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Floquet 1 \ ~ Jv f' .:::. 7 /' r: xf 9 G 

Mourre Bf,fiffi t: "=> \t \ -C 

~P*~*~~-g~~~MB~W~*ME ~ 
Amane Kiyose 

Department of Mathematics, Graduate School of Science 

Kobe University 

(F,y Fd! ml :M 1¥] t~ ;j{' T" 1/ 1/ -v )v ~ ~--:) Schrodinger {Ip )=!=Hi H ( t) = p2 /2 + V ( t' X) t: .xt 

TQ7-.~:7 rJvl.ll!Mat.~'&Ll.ll!Ma--C!i, H(t) t:~tf1'HtG:ht::Floquet1\~Jv!---=.7::.,, 

K= -iot+H(t) iJ\ Howland-Yajima0)1ft!t:J:..-:i-Cra'.-'-<i!~t~f)i'.1'fLl~:1,;!U::Tc *ffl 

c'li, }E}'L~~®:~ (~1~*-'F) t O)~fi,!Wf~ [2] O)IAJ~c'~ Q, ffl$1¥Jt~ Mourre :EIMac' 

0) K t:Mi" Qffi G \,'2t*{'PJ1Hli t Mourre ~,fiffi~~-frT Qc 

*Wf~c'!i, PJ--rO){-'pffl*~' H(t) t:~tf'-M"tt G:ht:: Floquet ;\ ~ Jv 1---=- 7::.,, K t:x,J

T Q2t*f'Pffl* t VCtll~T QC 

-1 X • p+p · X 
A;.0 ,6 = (Ao - 8 - Dt) ® 2 · 

1 fdJG-'-< 0) Mourre ~,fiffi/;t{'J{O) J:.. "J t~*L"~Qc 

fc1(K - Ao)i[K, A;.0 ,c1]f6(K - Ao)~ 2f6(K - Ao) 2 + C;.0 ,10 • 

fc1(K -Ao) /;t.I.--t-Jv=¥'- K 0) Ao A-O),liupfr1~, C>.o,Jo t;t::i 1/l\:7 H'Pffl*O)~~L"~Qc 

§2 -C-!iWf~O)f/J;jl~j£,,ez--:::i--:::i, {EUi::".t.:±.~*t:--:::i1,,-ci C:/sl)Qc §3 -C-!i Mourre~fffii 

O)~iHl~O)ffl~~j£,,e(Qc §4 -C-!i AC Stark/\~ )v 1---=- 7 ::.,,t:xtT Q~ELFP5/mA-O)J;t;ffl ~ 

~-frTQc 
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iotu(t) = H(t)u(t), t ER, 

1 2 
H(t) =Ho+ V(t), Ho= 2P , 

t::-::>1,,-c1Hi~i""oo p = -iVx c'il!:> IJ, V(t) liffl!M T > 0 ~~-::> t t::~L,ffl!MakJt.t 

Rx Rd ___l:O)~M&fi~M& V(t, x): 

V(t+T,x) = V(t,x), (t,x) ER x Rd 

~ tlHt o ttHt•ftm *c' i!!:> o O riJ£0), v( t, x) 1:: "'.) 1,, -c O)Jf!~ t.t~flf:O) :t t 1:: H( t) 1:: 

J::-::> -C ~PX~ no!W{'Fffl* U(t, s) O)fftf t ~~•titi{*iiEc' ~ o (Yajima [5]). 

t-+ ±oo O)~O), U(t, s)cp, cp E .Ye O)jlji}i3.6:*JlJO)iiJf~-Cti, P.Jril'J H(t) t::~t}'{-ttt G 

nt:: Floquet J\ ~ Jv 1--.:::. 7 /' K ~ t:: tft:: tffUffli"" o =. t iJ!i!!:, oo T-ffl!M~M&~ 1-- - 7 .7-.. 

T = R/(TZ) ---1:::t::~ l,-C:7gx.oo 1rr: [O, T) 3 t f--t [t] ET ~Jtj1,,-c, 

£(T) := { A E PJJ(T) I 7rr1 (A) E £(R) n [O, T)} 

---1:::0)%-0ffi~mUJIU!!t 

ffiT := 7rT*(m,e(R)n[O,T)): £(T) 3 A f--t ffi£(R)n[O,T)(1rr 1(A)) E [0, oo] 

~ 1J. X. o (1rr t:: J:: o ~~i!U l!t)o £ := L 2 (T; .Ye) ~ L 2 (T) ® L 2 (Rd) t 9 o o 

{U(er)}aER ~ <I> E £ t::xf l,-C 

(U(er)<I>)(t) = U(t, t - er)<I>(t - er), t ET 

tn:.ll)oo ~Wt::ti, [!]=<I> t::xtG-c, 

U(er)<I> = [U(1rr 1(*), 7rr1(*) - er)f(* - [er])]. 

=. tl, Ii £ ---1::: 0) 5:fa~~ 1 1, 7 ;,( - :::$? ::i..:::.:::$? 1) tl¥ -C ii!:> I) , Stone 0) JE:E! t:: J:: -::> -C, X ---1::: 0) 

El a~r~{'Fffl* K iJ!rJl~-::>fftt l, L 

tt.too K ~ H(t) t::~tf{-gttGnt::Floquet1\~Jvr-.:::.Y/'t1t,'50 it::, Ho t::~tf' 

Ntt G nt:: Floquet 1\ ~ Jv 1--.:::. 7 /' Ko ~ El EE Floquet 1\ ~ Jv 1--.:::. 7 ✓ t 1,, -5 o -tO)~ 
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ii\ Ko l:l::i'.XO)J&'.O;li;-C- -i8t+Ho O)§~t~§3~:f5tr/t~-C-&0!it~x.GtLQ: AC(T) 

:a:900M&n! 2 ~faJffHtt~ T J::O)~xt31~00M&O)ggrai t l,, Dt :a: AC(T) :a:5:E~~t:.~ 

-:J{/pfa!Hl -i8t t5Eil()Qo Dt Ii L 2 (T) 1::§3~:fi,t'.-C-, 7'/'1:..7 1--Jv a(Dt) Ii !Y := wZ, 

w := 2;. fP X. t:. Dt 0) V '/Jv-"' ✓ "~i:)-0)~:$11!J::O)Jf~?t p(Dt) n R Ii R \ !Y t ~ l., < 

R \ !Y = LJ In, In:= (nw, (n + l)w) 
nEZ 

t1tf!¥c'~Qo AC(T)@C0 (Rd) li§El3Floquet1\~JvJ--.::.7:.,, Ko O):JT-C.\AC(T)® 

C[f (Rd) J::O) Dt ®Id+ Id ®Holco(Rd) li*j(ak}t:. § a~1)t'.-C-

Ko= Dt ® Id+Id®Holc0 (Rd) = Dt ® Id+Id®Ho. 

#; /4' 0) Wf ~ § 8'9 Ii, ~~ ak7 t~ Mourre f!!!.fffti-C- 0) K t:. xt T Q ffi l, \,' ~*f/p ffl * :a: ff 

Q ¥-c- &i Q n;, K t:. xtt" Q ~*Wffl *§«,;Ii.~ .S;; [6] t:. et t:> lli t:. ft G tL -c 1,, t:: ¥ 

t:. 1 Tff J&'. L, t:: 1,, o ~ rai irt.&1¥ 0) ~ir t Ii~ 1,,, ~ rai t.&r¥r"i ~ c' Ii Jim' 0) ~*{1r ffl * 

Ao= (x · p + p · x)/2 -C-li § El3 Floquet J\ ~ Jv 1--.::. 7:.,, Ko= -i8t + Ho Ii 

i[Ko, Ao] = i[Ho, Ao] = 2Ho 

n; Ko ~Wt:.t~ G t~\,,0)-C:\ ;ft~.5:;li .A1 = {x • p(l + p2 )-1 + (1 + p2 )-1p • x }/2 t p2 

O)v~~~:.,,1--:a:m~~~*wm•:a:•~TQ¥-c-, 

i[Ko, A1] = i[Ho, .A1] = p 2 (p2 /2 + 1)-1, 

W ii() -c K t:. xt T Q Mourre ll fRu 0) ~ ~ 'ti :a: ~ L, t:: o • ~ .S;; 0) ;t;' 'r :.,, -::.,, -v Jv 0) f& 5E t 
Mourre ~{il!i Ii ;,_x 0) et -5 -C- ii) Q o 

Yokoyama's Assumption. V Ii T X Rd J::O)OOM& V(nr 1(t), x) t:. et Q £ J::O)m/t 

•{t ffl •-c-, PJ ~ :a: rillJ t:: T t T Q o 

(l) V t [V,.A1] Ii Ko-:J :.,,1,7 Htffl•t:.r.tn;Qo 

(2) [[V, Ail, A1] Ii Ko-~Wftm•t:.r.tn;Qo 

,WIJ x. If', V(t, x) = VL(t, x) + V 8 (t, x) t 1tf!¥-C- ~, vL E C(R, C00 (Rd)) c' 8 > 0 t:. 

lo~VL(t, x)I :::; Ca(x)-<5-lnl, a E (NU {O} )d. 

V 8(t,*) /i:J :.,,1,7 I-- t:.-lf;f-'- 1-- ~tL-CB t:>, V 8 E C(R,LP(Rd)), p > max{d/2, 1}. 
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Mourre Estimate of Yokoyama. V !iguj£0){BUE'.~ri!lft.::i" t 9 Qc 

(1) A E R \ :Y, 0 < 8 < d(A, :Y), Jo E C0 ([-8, 8]) t::xf L, X J::O) ::1:,, 1, ::7 H'PJlH'~ 

C1,>..,fo iJt(¥tE L, 

- 2(d(A,.'Y)-8) 2 
fo(K - A)i[K, A1lfo(K - A):::: l + d(A, :Y) _ 6 fo(K - A) + C1,>..,Jo-

(2) R\:Y f7'10) K O)~[ID~f@:!i~!IJ.t~mtc\ :Y t::L,iJ•~fjL,t,t1,,c .'YUo-pp(K) ti"i:IJ 

-M~i'i"c {:f~O) A ER\ (:YU O"pp(K)) t{:f~O) s > 0 /::xf L,, 0 < 8 < d(A, :Y) 7J' 

1¥tE L,, {:f~O) Jo E C0 ([-8, 8]) t::xf VC 

- 2(d(A,.'Y)-8) 2 
fo(K - A)i[K, A1]fo(K - A) :::: ( l + d(A, :Y) _ 6 - s)fo(K - A) . 

Limiting Absorption Principle of Yokoyama. s > 1/2 t i" Qc 

(1) M!Rrdl I c R \ (:YU O"pp(K)) t::xt v-c 

sup ll(A1)-s(K - z)-1(A1)-sllB(X) < oo 
'.Jmz,tO,!ltezEI 

sup ll(x)-s(K - z)-1(x)-s11B(X) < oo 
'.Jmz,tO,!ltezEI 

(2) A E J /::xt L, --C B(X) 17'JL'?XO),tf~jiJ,:(¥tEc 

lim (A1)- 8 (K - (A± is))-1(.Ai)-s, 
e:--++0 

lim (x)- 8 (K - (A± ic))-1(x)-s. 
e:--++0 

(A1)-8 (K - (A±i0))-1(.Ai)-s, (x)- 8 (K - (A±i0))-1(x)-s Ii A ER\ (.'YUO"pp(K)) 

/:: -:J 1,' t Holder Jlimc 

t ~~{'PJl:n'~ ~ :B-M-e ~ Q $'.iJ>!i~--C-216 Q iJ\ iiJihu if; 0) A1 t:: ti .:t 0) J:: -j t.t~'liiJ!t,t iJ> "".) 

t.:: t.:: dJ, ~{** A. O);j:Jt~iJ,:Jt§%'--C- ~ t,t \,' t \,' -5 ~JliJ>:('ftf L, f.::c -t-=- c'' _;,$:,@f~c' ti~ 

{:;fs:*A.O);j:Jt~ ~ ~~/v't', ?XO) J:: -5 t.tffi L, 1,,~~f'P,EJ:H1~ ~ ¥1A i" Q c Ao E R \ :Y t 
9 Q c ot~-:J n>..0 E Z iJ!:(¥t£ L, L Ao E In:;. 0 t t.t Q c 8 ~ 0 < 8 < dist(Ao, .'Y) t lf3t 

QC Ao - 8 E In:>.o ti.iJ>6, Ao - 8 ER\ :Y = p(Dt) n R. Ao /::;Btj-Q K t::xf9Q 
MourrelWflffi~f~Qf.::dJ, p2 O)v'/Jv-"':,,)-, (l+p2 )-1 --C-tit.t<, Dt O)v'/Jv-"':,,)-, 
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(>-.0-8-Dt)- 1 ~;@m'O)~ID{-ieffl* Ao= (x·p+p·x)/2 t:f;!Ht, X ~ L 2 (T)®L2 (Rd) 

J:: 0) !:':! a f¾T)t {-'Je ffl * 
~~At" oo 1i'~40)~%{-'Jeffl* A>.0 ,0 Ii !:':l El3 Floquet 1\ ~ Jv 1-- .=. 7 Y t O)~~T7J; 

i[Ko, A>.0 ,0] = i[Dt ® Id, (>-.o - r5 - Dt)-1 ®Ao]+ i[Id ®Ho, (>-.o - r5 - Dt)-1 ® Ao] 

= i[Dt, (>-.o - <5 - Dt)-1] ®Ao+ (>-.o - <5 - Dt)- 1 ® i[Ho, Ao] 

= (>-.o - r5 - Dt)-1 ® 2Ho 

= (>-.o - r5 - Dt)-1{2(Ko - Dt)} 

Ko-1'! w-e&i o: 

i[Ko, A>.0 ,0] (Ko)- 1 = 2{ (>-.o - r5 - Dt)- 1 Ko(Ko)- 1 - (>-.o - r5 - Dt)- 1 Dt(Ko)-1 }. 

~,: i[i[Ko, A>-o,oL A>-o,o](Ko)- 1 :tf'f W c'&l Oo ;;fs:,u}f~O)~ID{-'Jeffl* A>-o,8 O)fi:tm~ 
t~I.1s:,~li, Ao O)-g~5J-0)%~~x. ·n,,t~1,,$-c&i 1J, ~«s:*"O);f=Jt5i~~x.o t 

t 1,, :> 5J-NM;--c ~ o t~<lb, tlt5in;~ffi,-c ~ oo ~~, ,@.l[,a [1] t: J:-:;, --c, iiJ/i 3 ft* t: 

xtt"o~IDfFffl* AR 

AR = L ]a,RAa]a,R, 
aE.rli 

AAK = (3w/2 - Dt)- 1 ® ((xa,pa) + (pa,xa))/2, 

AY,a = ((xa,Pa(w/4+ (pa)2/2)- 1 ) + ((w/4+ (Pa) 2 /2)- 1Pa,Xa))/2 

n;~,q O)~O) AAK c:11ihlJ.aO)~O) AY,a ~ffc1i !J i't.t:>i±-0$c'·PX~ n--c1,,0o AAK Ii 

-g~5t*1\ ~ Jv 1-- .=. 7 Y t ~tfM it G nt~ Floquet 1\ ~ Jv 1-- .=. 7 Y t:xtt" o ~ID{-'Jeffl*, 

AY,a L:l::7':7.::Z..::$(-rei,/\~JJ,,,\--.:=.7y(:x,J"t"o~ID{-'Jeffl*c'&loo {.!:H.1, ~~O)~** 

(N 2:: 4) A.O);f=Jt5it:1fflt..,--C[qi~O)$n;-C~on•liit2':bn•-:;i--C1,,t~1,,o ;;fs:,u}f~-Cli 1 {;it;: 

0)#8i'/-O)ffi G I, '~ID{'Fffl* A>.0 ,0 t Mourre ~{ffli~lj.;z 0$/: J:-:;, --C, ~{**"O);f=Jt5i0) 

t~<lb 0), ii:f]O)~~~~iEB}j9 0$~ § i'fS t G --C 1,, oo 

* t~, ~ ,q li;i-;9" ✓ 1/ i' JJ,,, V( t, X) ,: -::) I,' L ?JZO) J: 7 t~ffi l_., I, ,~{lf: (V) ~lj.;z O 0 

Condition (V). V(t,x) Ii Rx Rd J::O)~~{[!'[lffl~c- t t:!ffll..,--C)j!ij~ T O)lffl~ 

vsing(t,x) t vreg(t,x) O)f□ t:5J-M~noo d < 3 O)~li vsing = 0. d 2:: 3 O)~li vsing 



97

Ii oo > qo > d c' C(R, Lq0 (Rd)) r:~ L, supp vsing(t, *) Ii t t:: 00 L,'-C ~J!IO) Rd 0) 

:11/J\'.7 1-g~:,:H~i'rt::~i:tl,Qo (otvsing)(t,*) C: l(vvsing)(t,*)I Ii 00 > q1 > d/2 -C

C(R,Lq1(Rd)) t::~9Qo d = 3 O)~li q0 > 3 J: IJ 1/(2qo)+l/2 < 1/6+1/2 = 2/3 = 

2/d t:!.-/J> G q1 := (1/(2qo) + 1/2)-1 > d/2 tJE'.~9 Qo ::. O)~ l/q1 = 1/(2qo) + 1/2, 

v,eg(t, x) Ii C2 (R X Rd) t::~ L, p > 0 -C-¥ro!G£t~{4 

supl(o;a~vreg)(t,x)I s; C(x)-p-(k+l<>I), k+ lal s; 2 
tER 

vsing t v-c Ii, 1x1-')' ml. 0) }mpfr~JHi :a:: ~mH:: Jli\, \ L \, \ Q O §4 -c- Ix + c( t) I_,,' C Ii 

T-!Wl:MOOM&, t 1,,-5,WrJ:a::~x.Q-/J", tO)~.g- 'Y < l c't.tt1ttlft.tGt_t1,,$iJ":b-/J'Qo 1tt-:J 
-c~~t.t-/J" G Coulomb m/.O)~JHi :a:: lff '9$1i-C- ~ t_t 1, 'o 

it::, ffiLl.J.E£.O){RJEtxtJt9:t11i, ~/4'0)~{4 (v) Ii, .1uug~1tn"c2 >11&1::i-c-~i-:J 

-c 1,, Q o t 1:: 00'9 Q il(1t0)~{4-/J"0~-r:-~ Q -/J", t :t11:: J: -:J -CM{'F JtHJO)::(¥:(_f t ~JlUiO) 

filliE-/J"c'~Qo ~~, ~Ji1JE:. [5] O){RJE'. (A.I) t (A.2) :a::mllt::9$-/J"t'JZO)J:'5/::®(-JJ,clbG 

:tl,Qo IcR:a:::11/1,7t-1Rr1c1,t9Qo (A.I) 1::-:::i1,,-c1i, a=2,p=q0 ,/3>l IUf:~ 

t~.l'Ztf.S!,1,,0 qo > d J: IJ 1/2 < 1- d/(2qo) -C-{:f:~O) /3 > l t::xfL,-C 

V = vsing+vreg E C(I,Lq0 (Rd))+C(I,L 00 (Rd)) C L2 (I,U0 (Rd))+Lf3(I,L 00 (Rd)). 

(A.2) t:: -:::i1,,-c Ii, i T supp vsing(t, *), (t E R) Ii, ~J!IO) :11/ 1, 7 r ~i'r C /:: ~ i :t1, 

Q-/J>G, 'l/Jc E cgo(Rd) :a:: 'l/Jc(x) = 1 on C t~✓.S~o ::.O)~, {:f:~O) qo 2:: p 2:: 1 /::xfL, 

-C, l/p = 1/ qo + (l/p - 1/ qo) c'O) Holder O):,f~~I:: J: IJ, {:f:~O) t, to E R t::xf L,-C 

IIVsing(t,*) - vsing(to,*)llp = ll(Vsing(t,*) - vsing(to,*))'l/Jcllp 

s; IIV"ing(t, *) - vsing(to, *) llqa ll'l/Jc II (1/j,-1/qa)- 1 

t:!.-/J> G, vsing E C(I, LP(Rd)) t t_t Q o d 2:: 4 O)~-B-li p = p = qo t ~.l'Z li.B!. <, 
d = 3 0)~€rli q0 > 3 > 2 2:: 1 J: IJ p = 2 t~.l'ZQO it::, 8tV 0)~{4t::-:::i1,,-c1i, 

i TiEJ!Ug:~?tli Ot vreg E C 1 (R x Rd) c £f3 (I, L 00 (Rd)). ~~g~1tt::-:::i1,,-c Ii, {:f:~O) 

'PE cgo(R x Rd) 1:::xtL,-c 

J, J, 8tVsing(t,x)'fJ(t,x)dxdt = -J, J, vsing(t,x)'l/Jc(x)ot'P(t,x)dxdt 
R Rd R Rd 

= - J, J, vsing(t, x)ot('l/Jc(x)'P(t, x))dxdt 
R Rd 
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tiiP G, 

= f f 8tVsing(t,x)1/Jc(x)c.p(t,x)dxdt 
lnlnd 

flt-:J-C Vsing O)a:,'j'tjq)t,:1J$-C, {:f~O) 0:1 ~ 1 t{:f~O) 1 ~ Pl ~ q1 t:xfl,-C, 

l/p1 = l/q1 + (1/p1 - l/q1) -CO) Holder O)::f~~J:: fJ, 

OtVsing E C(J,£Pl(Rd)) C £°'1(J,£Pl(Rd)) 

t t~ oo d ~ 5 O)fJ\'f/i q0 > d iJ, G, 1/2 ~ 5/(2d) = 1/(2d) + 2/d > 1/(2q0 ) + 2/d, 

q1 > d/2 J:: fJ 2/d > l/q1 tiiJ• G q1 > (1/(2qo) + 2/d)-1 > 2. flt":) -C, P1 := 

(1/(2qo)+2/d)-1 = 2dqo/(d+4qo) t~"'-oo d = 4 O)fJ\'f!i q1 > 4/2 = 2 J::f) 

1/(2qo) + 1/2 > l/q1 tiiJ• G q1 > 2qo/(qo + 1). 2qo > 2qo/(qo + 1) t it:b-tl-;tl,/;f, 

2qo/(qo + 1) < P1 := min{2qo, q1} ~ 2qo t~"'-Oo d = 3 O)a:,'j'/i l/q1 = 1/(2qo) + 1/2 

tiiJ•G q1 = 2qo/(qo + 1). flt":J-C, q2 := q1 t~"'-li.B!.li'o ftt":J-C, V iJ;~{lf: (V) ~~ 

f::9a:,'f, ~~~O){Jxn:'. (A.l), (A.2) iJ;~t::~;tl,oO)c', H(t) t:J::-:J-Cf!¥{1FJ:1Hlt U(t,s) 

iJ;~~ak]t:~pX ~ ;ti,, H(t) t:~tff'.t/t G nt:: Floquet 1\ ~ Jv I-.::. 7 / K iJ; X J:O) § 

o~~~ffl*tL,-CJE~~noo ~O)a:,'f 

c'~fJ, K /it'J(O)~U;fi;c' -iot+H(t) O)§~t~§o~f~t!t~t?g;zG;tl,oo AC(T)@ 

C0 (Rd) J:O) Dt ®Id+ J: H(ni, 1 (t))dt /i;,;$:j/lak]t: § o~f~-C, 

K=Dt®ld+ [® H(ni, 1 (t))dt. 

1 t::, {:f~O) Ao ER\ :57, 0 < fJ < d(.\.o, :57) t:xt L, -C, 

(Ko)-112i[V, A;.0 ,,5](Ko)-1, (Ko)-1i[i[V, A;.0 ,,5], A;.0 ,,5](Ko)-1 

O)~J'Hi:tf:W:!iE-C~oo ::;ti,G~ i[Ko,A;.0 ,,5] t i[i[Ko,A;.0 ,,5],A;.0 ,,5] 0) Ko-~J'Hiti'i

.t> it ;ti, / ;f' 

(K)-112i[K, A;.0 ,,5] (K)-1, i[Ko, A;.0 ,,5] (K)-1, (K)-1i[i[K, A;.0 ,,5], A;.0 ,,5] (K)-1 
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O)~W'[i;oqf{fu'.Nb Gno (Hypotheses of Perry, Sigal, Simon [3]). J!t:, Ko O),mjpfj-:1 :1/ 

1, '.7 1-- ,11: :a:: ffl ",nt:f, 

ti:1 :1/1,'.7 r 1:a!:>oo 

.::. .::. 1: _± ~ * :a:: j£ /'( Q 0 

Theorem (Mourre Estimate). V ti~{,t (V) :a:: ri!!It:: 9 t 9 o o 

(1) {3::@'.0) Ao ER\ 5, 0 < 8 < d(Ao, 5), f,s E C0 ([-8,8]) t:xfl,""C £ J::0):1 :1/1, 

'.7 Htffl* C>.o,!o ;o!:(¥tf V-C 

J,s(K - Ao)i[K, A>.0 ,0 ]!0 (K - Ao) 2: 2J,s(K - Ao) 2 + C>.o,fo· 

CTpp(K) n [Ao - 8/2, Ao+ 8/2] /i~mHli'i-c', [Ao - 8/2, Ao+ 8/2] p;JO) K O)~~{[i'[ti.~ 

m~~~i 1: a!) o o 

(2) R\5 p;]O) K O);g.~~{lti.~]i~~~ic', 5 t:L,;o•~fj'll,t~l,\o 5UCTpp(K) /i-aJ 

f$:1¥.J~i'i-c'a!) Oo {f:@'.O) Ao E R \ ( 5 u CTpp(K)), c: > 0 t:xt l,, a!:> o O < 8 < d(Ao, 5) 

n!:(¥t£ vc {3:::@'.0) Jo E c0 ([-8, 8]) t:xt vc 

f,s(K - Ao)i[K, A>.0 ,,5]!,s(K - Ao) 2: (2 - c:)f,s(K - Ao) 2 . 

Theorem (Limiting Absorption Principle). 

(1) {3:::@'.0) Ao ER\ (5 U CTpp(K)), 0 < c: < 2 t:xtVC 8 > 0 :a:: [Ao - 28, Ao+ 28] c 

R \ (5 u CTpp(K)) 7'.)>-:J 

ho(K - Ao)i[K, A>.0 ,2o]h0 (K - Ao) 2: (2 - c:)h,s(K - Ao)2 

t~,,,Z/;f, {3:::@'.0) s > 1/2 t:)('if"VC 

sup ll(A>.0 ,2,s)-s(K - z)- 1 (A>.0 ,2,s)-sllB(X) < oo. 
'.Jmz,,eO,!RezE [>.o-'5,>.o+'5] 

(A>.0 ,2,s)-s(K - z)-1 (A>.0 ,2,s)-s Ii z E S>.0 ,0,± 0) B(.X:)--{l 0(s)--Holder JJl!~!fflM&c' 

a!:>oo 

0(s) = (min{s-1/2,p})/(min{s-1/2,p} + 1), 
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B>.0 ,8,± = {(EC I O < ±:Jm( :<:::: 1,9\e( E [>.o -8,>.o +8]}. 

ff:;@'.O) ,\ E [>.o - 8, >-o + 8] /:.x,t l, --C B(.X:) P'11:t'JZO)ffi~NiJ~1¥tET {So 

c!i~0(A>.0 ,28)-s(K - (,\ ± iE))-1(A>.o,28)-s. 

(A>.0 ,28)-s(K- (>.±i0))-1 (A>.a,28)-s Ii,\ /:!fflt"{S 0(s)-HolderJi~!ffl~--C~{So 

(2) {f:;@'.O) 1/2 < s :<:::: 1 t{f:;@'.O)laJJ!Rrl'li I c R\ (§Uapp(K)) /:_x,f"l,--C 

sup ll(x)-s(K - z)-1 (x)-sllB(X) < oo. 
Jmz,,'O,!JtezEI 

(x)- 8 (K - z)-1 (x)-s Ii z E S1,± 0) B(.X:)-{@: 0(s)-Holder Ji~!ffl~--C~{So 

S1,± = {(EC I O < ±:Jm( :<:::: 1,9\e( EI}. 

{f:;@'.O) ,\EI /:_x,fl,--C B(.X:) P'1c't')ZO);ffi~NiJ~1¥t£T{':ia 

lim (x)- 8 (K - (>. ± iE))-1(x)-s. 
c➔+O 

sup IIKoeiaA.xa,o (Ko+ i)-1 IIB(X) < oo. 
lul:SI 

§ EE Floquet 1\ ~ Jv r- =- 7:,, K 0 t A>.a,8 ~ lJ!:Ull:5t:5tMT {S 1Jt!iJ;~ t t~ {So £ 2 (T) Ii 

Dt 0)[@1'f.re::::7 r-Jvn•Gt~{':i~~iEffl@~*~fi1'6, k ~§!iu'tl1'ff@: kw t:.x,f"J;tt.,--c1,,{So 

~ k E Z t:x'-J-9 {S [@1'f Jj}-f~~ Pk t 9:ti,/;f, 

Dt = E9 kwPklAc(T)· 
kEZ 

Ko= E9 PklAc(T) 0 (kw + Ho) 
kEZ 
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Lemma 1. (1) {=f;@'.O) cp E L2 (T), {'lj!k}kEZ E .e00 (Z;£) i:.xtG £ J::O)~M& 
LkEZ Pkcp ® 'lpk /iffi!i~{lf:JJ:JZ:lR--e:-, 

II E9 Pkcp ® 'lpkll~ = L IIA'Plli2(T)ll'lj!kll~.:::: sup ll'lj!kll~ll'Plli2(T)· 
kEZ kEZ kEZ 

(2) {=f;@'.O) z E C \ R t:xt L, --C, 

(3) 

(Ko - z)-1 = E9 Pk® (kw + H0 - z)- 1 . 

kEZ 

Proof. (1) L 2 (T) 0)4'0)jc~i[~ja~~*~ {ekhEZ t~~' .Ye O)~-:JO)jc~iEm~ 

~* {e\}!EN ~!&oo 't"O)fey {ek ® e;}(k,l)EZxN Ii X O)jc~i[~ja~~*c'&>oo {=f;@'. 

0) cp E L2 (T), {'lj!khEZ E .e00 (Z,£) i:.xtG, Parseval O)~t(;i)>IQ, 

kEZlEN kEZ lEN 

= L l('P, ek)L2(TJl211'1j!kll~ 
kEZ 

.:::= sup ll'lj!kll~ll'Plli2(T) < +oo. 
kEZ 

lEN lEN 

kEZ kEZlEZ 

kEZlEZ kEZ 



102

(2) z EC\ R t 9 QC Jmz -=I- 0 ti-JJ> G, ff::@'.O) 'PE L2 (T), 'I/; E £ 1:::.xtl.1, ll(kw + 
Ho-z)-1 11 :S 1/IJmzl, (k E Z) --Cce:i tJ, (1) /:::. J:-::i -C EBkEZ Pk®(kw+Ho-z)- 1 ('{)®'1/;) 

iJ!JE~--C~Qo 

(Ko - z) E9 Pk® (kw + Ho - z)-1 ('P ® 'I/;) 
kEZ 

= E9 PklAc(T) ® (kw + Ho - z) o E9 P1 ® (lw + Ho - z)-1 ('P ® 'I/;) 
kEZ lEZ 

= L L PkPl'P ® (kw + Ho - z)(lw + Ho - z)-11/; 
kEZlEZ 

= L pk'P ® 'I/; = 'P ® 'lj;. 
kEZ 

f,t-::i-C, {f:@'.O) u E L2 (T) ®a!g £ /:::.x-fL, 

kEZ 

(Ko - z) E9 Pk® (kw + H0 - z)- 1u = u. 
kEZ 

kEZ 

(Ko - z) E9 Pk® (kw + Ho - z)-1uj = Uj---+ v (j---+ oo) 
kEZ 

v = (Ko - z)E9 Pk® (kw + Ho - z)- 1v. 
kEZ 

(Ko - z)E9 Pk® (kw + Ho - z)-1 = Idx. 
kEZ 

E9 Pk® (kw + Ho - z)-1 (Ko - z) = ld01(Ko). 

kEZ 

(3) ~ i\ {:f:@'.O) k E Z /:::.x-t L, -C, l>-o - 8 - kwl 2: dist(>.o, 5) - 8 J: tJ 

l(>-o - 8 - kw)- 1 1 :S (dist(>.o, 5) - 8)-1 
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t1.,,-j$t:a:~9t'J,/;J:', {f:~O) i.p E L2 (T), 'IP E g?(.Ao) t:_x,fl.,, (1) J:: IJ L-kEZPki.p® 

(>,o - O - kw )- 1 Ao'I/; /;l:JE'.~""0 ~ Qo (Dt - z)- 1 = ffikEZ(kw - z)- 1 Pk, (z E p(Dt)) ~ 
ffl \., \ tL /;J:', 

{(>.o - o - Dt)-1 ® Ao}(<.p ®'I/;)= L (>.o - o - kw)- 1 Pki.p ® Ao'I/; 
kEZ 

A>-.0 ,.s = E9 Pk® (>.o - O - kw)- 1.Ao. 
kEZ 

N 

II EB Pk® e-i>.o-8-kwAo L am'Pm ® 'IPmll~ 
kEZ m=l 

N N 

= L Laman L L(Pki.pm ® e -i >.o-8-kw Ao'IPm, Pz<.pn ® e -i >.o-8-lw Ao'IPn)X 
m=l n=l kEZ lEZ 

N N 

= L Laman L L(Pki.pm,Pz1Pn)L2(r)(e-i>.o-8-kwAo'IPm,e-iXo-8-lwAo'l/;n)£ 
m=l n=l kEZ lEZ 

N N 

= L Laman L(Pki.pm,Pki.pn)L2(r)('1Pm,'1Pn)£ 
m=ln=l kEZ 

N N 

= L Laman('IPm,'IPn)£ L L(Pk1Pm,P1<.pn)L2(T) 
m=ln=l kEZlEZ 

N N N 

= L Laman('1Pm,'1Pn)£(1Pm,1Pn)L2(T) = II L ami.pm®'IPmll~-
m=ln=l m=l 

f,t-::,·c EBkEZPk®e-i>.o-8-kwAo /;!:~*1:'~Qo :@:!};f•t!tllf%•~:t (2) t[<,J~~~ZP 

'?.VZJ'Qo i.p E L2 (T), 'I/; E £', f; > 0 t 9 Qo 

II EB Pk® e-i >.o-8-kwAo(<.p ® 'I/;) - EB Pk® Id(<.p ® '1/;)II~ 
kEZ kEZ 

kEZ kEZ 
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cio-'Ao (1)5:~UI;w;'Hi~ I), lcr'I < 60 t'tot, 11e-io-'A0 v,-1/'II£ < E: t-C~-oo 4-, 
lcrl < 6o(dist(Ao, .9")-8) t~:tl,1;:l:'_{:f:~(1) k E Z t::xf L,--c_ IAo-6-kwl ~ dist(Ao, .9")-8 

I 
er I < 80 (dist(Ao, .9") - 8) = 60 _ 

Ao - 6 - kw dist(Ao, .9") - 6 

kEZ kEZ 

N N 

II E9 Pk Q9 e -i -" □ -6-kw Ao ( L am'Pm Q9 V'm) - E9 Pk Q9 Id( L am'Pm 0 V'm) llx 
kEZ m=l kEZ m=l 
N 

:S: L lamlll EB Pk® e-i.\o-&-kwAo('Pm ® V'm) - EB Pk® ld(cpm ® V'm)llx 
m=l kEZ kEZ 

---+ 0 (er---+ 0). 

i&t: ffikEZ Pk® e-i -"o-t-kwAo Ii er= o ""(:·5i;@;iWJ't""c·&i IJ, lfF!j:~'H! t ~:b-tto t R l:5i;@; 

~-Cieioo ftt-::,--C {ffikEZPk®e-i-"o-&-kwAo}crER /i£ J::(1)5i;@;~ 1 /'\7;,l--3'::i..:=. 

5( 1) lW-C&i Oo ~(Ao) 1i £ -Cffl)Wt::7'.J> G' L2 (T) ®~(Ao) Ii£ -Cffl)Wc·&i Oo {:f:~(1) 

er E R t:xt L, --c, e -ixo-<l-kwAo Ii ~(Ao) ~ :;f~t:-t o i,p G, ffikEZ Pk® e -i .\o-<l-kw Ao 

Ii L2 (T) ® ~(Ao) ~:;f~i:'too {:f:~(1) <p E L2 (T), ?p E ~(Ao) t:xfl,, 

II~ ( EB Pki.p ® e -i -"o.'.'.t.=kw Ao?p - EB Pki.p ® e -i -"o-6-kw Ao?p) 

E: kEZ kEZ 

+ i E9 Pk'P ® e -i -"o-t-kw Ao (Ao - 6 - kw)- 1 Ao1/'ll3e-
kEZ 

ffi 1 -,.-+eA . "A = II w Pki.p Q9 {-(e-'-"o-8-kw 0v, _ e-'-"o-8-kw 01/1) 
kEZ E: 

· a A A 

+ie-'-"o-a-kw 0 (Ao -6 - kw)- 1Ao1/'}113e--

'°' II 112 111 ( -i " Ao ) "( )-1 A 112 = ~ Pki.p L2(T) - e -"o-li-kw 1/1 -1/1 + z Ao - 6 - kw Aov, .Yt' 

kEZ E: 

=: L IIPk'Plli2(T)a(k, s). 
kEZ 
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{:f:~O) k E z /:x-t l, ""C (>-o - r5 - kw)- 1 Ao '6 § a~f~l:, 7/J E ~(Ao) ti.iJ> G 

a(k, c)-+ 0 (c-+ 0, c-=/ 0). ::f~;i:\; leix - 11 :::; lxl, x ER J: fJ, 

a(k, c) = r (-i >-o-°t-kw - 1 + i ,\ ; k l2dllE A (!i:)7/JII~ 
Jn E: o - - w 0 

:::; 4 LI >-o _; _ kw l2dllE Ao(A:)7/JII~:::; 4(dist(>-o, 3'") - r5)-2 IIAo7/Jll~-

&fiO)J'.J[/i k,c 1:~Gt.a::1,,'.iE~--C:-, LkEzllPk'PIII2(T) = ll'PIII2(T) < 00 ti.iJ•G, 

Lebesgue O)J.[JUl:['.iEfll!J: fJ, LkEZ IIPk'PIII2(T)a(k,c) -+ 0 (c-+ 0,c-=/ 0). ftt-=> ·c 
ffikEZ Pk® e-i>-o-8-kwAo('P ® 7/J) /i5j1Jl\;l(:fr-aJi~l:, 

!!:__E9A®e-i>-o-8-kwAo('P®7/J)I = -iLPk'P®(>-o-r5-kw)-lAo7/J 
da a=O 

kEZ kEZ 

= - iA>-.0 ,o('P ® 7/J). 

□ 

ffi . " A ffi ffi . " A = w Pk® e'>-o-8-kw O O wP1 ® (lw +Ho+ i)-1 0 w Pm® e-'>-o-6-,nw 0 

kEZ lEZ mEZ 

.::. .::. ""c\ Ao li{$~0)l:(::..Sx;{/pffl~ (eia' A07j;)(x) = ea'dl27j;(ea' x) ""c'i:6 fJ, tO) Fourier~ 

~ t 0)~~00~ .Fe-ia' Ao = eia' Ao F /:ti.:~i""tL/;( a' = a /(>-o - r5 - kw) /:m L, 

ia' Ao (kw +Ho+ i)-le-ia' Ao = eia' Ao F-l (kw + *2 /2 + i)-1.Fe-ia' Ao 

= eia' Aoe-ia' Ao F-l(kw + e-2a' *2 /2 + i)-1 F 

(k + -20-'H + ·)-1 = w e o i . 

= E9 Pz IAC(T) ® (lw + Ho) o E9 Pk® (kw + e - >-0-28-kw Ho+ i)-1 

lEZ kEZ 
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Lemma 2. {f:~O) {T(k)}kEZ E £00 (Z;B(£)) t:x,J-L,"C EBkEZpk ®T(k) E B(X) 
-c:·ibfJ, 

Proof- Fi, F2 ~-t:h~':n z, N O){f:~O)~mHr~:B-~15-, {cz,m}(Z,m)EF1XF2 ~{f:~O) 

~*~3t!J2:::9Qo I:cz,m)EF1XF2Cz,me1®e'm Ii,£ 0)1'ffjjjft~1r~:fr~rsiL.h.({e1®e'm I 
(l, m) E Z x N}) O){f:~O)~*~~ V-C\i'Qo 

II E9 Pk® T(k) L cz,mez ® e'mll3.e-
kEZ (!,m)EF1 xF2 

(l,m)EFiXF2 (!',m')EFiXF2 kEZ k'EZ 

= L L L cz,mCl,m'(T(l)e'rr,, T(l)e'rr,, )& 

fJt-:> -C ffikEZ Pk® T(k) Ii L.h.( { ez ® e'm I (l, m) E Z x N}) J::~ W-tiiJ> G, £ J::A.. 

O)fd;:'~--:)O)~W-f~:j=Jt~~f,j'--:)o ~lJ-t:rLli EBkEZ Pk Q9 T(k) C:: ~¥l(9 Qo D 

-t-=.L', ll(kw+Ho)(kw+e->-o-28-kwHo+i)-1 IIB(&) ~~fillii"Qf::clb, [O,oo)xR 

(T+K:)2 
'f)"(K, T) = 20-

(T + e->-0 -6-r K:)2 + 1 

~~AL,, ?.XO)~fJM1-Jri"Qo {f:~O) k E Z t:x,IL,-C, 
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II (kw + Ho)(kw + e- >-0-26-kw Ho+ i)-1cpll~ 

= 1= l(kw + K)(kw + e->-0-26-kw K, + i)-1I2dllEHo(K)'Pll2 

= 1= 1Ja(K,kw)dllEH0(K)cpll 2 ~ M}0 ,0 ll'PII~, 'PE£, 

-=- -=- -c EHo Ii Ho (J) '7.J, !l }- Jv1!1U!i'.-C ie) Q O PJJ:: cl: I), 

sup IIKoeiaA-"0·8 (Ko+ i)-1 IIB(X) 
lal9 

= sup IIKoeiaA-"o,o (Ko+ i)-le-iaA-"o,o llB(X) 
lal9 

2o- 1 
~ sup sup ll(kw + Ho)(kw + e- >-o-&-kw Ho+ i)- IIB(.n') ~ M>..0,0 • 

lal9 kEZ 

1/.t-:J -C ~(Ko) Ii eiaA-"0, 0 -;;f~-C, V Ii Ko-t'f Wt!.iJ• ~, ~~fl-9t~~lffilit::: d: -:J -C 

sup IIKeiaA-"0·0 (K +i)-1IIB(X) < oo. 
lal9 

Mourre lJllZ.fillit:::-::i1,,-ctill'U~t:::, i[Ko,A>..0,0 ] t J0 (Ko - .Xo) ~:B-MG-C~X.Qo if 
i[Ko,A>..0,o] t:::-::i1,,-cli, 

kEZ 

= E9 Pk® 2(.Xo - c5 - kw)- 1H0 . 

kEZ 

Lemma 3. {-f~(J) f E Co(R) t µER t:::x1 l.,-C, 

f(Ko - µ) = E9 Pk® J(Ho - (µ - kw)). 
kEZ 

f(Ko - µ)(cp ® 1/J) 

= lim ~ f J(,-.,){(K0 - µ - ,-., - it:)- 1 - (Ko - µ - ,-., + it:)- 1 }(cp ® 1/J)d,-., 
c:.,i.o 2m Jn 
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= lim ~ r f(ti) EB Pk<.p Q9 {(kw + Ho - µ - ti - is)-1 

e..i.o 21rz Jn kEZ 

- (kw + Ho - µ - ti + is)-1 }'lj;dti 

=: lim ~ r f(ti) EB Pk(()® 'lj;'(s, ti, k)dti. 
e..i.o 21rz Jn kEZ 

kEF kEF 

kEZ 

= II L f(ti)Pk<.p ® 'lj;'(s, ti, k)II~ 
kEZ 

ti 1J' G, Lebesgue 0) ~.:XW:fE'.li r: J: -:i -C 

r f(ti) L Pk<.p ® 'lj;'(s, ti, k)dti = L r f(ti)Pk<.p ® 'lj;'(s, ti, k)dti 
Jn kEZ kEZJn 

= LPk<.p® r f(ti)'lj;'(c,ti,k)dti. 
kEZ Jn 

II L Pk<.p ® ~ r f(ti)'lj;'(s, ti, k)dti - L Pk<.p ® f(Ho - (µ - kw))'lj;II~ 
21rz Jn kEZ kEZ 

= L IIPkr.plli2(T) II 2~i r f(ti)'lj;'(s, ti, k)dti - f(Ho - (µ - kw))'lj;ll~-
kEZ Jn 

1::iillJi., 1 f {'f:;@'.O) k E Z r:.xf l,-C, WrJ Stone OJ0~ J: fJ II 2;.i f n f (ti )'lj;' (s, ti, k )dti -

f(Ho - (µ - kw))'1j;II£---+ 0 (s + 0). 1 t:::. Stone OJ0~0J!iEB.Jj J: fJ, 

11-2
1 . f f(ti)'lj;'(s, ti, k)dtill£ ~ llfllooll'1j;II£ 
1fZ Jn 

ti iJ, G, Lebesgue 0) ~.:XW:fE'.li r: J: -:i -C s + 0 0) 11{¥ 0 t: ~* T 0 o 

P.JJ:: J: fJ, 

□ 
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Ao - kw < 0, (k 2 n»0 + 1) O)~~' Ho= p 2 /2, f8 E C0 ([-8, 8]) 1J'-:J 

Ii - (Ao - kw) 2 kw - Ao 2 dist(Ao, 5) > 8, Ii E [0, oo) 

f:.1J' G fo(Ho - (Ao - kw)) = 0. Ao - kw > 0, (k :::; n»0 ) O)~~' Ii E [0, oo) -C 

Ii - (Ao - kw) 2 -8, (Ii > Ao - kw - 8) t t.t 0 t 0) :a::~~, {'Fffl*f!lHRt: J:: -:J -c, 

Hofo(Ho - (Ao - kw)) 2 = 100 !ifo(!i - (Ao - kw))2EH0 (d!i) 

2 (Ao - kw - 8) 100 fo(li - (Ao - kw)) 2 EH0 (d!i) 

= (Ao - kw - 8)fo(Ho - (Ao - kw))2. 

. 2 
fo(Ko - Ao)i[Ko, A»0 ,olfo(Ko - Ao)= E9 Pk® Ao_ 8 _ kw Hofo(Ho - (Ao - kw)) 2 

kEZ 

kEZ 

= 2fo(Ko - Ao)2. 

i&i:, fo(K - Ao) -fo(Ko - Ao) t (Ko)-1i[V,A»0 ,0](Ko)-1 0)-:J :,-1,7 H!iJ•G, ~ 

~a~t.t]lillifu/: J:: -:J -C, X J:O) -:J:,, 1, '.7 H'Fffl* C»o,h iJt(¥tE G-C, Mourre Jll!Zfiffi 

fo(K - Ao)i[K, A»0 ,o]fo(K - Ao) 2 2fo(K - Ao) 2 + C»o,h 

~FaiJWJJJla~t.tffl~ E(t) E Rd p;]O) 1 {;$;*:a::~~90o E(t) Ii C0 (R) t:~L,)WJ:lt/j T, 

1jlt~~ t {}J(5E9 o: 
Em:=_!_ {T E(t) dt = 0. 

T Jo 
*0)1\ ~ Jv 1-- =- 7:,, iI(t) Ii L 2(Rd) J:O) 

H(t) = Ho(t) + V(x), H0 (t) = ~p2 - E(t) • x 
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-r:·&,oo iio(t), iI(t) nr~rofto~ii111"J:tl~~ Uo(t,s), U(t,s) t~<o ziJ£0)m:Jitelffm!O) 

zj-{'7 /1/ -v )v V !::xt l,"C rElifJ{/pJ=!H'~ w± = s-limt--+oo U(t, O)*Uo(t, 0) O)Mm:%~11! 

Ran (w±) = L~(U(T, 0)) 

~~~9 Oo L~(U(T, 0)) Ii Floquet {/pJ=!Hr~ U(T, 0) O)Jt;\'iJ\;7-~7 r Jv$:B-~Fai--c:&, Oo 

::. ::. --c:, T -ffll M ~ M& 

t 1 {T t 
bo(t) := lo E(s) ds, bo,m := T lo bo(s) ds, b(t) := bo(t) - bo,m, c(t) := lo b(s) ds 

t Avron-Herbst M~5:\ 

U0 (t, s) = 5(t)e-i(t-s)Ho .9"(s)*, U(t, s) = 5(t)U(t, s).9"(s)*, 

.9"(t) = e-ia(t)ib(t)·xe-ic(t)·P, a(t) = 1t ~lb(s)l2 ds, 

r:: J:: '?-c f,\i;-1.7 O)F"ilfflli?XO)~Faim!M~t_tzj-{'7 /1/ 1' )v~~".) £ = L2 (Rd) J::O)J\ ~ )v 

r--=-7/ H(t) O)F"iJm1::2t~~:tLo: 

H(t) =Ho+ V(x + c(t)), 

Avron-Herbst ru~5:\0) U(t, s) Ii H(t) /:: J:: '? -C ~!¾~ :tLoMWJ=!Hl~*:b L, "C\,'oo 

5'!!::, tElifJWffl~O)..::z...::.3? 1.J 2t~ 

w± = .9"(0)W±.9"(0)*, w± = st-limU(t,O)*e-itHo, 
-+oo 

~J::-:J-C,W±O)Mm:%~tt~W±O)Mm:%~tt 

Ran (W±) = £;,(U(T, 0)) 

Short-Range Condition (V)sR• V(x) Ii Rd J::O)~M&{ti~M&--c: ysing(x) t ysR(x) 

O)f0"0&, Oo d < 3 t,t G Ii ysing = 0. d 2'. 3 t,t G Ii ysing Ii oo > qo > d "0 Lq0 (Rd) ,:: 

~L,, ::J /J\7 r-€:3'~~-::Jo l(vvsing)I Ii 00 > q1 > d/2 c· Lq1 (Rd) 1::~900 d = 3 

O)~itli, q1 ~ l/q1 = 1/(2qo) + 1/2 < 2/d !:: J::-:J -CJE'.~9 Oo ysR(x) Ii C2 (Rd) !:: 

~ L, PSR > 1 c'~;!&~{lf: 

l(a~ySR)(x)I :<::: C(x)-PsR-1<>1, lal :<::: 2 
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§2 --C~L&l.d-::J:: -5 t:., t l., vsing i:J{ lxl-')' lli'!_O)}mpfr~c:~U!~~":)L\i'ot~G,i, 

-''No+ d > 0 --et~ ttntit~ G i\ 11 ":) -C 'Y < d/ qo < 1 --C:'ib oa 1 td~t:. 'Y < 1 0)8{¥/i 

vsing 0)~{4~ri!lit-:: 9JJtl1ri:J•<lb G noo 

::_ O)fey V(x + c(t)) = vsing(x + c(t)) + V8R(x + c(t)) 1i~{lf: (V) ~ p = PSR -1 > 0 

--c:-ri!l]t-:: 9 0 ::. 0) p O){i!'Ui, 

d d 

o;(V8R(x + c(t))) = E(t). (v'V8R)(x + c(t)) + L L bj(t)bk(t)(ojOk V8R)(x + c(t)) 
j=lk=l 

O)ffi~JJ[t:. ~~tntO)tJ\&1ti:J{Ji":J -Cl., i -5 $t:.~[zg l.,-C 1,,-c, ~~ Peetre O):,f~;i:\; J:: fJ 

lo;(V8R(x + c(t)))I 
d d 

:S IE(t). (v'V8R)(x + c(t))I + L L lbj(t)bk(t)(ojOk V8R)(x + c(t))I 
j=lk=l 

d d 

;S IE(t)l(x + c(t))-PsR-l + L L lbj(t)bk(t)l(x + c(t))-PsR-2 
j=lk=l 

d d 

< max IE(s)l(c(s))P8R+1(x)-PsR-l + '°''°' max lb·(s)bk(s)l(c(s))PsR+2(x)-PsR-2 
~ O<s<T ~ ~ O<s<T J - - j=l k=l - -
;S (x)-(PsR-1)-2 

'c' ib Q o 1M: ":) L, vsR ~ *fi!elfflli'I. 0) ,t{ 7'" / ~ '17 )v t:. IfJ( f) ~ ~ Q $ Ii --c ~ t~ \i \0 

~ 1-t 0) iEtih{'F JtH'~ 
w± = s-lim U(t, O)*e-itHo 

t-+oo 

O)l$rJlf:%:@:•~O)~i£8]--C!i, Howland-Yajima O):t5$i:J{ffi1,,Gnoo Ko t K ~, $ = 

L2(T;£) J:O), -tn.:f;ti,H0 t H(t) t:.~~MttGnt-::Floquet 1\~Jv]--.:::.7:,,t9 

oa Howland-Yajima 0)15$ t lif'XO) J:: -5 t~l.ll!.Mu--Cib o: t L, w± 0);(¥t£tJqi~iE~ n-c 

Ii, o t~ G /;J:'_ w± 0)1:®i:ili:%:@:•~ 1i Floquet J\ ~ Jv 1--.:::. 7 :,, t:.J,t9 o iBtiJJ{'F ffl * 

O)liliJrJlf:%:@:•t!i:J• G~i:J•no (Yajima [4, §4]). 

~ 1i vsing = 0 0) ~ i't t:. -:::> \i, -C ti tt ~ 1)- 9 o o ffi ~i 11& ~31. JllO.ll!. t Kato 0) 7-. b. - 7-. 

l.ll!.Mut:.J::":J-C (x)-s, s > 1/2 O)}mpfrK-7-.b.-7-.•t!i:JqiGno: {-f~O)M!Kre1iJ c 

R \ (5 U app(K)) t:.x,tl.,-C 

1: ll(x)- 8 EK(I)e-iaK<I>ll3e-da :S Cll<I>ll3e-, <I> E f. 
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1 t.:: V ~ 0 t:I{lUJ W!x.:h/;;( (x)-s, s > 1/2 0) _mipfr Ko-A b - A •ti :t 1~ G :ho o Lavine 

O),mi~.Ab-,AttO)~~~~~~.r~O).mi~~~~m• 

s-lim i"K e-iuKo E (I°) 
± Ko , 

u--+ oo 

1/l'±(Ko, K) = s-h±"m eiuKoe-iuK Pc(K) 
u--+ oo 
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