J'!l,<$16§:: !::: ~:jlr(J)fifi(J)lrnif::X: [20] L'Jlilrni! L,t;::p,J,g(J)~~~ !::: l~Htl::::00~ L, '"C 1,' ii"". 

(X, d) Hg/lli@f!ii !::: L,, f ~ X iJ, G (-oo, oo] A.(!)00~ !::: L, i 't". D(f) = {x E X : f (x) < oo} ~ f (l)JE 
RJJ!JG !::: 113¥-cf ii"". D(f) =/ 0 1: 21!> -Q !::: ~, f Ii proper !::: 113¥1£:h i 9. a E R ;::· !::: (::::, L5,a(f) ~ )'jz(J)f2(;/;i: f (J) 

level~~!::: L, i 9: L5,a(f) = {x E D(f) : f(x) :::; a}. f iJ'T'¥~~ (lower semi-continuous) !::: Ii, 9 A'. '"C 

(J) a ER (::::-:;i1,,--c L5,a(f) iJ'l'\"l~~(::::l';i:-Q.::. /:::1:'9. t,t~,h.(::::, f iJIJ:"¥~~ (upper semi-continuous) !::: 

Ii, -f iJ'r"¥~~(:::: t~ -Q.::. !::: c:'t". X iJ, G (-oo, oo] A.(J) proper 7':i:r"¥~~00~i"" A'.--C (J)~~~ ·,Z(X) !::: 

*ic L, ii"". K lim,(:::: X (J),j:j;@l'\"j~~!::: L,, "ii!@" /i1'l'~ L, i 't". 

f E ·,Z(X), b E (0, oo) !::: L, i 9. x E X ;::· !::: (::::, )'jz(J)f2(;/;i: gx ~%° X. i 9: gx(Y) = f(y) + bd(x, y) for 

each y EX. f, d(x, ·) E -/(X), b E (0, oo), D(d(x, · )) = X J:: I'.), gx E ·,Z(X) c'9. it:::., gx(x) = f(x) for 

all x EX 'c:9. D(f) n K ~ DK(!) c*ic L, i 9. K iJ> G 2x A.(!)'¥~ T ~)'jz(J)f2((::::,E~ L, i 9: 

(ET) Tx = {y EK: f(y) + bd(x, y):::; f(x)} = {y EK: gx(Y) :::; f(x)} for each x EK. 

f;E-::i '"C, K iJ'M~~' T (l)JE~, HJ(J)•~JU l'.J, )'jz(J)~,$:!JJJHi/il£SJl G iJ'1:'9 (ffllrJ!lrL'rl!ffl L, ii""): 

o Suppose infyEK f(y) ER. Then, infyEK f(y) = infyEDK(f) f(y) and DK(!)=/ 0. 

Suppose further that 0 =/ K' C DK(!). Then, infyEK f(y) :::; infyEK' f(y) and infyEK' f(y) ER. 

o x E Tx c DK(!) for all x E DK(!), x E Tx = K for all x E K\D(f). 

o Tx is non-empty and closed for all x E K. 

o Suppose z E DK(!) and w E Tz. Then, w E Tw C Tz. 

Suppose further w =/ z. Then, f(w) < f(z). 

-~(J):i:*tiltl/t~L,i't". z E DK(!), w E Tz J:: l'.J, w E DK(!), w E Tw c'9. y E Tw !:::'t":h,i, 

f(y) + bd(w, y) :::; f(w), bd(z, w):::; f(z) - f(w), 

f(y) + bd(z, y) :::; f(y) + bd(w, y) + bd(z, w) :::; f(w) + (f(z) - f(w)) = f(z). 

Tw C Tz ~Z~i't". w =/ z 7':i: G,i, bd(z,w) > 0 !::: f(w) +bd(z,w):::; f(z) J:: l'.J, f(w) < f(z) c:'t". 

Theorem 3.L Let (X,d) be a complete metric space. Let K be a closed subset of X. Let f E ·,Z(X) 

satisfy infyEK f(y) ER and b E (0,oo). Let T be the mapping from K into 2x defined by (ET), that is, 

Tx = {y EK: f(y) + bd(x, y) :::; f(x)} for each x EK. Let x1 E DK(!) =Ai. For each n EN, generate 

An+l and Xn+l by the following procedure: 

(i) This procedure will be stopped, if Txn = { Xn}8 (Txn \ { Xn}8 = 0). 

(ii) An+l = {y E Txn: f(y) :::; ½f(xn) + ½ infzETxn f(z)}. 

(iii) Xn+l E An+l • 

Then the fallowing hold: 

(a) There is l EN satisfying x1 E F1(T), if the procedure stops. 

(b) The sequence { Xn} converging strongly to f; E F1 (T) is generated, if the procedure does not stop. 

Remark. For (a), Xl E F{xn}~~l (T) holds; Xl E n~=lTXn- For (b), f; E F{xn}(T) holds; f; E nnENTXn-
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Proof. infyEK f(y) ER J:: 9 DK(!) i= 0. x1 E A1 = DK(!) ~Jl,-.;:;J;t". x1 E Tx1 C DK(!) 1:i:lii 9, 
Tx1 1::tcJ:Pg;siF!J~il--Ct". X iJ'1MimJ:: 9 Tx1 t',i;,pj/j-Ct" (Tx1 ;1Jqjj/,(IJ\-Ct-lf1' X~'RJ'--nfTx1 i= {x1}8 L'T). 

infyEK f(y) ER/::'. Tx1 C DK(/) J:: 9, infyEK f(y) :S infyETx1 f(y), infyETx1 f(y) ER 1:T. 

Tx1 i= {x1} 8 H&JEL,it". w i= X1 /::'.;/j:7-, w E Tx1 iJ{;(¥:t[L,;J;t". fft-?--C, infyETx1 f(y) :S f(w) < f(x1) 

1:T. infyETx1 f(y) ER J:: 9, l',XO)~~iJ,Jl.JG:l'z:L,;J;t": 

(3.1) infyETx1 f(y) < ½ infyETx1 f(y) + ½f(x1) < f(x1). 

:/tt-?--C, A2 i= 01:'TiJ'G, x2 E A2 C Tx1 ~il"'iT. ::_O) /::'. ~, x2 i= x1, x2 E Tx2 C Tx1 C DK(!), Tx2 

/i',i;,pj/j, infyETx1 f(y) :S infyETx2 f(y), infyETx2 f(y) ER 1:T. Tx2 i= {x2}8 ts. G 1£, :: 0)-'pilv,;~ ~milift-c 
~it". ;:O)~(.::, Txz = {xz} 8 /::'.i;i:7-, l EN iJ'lJi\tl,7-,;J;c:, An+l, Xn+i, Txn+l iJ{~Jl.JG~tI,;J;t". 

(b) ~ffi L, 1 t". T"'--CO) n EN 1.::--:J1,,--c, Txn i= {xn}8 t L, 1 t". :: 0) t ~, :: :: ;l;-CO)ljlillfaiJ, G, !~ 

911 {xn} /::'. ~il-911 {Txn}, {An} iJ'~!¼ ~ n, i',XO)~{lf:~l11l/t;:: L, 1 T: T"' --C 0) n EN 1.:: "'.J\'--C, 

(A) Xn+l E Txn+l C Txn C DK(!), and Txn is complete. 

(B) infyETxn f(y) :S f(xn+l) :S ½f(xn) + ½ infyETxn f(y) < f(xn). 

x1 E Tx1 1.::l'i~t"tt,tf, (A) J:: 9, {xn} 1::t Tx1 0)~911-CT. (B) J:: 9, {f(xn)} 1::t~~IWJ~:J>L'T. t "le, 0 Iv, 

infyEK f(y) ER Ii {f(xn)} O)TW-CT. fit-?L, {f(xn)} 1::ti:bo c ER 1.::J(JC5RL,;l;t". 

(A) /::'. (ET) J:: 9, T"'--CO) n, m EN (.::--:J1,,--c, i',XO)M~~ffl,;J; T: 

bd(xn+m, Xn) :S ~j=~l bd(xn+j+l, Xn+J) :S ~j=~1(f(xn+J) - f(xn+J+1)) = f(xn) - f(xn+m)

{J(xn)} iJ,mc5R L, b > 0 ts.0)-C, :: O)::f~:i'tJ:: 9, {xn} 1::t Tx1 0) Cauchy YUc:t". 

Tx1 /i',i;,pj/jt,t.0)1:, {xn} 1ii:b o ii E Tx1 C DK(/) 1.::5!li~:lZ:!R L, 1 T. 1 f;::, (A) J:: 9, {=f:~O) j EN 1.:: "'.J 

1,,--c, {xn}n,".j /;:t',i;,pj/jij:~,3-Txj 0)~9fJL'T. ii E nnENTXn C DK(/); ii E F{xn}(T) C DK(/) ~fiiT, 

JW"ic,, ii E Tii c nnENTXn c DK(!) 1:T. }!1.::, f E ,y1(X) J:: tJ, f(ii) :S liminfn f(xn) = limn f(xn) 1:T. 

ii E Fr(T); Tii = {ii}8 ~~l'!l!$-Cffit"f;:.li) 1.::, Tii i= {ii}s /::'. L, 1 T. J[P"lc,, w i= ii 1:i:b o w E Tii 7J'ffft 

t" o /::'. L, 1 t". :: 0) t ~, w E Tii c nnENTXn 7J'"'.J f(w) < f(ii) 1:T. :/tt"? --c, w E nnENTXn t (B) J:: tJ, 

2f(xn+i) - f(xn) :S infyETxn f(y) :S f(w) for all n EN. 

limnf(xn) :S f(w) Hitt". ::_O)~~t, f(ii) :S limnf(xn), f(w) < f(ii) J:: 9, *)§l~fiit": 

f(ii) :S limn f(xn) :S f(w) < f(ii). 

xz 7J'~}¼~tl,Txz = {xz}8 /::'. L,;J;t". J::O)ilillfaiJ'G, Remark ~-@j,li)--C (a) iJ{S~GiJ>1.::Jl.JG:l'z:L,;J;t". D 

Theorem 3.1 iJ'G, Takahashi 0);!&1j\fil'[JEll [16, 18] /::'. Ekeland O)~JtilRJ'!I! [6] ~1"~ it". 

Theorem 3.2. Let (X, d) be a complete metric space and K be a closed subset of X. Let f E ,y1 (X) satisfy 

infyEK f(y) ER and b E (0, oo). For each x EK, let Ax= {y EK: f(y) + bd(x, y) :S f(x)} and suppose 

either f(x) = infyEK f(y) or Ax i= {x}8 holds. Then, there is ii EK satisfying f(ii) = infyEK f(y). 

Proof. Theorem 3.1 O)T ~ tn1i, Av = Tii = {ii} 8 tts.7-, ii E K7J'ffB:l,, f(ii) = infyEK f(y) 1:T. □ 

Theorem 3.3. Let (X,d) be a complete metric space. Let f E ,yl(X) satisfy infyEX f(y) E R. Let 

b E (O,oo), u EX and Au= {y EX: f(y) +bd(u,y) :S f(u)}. Then, there is ii EA,, satisfying (E): 

(E) f(ii) < f(y) + bd(ii, y) for all y E X with y i= ii. 
f(ii) = infyEE{f(y) + bd(ii, y)}. 

f(ii) :S f(u) - bd(ii,u) (!(ii) :S f(u), f(ii) < f(u) if u i= ii). 

Proof. infyEX f(y) ER J:: 9, D(J) i= 01:T. Theorem 3.11: K = X tt"n1i, T 1il',XO)~(.::i;i: 9 it": 

Tx = {y EX : f(y) + bd(x, y) :S f(x)} for each x EX. 
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u E D(f) (J) case 'a:~ ;l * 9. Theorem 3.1 t. ::Z: (J) Remark J:: fJ, x1 = u t. $ tt 1:f, TiJ = {iJ}8 t. t~ -5 

iJ E Tu= Au c D(f) iJ>;(¥:(:E l., ;j'; 9. Au ti1'-i!g;gF,J1, f(iJ):::; f(u) - bd(iJ, u), f(iJ) = f(iJ) + bd(iJ, iJ) '1:9. 

y\iAu t.L,19. S:.(J)/::..~,f(u)<f(y)+bd(u,y)-C9. l'X':\'.~19: 

f(y) + bd(iJ,y) :::> f(y) + bd(u,y) -bd(iJ,u) > f(u) - bd(iJ,u) :::> f(iJ). 

y E Au iJ>";> y # iJ t. L, 19. TiJ = {v}" J:: fJ, y \i TiJ ti §S}l-C9, JlP-1:,, f(iJ) < f(y) + bd(iJ, y) ':\'.f-lj\;j'; 9. 
,: (J)~t::: VC, iJ E Au iJ> (E) ':l'.i1l!it::9,: t. Hl~ L, ;j'; Gt::. 

u \i D(f) (J) case 'a:~ ;l ;j'; 9. {f;@J::: u' E D(f) 'a: t. fJ ;j'; 9. u 'a: u' t=ili~~X. t:: (E) ':l'.i1l!Jt;:9 iJ E Au, 

iJ'ffft L, i 9. Au= X, f(u) = oo ':i'.~Jil.9 -5 t., iJ E Au' c Au iJ> (E) ':i'.i11!Jt::9,: t. tiS}l G iJ>-C9. □ 

Ekeland (J)~-friliff!!!.f:::iio' < ";)7'J>(J)~ffliJ>;(¥:(:EL, ;j';9; WtJx.t:f, Phelps [11] 'ii'.$~. Theorem 3.3 (l)lli£S}l 

t:::, Theorem 3.1 (J){~.b fJ I::: Theorem 1.1 ':i'.{f.ffl9 -5 t., i;l;A.,(J)j> l., -C9iJ>~5tt~'f'Fd.liJ>iJ>iJ> fJ ;j'; 9. 

Theorem 3.3 -C, f E '-/(X) iiinfyEX f(y) ER ':i'.i1l!it:: G, b E (O,oo), u EX '1:9. ,:(J)t_ ~, fl,.t;:-1:,li f 

iJ':i!UJ\#.('a'.lsf";>iJ>/::'-'iiJ>':\'.mfJ iitA.,. l,iJ>L,, Theorem 3.3 J:: fJ, (E) ':i'.i1l!it::9iJ E Au iJ>;(¥:t£L,;j';9_ iJ 

I::: J:: -5 perturbation ':i'.~Jil L, t:: gv E ,y1(X) 'a:~ ;l * 9: gv(Y) = f (y) + bd(iJ, y) for each y E X. ,: (J) t. 

~, (E) lil',X(J) S:. t. t ±~ L, ;j'; 9: t:: t. A. f iifi1J\#,(':\'.lsft::f.i:t, t. VC t, gv liJll-(J)fi1J\#,( iJ 'a'.fif";>. 

4. BUNDLE FIXED POINTS OF SET-VALUED MAPPINGS 

Bundle fixed point (J)W!Jii~~t~(J)-C, lr.sJfil'!':l'. equilibrium problem (:1$JOOF&lJfil'!) t:::1lJt.tE'.l,;j';9_ ::Z:.tL-Ct 

J.tiat~(J)-C, Fan, Takahashi-? Blum-Otteli iJ>li]f~ L, t::JJfciJ-C;,js.:f,i'.(19 t. JEi.b.tL-5Jr~-frl:::~#,CH~ fJ ;j'; 9. 

;,js.:ffi'i(J):±Ji!!'!li, Browder 1::: (B::Z: G <) ~f'i;j'; fJ, Fant. Takahashi iJ'~Hi~itt:: 2 ~~00~(1):flllJlfllt.W~ 
t:::00j!l!VCo'i9. Mmt~Mfill(J)t::.lbt:::, Banachg;gFd.lE t.::Z:(J):tl,~g;gFd.lE* 1:::~1/i(J)~iHlllUE'.l,;j';9_ ::Z: 

VC, C 'ii'. E (J)Jr~-fr~-6-t. G, C x C J:(J)~~fiii 2 ~~OO~Hlh' ;j';9; ±oo ':l'.fiiit. L, ;j';it A.,. 

¥;,is:*lJU::=fll!Jm. fi:WH:::, KKM-lemma ':i'.flffe L, ;j'; 9. Brouwer (J);fl/J,~!E'.J:!!!':\'.~-::, t:: KKM-lemma (l)ru£ 

amiMa}l-C9iJ', ::Z:.tL-Ct 1 ~-:Jf.li\Jj'.liili-~t~(l)-Cru£a}lHfLl~L, ;j';9; Dugundji-Granas [3], Shioji [14] 
t. ::Z:(J))'.(m,J:':\'.$~. Brouwer (l)JE'.J:!l!(l)*JJ~fi9-CMmt.i:lliESmi, Takeuchi-Suzuki [22], Kulpa [8] 'ii'.$~ VC 

< ti~ o'. KKM-lemma ii, BiES}l VC L, ;j'; ;ll:f, Brouwer (l)JE'.J:!l!J:: fJ ~o'-?90',: t. iJ'9-'f~ < Ji> fJ tit A.,. 

;,js.:ffi'i-Cli, fo}fENk ii c (J)~il.&lr~51"~-6-, co(fo}fENk) Ii {yj}fENk (J)F,Jj8-eJ.(J)~lfat. Gi9. KKM
lemma (J)BiESJlt:::{iIT-/& Brouwer (l)JE'.J:!l!':\'.~.ffl-C~ ,5(J)iJ•t:::~!ll-tL19. C 'a: Banach g;grdl E (J)Jr~51"~-6-t. G, 

JC =co( {yj}fENJ t. JC J:(J)~~t~ § 3¥~ g 'a:~ ;l * 9. ::Z: VC, {Yi }fENk iJ, G§::J¾~ .tL-5 E (J)~ll.l,ll',Xn; 

lr~51"~~g;grd.l L 'ii'.~ x. * 9. ~~'6".Fdl E Ii, ffl\ll.&l'.Xn;f.i: G l:f, 1i~(J)J/,t~ -5 ~~{ft,1-§ ':i'.lsf-1:,fll', * 9. t., iJ, t.,, 

~ll.&l'.Xn;~~g;grdl L Hll!~fll,f§g;gF,!Jt::: 9 {)/\ r'J 7-. r'Jv7{ll,f§li l ";) l.,iJ>;(¥t£ L, lit A.,. fih -C, f!J:.-1:, Ii.: 

(J){ft,1-§ 'a: Euclid {:V:,f§ t. ~ ;t -C iJ' ;j'; o' 1 it A.,. JlP"G, E (J)~~{ll,1-§iJ• G ~iJ•.tL -5 L (J),j-§M{ft,1-§ t. L (J) Euclid 

fllffi Ii-:!& L,, 8~-6- JC =co( {Yi} fENk) C L Ii L (J) Euclid {:V:,f§-C compact, g Ii L (J) Euclid {:V:,f§-Cjt~ t. 
~ ;t -C~o' ;j';it A.,. ,: (!)$'.~ii, Banach '6".Fdl E (J)~~{ft,1-§iJ' /::'(J);f:ifn:Ji>-5 iJ•t:::~IJ ~ .tL ;j';it A.,. 

Lemma 4.1. Let C be a subset of a Banach space E and T be a mapping from C into 2E which satisfies 

the fallowing: 

(Kl) co({Yi}lENk) C UjENkTyj holds for each k EN and {Yi}lENk, 
(K2) Ty is weakly closed for ally E C, 

(K3) there is v EC such that Tv is weakly compact. 

Then, FB(T) # 0, that is, nyEcTy # 0. 

C 'a: Banach g;gF,IJ E (J)jr~-fr~-6- t. L, Y1, Y2 E C t. L, i 9. ,: (J) t. ~, [Y1; Y2] = co( {y1, Y2}) t. [Y1i Y2] 0 = 

{z E [Y1iY2]: z \l {y1,Y2}} Ii, Y1 t. Y2 Ha,~~~m'(J);@'.~-C(J)F,Jl~5J"t.00~-fr-C9. 
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C 'a'.r':'i~i\-t L,, l,l',l" 'a: C iPG R"'-O)M~t L,;!;9. l iJ!convex tii, l'jziJ!J¾:V:9-Q:::.. tc:9: 

l((l - a)x + ay) <:'. (1 - a)l(x) + al(y) for all x, y EC, a E (0, 1). 

x =/ y t,J. G i:f, :::.. 0) <:'. 'a: < ""t'l!i ~~;z G tl,-Q t ~, l ~ strictly convex t ~"Cf;J; 9. -l iJ! (strictly) convex 

1: .:b -Q t ~ , l ~ (strictly) concave t ~ "Cf, l iJ! convex iJ<J concave 1: .:b Q t ~ l 'a: affine t ~ "Cf ;I; 9. 

l iJ! quasi-convex t ii, l'jzO) (q) iJ!J¾l[9 Q:::.. t 1:9. l iJ! semi strictly quasi-convex t ii, (ssq) iJ!J¾l[ 

9 -Q:::.. t c:.:b fJ, l iJ! strictly quasi-convex t ii, (sq) iJ!g\(;1[9 -Q:::.. t C:9: 

(q) For any Y1, Y2 EC, l(z) <:'. max{l(y1), l(y2)} for all z E [Y1i Y2]. 

(ssq) For any Y1, Y2 EC, l(z) < max{l(y1), l(y2)} if z E [Y1i Y2] 0 and l(y1) =/ l(y2). 

(sq) For any Y1, Y2 E C, l(z) < max{l(y1), l(y2)} for all z E [y1; y2] 0 • 

l iJ! ( q) t (ssq) ~ l'ifilit;: 9 t ~, half strictly quasi-convex t ~-~~:::.. t t:: L, ;l; 9. :::.. tL G ~, q-convex, ssq

convex, sq-convex, hsq-convex t *llcl L, ;l; 9. -l iJ! q-convex, ssq-convex, hsq-convex, sq-convex 0) t ~, 
l ~ q-concave, ssq-concave, hsq-concave, sq-concave t~"Cf;J;9. *.B;~iJ!t..:1,,0)"""(:~~'a'.~'/o~c:~;l;i±"A.,, 

iJ!, l iJ! convex fJ: G i:f hsq-convex, l iJ! sq-convex fJ: G /;f hsq-convex, l iJ! strictly convex fJ: G i:f sq-convex 

C:9. ssq-convex t..:M~O)~t q-convex '/:J.M~O)~f;:{,),-@i"M~ii.:b fJ ;l;i±"A.,,. (q) t (q)', (q)" iifc,Jfi![c:9: 

(q)' l(z) <:'. maxjEN• l(yj) for any k EN, {y;}~N., z E co({y;}~NJ· 

(q)" L1s_a(J) is convex for all a ER. 

C J:::O) convex t.J.M~O)~ii1Jomr:: -::>1,,-c ~!'Fc:9; l' t l" iJ! convex t..: G i:f l = l' + l" t, convex 1:9. l' 

iJ! strictly convex, l" iJ! convex t,J. G i:f, l ii strictly convex 1:9. C J:::O) q-convex t.J.M~O)~ii convex t..: 

M~O)~'a'.§-@i" L,-c1,, ;J; 9iJt, 1Jom1:: -::>1,,-c~Mc:ii.:b fJ ;!;it A.,,. Convex t..:M~t:: -::>1,,-c O),b-Q 1:~iJ!, * 

flf:H~ilb q-convex t.J.M~0)1:m::®:i±"Q:::.. t iJ!.:b Qt L,-c t, :$:fi11ic:f9!1!tLQ~t..:J:!!!mlif~-f11JJ¾9 Q r::ii, rEc:"> 
M~O)~iJi11om1::-::>1,,-c ~m1:t.J.1,, t, L, i:f L, i:f:;ff~ift.J.:::.. t r=tt~1,, * 9. 

C 'a: E 0)~~:5t~i\-t L,;!;9_ F 'a: C x C iJ>G R"'-O)M~t L,, TF t 3F 'a'.IXO)~(::%::~L,;!;9: 

TFy={xEC:F(x,y)?:0} foreach yEC, SFx={yEC:F(x,y):S0} foreach xEC. 

TF, sF ii c iJ, G c A.O)~i\-fil¥~c:.:b fJ, l'Xii §a~c:9: 

FB(TF) = nyEcTF y = {x EC: F(x, y)?: 0 for ally EC}, 

FB(SF) = nxECsF x = {y EC: F(x, y) :SO for all x EC}. 

FB(TF) t FB(SF) 'a:, -ttL-f'tL EP(C, F), ep(C, F) t*llc L, ;l; 9. ep(C, F) ~ EP*(C, F) t '6*112 L, ;l; 

9. X E EP(C, F) 'a: *ilO Q:::.. t 'a: equilibrium problem t ~"Cf ;J; 9. :::.. O)rpilfil"lii:!&1J\{r.r"ilfil"l t M~iJ!,b fJ 

;J; 9: Xo E FB(TF) t.J. G i:f infyEC F(xo, y) ?: 0. ;J; t;:, y E ep(C, F) 'a: *ilO Q:::.. t ii:!&::k{r.r"ilfil"l t M~iJ! 

.:bfJ ;!;9: Yo E FB(SF) t..:Gi:fsupxEcF(x,yo) <:'. 0. :ftt--:,-C, fjJ;:"1:,ii, FB(TF) =/ 0, [FB(SF) =/ 0] ~ 

FB(TF) n FB(SF) =1 0 ~f:li/:fil9 Q*flf:t:::OOIJt;iJ!.:b tJ * 9. 11-u,r:::, .:l!> Q 2 ~~M~ f O);ff.,J~r"ili!1Hi f iJ, 

G~J:!lt Ld:: 2 ~~M~ F 0):!&1J\{r.F"ifillt:::M~f-1it G tL;J; 9iJ\ w E EP(C, F) n ep(C, F) 'a'.*ilb Q:::.. t 'a: 
equilibrium problem t ~-~~1JiJ!*il[(:::,\l,l;z ;!;9: w E EP(C, F) n ep(C, F) = FB(TF) n FB(SF) t..: G i:f, 

supxEcF(x,w) = infyEcF(w,y) = F(w,w) = 0. 

A ~ C iJ' G E* A.O)'lj'.~ t L, ;l; 9. C x C iJ, G R A.O)M~ F 'a:, ~xto:t'a'.fa!:Jl,,-cl'XO)~t:::%::~ L, ;l; 9: 

F(y,x) = (y- x,Ax) for each y,x EC. :::_O)t ~, C iJ,t:, C "'-~iffil's'.~ TF t SF iii'XO)~f:::t,J. fJ ;!;9: 

TFy={xEC:(y-x,Ax)?:0} foreach yEC, SFx={yEC:(y-x,Ax):S0} foreach xEC. 

FB(TF) t FB(SF) 'a:, -ttL-f'tL VI(C,A), vi(C,A) t*lJclL, ;!;9. llP"I:,, 

VI(C, A)= {x EC: (y - x, Ax) ?: 0 for ally EC}= Ep(C, F) = FB(TF) = nyEcTF y, 

vi(C, A)= {y EC: (x - Y, Ax) ?: 0 for all x EC}= ep(C, F) = FB(SF) = nxECsF x. 
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Xo E VI(C,A) = FB(TF) 'a'.*<li')Q.:: c: 'a: variational inequality problem (~?J'-1'~:i'\rPiJt!ll) c:11'¥6* 

9; Hartman-Stampacchia [7] 'a'.~m'\. Yo E vi(C,A) = FB(SF) 'a'.*<li'JQF&lJt!l!'a'., Minty O)g~-CO) 

variational inequality problem c'.IJ'f,.S~.::c:iJ!~IJ *9- {y EE: (x-y,Ax) 2'. O} Ii, x EC c'. Ax EE* 

,: J: "? L;9/:;E ~ ;h, Q 1~J'Jc'¥~r!,,-c9, .:: 0) M-'¥~r!r, c: c O)+fiJil~~?J' SF x O)~~li TF y O)~~ J: IJ Jfilm' 
li~~tJ'.0)-C, vi(C,A) -jc 0 'a'.{:!r<!iE9Q~{lf:O)~~li, VI(C,A) c/ 0 'a'.{Jr<fil9Q~{4'0)~~J: IJ~~-C 

9. *f;:, 0 # vi(C,A) c VI(C,A) b,-j~{lf:O)r-Cv E vi(C,A) 'a'.f~:hli, v E VI(C,A) c'~IJ, 

v E vi(C,A) n VI(C,A) = FB(TF) n FB(SF) "09, !lP1:>, v E vi(C,A) 'a'.*<li'JQrpiJt!llli equilibrium 

problem c: lJ-fd'.it* 9, .:: O)ffl,~tJ, G Ii, 0 c/ vi(C, A) c VI(C, A) 'a'.{!f;fil9 Q*{lf:iJ'm~-C9; 1i!t~ L, * 9. 

td:! .. t.,,, li!U£4m c'. L,-C, Fi'fJ l,;,*{lJ:iJ!f.lJ:t, t:f~-&)-O)Jilv'OO~ vi(C, A)= VI(C, A) tf:!r<!iE L, * 9. 

v E vi( C, A) 'a: *<Ii') Q rpiJt!lltJ\ M-'¥~00 O)~O)+fiJil~~:5J'O)~~ c: OOJ!!! t.,, -c v, Q .:: c: lia]l G '/J>-C t.,, J:: -5. 
Banach ~rsi E O)~B±JOO l iJ' E 'a: 2 -::iO)Mili:b.llGt::B-IU L,, 2 -::iO)MilJ:b.JlGO)+fiJilO):/:j'fWiJ'i -c~ Q case 'a:~;;{. 
* 9 . .:: 0):5J'!J!r-C Ii, 1P < 0) .:lc:J1W, .:-. O)~td'. MilJ:b.JlGO)~O)+fiJil~~:5J'O)~~ c: OOJ!!! L, -c v' * 9. 

C 'a: Banach ~Fdl E O)~~:B'~-&'i', F, G 'a: C x C tJ, G R "-0)00~ c'. L,, '{:J!.O);: c'. 'a'.~lit~ L, * 9: 

TGy={xEC:G(x,y)2'.0} foreach yEC, SFx={yEC:F(x,y)<;0} foreach xEC. 

ff:;@:O) x, y E c ,:-::iv'L G(x, y) = -F(y, x) 'a'.{)x5E9 Q fd'. G Ii, TG = sF -C9; 

TGy={xEC:G(x,y)2'.0}={xEC:F(y,x)<;0}=SFy foreach yEC . 

.:: 0)1iftli, C 'a'.Mr"t~-&'i' c'. L, -Ciiiilfa L, * 9; .± c'. L, L, C iJ!ljlJ compact -Cr"!O) case Hlfzv' * 9. C 'a: Mr"! 

~-&'i' c'. L,, h 'a: C tJ, G R A.O) 00~ c'. L, * 9. C tJ"Mr"! t;i: 0) -C, '{j{O) .:-. c'. iJ'""iJ':h * 9. h iJ' q-concave t;i: G 

Ii, h '/J>J:-'¥i!!!~c'. h iJ!~lJJ:-'¥i!!!~ (weakly upper semi-continuous) liFi'fl l5.:: c'. "09. * f;:, llHJlli:&'~ L, 

*9'/J', '{j{O).:Jc:ijiiJ>J¾:j'z:L,*9: h iJ! i''-'¥i!!!~-Cssq-convex i;J:Glihsq-convex "09. y,z EC c'. L,*9· .:: 

0) c'. ~, limn((l - ¼)z + ¼Y) = z "09. h '/J>J:-'¥J!!!~i;i: G Ii limsupn h((l - ¼)z + ¼Y) <; h(z) -C~ IJ, h iJ' 

i!!!~fJ'.Glilimnh((l-¼)z+ ¼Y) = h(z)-C9, J:-'¥i!!!~J: IJ~v''/;J{O)~f4'H&v'*9: For any z,y EC, 

liminfn h((l - ¼)z + ¼Y) <::: h(z). J'if1,f/;'/J>lflh f;:0)-C, .-$:W-Cm~td'. 2 -::JO)*{lf:~'a'.~ ;;{. * 9: 

(Fl) 0 <:'. G(x, y) - F(x, y) for all x, y EC. 

(F2) F(x,x) 2'. 0 for all x EC. 

(F3) F(x, •) is q-convex for each x E C. 

(F4) G( ·, y) is weakly upper semi-continuous for each y EC. 

(F5) G(x,x)=OforallxEC. 

(F6) G( ·, y) is sq-concave for each y EC. 

(Bl) 0 <:'. G(x, y) + F(y, x) for all x, y EC. 

(B2) 0 <:'. G(x, y) - F(x, y) for all x, y EC. 

(B3) G( ·,y) is weakly upper semi-continuous for each y EC. 

(B4) G(x,x)=OforallxEC. 

(B5) G( ·, y) is hsq-concave for each y EC. 

(B6) For any z,y EC, liminfnF ((1- ¼)z + ¼Y,Y) <:'. F(z,y). 

(Fl) 

(F4) 

(F5) 

weaker than (F6) 

Lemma 4.2. Let C be a weakly compact convex subset of a Banach space E. Let F and G be functions 

from C x C into R. Suppose (Fl)-(F4) hold. Then, FB(TG) c/ 0, that is, nyECTGy -I 0. Suppose further 

that (F5)-(F6) hold. Then, FB(TG) is singleton. 

Rewriting results. There is w EC satisfying infyEC G(w,y) 2'. 0 if (Fl)-(F4) hold. There is a unique 

w EC satisfying infyEC G(w, y) = G(w, w) = 0 if (Fl)-(F6) hold. 

Proof. (Fl) c'. (F2) '/J>G, '/;J{li§a]l-C9: y E TFy C TGy for ally EC. TG iJ! KKM-lemma 0) (K2)-(K3) 

'a'.~f;:9.:: c'. 'a'.lit!J& L, * 9. (F4) J: IJ, 9 A--C 0) y EC t:-::iv'L, TGy lilJlJM~-&'i'-C9. C lilJlJ compact -C 
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91J' G, Tay t§§ compact 1:9. Ta 1J' KKM-lemma {J) (Kl) 'a'.i1!!Jf;::9-:_ t 'a'.l/fll~ L, *9- {=f:1jJ: k EN 

t {y;}~Nk 'a'.lifilJEL,, co({y;}~NJ C uiENkTGyi 'a'.mL,*9. k = l {J)t~, Yl E TGyl 'a'.Je!;f:9;[ht 
"'*9- k E N25. t L,*9· ~J:li!L'm9f::.lbl:, i';R{J)~td'. k E N25. t z EE {J)f¥::(£'a'.{&JEL,*9: 
z Eco({y;}~N.) CC, z f/. UiENkTGy;. -:_{J)t ~, 9-"."[{J) i E Nk f:-:J1,,--c z f/. TGyi, !!Pt,, 9-"."[{J) 

i E Nk t:-:Jv't G(z, y;) < 0 1:9. f;t-:i t, (Fl)-(F3) J:; IJ, :Yil'!HlU 9: 

0 :<:: F(z,z) «::: maxiENk F(z,y;) «::: maxiENk G(z,y;) < 0. 

KKM-lemma J:; IJ, FB(TG) = nyEcTGy =I= 0 'a'.:fcl§\*9· w E FB(TG) = nyEcTGy 7'J>;(¥::(£L, *9-
~t:, (F5)-(F6) 'a'.{&JE L,, FB(TG) = {w }8 'a'.m L, *9. w =/= w' c'if!>-Q w' E nyECTGy 1J>;(¥::(£9-Q t L, 

*9- v = ½(w+w') E [w;w']° C9:hii, w,w' E nyECTGy J:; fJ, G(w,v) 201J'-:J G(w',v) 201:9. f;t-:i 

t, G(v, v) = 0 t G( ·, v) 1J' sq-concave J:; IJ :Yil'!'a'.~*9: 0 :<; min{G(w, v), G(w', v)} < G(v, v) = 0. 
* t::, w E FB(TG) ii infyEC G(w, y) 2 0 'a'.~115K L,, (F5) J:; IJ, infyEC G(w, y) = G(w, w) = 0 1:9. □ 

Lemma 4.3. Let C be a weakly compact convex subset of a Banach space E. Let F and G be functions 

from C x C into R. Then, the following hold: 

(1) Suppose (B2) hold. Then, FB(TF) c FB(Ta), that is, nyEcTFy c nyEcTay. 

(2) Suppose (B1)-(B2) and (B4) hold. Then, y E TF y c Tay and F(y, y) = 0 for- ally E C. 

(3) Suppose (B1) and (B4)-(B6) hold. Then, FB(TG) C FB(TF), that is, nyECTGy C nyECTFy. 

Pr-oaf. (1) 'a'.m L, * 9. (B2) J:; IJ, a~ G 1J>f:, TF y c TGy for all y E c. -=. {J)-:_ t 1J' G, l';RiJ>t/J:1,, * 9; 
FB(TF) = nyECTFy c nyECTGy = FB(TG). (2) 'a'.mL,*9· (B1), (B2) t (B4) 'a'.{&JEL,f;::{J)--C:, 

0 = -G(x,x) «::: F(x,x) «::: G(x,x) = 0 for all x EC. 

f;t-:i t, (1) t ~Jil.9 -Qt, l';/Z1J'~ll L, * 9: y E TF y c Tay, F(y, y) = 0 for ally E C. 

(3) 'a'.mL,*9· z E FB(TG) = nxECTGx t L,*9· {=f:~f: y EC 'a'.lifilJEL,, z E TFy 'a'.mG* 
9. n EN ;::'tf:, Xn = (l- ¼)z+ ¼Y t L,*9. 9-""C{J) n EN f:-:Jv'"C, G(y,xn) «::: 0 'a'.mL, 
*9- y = z fd'.Gii, (B4) J:; IJ, G(y,xn) = G(y,y) = 0 for all n EN. y =/= z t L,*9· (B4) J:; IJ, 
G(y, x1) = G(y, y) = 0 L'if!> fJ, Xn E [z; y] 0 for all n E N25.. G(y, Xn0 ) > 0 t i;i:-Q no E N25. {J)ff:ff'a'. 
{jJEL,;yil'!'a'.)i:~*9- Z E nxECTGx J:;IJ, G(z,Xn0 ) 2 0c:9. ~I:, (B4) J:;IJ, G(xn0 ,Xn0 ) = 01: 
9. "1:" L, L, G(z, Xn0 ) = G(y, Xn0 ) t 9:hii, (B5) J:; IJ G( ·, Xn0 ) ii q-concave i;i:{J)c:, 0 = G(xn0 , Xn0 ) 2 
min{G(z, Xn0 ), G(y, Xn 0 )} = G(y, Xn0 ) > 0. G(z, Xn0 ) =/= G(y, Xn0 ) t 9:tl,ii, (B5) J:; IJ G( ·, Xn0 ) ii ssq

concave fd'.{J)L', 0 = G(xn0 ,Xn0 ) > min{G(z,Xn0 ),G(y,xn0 )} 2 0. ttl:;yil'!'a'.:fcl§\f;::{J)""(:, G(y,xn) «::: 0 
for all n E N25.- -:_-:_ *L'{J)~lffiti1J'G, (B1) t~/!1.9-Q t, 0 :<; -G(y,xn) «::: F(xn,Y) for all n EN. 

-:_{J)~f: L,t, (B6) J:; IJ, 0 :<; liminfnF(xn,Y) :<; F(z,y), !!Pt, z E TFy 'a'.~*9- y ii{=f:~"c:91J'G, 

z E nyEcTFy = FB(TF) c:9. -:_{J)~f: Gt, FB(Ta) c FB(TF) 'a'.:fcl§\*9· □ 

Fan, Takahashi, Blum-Otteli O)M~:JJl<!l. -=.-=. * c:{J)ffi!;~ · llc%'a'.J111ifl L, * 9. 
*_§_1,,§"\,\JJ'a'.9:hii, Fan, Takahashi [17] ii G =Ft L,t (Fl)-(F6) 'a'.~~L,, Blum-Otteli [2] /il';R{J) 

~i;i:~{f!:{J)--rc: (B1)-(B6) 'a'.~~ L, * L, t::: G(x, y) = -F(y, x) for all x, y E C. 

Theorem 4.4. Let C be a weakly compact convex subset of a Banach space E. Let F be a function frnm 

C x C into R satisfying the fallowing conditions: 

(1) F(x,x) 2 0 for- all x EC. 

(2) F(x, •) is q-convex for- each x E C. 

(3) F( ·, y) is weakly upper- semi-continuous for- each y E C. 

Then, FB (TF) =/= 0, that is, nyEcTF y =/= 0. Suppose further- that F(x, x) = 0 for- all x E C and F( ·, y) is 

sq-concave for- each y E C. Then, FB(TF) is singleton. 

Rewriting results. There is w E EP(C,F), that is, there is w EC satisfying infyEcF(w,y) 2 0. 
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Suppose further that F ( x, x) = 0 for all x E C and F ( ·, y) is sq-concave for each y E C. Then, there is 

a unique w EC satisfying infyEC F(w, y) = F(w, w) = 0. 

Proof. G = F t L, "C, (F5)-(F6) ~~!iE L, i T. (Fl) ii §1/JS,\Jt:::,6,ltft L, i T. (1)-(3) t G = F J: IJ, (F2)

(F4) O)JJx;ftii§a]l-c"t. J!t:::, TX."CO) x EC (:::"Jv'L F(x,x) = 0, y EC ~'t r::: F(-,y) ii sq-concave, 

~{&fE'.T;/1,i;f, G = F fJ'-0)-C, (F5)-(F6) iJ!JJJtft L, t T. Lemma 4.2 J: IJ, *,!f1lifa~ffl,t"t. □ 

Theorem 4.4 ~ '2i"t' Fan, Takahashi O)*,!/J/:0) v' < "J iJ, t Blum-Otteli [2] 0) ±fE'.:EI t Corollary 1 (17) 

ii, -=. O):fr!l!yt::: v' < "J;/J'O):±Ji!l!~ ~.;z;_ i L, f;:. Theorem 4.5 ii, ~~O);,j,:'.if![S,(Jt;t~Jl~:fr~lf!,lff_!!! L, td, 0)--C:T. 

Theorem 4.5. Let C be a weakly compact convex subset of a Banach space E. Let F be a function from 

C x C into R satisfying the fallowing: 

(1) F(x,x)=0 forallxEC. 

(2) F(x,y)+F(y,x)-:5_0 forallx,yEC. 

(3) F(x, ·) is weakly lower semi-continuous and ssq-convex for each x E C. 

(4) Foranyz,yEC, liminfnF((l-¼)z+¼Y,Y) -:5.F(z,y). 

Then, there is w EC satisfying w E FB(TF) = FB(SF). Furthermore, replace ssq-convex by sq-convex 

in (3). Then, FB(TF) = FB(SF) is singleton. 

Rewriting results. There is w EC satisfying supxEC F(x, w) = infyEC F(w, y) = F(w, w) = 0. 

Furthermore, replace ssq-convex by sq-convex in (3). Then, such w is unique. 

Proof. i'J{O)~t::: G ~fE'.-L,i"t: G(x,y) = -F(y,x) for each x,y EC. (Fl)-(F6) t (Bl)-(B6) ~~ill 
L, t T. (Bl) ii §1/JS,\Jt:::JJJt:tz: L, t T; O = G(x, y) + F(y, x). (1) ii (F2) J: IJ 5:iv,~{4'-CT. G O)fE'.. t (1) 
J: IJ, 0 = -F(x, x) = G(x, x) for all x EC; (F5; B4) iJ!JJJtft L, i T. (2) J: IJ, TX."CO) x, y EC (:::"Jv'"C 

F(x, y) -:5. -F(y, x) = G(x, y), #h "C G(x, y) - F(x, y) 2': O; (Fl; B2) iJ!JJJtft L, i T. (3) J: IJ, (F3) iJ!#f 

v' i T. (3) t G O)fE'.. J: IJ , y E C :::' t t:::, G( ·, y) iH§J:-'¥i!~, hsq-concave -CT; (F4; B3) t (B5) iJ! 

JJJtft L, iT. t t;:, (4) t (B6) iil'1l l5~{4'tJ'-O)-C, F t G Ii (Fl)-(F5)1HJ (B1)-(B6) H!lJt;: L, iT. 

fiT~ t Lemma 4.2 J: IJ, w E FB(TG) iJ!-(¥1'£L, iT. J!t:::, 1~~ t Lemma 4.3 J: IJ, FB(TG) = FB(TF) 

-CT. G O)fE'.*J: IJ re= SF -CTiJ'G, w E FB(SF) = FB(Tc) = FB(TF) H~i"t. 

(3) 0) ssq-convex ~, J: IJ5:iv' sq-convex t Git". G O)fE'.*J: IJ, G(-,y) ii sq-concave-CTiJ'G, (F6) 

iJ!JJJtft L, i T. JlP-/:;, (Fl)-(F6) T X."(iJ!JJJtft L, i T. Lemma 4.2 J: IJ, FB(Tc) ii 1 ,~~-&\'-CT. □ 

it;:, Blum-Otteli ii, /::'O)~tJ'-~fE'.O)T-C, C iJ!§§ compact to' -5 {)xfE'.~ C iJ!M~-&\' to' -5 {JxfE'.1:::§§~ 

G;/1,o iJ,~ [8}S\J't=~~ L, * L, f;:. = 0) = t iJ!~ G O)ilJl1lifaHf*t=J!it"Cv' * T. E ~m G iJ'-C:@Jr/wS.\Jt:t~

r:J Banach @r!ll t T;/1,i:f, E* t ffl' G iJ'-C@Jr/wS.\Jt:t~-r::'i Banach @r!ll-CT . .:. O)•~flO).Bl v'@r!ll-Cii, ilii t 
IJ ~ll~t::::t,!U:i;/1, Tilll1lifaiJ!-c: ~ t T. Theorem 4.5 ~~!1lT o t, i'J{O) Theorem 4.6 iJ!f~ G ;/1, t T. 

C iJ' GR "-O)~M& f iJ! coercive t Ii, C O)~JIJ {xn} iJ!Iimn llxnll = 00 H!lJf;:TfJ'- G i:flimn f(xn) = 00 

iJ!JJJtftT o-=. t -CT. Theorem 4.5 0) C iJ!§§ compact to' -5 {&fE'.iJ! C iJ!M~-&\' to' -5 {)xfE'.t::: lli~~;z G ;/1, 

"C v' i T. it;:, -=. O)f~O)ilJl1li(gO),/J!~O)f;:~, Theorem 4.6 0) (3),(4) ii, Theorem 4.5 0) (3),(4) J: IJ 5:iv'f& 

fE'.1::: L, "Co' t T. Theorem 4.6 O)~ifaJl/ill L, < ilii IJ tit A.,iJ!*1£M&O)~~-cia~ L, t T. 

Theorem 4.6. Let C be a closed convex subset of a smooth strictly convex reflexive Banach space E. 

Let F be a Junction from C x C into R satisfying the following: 

(1) F(x,x)=0 forallxEC. 

(2) F(x,y)+F(y,x)-:5_0 forallx,yEC. 

(3) F(x, ·) is weakly lower semi-continuous and convex for each x EC. 

(4) Foranyz,yEC, limsupnF((l-¼)z+¼y,y) -:5,_F(z,y). 

Suppose that -F( •, a) is coercive for some a EC. Then, there is w E FB(TF) = FB(SF). 
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Theorem 4.6 0)~5Ec:, z* E E*, r > 0, a E C c'. L, ;!; 9. C x C 7J' G R A..0)00~ f ii Theorem 4.6 

(1)-(4) :a:l'i!lit;:: 9 c'. L,, '/J{O)~ld': C x C 7J' G R A..0)00~ gr,z• c'. F 'a:;"/J ;z ;I; 9: 

gr,z• (x, y) = ; IIYll 2 - ; llxll 2 + r(y - x, z*), F(x, y) = f(x, y) + gr,z* (x, y) for each x, Y E C. 

gr,z• ii Theorem 4.6 (1)-(3) 'a:l'i!lif= L,, gr,z• ( ·, y) /iii~, -gr,z* (·,a) ii coercive -C-9. f c'. gr,z• O)•~fii'. J: 

I?, F ii¥J'.d Theorem 4.6 (1)-(4) :a:l'illif= L,, -F( ·, a) ii coercive C'9. :. O)~~iE/i!g~c:a!i I?, gr,z• c'. F 

O);"/J~iJ•G, ~< O)~fflt,.i:ifi'/5'!,iJ!;ffl,Gh;J;9; WIJ.:zli, [1], [19], [13] c'.00)19{);\lj'/5'/:tf~Gh;J;9. 

C 'a: Banach g;grdl E 0) M8l'r~:fr~if, f, g 'a: C x C iJ• G R A..0)00~ c'. L,, '/J{O) F, G 'a: {'F 1? ;J; 9. 

F(x,y) = f(x,y) + g(x,y), G(x,y) = -f(y,x) + g(x,y) for each x, y E C. 

Blum-Otteli O)~iffitl/i, :. 0) f,g 0)~{4':a:wO?i VC, G(x, y) = -F(y, x) iJ!JlX:s'z: L,, F(x, y) iJ! Theorem 4.6 

(1)-(4) :a::l'illif=9~/:::9{):. c'.'a::;@'.~L,-n,{), c'..:/!1f~t:::/iJ~:btl,;l;9. f,g iJ"Theorem 4.6 (4) :a:l'illit=itii 

f + g t l'illif= L, ;I; 9. tdi. L,, 1&: G O)lj.;z t;::~{lf:f$c'. Theorem 4.6 (1)-(4) c'. ii~ffl.iJ{/j'i\t,.i: I? ;I; 9. 

C 'a: Banach g;goo E O)J'r~:fr~if c'. L,, A 'a: C iJ• G E* "'- 0) '¥~ c'. L, ;!; 9. A iJ" monotone ( -1Ji@IJ) c'. Ii'/){ 

O)~{lf:iJ!l'i!lif;:: ~ :rl,{):. c'. -C-9: (x - y, Ax - Ay) :>: 0 for all x, y EC. 

Theorem 4.7. Let C be a weakly compact convex subset of a Banach space E. Let A be a mapping from 

C into E*. Define functions F and G from C x C into R respectively by 

F(x,y) = (y-x,Ax), G(x,y) = -F(y,x) = (y-x,Ay) for each x, y E C. 

Then FB(SF) is weakly compact and convex. Furthermore, the following hold: 

(a) Suppose A is monotone. Then, FB(TF) c FB(SF) and FB(SF) =I 0. 

(b) Suppose A is norm to weak continuous. Then, FB(SF) c FB(TF). 

Rewriting results. vi( C, A) is weakly compact and convex. Furthermore, the following hold: 

(a)' Suppose A is monotone. Then, VI(C, A) C vi(C, A) and vi(C, A) =jc 0. 

(b)' Suppose A is norm to weak continuous. Then, vi(C, A) c VI(C, A). 

Proof. F,G 0)5E~J: I), '{J{/i§SJ§-C-9: G(x,y) + F(y,x) = 0 for each x,y EC. tit-:J-C, Ta= SF -C-9. 

C iJ"M8, F, G 0)5E'.~, c'. J)()(\j";i;O)•~fii'. J: tJ, F c'. G /:::-:J1,,-c, '/){0):±:~lil::!:lt'SJ§ G iJ•-C-9: 

o F(x,x) = G(x,x) = 0 for all x EC. 

o G( ·, y) is affine for each y E C. F(x, ·) is affine for each x E C. 

o G ( •, y) is weakly continuous for each y E C. F ( x, • ) is weakly continuous for each x E C. 

C 7J'~ compact -C-8 c'. F(x, •) iJ! affine -C§§jl~J: I?, SF xii§§ compact -C-8, tit"? -C FB(SF) t~ compact 

-Ci1:1)-C-9. iWl!iJ• < l/f~ L, -C ;B ~ ;I; 9. G( •, y) 7J' affine J: I? G( •, y) ii hsq--concave, F(x, •) 7J' affine J: I? 
F(x, ·) t hsq-convex -C-9. C iiM8~if, G( ·,y) c'. F(x, ·) Ii C J:-C~)i~-C-9iJ•G, ~§ 1-·¥il~iJ•-:J~ 

J:¥51~-C-9. F, G ii (F2)-(F5) JJz.d (Bl), (B3)-(B5) :a:l'illit= L,-c1,,;J;9. 

(a) 'a:::,j~ L, ;I; 9. F, G 0)5E~ c'. A iJ' monotone J: I?, G(x, y) - F(x, y) = (y - x, Ay - Ax) :>: 0 for all 

x, y EC. tit"? -C, F, G ii (Fl;B2) 'a:m/f;:: L, ;I; T. ith -C, Lemma 4.3 J: I? FB(TF) c FB(T0 ) = FB(SF) 

iJ!JlX:s'z: L, ;!;9. ;J;f;::, F, G ii (Fl)-(F5) 'a:l'i!lif;:: l.,-C\,'{:)O)"t", Lemma 4.2 J: I), FB(SF) =/ 0 'a::f~;J;9. 

(b) bi~ L, ;!; 9. {.&5E J: I? , A ii E t::: ./ Jv A{:irf§, E* t::: ~f:ilt§ 'a:: ;"/J ;z {) c'. ~ )1~"1:9. {3:~ I::: z, y E C 'a: 

~JE L,, n E N _::' c'. I::: Xn = (l - ¾ )z + ¾Y c'. L, ;J; 9. ;:_ 0) c'. ~, limn llxn - zll = limn ¾ IIY - zll = 0 -C-9. 

A /iJ:~L,tdfllt:-CJl~-C-9iJ•G, '/){0)00~iJ!JlX:s'z: L, ;);9: 

(4.1) !imn(y-z,Axn) = (y-z,Az), limn(z-y,Axn) = (z-y,Az). 

~tf, z - Xn = ¾(z - y) J: I?, {3:gO) n E N t::: "'.J\,'-C, '/J{O)~;i;iJ!JlX:s'z: L, ;I; 9: 

F(xn, y) = (y - Xn, Axn) = (y - z, Axn) + (z - Xn, Axn) = (y - z, Axn) + ¾ (z - Y, Axn)-
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S:.O)M~i::: (4.1) J:: IJ, limnF(xn,Y) = (y-z,Az) = F(z,y) ':i".;ffl,;l;9_ JlP-t;, (B6) iJtP,\G:l'z:L,;l;9_ ftt-::i-C, 

F, G 1::1: (Bl) /::: (B3)-(B6) ':i".mt;: L, ;l; 9. Lemma 4.3 J:: I), Fs(SF) = Fs(TG) C Fs(TF) ':i".ff;J; 9. 
-=. 0) (b) 0) ~i[a}H;I:, A iJt norm to weak continuous /::: 1,' 'J ~{4 'I!'. J:: I) ljlj 1, 'f}( 0) ~{41: f-1(; ~ L t, , a}l G 1J' I: 

;f=f;t}]<:9: {fj&'.O) Y, z E C 1: -:)1,\-C, t'i!:B- [y; z] J:O)Bj!J { Xn} = { (1 - ¾)z + ¾Y} ;IJ{ (4.1) ':i".mt;:9. □ 
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iJ'1i;!i!iJ ~ 5\:;~0)£1:~ l:;bt;:Q ::."f'J[Ii!!i::: "?J&U:,t,,J:: IJ ~~1,,t;: L, ;J;9. -=. 0)1ffilim1i':i".3'1l~9 Q1\i!H~H\11{illiL,-C 

1.,,t;:ti_1.,,t;:, *m*"F il'1illN~S}l§c~, 'f~j;:"p w~ ffl~ 5\:;~':i".1::l:l5ilb/:::9Q~)t;~/:i,fL$L,J:/f;J;9. 
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