ARCHIMEDEAN NON-VANISHING AND COHOMOLOGICAL TEST
VECTOR

BINGCHEN LIN

ABSTRACT. The standard L-functions of GLa, expressed in terms of the Friedberg-Jacquet
global zeta integrals have better structure for arithmetic applications, due to the relation of
the linear periods with the modular symbols. In this paper, we just give an overview for our
recent work on the archimedean local integrals of Friedberg-Jacquet([CJLT19],[LT20]). We will
focus on the complex case, explicitly construct a uniform cohomological test vector v for a new
twisted linear functional A, and establish the non-vanishing property for the archimedean
local Friedberg-Jacquet integral when evaluating at v.

1. INTRODUCTION

Let k& be a number field, and A be the ring of adeles of k. Let m be an irreducible cuspidal
automorphic representation of GLgy, (A). The standard L-function L(s, 7 ® x) of w, twisted by
an idele-class character x of k*, was first studied by R. Godement and H. Jacquet in 1972
([GJ72]), and then by the Rankin-Selberg convolution method of Jacquet, I. Piatetski-Shapiro
and J. Shalika in 1983 ([JPSS83]). In 1993, S. Friedberg and Jacquet found in [FJ93] a new
global zeta integral for L(s, T ® x), assuming that 7 has a non-zero Shalika period.

Let w; be the central character of w and take an idele-class character w such that w" = w;.
The global zeta integral Z(¢;, x,w, s) of Friedberg-Jacquet is given by

' 0. det 1 det
(L1) /{GL - ]%((91 ))| 9133 (291) et go)dgrdan,
n X n

0 g2) " detgy det go

where ¢ € 7, [GL, X GLy] := Z2,(A)(GLy (k) x GLy,(k))\(GL,(A) x GL,(A)) with Z, the
center of GLg,. In [FJ93, Proposition 2.3], it is proved that Z(px, x,w, s) converges absolutely
for all s € C. Particularly, for Re(s) sufficiently large, it is equal to the absolutely convergent
integral

(1.2) Z(or, X, ) ::/

0 1
Sy (¢r) <g I )x(dctg)\dctgls 2dg,
GLn(A) n

where 1) is a non-trivial additive character of k\A and S;‘,j is the global Shalika period of ¢ that
is defined as follows. Let S be the Shalika subgroup of GLy,, consisting of matrices of the form

s(z,9) = (g 2) <Ig i>

where x € M, and g € GL,. Define 6(s(x,g)) := w(det g)»(Tr(x)). The Shalika period is
defined by
Stlenh) = | (s, )8 (5(z, ).
Zan(B)S(k)\S(A)
By the local uniqueness of the Shalika model ([Ni09], [AGJ09], and [CS19]), for the factoriz-
able ¢r = ®;py, one has that (Sp(¢x))(h) = [1,(S;" (¥v))(he) With S;*(y) being the local
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Shalika function associated to the local Shalika model at each place v, and an euler product
decomposition:

Z(prs X5 8 HZv SOv s Xvs 8)s

where the local zeta integrals are defined by

0 _1
(13) Zulourns) = [ S5t (§ 1)) ldet gl detl Hdg
GLp (kv) n

Furthermore, it is proved that the local zeta integral Z, (s, xv, ) is a holomorphic multiple of
the local L-function L(s, 7, ® xy) ([FJ93] and [AGJ09]). It is clear that the Friedberg-Jacquet
global zeta integral for L(s, T ® x) is a natural generalization of the Hecke zeta integral for GLg
([JL70]).

In the three constructions of different global zeta integrals for L(s, ™ ® x), it seems that the
Friedberg-Jacquet global zeta integral for L(s, 7 ® x) is better for arithmetic applications with 7
being cohomological, since the construction is closely related to the generalized modular symbols
([AB89]). For instance, the work of A. Ash and D. Ginzburg ([AG94]) that constructs p-adic
L-functions for GLgy,; the work of Grobner and A. Raghuram ([GR14]) that studies arithmetic
properties of the critical values of L(s, 7® ) and the recent work of D. Jiang, B. Sun and F. Tian
([JST19]) that establishes the period relations of the critical values at different critical places
for the automorphic L-functions L(s, ™ ® x) are all focus on the Friedberg-Jacquet integrals for
cohomological representations. Among these applications, there are two basic assumptions:

(1) Non-vanishing Assumption: Z,(yy, X, %) = 0 for suitable cohomological vector ¢,
in cohomological representation 7, when k, = R and C.
(2) Uniform Cohomological Test Vector: The archimedean local zeta integral Z, (v, Xu, S)
admits a uniform cohomological test vector ¢, in the sense that
1
L(s,my ® Xv)
holds for all complex values s € C.

Zv(@vv Xvy S) = 1

For (1), A. Ash and D. Ginzburg only show that such assumption is satisfied for n = 2 in
[AG94]. For (2), the best result to the date is Sun’s existence of cohomological test vector in
[Sun19, Theorem 5.1], which shows that for any irreducible essentially tempered cohomological
Casselman-Wallach representation m, of GLa,(R) and every s € C, there exists a cohomological
vector ¢, s, depending on s, such that the normalized Friedberg-Jacquet integral

—7 =1
L(S,T{'U @Xv) U(QO’U,S»X’LHS)

As explained [JST19], this is not enough to obtain the global period relation of the critical values
of the twisted standard L-functions L(s, 7 ® x) at different critical places.

The objective of our recent work [CJLT19],[LT20] is to develop a constructive approach to-
wards Problems (1) and (2) for archimedean case, which is complementary to the approach
taken by Sun in [Sunl19]. In this paper, we will sketch out the explicit construction of the co-
homological test vectors. The strategies between real and complex cases are similar. However,
the latter case has extra complications. We will focus on the complex case in this paper.

2. COHOMOLOGICAL REPRESENTATIONS, SHALIKA MODELS AND LINEAR MODELS

For further arithmetic application, we often consider the cohomological representations. Hence,
as in [JST19], we assume that the cuspidal automorphic representation of GLay, (A) is regular and
algebraic in the sense of Clozel([C188]). Under this condition, Clozel shows that the archimedean
local representation is essentially tempered and cohomological. In this section, we will give the
description for the cohomological representations of GLg,(K) (K = R, C) with Shalika models
and construct a new linear model for explicit computation.
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2.1. Cohomological Representations of GLy,(K). Let G = GLg,(K) with center Z, and K
be the maximal compact subgroup of G. Set

)

Let B be the standard Borel subgroup of G consisting of all upper-triangular matrices in G. We
fix the usual root system of G so that B contains all simple root vectors. Then the half sum of
all positive roots, denoted by p, is

2n—1 2n -3 3—2n 1—-2n
(2.1) =g Ty )
To fix notation, we will use capital letters G, H etc. for certain Lie groups, G°, H? etc. for
their identity components, German letters g, etc. for their Lie algebras, and g€, hC for the
complexifications of the Lie algebras.
Real Case: Let F), be a highest weight representation of GLg, (C) with highest weight v, which
can be written as a vector: v = (v1,v,- -+ ,vay) € 72", with v; > vy > -+ > vo,. Let 7 be an
irreducible essentially tempered Casselman-Wallach representations of GLg,(R) with property
that the total relative Lie algebra cohomology

H* (9, K92, 7 @ F))) #0.

Here we also use 7 for its underlying (g, K')-module when no confusion arises. By [CI88, Section
3], the highest weight v satisfies the following purity condition:

91,92 € GLn(K)} ~ GL,(K) x GL,(K).

(2.2) Vi +vopy =Vt Vo1 ==l + 1 i =mE L.
Meanwhile, we must also have that
n?<j<n’4n-1.

One should observe that the top non-vanishing degree n? + n — 1 is exactly the dimension d of
the quotient space Lie(H)/Lie((K N H)Z), where Lie(H) is the Lie algebra of H. It is the same
as the dimension of the modular symbol generated by H (ref.[AG96]). Now set

(2.3) li=vi—vopti—i+(2n+1—2i) forall 1 <i<2n.

We note that all /; share the same parity, which is different from the parity of m. For each
positive integer k, we write Dy, for the relative discrete series of GL2(R) with quadratic central
character whose minimal K-type has highest weight k+1. Then we have the langlands parameter
for m(see [Ma05, Section 3.1] and [GR14, Section 3.4])

Proposition 2.1. Let (7, V) be an irreducible essentially tempered Casselman-Wallach repre-
sentation of GLop(R) with property that

H (g, K°Z° n @ F)) # 0.
Then m is equivalent to the normalized induced representation
mdS® Dy |det|F @ Dyy|det|? @@ Dy, | det|?,

where P is the standard parabolic subgroup of GLay(R) associated with the partition [2"]. More-
over, the minimal K-type 7 of m has the highest weight (11 + 1,lo +1,--- 1, + 1).

In this situation, the central character of 7 takes the form

(alsn) la m is even;
wrla =
T la|™(sgn(a))®  m is odd,

|’77”L

We defines a character of R* as follows:

w(a) = la|™ m is even;
~ |la™sgn(a) m is odd,

11
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which is exactly the cental character of Dy, | det \% for all j and w; = w™.
Complex Case:Let pi, ps be two highest weight representations of GLs,(C) with highest
weights (v, v2, -+, o) and (Vops1, Vont2, -+, Van) respectively, where each v; € Z and

VL >V 2 2 Vo Von+1 = Vopt2 2+ * 2 Vin.

We consider a complex finite dimensional representation (p, Fy,) of the real algebraic group
GL2,(C) defined by p(g) = pi(g) ® p2(g). For consistency, we denote van4; by 7; for all
j=1,2,---,2n. The 4n-integers

(2.4) v=(v1,v2, " Vo P1, D2, Vo)

is called the highest weight of F,. Similar to the real case, we assume that v satisfies the purity
condition as in [CI88]. Namely, there exists an integer m € Z such that for all j =1,2,---,2n,
(25) I?j + Von—j+1 = M.

Let (, V) be an irreducible essentially tempered Casselman-Wallach representation of GLay, (C)
such that the total relative Lie algebra cohomology

H* (g, K,m@ F)) #0.
By [C188, Lemma 3.14], the j*"-cohomology group
Hi(g, K,m@ FY)#0 =2 —n<j<2n?4+n—1.
In particular, when j is taken to be the dimension d = 2n? — 1 of the modular symbol generated

by H, the cohomology is nonzero. Now we recall the Langlands parameter for =, which is
discussed in [Ral6, Section 2.4.2].
Proposition 2.2. Let (7, V) be an irreducible essentially tempered Casselman-Wallach repre-
sentation of GLon(C) such that the relative Lie algebra cohomology

H(g, K, 7 F)) £ 0,
Then m is equivalent to the principal series representation

GLon (T 2n—1 __  _ 2n—1 2n-3 ___ _ 2n—3 1-2n _ . _1-2n
(2.6) IndB on ( )ZV1+ 5 zm 121 5 ®ZV2+ 5 Zm v 5 ®"'®ZU2"+ 5 Zm Von 5

)

where v and m are described in (2.4) and (2.5) resp.. B is the standard Borel subgroup of G.
For any integer L, denote by xp the unitary character of C* sending z to (&). We set

[]
l; =2v;+ (2n+1—2j) —m, then (I1,1s,-- -, l2;) is a sequence of integers in a strictly decreasing
order such that I + lopt1-; = 205 + 219,415 — 2m is an even integer. We then rewrite the

cohomological representation 7 given in (2.6) as
(2.7) mIndg| |@xn @] 1@xe® @] |¢ Xian-

2.2. Shalika model and linear model. Let us fix a non-trivial unitary character ¢ of K and
a multiplicative character w of K*. We say a Casselman-Wallach representation 7 of G has a
non-zero (w,1)—Shalika model if there exists a non-zero continuous linear functional A on the
Fréchet space Vi, which is called a Shalika functional, such that

(29) (" 1) (0, ) = sttt

for any v € Vi, g € GL,(K) and any n x n matrix Y € M, (K). For a character x of K*, the
local archimedean integral of Friedberg-Jacquet as in (1.3) can be re-written as

_1
(2.9) Z(v,8,x) = / (K)()\, ™ (g In) v)| detg\ﬂs( 2x(det g)dg.

JGLy
By [AGJ09, Theorem 3.1], the integral (2.9) converges absolutely when Re(s) is sufficiently large.
Z(v,s,x) is a homomorphic multiple of L(s, 7 ® x) in the sense of meromorphic continuation
and there exists a smooth vector v € V; such that Z(v,s,x) = L(s,m ® x). Thus whenever
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s = so is not a pole of L(s, 7™ ® x), Z(v, s, x) has no pole at s = sg. This implies that the map:
v Z(v, 50, x) defines a nonzero element in

st _1
Hom 7 (Vy, | det [ "2 y~! (det) @ | det [ 2 (xw)(det)),
which is called the space of twisted linear functionals of . The uniqueness of the twisted linear
model is proved in [CS19]. In our scenario, we apply [CS19, Theorem B] and conclude that for
all but countably many characters y;,

1
50_5

X~ H(det) ® |det | 2 (xw)(det)) < 1.

s+l
(2.10) dim Homp (, | det |, "2
In fact, if | det | =2 y~!(det) ® | det |2 (yw)(det) is a good character of H, then (2.10) holds.
For the precise definition of a good character of H, we refer to [CS19]. Here we remark that
when x and w are both trivial and sy = 3, the uniqueness theorem is proved in [AG09].

2.3. Cohomological Representations with Shalika Models. The goal of this subection is
to prove a hereditary property of Shalika models with respect to normalized parabolic induction.
Let us first start from the case of GL2(K). Let o be a generic Casselman-Wallach representation
of GL2(K) with a central character w,. We fix a nontrivial unitary character ¢ of K. Then o
admits a non-zero Whittaker model W(o, 1)), i.e. there exists a continuous linear functional A,
on the Fréchet space V, such that

Ooa((* ) (7)1 = srl@p@ o

which exactly coincides with (2.8) for n = 1. Hence any such ¢ has a non-zero (w,,)—Shalika
model. Generally, suppose that we have I Frechét spaces Vi, Va,---, V. Let A; be a continuous
linear functional on V; (j = 1,2,---,1). Then ®§:1 A; is a continuous linear functional on the

1
projective tensor space ®]-:1Vj, which is also a Fréchet space.

Theorem 2.3. Let w be a character of K* and v be a nontrivial unitary character of K. For
two positive even integers ny = 2my and ne = 2me, take two Casselman-Wallach representa-

tions m and w2 of GLy,(K) and GLy,(K), respectively, and assume that both w1 and w2 have
GLn1+n2(K)
nl,nz(K)
has a non-zero (w,)—Shalika model. Here P, ,, is a standard parabolic subgroup of GLy, n,
with its Levi part isomorphic to GLyp, X GLp,.

(w, 10)—Shalika models. Then the normalized parabolic induction 7 := Ind T ® 7y also

Proof. We can show this theorem by constructing a new linear function, which satisies the
equivariant property (2.8). Please refer to [CJLT19, Theorem 2.1] for more details. O

Then combining Theorem 2.3 and the example on GL2(K) discussed at the beginning of this
section, we have

Corollary 2.4. Any irreducible essentially tempered Casselman-Wallach representation (w, Vy)
of GLan(R) with

(g, K°Z°, 7 FY) £ 0
has a non-zero Shalika model defined by the Shalika functional as in (2.8).

However, not all ireducible essentially tempered cohomological Casselman-Wallach representa-
tions of GLg, (C) has Shallika modules automatically. Actually, we have the following description
for such kind of representations with Shalika models.

Theorem 2.5. Let 7 be the cohomological representation given in (2.7) with a central character
wr. Giwen a non-trivial additive character ¢ of C and a multiplicative character w of C* such
that W™ = wyr, we have the following equivalent statements:

(1) m has a non-zero (w,)-Shalika model defined at the beginning of the Introduction;

13
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(2) There exists a discrete, countable subset S C C such that for every complex number
s ¢ S, m has a nonzero twisted linear model for arbitrary character x of C*, i.e.

_sad _1
Homyy (Vy, | det |o" 2y (det) @ | det |52 2 (xw)(det)) # 0.
(3) There exists an integer L such that lj + lop41—5 = 2L.

Proof. (3)=(1): If [;+I2,11—j = 2L holds, then we can rewrite 7 as the normalized parabolically
induced representation

(2.11) 7mdi O 9oy @@ oy,

where P is the standard parabolic subgroup of GLy,(C) associated with the partition [2"], and
each o; is the principal series of GLa(C):

GL(C 53 5
(2.12) o = Ind > @ det | & xi, ® [ det | Xty -
All the principal series 0; share the same central character w = |- |#'x2r. Hence all o; have

nonzero Shalika models associated with the same characters w and ¢p. Then by Theorem 2.3(see
[CJLT19, Thoerem 2.1]), m automatically has a nonzero (w,)-Shalika model.

(1)=(2): We assume that 7 has a nonzero (w,)-Shalika model. Then the local integral
Z(v, s, x) defines a nonzero element in

el o1
Homyy (Vir, | det o™ 2 (det) @ | det |5 2 (xw)(det)),

whenever s is not a pole of the standard local L-function L(s,7 ® x). Thus, Statement (2)
follows from the fact that the poles of the local L-function L(s,m ® x) form a countable discrete
subset of C.

(2)=(3): This is the most difficult part of the proof. Please refer [LT20, Theorem 2.1] for
more details. U

2.4. A New construction of Linear Model. In this subsection, we will construct another
linear period so that we do the computation more easily. Let m be an irreducible essentially
tempered cohomological representation of G = GLg,(K) with a nonzero (w,)-Shalika model.
According to the discussion in previous subsections, we see that m must be isomorphic to the
normalized parabolically induced representation
(2.13) md%o; @ 0y ® - -+ ® o,
where P is the standard parabolic subgroup of G' associated with the partition [2"], and o; =
Dy, | det |2 or IndgLQ(C)
GLoy
o; are generic and share the same central character w. Fix a character x of K*. For each o,
which admits a nonzero Whittaker model W(o;, 1), the archimedean local integral

(2.14) pgtoi= [ Wl (* )l x(aaa

has a meromorphic continuation to the whole complex plane, and it is a holomorphic multiple
of the L-function L(s,0; ® x). Whenever s = s is not a pole of the L—function L(s,0; ® x),
Aso,j defines a nonzero continuous linear functional in

I 1& x1; @1 |& Xtany -, When K = R or C respectively. It is clear that all

Toso _ s0o—3
Homgr, myxaL @) (75| 12 x '@ [g 2wx).

Then we consider a continuous linear functional ®}":1 Xs,j on the projective tensor product

®;?:1V(,J of Fréchet spaces. Take ¢ € V;, we can define a function on H by

(2'15) Fs(h§ gp) = <® )\S,j‘, (,O(wh»,
j=1
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where w is inverse of the Weyl element which changes the sequence (1,2, 3,---,2n) to (1,3, ,2n—
1,2,4,---,2n). Let By and By be the standard Borel subgroups of GL,,(K). By the equivari-
ance of A, it is easy to check that Fy(h;p) satisfies a By x By equivariant property: for
(bl,bg) € By X By

b
210 E((" ) 1) = 6, (0)8, (et et b) - i)

1 _1
where dp, is the modular character of B;(i = 1,2), x15 = || Y1, and X2,s = | \% 2xw. Now
we define a continuous linear functional As, on V; by the following convergent integral

k _ -
(2.17) Asy () == / FS(( ! & ) ;@)X 1s(det k) x5 b (det ko)) dkydky.
KnH 2
In terms of ¢, A, can be rewritten as:
(2.18)
n k‘ _ _ n -
Men) = [ (@t (M Yot i) et ) diadi = (2w
nH 5 j=1

where ¢ is obtained by averaging ¢ against the character xf,;(det k1)xs, !(det k) over the com-
pact group K N H. In particular, if ¢ satisfies the right K N H-equivariant property:

(2.19)  »(g (kl k2>) = X1s(det k1) - xa.s(det ko) - p(g) = X" (det k) - (wx)(det k) - 0(g),

then
(2.20) Asx () = () Air p(w)) = (R) Asvin p(w)).
i=1 i=1

We can show that the linear functional A, has the following property.

Proposition 2.6. For every ¢ € Vi, Ag () defined by (2.17) has a meromorphic continuation
in s to the whole complex plane. It is a holomorphic multiple of L(s,m ® x). Mgy defines a
nonzero element in

Cerd _1
Homy (7, x1,5(det) @ x2.s(det)) = Homp (m, | det \KHQX_l(det) ® | det |HS< 2 (xw)(det)),

whenever s is not a pole of the L-function L(s,m®@x). In particular, one can choose @ such that
Asx(p) = L(s, 7 @ x).

3. COHOMOLOGICAL VECTORS IN THE INDUCED REPRESENTATION

Although Proposition 2.6 tells us that we can find a test vector ¢ for Ay, it does not show
such ¢ is cohomological, namely, ¢ lies in the minimal K-type of m. Thus, The goal of this
Section is to explicitly construct a cohomological vector of 7 for Ag,. Since the construction
of real and complex cases is similar, here we only focus on the case G = GLg,(C). One can
also refer to [CJLT19] for the real case, where we use a conceptual method. Now we will start
with some reductions and then outline our strategy on the construction of the function in the
minimal K-type. Throughout this Section, we use the bold letter 4 for v/—1.

3.1. Some reductions. First, we briefly recall the notations in Section 2. Let K = Uy, be the
standard maximal compact subgroup of G = GL2,(C), B be the standard Borel subgroup of G,
and T be the split torus contained in B. Then T is a product of 2n copies of C*, and T'N K is
a product of 2n copies of Uj.

Let 7 be the irreducible generic cohomological representation given in (2.7) with l;+lop 11— =
2L(j = 1,---.n). Set lj = Nj + L. Then (N, Na,---,Nay,) is a sequence of integers in the
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strictly decreasing order satisfying N; + Noyy1-j =0 (j =1,2,--- ,n). As in subsection 2.4, ©
can be rewritten as
(3.1) nd$%

Let 7 be the minimal K-type of m. By Frobenius reciprocity law, we see that the highest weight
ofrisA=(Ny+L,--- ,Ny+L,—Np+L,--- — Ny + L). For simplicity, we set

BxmL®| XMz ® | [ExNur @ & X-NptL-

XN = XNi+L & X-Ni+L @+ @ XNyt L @ X—Np+Ls

where N := (N\i+L,—N1+ L, -+ N, + L,—N, + L). Then by [Vo86, Proposition 8.1], 7 is
also the minimal K-type of the representation 7y = Indgfm KX+ Every function in 7x belongs
to the space C*°(K) of smooth functions on K satisfying the left equivariant property given by
X - Inspired by this, we may regard C*°(K) as a left TN K- and right K-module under the left
and right regular actions. As a (T'N K) x K-module, the space C*°(K)g, of K-finite vectors of
C*(K) is completely reducible and decomposed into a direct sum:

(3.2) C®(K)gy = @ My X @ N = @ ( @ My X @ 7/)7

(X,n)eﬁxf( Xem nEIA(

where my 5, is the multiplicity of (7'M K) x K-submodule y ® 7 occurring in C'°° (K )fp.
Thus GaneK My <X ® 1 18 the space of K-finite vectors of 7 and the minimal K-type 7

of 7k is an irreducible summand in this space with highest weight (— _') x A. Here the left
irreducible T'N K-module is given by the tensor product of 2n characters on Uy, and we write
its highest weight as the form —N.

Now we consider the restriction map

COO(Mat2n) - COO(K)7 f — f|Ka

where Mat ,, is the realification of the complex vector space Mata,, of 2n X 2n complex matrices.
Once we equlp C>°(Mat} ) a left TN K- and right K-module structures by the left and right
regular actions, ¢ becomes a T'N K x K-module homomorphism. To explicitly construct a coho-
mological vector in the minimal K-type 7, we only need to produce a polynomial F’

in C*°(Mat% )g, = C[Mat} ] such that

(1) its restriction +(Fg Xi®XiraL ) lies in a TN K x K-submodule of C*°(K)g, with highest

weight (—N) x A;

(2) its restriction L(FN X1®XipaL ) satisfies the right K N H-equivariant property (2.19).

N.x_1®Xisor

Such a polynomial is called (N, X_1 ® Xiror)-equivariant. Here x_; ® X407 is a character of
U, x Uy,

3.2. Strategy of the construction. As is known to all, every highest weight representation
of a connected compact Lie group can be realized as the Cartan component of a tensor prod-
uct of fundamental representations. Following the principle of this realization, we state our
construction as follows.

(i) First, we consider the case that the right K N H-equivariance (2.19) is given by the trivial
characters x = w = id. In this situation, [ = L = 0. We write Ay and Ny for the corresponding
A and ]V, that is,

n—1

AO = (va"' 7NTL7_N7L7"' 7_Nl) = Z(N] _NJ+1)A] +NnAn7
j=1
n—1
No = (N1, —Ny,- - Z N; — Nj11)Nj + NNy,

=1
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where A; = (1,---,1,0,---,0,—1,--- ,—1) andﬁj =(1,-1,---,1,-1,0,---,0). Thus, we only
J ] J pairs

need to construct some right K N H = U, x Up-invariant polynomials Fj(1 < j < n) in C[Mat},,

such that ¢(F}) lies in the minimal K-type 7; (with the highest weight A;) of the right K-module

mj of C*(K), where
(3:3) m=Indfg 1 O X 1® - @1 ®x 1 ®Id® - ©id.

j pairs

(ii) For each integer k, denote by Sj the symmetric group that permutes {1,...,k}. Then
for j =1,2,--- ,n, we define

SU) = {s e Soj|s(2i — 1) is an odd number, 5(2i) = s(2¢ — 1) + 1,1 <14 < j} ~ 5;.

From the definition of ; in (3.3), it is clear that ; is a left S¢)-module. Here the left S)-action
is given by

(s-F)(Z):=F(s'2).
Moreover, we can show the highest weight function in the minimal K-type 7; of m; is S0)-
invariant by a direct matrix computation. Thus any function in 7; is S U)_invariant. For this
reason, we require that every ¢(F;) which will be constructed in (i) is left SU)-invariant.

(iii) Finally, we consider the case that the characters x = x; and w which define the right
K N H-equivariance in (2.19) are non-trivial. In this situation, except for constructing above
functions F}, we also need to produce some extra functions Aq g and Ag 1 in C[Mat5,] such
that

(1) they contribute to the right K N H-equivariant property;
(2) they lie in some suitable irreducible K-modules whose highest weights match with the
data N and A combining with the highest weights A; of 7; and N; for 1 < j < n.
In order to show that ¢(F}) belongs to the minimal K-type 7; of 7, we need to check ¢(F}) is
an eigenfunction for the Casimir operator €2 corresponding the correct eigenvalue.

3.3. Explicit Construction of a Cohomological Test Vector. To simplify notations, for
any matrix Z = X + 1Y = (mi,j)lgi,jSQn + i(yi,j)lgi,jSQn in Matgn, we write it as

ur v
up U2
Z - . b
U2n  V2n
where u; == (2j1, * ,2jn) and vj := (2jn+1,° -, 2j2n). Every polynomial f € C[Mat5,] is a

polynomial in 2;; and y;; in prior. Yet for convenience of the future calculations, we will regard
f as a polynomial in z;; and Z;; by a change of variables: z;; = x;; +1iy;;;  Zi; = ®ij — 1y;;. For
any 1 < k #1 < 2n, we set

(3.4) Dy = (uk,ul)c = ug - ﬂf.
Then &) € C[Math,]. Now we will give the construction of certain Casimir eigen-polynomials.
For each integer 1 < j < n, we define a polynomial Fj(Z, Z) € C[Mat}, ] as follows:
(3.5) Fj = Z sgn(s) - ‘1’1,5(1)+1‘I)3,s(3)+1 e ©2j71,s(2j71)+1>
S€S;

where S; is the permutation group of the set {1,3,---,2j — 1} and sgn(s) is the sign of the
permutation s, i.e. it is 1 if s is an even permutation, and it is —1 if s is an odd permutation.
From the definition (3.5), it is obvious that ¢(F}) is left S@-invariant. By direct computation,
we show that
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Theorem 3.1. ((Fj) lies in m; and it generates an irreducible submodule (7j,V;) of K with
highest weight A;.

Proof. Please refer to [LT20, Theorem 3.9, Corollary 3.11]. O

Then we define the Ay and As . as follows, which will contribute to the right K N H-
equivariance in the cohomological vector.

Ul u2
A (Z2,Z):=det | |, A_(Z2)=det| “ |,
(346) e e
Un—1 Uz,
Ao (Z,7) : = det(2), Ao (Z,7) :=det(Z),
where 4; := (Zj1, -+, Zjn) for each 1 < j < 2n. Similarly, we have
Proposition 3.2. Ay (resp. Ay _) generates an irreducible K-submodule Wi (resp. W_1) of
C*[Maty,] with highest weight (1,---,1,0,---,0)(resp. highest weight (0,---,0,—1,---,—1)).
N — N—_——
n n

Ao i (resp. Ao _) generates an irreducible K-submodule W{(resp. W' ) of C**[Mats,] with
highest weight (1,...,1)(resp. (—1,...,—1)).

Finally, combining above polynomials, we will give the explicit construction of a smooth
function in the minimal K-type 7 of 7 satisfying the right K N H-equivariant property (2.19).
Fix two integers [, L € Z. Assume that N = (Ny+L,—Ny+ L, N, + L,—N, + L) is a
sequence of integers with the property that Ny > --- > N,, > |l + L|. We define a polynomial

function Fg X @xirar I C[MatX ] as follows,
FNvX—l@XH—QL =
n—1 ‘
(H FiNiﬂ m) ‘FT]LanlfLAi(li+L)Al2-’l—fL7 i1+ L>0, 1+2L>0;
i=1
n—1 ‘
(TIEY ) - B AT A 20 it >0, 14+ 2L <0;
(3.7) i=1
n—1
( H F,iNi*NiJrl) . FT{/Vn+l+LA;i(l+L)Al2TEL7 if1 + L S 07 l+ 2L Z 07
i=1

n—1

( H FinNlﬂ) ‘F,i\/"+l+"A;i(HL)A;‘(j+2L), ifl+L<0, 1+2L<0.
i=1

Theorem 3.3. Let m be the cohomological representation of G given in (3.1), i.e.

IndGl 18 xm+r®| @XM+ @ @] @ XNu42 @ |E X=NosL

with L € Z and (N1, Na,- -+, Ny) being a sequence of positive integers in the strictly decreasing
order. For any integer 1 satisfying |l+L| > Ny, ¢ = J(FN‘»X—l@’XHzL) lives in the minimal K -type
T of m.

Proof. Please refer to [LT20, Theorem 3.13 and Corollary 3.14]. O

4. NON-VANISHING OF ARCHIMEDEAN LOCAL INTEGRALS

In this Section, we will establish the non-vanishing property for the archimedean local integrals
of Friedberg-Jacquet. For convenience, we begin with the GLy(C) case and then reduce the
GLg, (C) case to GLy(C) blocks in the sense of linear periods.
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4.1. GLy(C) Case. Given a non-negative integer N, two integers m and L, we consider the
principal series
—In dGLz(C)‘

Bony | 1EXN4L® ] IEX-NtL-
The minimal K-type 7, has highest weight (N 4+ L, —N + L). As a representation of SUs, 7, is

a 2N + 1 dimensional vector space and it has a weight space decomposition:

N
To = @ To,k>
k=—N

where 7, is the one dimensional weight 2k space.
Given the character x of C*, we consider the continuous linear functional A, defined as in
(2.14) for K = C.

Proposition 4.1. [Po08, Proposition 1, Theorem 1] If |l + L| < N, then for all k # —1 —
As,o vanishes on the weight 2k space To1; for k = =l — L, there exists a vector v € T, such
that Aso(v) = L(s,0 @ x). If [l + L| > N, then \s s vanishes identically on the minimal
K-type 7.

In Section 3, we provide a strategy to construct a function in the minimal K-type by restricting
a polynomial in C[Mat},] on Us,. In the special case of n = 1, we have the following Corollary:

Corollary 4.2. Assume that |l + L| < N. Set N = (N + L, N — L). We parameterize a 2 x 2

complex matrix as Z = (i; g;) Then the polynomial ¢, defined below
(a122) V(@) (21 — wayn) P, ifl+L=0,1+2L>0;
(1) (2122)N T (22) 2 (21775 — Zogn)"UTEY, if I+ L >0, 1420 <0;
. Po =
(@170) V() 2 ) (14 — i), ifl+L <0, [+2L>0;
(371 2)N+l+l (r1)72(l+L)(i1g2 o ngl)f(lJrQL)7 Zfl +L<0, 14+2L<0

is a (N, X—1 ® Xi+21)-equivariant polynomial function in (C[Mat%%n]. The restriction map o :
C[Mats,] — C>(Usy) sends the above p, to a smooth function iy(py) living in the minimal
K-type 74 of 0.

Since 7,1 is one dimensional for all k, 12(¢s) is a nonzero multiple of the vector v in Proposition
4.1. Thus, we can define a continuous linear functional As,, on V;, which is a nonzero scalar
multiple of Ag 5, such that

R 0 if [+ L| > N;
4.2 As.on(t2(ps)) =
(42) sol2(po)) {L(s,cf@{) X)  if[l+L|<N.
4.2. GL9,(C) Case. Generally, we consider an irreducible essentially tempered cohomological
representation 7 given in (2.13), namely

GLZ(C) ‘

m m
7~ IndGoy ® 0y D o,, each o; ~ Indg I¢ XN @] & X—NjaL-

For each oj, we can define a nonzero continuous linear functional As; := Asg; y such that
the equation (4.2) holds. Then we can define a nonzero continuous linear function Ag, on 7
by replacing As; with A ; in (2.18), which is a nonzero scalar multiple of Ay, constructed in

(2.17). Similarly, if ¢ satisfies the right K N H-equivariant property (2.19), we have

(4.3) [\s,x(@) = <® 5‘s,jv p(w))-
j=1

19
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Here w is the same Weyl element as in (2.15). Thus to evaluate the twisted linear functional

As,y at the cohomological vector, we only need to track the isomorphism in the double induction
formula:
(4.4)

n:IndBor ® - ®0on ~IndF| (G xm+L @1 XML D ] [EXN4L @] & X-NosL-

If ¢ = u(f) is the cohomological vector constructed in Theorem 3.3 using the model of 7 on
the RHS of (4.4), then n~!(p)(w) = @(zw) is a smooth function (defined on M) valued in
Vo1 © -+ - @ Vg, By direct computation, we have

Theorem 4.3. If the integer 1 satisfies [l + L| > Ny, then ]\AS’X vanishes identically on the

minimal K-type T of m. If 1 satisfies |l + L| < Ny, we take ¢ = 1(Fg X—l%XZJrzL) to be the

cohomological vector constructed in Theorem 3.3 using the model for m on the RHS of (4.4),
then

Asx(n7H(9)) = L(s, 7 @ x).
Proof. Please refer to [LT20, Theorem 4.3]. O
Finally, by the uniqueness of linear period(see [CS19, Theorem B]), we show that
Corollary 4.4. There exists a holomorphic function G(s,x) such that
Z(v,s,x) = 6G<S’X)/~\S,X(v).

Remark 4.5. (1) If we take v =n"1(p) as in Theorem 4.3, then Z(v,s,x) does not vanish for
all s and x. This shows the Non-vanishing Assumption mentioned in Section 1.

(2) In the recent work [JST19], the authors actually show that Z(v.s,x) = Agy(v). It implies
that the function constructed in Theorem 3.3 is just the cohomological test vector for archimedean
Friedberg-Jacquet zeta integral and it is independent of s. This gives the answer for the Uniform
Cohomological Test Vector problem, which is also mentioned in Section 1.

REFERENCES

[AB89] A. Ash and A. Borel, Generalized modular symbols. Cohomology of arithmetic groups and automorphic
forms (Luminy-Marseille, 1989), 57-75, Lecture Notes in Math., 1447, Springer, Berlin, 1990.

[AG94] A. Ash and D. Ginzburg, p-adic L-functions for GL(2n). Invent. Math. 116 (1994), no. 1-3, 27-73.

[AG96] A. Ash and D. Ginzburg, Generalized modular symbols and relative Lie algebra cohomology. Pacific J.
Math. 175 (1996), no. 2, 337-355.

[AG09] A. Aizenbud and D. Gourevitch, Generalized Harish-Chandra descent, Gelfand pairs, and an Archimedean
analog of Jacquet-Rallis’s theorem. With an appendixz by the authors and FEitan Sayag. Duke Math. J.
149 (2009), no. 3, 509-567.

[AGJ09] A. Aizenbud, D. Gourevitch, and H. Jacquet, Uniqueness of Shalika functionals: the Archimedean case.
Pacific J. Math. 243 (2009), no. 2, 201-212.

[CJLT19] C. Chen, D. Jiang, B. Lin and F. Tian, Archimedean Non-Vanishing Cohomological Test Vectors, and
Standard L-functions of GL2yn: Real Case, to appear in Math. Z.

[C188] L. Clozel, Motifs et formes automorphes: applications du principe de fonctorialit (French). Automorphic
forms, Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), 77-159, Perspect. Math., 10,
Academic Press, Boston, MA, 1990.

[CS19] F. Chen and B. Sun, Uniqueness of twisted linear periods and twisted Shalika periods, Sci. China
Math.(2019).

[FJ93] S. Friedberg and H. Jacquet, Linear periods. J. Reine Angew. Math. 443 (1993), 91-139.

[GJT2] R. Godement and H. Jacquet, Zeta functions of simple algebras, Lecture Note in Mathematics, vol. 260.
Springer-Verlag, Berlin-New York, 1972.

[GR14] H. Grobner, and A. Raghuram, On the arithmetic of Shalika models and the critical values of L-functions
for GL(2n). With an appendiz by Wee Teck Gan. Amer. J. Math. 136 (2014), no. 3, 675-728.

[JL70] H. Jacquet and R. Langlands, Automorphic forms on GL(2). Lecture Notes in Mathematics, Vol. 114.
Springer-Verlag, Berlin-New York, 1970.

[JPSS83] H. Jacquet, L. Piatetski-Shapiro, and J. Shalika, Rankin-Selberg convolutions. Amer. J. Math. 105 (1983),
no. 2, 367-464.



ARCHIMEDEAN NON-VANISHING AND COHOMOLOGICAL TEST VECTOR

[JST19] D. Jiang, B. Sun, and F. Tian, Period Relations of Standard L-functions of Symplectic Type, preprint,

[LT20]
[Ma05]

[Ni09)]
[Po08)

[Ral6]
[Sun19]

[Vo86]

https://arxiv.org/abs/1909.03476.

B. Lin and F. Tian, Archimedean Non-vanishing, Cohomological Test Vectors, and Standard L-functions
of GL2yn: Complex Case, to appear in Adv. in Math. (369)2002.

J. Mahnkopf, Cohomology of arithmetic groups, parabolic subgroups and the special values of L-functions
on GLy. J. Inst. Math. Jussieu 4 (2005), no. 4, 553-637.

C.-F. Nien, Uniqueness of Shalika models. Canad. J. Math. 61 (2009), no. 6, 1325-1340.

A. Popa, Whittaker newforms for Archimedean representations, J. Number Theory 128 (2008), no. 6,
1637-1645.

A. Raghuram, Critical values of Rankin-Selberg L-functions for GL, x GL,—1 and the symmetric cube
L-functions for GLg, Forum Math. 28 (2016), no. 3, 457C489.

B. Sun, Cohomologically induced distinguished representations and cohomological test vectors, Duke Math.
J. Volume 168, Number 1 (2019), 85-126.

D. Vogan, The unitary dual of GL(n) over an archimedean field, Invent. Math. 83 (1986), 449-505.

SCHOOL OF MATHEMATICS, SICHUAN UNIVERSITY, CHENGDU 610065, P.R. CHINA
E-mail address: malinbc@scu.edu.cn

21



