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Abstract 
In this paper, we first prove existence of fixed points for generalized nonex

pansive mappings which satisfy the so-called condition (E) in CAT(l) spaces. 
Then, we prove convergence theorems to them by using Picard-Mann hybrid 
iteration process. 

1 Introduction 

Approximating fixed points is one of the main topics in the fixed point theory. In the 
theory, we have considered some methods to approximate fixed points. For instance, 
Mann type iterative method has been known as a very popular method to do that. 
That definition is as follows: Let X be a metric space having some convexity structure. 
For a mapping T : X ---+ X and given point x 1 E X, let 

Xn+l = Cl:nXn + (1 - an)Txn, 

for n E N, where { an} is a coefficient sequence for convex combination. In 2012, He, 
Fang, Lopez and Li [3] proved the following .6-convergence theorem by using Mann 
type iteration in a complete CAT(A:) space. 

Theorem 1 (He, Fang, Lopez and Li [3]). Let X be a complete CAT(A:) space. Let 
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T : X -+ X be a nonexpansive mapping such that F(T) -/:- 0. Let x 1 E X be such 
that d(x1,F(T)) < D,.,,/4, where D,.,, = oo if"' :SO and D,.,, = 1r/fo, if"'> 0. For 
a sequence of positive real unmbers {o:n} C ]0, 1[ satisfying I:::=l o:n(l - o:n) = oo, 
define a sequence { Xn} by 

for n EN. Then, {xn} is D..-convergent to some point in F(T). 

On the other hand, Picard type iteration has been studied, which is another method 
to approximate fixed points. That definition is as follows: For a mapping T : X -+ X 
and given point x1 E X, let 

for n E N. This type of iteration was used in the famous Banach contraction princi
ple. In 2013, Khan introduced Picard-Mann hybrid iterative process defined by the 
composition of Mann type and Picard type iterations. Its definition is as follows: For 
a mapping T: X-+ X and given point x 1 EX, let 

Xn+l = Tyn, 

Yn = (1 - O:n)Xn EB O:nTXn, 

where O:n E ]b, c[ C ]0, 1[ for n EN. In 2017, Ritika and Khan proved D..-convergence 
and strong convergence theorems by using it for a generalized nonexpansive mapping 
in a complete CAT(0) space. 

Theorem 2 (Ritika and Khan [6]). Let X be a complete CAT(0) space, C a closed 
convex subset of X. Let T be a generalized nonexpansive mapping of C into itself and 
F(T)-/:- 0. Let x1 EC. Suppose that {xn} CC is a sequence defined by Picard-Mann 
hybrid iteration. Then, { Xn} is D..-convergent an element of F(T). 

In this paper, we consider D..-convergence and strong convergence theorems with 
Picard-Mann hybrid iteration for a generalized nonexpansive mapping in complete 
CAT(l) spaces. 

2 Preliminaries 
Let X be a metric space. For x, y E X and l 2: 0, a mapping c : [0, l] -t X is 
called a geodesic with endpoints x, y E X if it satisfies c(0) = x, c(l) = y, and 
d(c(t),c(s)) = It - sl for every t,s E [0,l]. If a geodesic with endpoints x and y 
exists for all x, y E X, we call X a geodesic space. In this paper, we assume X has a 
unique geodesic for every x, y EX, which is called a uniquely geodesic space. Then, 
we denote the image of the geodesic with endpoints x, y EX by [x, y], which is well 
defined. 

For x, y, z EX such that d(x, y)+d(y, z)+d(z, x) < 21r, a geodesic triangle Ls(x, y, z) 
with vertices x, y, z E X is defined as [x, y] U [y, z] U [z, x]. Its comparision triangle 



134

6(x, jj, z) is defined as the triangle in the 2-dimensional unit sphere § 2 whose length 
of each corresponding edge is identical with that of the original triangle; 

A point j5 E [x,jj] is called a comparison point for p E [x,y] if d(x,p) = d§2(x,j5). If 
for any p, q E 6(x, y, z) and their comparison points p, q E 6(x, jj, z), the inequality 

holds for all triangles in X, then we call X a CAT(l) space. For x, y E X and 
t E [O, 1], there exists a unique point z E [x, y] such that d(x, z) = (1 - t)d(x, y) and 
d(z, y) = td(x, y). We denote it by tx EB (1 - t)y. In CAT(l) spaces, the following 
inequality holds; 

cosd(tx EB (1 - t)y, z) sind(x, y) 2'. cosd(x, z) sintd(x, y) + cosd(y, z) sin (1 - t)d(x, y) 

for x, y, z E X such that d(x, y) + d(y, z) + d(z, x) < 27r and for all t E [O, l]. This 
inequality plays an important role in CAT(l) spaces. 

For a bounded sequence {xn} in X, let r(x, {xn}) = limsupn--+oo d(x, Xn) for x EX, 
and define the asymptotic radius r( { Xn}) of { Xn} by 

The asymptotic center AC( { Xn}) of { Xn} is defined by 

We say {xn} is ~-convergent to x 0 EX if x 0 is the unique asymptotic center of any 
subsuquence of {xn}-

Let X be a CAT(l) space. If any p, q E X satisfy d(p, q) < ~' we say X is 
admissible. Suppose {xn} C X. If there exists u EX such that 

lim sup d( u, Xn) < ~2 , 
n--+oo 

{ Xn} is said to be spherically bounded. We know the following theorem regarding 
spherically bounded sequences in CAT(l) spaces. 

Theorem 3 ([1]). Let X be a complete CAT(l) space. Suppose {xn} C X is spheri
cally bounded. Then, AC( { Xn}) is singleton and there exists a subsequence { Xnk} of 

li. 
{ Xn} and Xo E X such that Xnk -' Xo. 

For the basic properties of CAT(l) spaces, see [1]. 
We also know [3] if {xn} is a ~-convergent sequence in CAT(l) space with a ~-limit 

z, then 
d(z,y)::::; liminfd(xn,Y) 

n--+oo 



135

for every y EX. For more details of ~-convergence, see [4, 5]. 
Let X be a metric space and T : X ---+ X a mapping. T is a nonexpansive mapping 

if 
d(Tx, Ty) :::; d(x, y) 

for x, y E X. Let T : X ---+ X be a mapping and F (T) = { z E X : T z = z} # 0. T is 
a quasi-nonexpansive mapping if 

d(x, Tp):::; d(x,p) 

for x E X and p E F(T). Let T : X ---+ X be a mapping. T is a generalized 
nonexpansive mapping in the sense of [2] if there exists µ ~ 1 such that 

d(x, Ty) :::; µd(x, Tx) + d(x, y) 

for x, y E X. If T : X ---+ X is a generalized nonexpansive mapping and F(T) # 0, 
then for p E F(T), 

d(p, Tx) ::::; µd(p, Tp) + d(p, x) 

::::; d(p,x). 

for every x EX. This shows Tisa quasi-nonexpansive mapping. IfT is nonexpansive, 
then we have 

d(x, Ty) - d(x, Tx) :::; d(Tx, Ty) :::; d(x, y). 

Thus, there exists µ ~ 1 such that 

d(x, Ty) :::; d(x, Tx) + d(x, y) 

:::; µd(x, Tx) + d(x, y). 

From this inequality, T is a generalized nonexpansive mapping. Therefore, the class 
of generalized nonexpansive mapping includes the class of nonexpansive mapping. 
However, the converse is not true. See [6]. 

Let X be a CAT(l) space and T : X ---+ X a mapping. Suppose x 0 E X and 
{ Xn} C X. T is ~-demi closed if it satisfies the following conditions: 

~ 
Xn-----' Xo and d(Txn, Xn) ---+ 0 ==} Xo E F(T). 

3 Main results 

In this section, we show some convergence theorems in complete CAT(l) spaces. The 
following results are used to prove the main theorem. 
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Theorem 4. Let X be a complete CAT(l) space and {tn} C [b, 1 - b] C ]O, 1[ where 
0 < b < ½- Let {xn}, {yn} C X and Wn = tnXn E9 (1 - tn)Yn· Suppose X EX and 
there exists r E ]O, ~ [ such that 

limsupd(xn,x) :Sr, 
n--+= 

limsupd(yn, x) :Sr, 
n--+= 

lim d(wn,x) = r. 
n--+= 

Then, lim d(xn, Yn) = 0. 
n--+= 

Proof. We may assume Xn-=/=- Yn for all n EN. From the following inequality 

we have 

( ) d( ) sin tnd(xn, Yn) d( ) sin(l - tn)d(xn, Yn) 
cosd Wn,X 2 cos Xn,X . d( ) +cos Yn,X . d( ) • 

Sln Xn, Yn Sln Xn, Yn 

Let E: > 0 with E < ~ - r. From the assumptions, there exists n 0 E N such that 

d(xn,x)<r+E:, 

d(yn, X) < r + E:, 

d(wn,x) > r - E:. 

for all n 2 no. Therefore, we have 

cos(r - c) > cosd(wn,x) 

( ) sin tnd(xn, Yn) + sin(l - tn)d(xn, Yn) 
> cos r + c . d( ) . Sln Xn,Yn 

Thus we get 

sin tnd(xn, Yn) + sin(l - tn)d(xn, Yn) cos(r - c) 
sind(xn,Yn) <cos(r+c)" 

It follows that 

cos(r - E) sin tnd(xn, Yn) + sin(l - tn)d(xn, Yn) 
cos(r + E) > sind(xn, Yn) 

2 . d(xn,Yn) (1 - 2tn)d(xn,Yn) 
sm 2 cos 2 

2 . d(xn, Yn) d(xn, Yn) 
sm 2 cos 2 
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d(xn, Yn) 
cos 2 

Since 0 < b :S tn :S 1 - b < l, we have 

1 > 1 - 2b 2: 1 - 2tn 2: -1 + 2b > -1, 

that is, we have 
I 1 - 2tn I :S 1 - 2b < 1. 

Thus, we obtain 

d(xn, Yn) (1 - 2b)d(xn, Yn) 11 - 2tnld(xn, Yn) 
cos 2 < cos 2 :S cos 2 

Therefore, we get 

(1 - 2b)d(xn, Yn) 
cos------

1 < 2 
d(xn,Yn) 

cos 2 

Letting c: ---+ 0, we have 

This implies 

cos(r - c:) 1 
cos(r + c:) ---+ · 

(1 - 2b)d(xn, Yn) 
cos 2 
--------=l. 

d(xn, Yn) 
cos 2 

For any subsequence { d(xni, Yni)} of { d(xn, Yn)}, there exists { d(xni , Yni )} C 
J J 

{ d( Xni, Yni)} such that { d( Xni , Yni.)} converges to d E R Replacing Xn with Xni. in 
J J J 

(1), and letting j---+ oo we have cos (l-~b)d /cos~ = 1. Therefore, we have 

(1 - 2b)d d 
0 = cos~-~ -cos-

2 2 
(1 - 2b)d d 

= cos--- -cos-
2 2 

. 2(1 - b)d . -2bd 
= -2sm---sm--. 

2 2 

This shows sin 2(1;b)d = 0 or sin -;bd = 0. Since b =/= 0, l, we have d = 0, and hence 
lim d(xn, Yn) = 0. □ 
n➔oo 
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The next lemma is regarding .D.-demiclosedness of generalized nonexpanisive map
pings. 

Lemma 1. Let X be an admissible complete CAT(l) space, T a generalized non
expansive mapping of X into itself. Suppose { Xnk} C { Xn}, xo E AC( { Xnk}) and 
d(xn, Txn)---+ 0. Then xo E F(T), that is, T is .D.-demiclosed. 

Proof. Let x0 E X. Then we have 

lim sup d( Xo, Xnk) ~ lim sup d(Txo, Xnk) 
k--+oo k--+oo 

~ lim sup(µd(Txnk, Xnk) + d( Xnk, Xo)) 
k--+oo 

~ µlimsup d(Txnk, Xnk) + limsup d(xo, Xnk) 
k--+oo n--+oo 

= limsup d(xo, Xnk). 
k--+oo 

So, we have limsupk--+ood(xo,Xnk) = limsupk--+ood(Txo,Xnk). From the uniqueness 
of the asymptotic center of {xnk}, we get Txo E AC({xnk}). This implies Xo E 

F(T). □ 

The next is about the existence of fixed point of generalized nonexpansive T. 

Lemma 2. Let X be an admissible complete CAT(l) space, T a generalized nonex
pansive mapping of X into itself. Let x1 E X. Let { Xn} be a sequence defined by the 
Picard-Mann hybrid iteration as follows: 

Xn+l = Tyn; 

Yn = (l - O'.n)Xn EB O'.nTXn, 

where O'.n E ]b, c[ C ]O, l[. If {xn} is spherically bounded and limn--+oo d(xn, Txn) = 0, 
then F(T) -/- 0. 

Proof. Since { Xn} is spherically bounded, AC ( { Xn}) is singleton. Let {p} = 
AC({xn}). Since T is generalized nonexpansive, we have 

From this inequality and the assumpution, we get 

limsupd(xn, Tp) ~ limsup µd(xn, Txn) + limsupd(xn,P) 
n--+oo n--+oo n--+oo 

~ limsupd(xn,P)-
n--+oo 

Then we have r(Tp, { Xn}) ~ r(p, { Xn} ). Since AC( { Xn}) is singleton, we have Tp = p. 
It implies F(T) -/- 0. □ 
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Lemma 3. Let X be an admissible complete CAT(l) space, T a generalized nonex
pansive mapping of X into itself. Let { O:n} C [O, 1] and x1 E X. Suppose { Xn} is 
a sequence defined by the same as Lemma 8. If F(T) -=/=- 0, then {xn} is spherically 
bounded and there exists limn-+oo d(xn,P) < ~ for all p E F(T). 

Proof. Let p E F(T). Then we have 

cosd(xn+1,P) = cosd(Tyn,P) 

2 cos(µd(Tp,p) + d(yn,P)) 

= cosd(yn,P) 

= cosd((l - O:n)Xn EB O:nTXn,P) 

2 (1- an) cosd(xn,P) + O:n cosd(Txn,P) 

2 (1 - an) cos d(xn, p) + O:n cos d(xn, p) 

= cosd(xn,p). 

Since {d(xn,P)} is nonincreasing and bounded below, there exists lim d(xn,P) < 
n-+oo 

d(x1,P) < i· It also shows that {xn} is spherically bounded. □ 

Theorem 5. Let X be an admissible complete CAT(l) space, and T a generalized 
nonexpansive mapping of X into itself. Let x1 EX. Suppose {xn} C X is a sequence 
defined by Picard-Mann hybrid iteration as follows: 

{
Xn+l 

Yn 

=Tyn; 

= (1 - O:n)Xn EB O:nTXn, 

where O:n E ]b, c[ C ]O, 1[ for n EN. Then, the following are equivalent: 

(i) {xn} is spherically bounded and limn-+oo d(xn, Txn) = 0, 
(ii) F(T) -=/=- 0. 

Proof. By Lemma 2, (i) implies (ii). We will show (ii) implies (i). Let p E F(T). From 
Lemma 3, we know there exists limn-+oo d(xn,P) < ~ and {xn} is spherically bounded. 
Thus we put limn-+oo d(xn,P) = Cp. First, we show that limn-+oo d(yn,P) = Cp. From 
the proof of Lemma 3, we have 

Since limn-+oo d(xn,P) = limn-+oo d(xn+1,P) = Cp, we get 

(2) lim d(yn,P) = Cp. 
n-+oo 

Furthermore, since a generalized nonexpansive mapping T is quasi-nonexpansive, we 
have 
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Thus, we get 

(3) limsupd(Txn,P):::; Cp, 
n➔oo 

From the assumption, (2), (3) and Theorem 4, we have lim d(xn, Txn) = 0. □ 
n➔oo 

The following two theorems are the main results in this paper on .6.-convergence 
and strong convergence. 

Theorem 6. Let X be an admissible complete CAT(l) space. Let T be a generalized 
nonexpansive mapping of X into itself and F(T) i=- 0. Let x 1 E X. Suppose that 
{ Xn} C X is a sequence defined by Picard-Mann hybrid iteration as follows: 

Xn+l = Tyn; 

Yn = (1 - O:n)Xn EB O:nTXn, 

where O:n E ]b, c[ C ]O, 1[ for n E N. Then, {xn} is .6.-convergent to an element of 
F(T). 

Proof. Since F(T) i=- 0 and from Theorem 5, we have limn➔oo d(xn, Txn) = 0 
and { Xn} is spherically bounded. Thus AC( { Xn}) is singleton, let AC( { Xn}) = 
{ xo}. For an arbitrary subsequence { Xnk} of { Xn}, let q E AC( { Xnk} ). Since 
limn➔oo d(xn, Txn) = 0 by Lemma 1, we get q E F(T). Furthermore, from Lemma 3, 
there exists limn➔oo d(q, Xn)- Then we have 

r(q, {xnk}) = limsupd(q,xnk) 
k➔oo 

:::; limsupd(xo,Xnk) 
k➔oo 

:::; limsupd(xo,xn) 
n➔oo 

:::; limsupd(q,xn) 
n➔oo 

= lim d(q, Xn) 
n➔oo 

= limsupd(q,xnk) = r(q, {xnk}). 
k➔oo 

Therefore, we have limsupd(q,xnk) = limsupd(xo,xnk). From the uniqueness of the 
k➔oo k➔oo 

asymptotic center of {xnk}, we get xo = q E F(T). This implies {xn} is .6.-convergent 
to an element of F(T). □ 

Theorem 7. Let X be an admissible complete CAT(l) space, T a generalized nonex
pansive mapping of X into itself and F(T) i=- 0. Let x1 EX. Suppose that {xn} C X 
is defined by Picard-Mann hybrid iteration as follows: 
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where O:n E ]b, c[ C ]0, 1[ for n EN and suppose {xn} is spherically bounded. Then, 
{xn} is convergent to an element of F(T) if and only ifliminfn--+oo d(xn,F(T)) = 0, 
where d(x, F(T)) = infpEF(T) d(x,p). 

Proof. Necessity is obvious. To prove sufficiency, we assume liminf d(xn, F(T)) = 0. 
n--+oo 

From Lemma 3, we have 

d(xn+l, F(T)) S:: d(xn, F(T)). 

Thus, there exists limn--+oo d(xn, F(T)) and we have limn--+oo d(xn, F(T)) = 0 from 
the assumption. Next we show {xn} is a Cauchy sequence. Put E > 0. From 
limn--+oo d(xn, F(T)) = 0, there exists n 0 EN such that 

E 
d(xn, F(T)) < 4, 

for all n 2'. n 0 . Thus, we have 

inf d(xn 0 ,p) < ~-
pEF(T) 4 

Therefore, there exists p* E F(T) such that d(xn 0 ,p*) < ~- For all n, m 2'. n0 , we get 

d(xm, Xn) < d(xm,P*) + d(p*, Xn) 

S:: 2d(xn0 ,p*) < E. 

This implies that { Xn} is a Cauchy sequence. Since X is complete, there exists q E X 
such that Xn---+ q. Fathermore, since limn--+oo d(xn, F(T)) = 0, we get d(q, F(T)) = 0. 
Thus we have q E F(T). Therefore, {xn} is convergent to an element of F(T). □ 
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