DIFFERENTIAL OPERATORS AND THE DOUBLING ARCHIMEDEAN ZETA
INTEGRALS

ZHENG LIU

ABSTRACT. In this survey, we explain Shimura’s theory in [Shi90] on the differential operators and
the Lie algebra action on the automorphic forms. We also explain how his theory is used in choosing
the archimedean sections for constructing p-adic L-functions through the doubling method, and how
the corresponding archimedean zeta integrals can be computed.
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1. THE MAASS—SHIMURA DIFFERENTIAL OPERATORS

We recall Shimura’s theory on differential operators for symplectic and unitary groups. Following
[Shi90], we recall the definition of the Maass—Shimura differential operators and the proof of their
equivalence to the Lie algebra action. The Maass—Shimura differential operators are defined on
the symmetric domain and can be interpreted as the Gauss—Manin connection, so they are very
useful for arithmetic applications. On the other hand, the Lie algebra action is very convenient for
applying representation theory. Therefore, the equivalence of the two is very useful in the study of
algebraicity and p-adic properties of critical L-values.

Besides Shimura, with the motivation of studying critical L-values, the differential operators
which increase the weights of automorphic forms have been studied in many works, e.g. [Har85,
Har86,B6c85a,BD13,1bu99,Eis12,Urb14,Liul9b,Ich15, EFMV18,AI17] from different point of views.

1.1. Some notation and definitions. Let J,, = ( 1 1"). We denote by G one of the
—4in

following real Lie groups.

Sp(2n) = {g € GL(2n,R) : '9Jnng = Jun}
U(Jn,n) = {g S GL(va C) : t?Jn,ng = Jn,n}a

U(p,q) = {g €GL(p+4¢,C) : 'g (1” _1q) } .



When ¢ = 0, we also write U(p,0) as U(p). Let

—b :
KSP(QR):{(Z a) . az+b€U(n)},

atb  a—b
KU(Jn,n> = {( 37{7 &) : a,b € U(’ﬂ)}
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Kugpg) = {(“ b) caeUp),be U(q)} .

The K¢ is a maximal compact subgroup of G. The symmetric domain of G is defined as

Hsp(2n) = {z € M, »(C) : b =2, i(Z — z) > 0} ,
Hu(gpn) = {2 € Mnn(C) : i(Z—2) >0},
Hupg) = {2 € Mpg(C) : 14— 22> 0}.
The group G acts on Hg by
(1.1.0) G xHeg — Ha

(9 = (i Z) ,z) g 2= (az+b)(cz+d)7,
and this action factors through K.
For g = (Z Z) and z € Hg, define the automorphy factors

cz d = n n,n)s
and
1. A _ Jralg: ), G = Sp(2n), .
(1 1 2) G(g7Z) {(/\G(g7 Z)v NG(Q, Z))7 G == IJ(JH’n)7 U(p, q)7

For z € Hg, define
i(Z — z), G = Sp(2n),
Eg(z) = (1(7 — %), i(tz - z)) v G=U(Jnn),
(lp —7%, 1,—%2), G=U(p,q).
We view Ag (resp. Z¢) as a map from G x Heg (resp. Hg) to the group
GL(n,C), G = Sp(2n),
(1.1.3) Rg = { GL(n,C) x GL(n,C), G =U(Jyn),
GL(p,C) x GL(¢,C), G =U(p,q),
For g € G and z € H, one can easily check that
(L.14) Eo(g-2) = Aal9.2)  Eal2) Aclg, )
We fix a base point

oG = i- 1,, G= Sp(zn)v U(Jn,n)7
01’1‘17 G = U(p7 Q)7
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in the symmetric domain Hq. It is easy see that o is fixed by Kg for the action of G on H¢ in
(1.1.0), and the restriction of the map Ag(-,0¢) : G — Hg to K¢ is a group homomorphism.

Let (p, L,,(C)) be a finite dimensional algebraic representation of Rg. We consider the following
two spaces of smooth functions:

C*(Ha) ={f : Hg — L,(C) smooth},
cr(G) = {F : G — L,(C) smooth : F(gk) = ,o([\g(k,o@)i1 “F(g) forall ge G, k e K(;} .

If Fis a totally real field and G is an algebraic group defined over Op with G(R) = G, the
invariant subspace of I[I CX(Hg) (resp. [I  Cp°(G)) under the action of (resp. the

archimedean archimedean
places of F' places of F

left translation by) a congruence subgroup of G(Op) can be viewed as automorphic forms on G.
The map

Ta,p C;C(HG) — C;’O(G)
F = o, o(N)(9) = p(Ac(g.06)) " f(g - o)

is a bijection with its inverse given as

T p(F)(2) = p(Ac(g:.00)) - Flg2),

(1.1.5)

where
1 1
(z—‘?)i z+%Z <z—°§ T2
“ ST G =8p(2n), Unn),
2—Z\ 2
(1.1.6) 9. = 0 < % )
1 1
(1-2%)2 2(1-"22)"2
, G =U(p,q).
(tz(l — %) (1-'%2)2 ».9)

Here when A is a positive Hermitian matrix, A2 denotes the unique positive Hermitian matrix
whose square is A. It is easily seen that g, - og = 2.

1.2. The Maass—Shimura differential operators and the action of the Lie algebra. Denote
by (Tg, LTG(C)) the algebraic representation of Rg given as

Symz StGL(n) (C)v G= Sp(2n),
StGL(n) (C) X StGL(n)(C)v G = U(Jn,n)
Starp) (C) K Starg)(C), G=U(p,q),

where for a positive integer m, the representation Stgr,(y) is the standard m-dimensional represen-
tation of GL(m) with basis ey, ..., e, and the action of a € GL(m,C) given as

(a'elz"'7a'em): (61,.4.,67,1)0/.
We fix the following basis for L, (C):
Ejjy 1<j<n, &Ei=Ey, 1<j<k<n G=Sp2n),
(121) 8jk7 1< jvk <mn, G= U(Jnm)»



with the action of R given by

TG(a) E="afa, £= (Sjk)lgj,kgn ’ G= Sp(2TL),
(1.2.2) 76(a,0) - E="0Eb, €= (Ejk)1<jpen > G =U(Jnn),
TG(G, b) . é = tﬂé‘bv § = (gjk)lgjgp,lgkgq ) G = U(p7 Q)'

We consider certain weight-raising operators sending functions valued in p to functions valued
in p ® 7. For functions on H, there is the Maass—Shimura differential operator

De,p: CF(Ha) — Cogr,(Ha)
defined as

(1.23) (D6pf) () = p(E62) " T G (plEa(2)) 1(2)).
ok 7

where the sum runs over the indices of our fixed basis in (1.2.1) of L,,(C) (ie. 1 < j <k <n for
G=Sp(2n),1<jk<nfor G=U(Jy,),1<j<p 1<k <gfor G=U(p,q)).

For functions on G, the weight-raising operators come from the action of the Lie algebra of G.
Denote by Lie G the Lie algebra of the real Lie group G. Given w = wy + iwy € C*, define

b 2 > » G =8p(2n), U(Jnn)
—wg -1, wo-1y, '
hg(w) =

B w -1
L ), G =1U(p,q).
w- 1,

The torus C* acts on G by
C*xGr—aG
(w,9) — w - g = ha(w) gha(w) ™,

inducing an action of C* on Lie G. Let (Lie G &g C)®? be the subspace of Lie G on which w € C*
acts by the scalar w @ °. Put

te.c = (LieG @R C)*0, pl = (LieG @ C) 1, ps = (LieG o C)V 1.
Then we have the decomposition
(1.2.4) Lie G @ C = p; @ ta.c @ pg-

One can easily check that ¢ c = (Lie Kg) ®r C with

X v
' XY € Myn(R), X =X,V =Y}, G = Sp(2n),
v X :
X v _ _
Lie K¢ = v ox XY € M,,(C), X=-X, Y=Yy, G =U(Jnn),

»
'~<
SN——

i X € Mp,(C),Y € M,,(C)X =X,V = —Y} . G=U(pq),
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and
X -X
Spang + ®i: X € Mpn(R),"X =X}, G=Sp(2n),
X X '
X -X -
(1.2.5)  pg = < Spang ¥ + ] ©@i X € Mun(©), X=Xy, G=U(Jun),
X —iX .
Spang tx > + (itX ) ®i:X € Mp,q(lR)} , G =U(p,q).
The conjugation action
h-Lw—s hLh™!, heKg, Le(LieG)®g C

fixes the decomposition in (1.2.4), and the conjugation action of K¢ on pg is isomorphic to T¢| k-

The action of G by the right translation on the space of smooth functions on G induces an action
of LieG on that space. For a smooth function on G on which K¢g acts by p through the right
translation, pg sends it to a smooth function on which K¢ acts by p tensored with the conjugation
action of K¢g on pg. Hence, like the effect of D¢, on smooth functions on H, the Lie algebra pg
raises the weight of smooth functions on G by 7¢.

Put
( U) + <_U ) ¥, G =8p(2n), 0 € My u(R), 'o = 0,
o o

+ —igge o e A P
(1.2.6) Heo = ity ooty + oty gt ®i, G=U(Jnn), 0 € Myn(R),

5T i%5e G
(ta U) + (itg _w> ®1, G =U(p,q), o € Mpy(R),
and
'U‘EL?,E_MJrEk_,-? G =5p(2n), 1 <j,k <n,
(1.2.7) 1 = ug,EW G =U(Jun), 1 <jk <n,
1B G=Ulpq),1<j<pl<k<g,

where the notation E,,; denotes the matrix with 1 as the (m,{)-entry and 0 elsewhere of size n x n
when G = Sp(2n), U(Jpn) and size p x ¢ when G = U(p, q).

Theorem 1.2.1 ( [Shi84][Proposition 7.3]). With I, ,, TG, porg defined as in (1.1.5), Dg,, defined
in (1.2.3), and :“-Ct‘jk defined in (1.2.7), we have

. 1
yG,p®rc; (DG,p.f) = 5 Zgjkﬂzr;’jk- : yG,p(f)7
jok
where the sum runs over the indices of our fizved basis E;p, in (1.2.1) of L,(C) (i.e. 1< j<k<mn
for G=5p(2n), 1< jk<n for G=U(Jpy), 1<j<p, 1<k<gqforG=U(pq))

Proof. Define
P¢: C*(Ha) — C2(G)
fr— Za(f)(9) = f(g-0c).

It is easily seen that

(1.2.8) Tip = p(AG (- 06)) " - Pa,



and the representation p does not appear explicitly in the defining formula for #¢. (For this
reason, omit the p from its subscript.)

The theorem follows from the following two lemmas whose proofs are straightforward and omitted
here. Let pf; (resp. %) denote the matrix of the same size £ with the (j, k)-entry equal to

1

+
e . esp.
2—5jkuG’]k (vesp

0

17}
‘uajk (resp. aij)7 G= U(Jn,n)v U(p, q).

Lemma 1.2.2. £ (pg . Wg(f)) =2 (Tg(Ag(-, oG))71 é) P (%f), where both sides are viewed

as matrices with entries being elements in C5g. (G).

Lemma 1.2.3. ngk -p (AG(g7 0G)> =0.

Applying Lemma 1.2.2 to the function p(Zq)f : 2 — p (Ec(z)) f(2), we get

5}

129)  £(us Ze(pEa)f)) =2 (re(Aalgs00) " -E) Z6 (ap(EG)f) :

Plugging z = o, g = ¢. (defined in (1.1.6)) into (1.1.4) and noting that Z¢(og) = 1, we get

t——————1 _
Eq(2) = Ag(gz.06) Aclgz,0q) "

Hence,
e Pa(p(Ea)f) = né - (p(tAc(w oc) )p (Aa(- 06)™) - ﬁ’c(f))
(1.2.10) U2Vt (p(Ral0a) ) - Tal)
(1.2:3) o(Fatroa) ) (Majk . yG,p(f)) ,
and

(1201) 2 (50E) = Talooa o lhet 00) ) P (p(Ea) ! geoEar )
Therefore,

£ (- 76,0) "2 £ (o(FaT ) s Plo(a)
020 (

N | =

16(Ac(g:,06)) '§) p(Aa(s 0a)) - P (%ﬂ(&:)f)

(1.2.11)

= (TG(AG(QZ,OG)Y1 -§) p (A, 00)7") - Za (P(EG)_la%P(EG)f)

= p@716(Aa(g:06)7") - (§ Za <p(EG)_1%p(EG)f>> .

Taking the traces of both sides proves the equality in the theorem. O
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2. THE DOUBLING ARCHIMEDEAN ZETA INTEGRALS

2.1. The doubling method. The doubling method provides an integral representation for L-
functions of automorphic representations of classical groups. It was discovered by Garrett [Gar84]
and independently by Piatetski-Shapiro and Rallis [PSR87]. Garrett studied the pullback of the
Siegel Eisenstein series on the Siegel upper half space of degree n+m to the product of Siegel upper

half spaces of degrees n and m with respect to the embedding (z,w) — (z w) and discovered

a formula for its projection into an irreducible automorphic representation of Sp(n,A) X Sp(m, A).
When n = m, the formula is the standard doubling method formula. When n # m, the formula
gives an integral representation for Klingen Eisenstein series. The starting point of the work by
Piatetski-Shapiro and Rallis is the Rallis inner product formula [Ral84], which shows that the
Petersson inner product of a theta lifting is equal to a special value of the relevant global doubling
zeta integral. In [PSR87], all classical groups are treated. They unfolded the global adelic integral,
showed that it is equal to a product of local zeta integrals, and computed the local zeta integrals
at unramified places.

Later, the work by Garrett was used to study the analytic properties of the standard L-functions
for Siegel modular forms [Boc85b], the basis problem [B83, Boc85a], the algebraicity of critical
values of L-functions [B6c85a,Shi95, Shig7, Shi00], and the algebraicity of Klingen Eisenstein series
(evaluated at certain half integers) for irreducible cuspidal automorphic representations whose
archimedean components are holomorphic discrete series. The work by Piatetski-Shapiro and Rallis
was used to define the local L-, - and e-factors of representations of classical groups [PSR86,LR05,
Yam14]. It is also a cornerstone of Rallis’ program which aims to prove a local-global criterion for
the nonvanishing of the global theta lifting with a prototype statement saying that the nonvanishing
of a global theta lift is equivalent to the nonvanishing of the local theta lifts at all places plus the
nonvanishing of a special value of the relevant L-function.

The doubling method has also found applications in Iwasawa theory and the theory of p-adic
automorphic forms. It was used to construct the p-adic L-functions for symplectic and unitary
groups [BS00, HLS06, Wan15, EW16, Liul6, EHLS20, LR20]. The doubling method for the groups
SL(2), U(1,1), U(1) and U(2) constitutes a crucial ingredient in the proof of many cases of the
Iwasawa—~Greenberg main conjectures for elliptic curves [Urb06, SU14, Hsild, Wan20]. It is also
applied to Yoshida lifts on GSp(4) to study the Bloch—-Kato conjecture for the critical values of
the Rankin-Selberg L-function for a pair of modular forms of weights with equal parity [Jial0,
BDSP12,AK13]

Let F be a number field and £ = F or F be a quadratic extension of F. Let V = (V,(,)) be
a finite dimensional vector space V over E with a non-degenerate sesqui-linear form (,) which is
either symmetric or anti-symmetric if F = F and is Hermitian if £ # F. Let G = Isom(V) viewed
as an algebraic group defined over F. Let V2 = (Vo V,(,)®—(,)) and H = Isom(V") (sometimes
called the doubled group). The group G' x G are naturally embedded in H.

The space V° = {(v,v) : v € V} is a maximal totally isotropic subspace of V-. Denote by Q the
Siegel parabolic subgroup of H which stabilizes V° C V. Let I(s, x) be the (normalized) induction
from Q(Ar) to H(AF) of the character x| -|* : EX\A} — C*. The induced representation I(s, x)
is often called a degenerate principal series. For a given section f(s,x) € I(s,x), define the Siegel
Eisenstein series as

Eh f(s,0)= > fls00h), h € H(Ap).

YEQF\H (F)

Suppose that 7 is an irreducible cuspidal automorphic representation of G(Ap) with unitary
central character. Given f(s,x) € I(s,x) and ¢1,p2 € 7, the global doubling zeta integral is



defined as

Z(f(5.X),01.%2) = / x(det g2) 1 1(91)92(92) E((g1, 92), f(5.X)) dg
G(F)xG(F)\G(Ar)xG(AF)

Unfolding the Eisenstein series as in [PSR87], one gets

(2.1.1) Z(f(s,x),01,92) = / F(s.0((9, 1)) (m(9) 01, %2) dy,

G(hr)

where (, ) : 7 x T — C is the Petersson inner product between © and # = {€ : £ € 7} defined
as (&,86) = fG(F)\G(AF) £1(9)€2(g) dg. One can fix isomorphisms 7 = ®@,7, and T = &,,7,, where
my is an irreducible admissible representation of G(F,) and 7, is its admissible dual, such that if
& € mand & € 7 are identified with @10 and ®v52,v under the fixed isomorphism and (, ),
denotes the tautological pairing between 7, and 7,, then <§1,5> =1L <£1,v,g27v>v. With the
fixed isomorphisms, we can write the right hand side of (2.1.1) as a product of local integrals. For

&y € Ty, E,, €y and fy (8, xo) € I(8, xv), define the local doubling zeta integral as
Zy <f11(57 X)7 v, Ev) = /G(F ) f’U(S7 X)((gv 1))<7r1,(g)§1,, §1> dg.

If f(s,x) = @ufu(s,x) and @1 (resp. Py) is identified with ©,p1, (resp. Py, under the fixed
isomorphism 7 = @, (resp. T = ®,7,), then we have

Z (f(&x%‘ﬁb@) = HZv (fv(s7 X)v@l,w@&v) .

Let v be a finite place of F' where G, 7 and x are all unramified. Denote by f(s, xv), {F and E}JH
the spherical the spherical vectors in I, (s, xv), T and 7, with fi* (s, x»)(1) = 1 and <€}}r7 §3r>v =1
It is proved in [PSR87,LR05,Li92] that

~ _ 1
ZU (fi‘;lr(sax%fblrv ;)lr) = dH,U(S7XU) ! 'LU (8 + 577{-1) X XU) )

where dp (s, xv) is a product of L-factors of characters of F*. (See Remark 3 in [LRO5] for its
precise definition.)

For many applications, it is necessary to study the doubling local zeta integrals at the archimedean
places. In [KR90], in order to locate possible poles of the L-functions, the authors proved that for
all sy € C, one can always choose sections at the archimedean place such that the local doubling
zeta integral does not have a pole or zero at s = sp. In [B6c85a, Shi95s, Shid7, Shi00, Har08] where
the doubling method is applied to study the algebraicity of critical L-values, specific choices of
section inside the degenerate principal series at the archimedean places are made based on different
theories of differential operators, and the archimedean doubling zeta integrals are computed for
special cases.

In order to obtain complete interpolation formulas for the p-adic L-functions constructed in
[Liul6,EHLS20] and verify the conjecture of Coates and Perrin-Riou in [CPR89, Coa91], one needs
to calculate the doubling archimedean zeta integrals for holomorphic discrete series of symplectic
and unitary groups and the specific sections in the degenerate principal series chosen in [Liul6,
EHLS20]. In the following, we explain the choice of the sections and how the archimedean zeta
integrals are computed.
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2.2. The choice of archimedean sections for p-adic L-functions. We focus on the archimedean
place and use the notation in §1. Assume that p + ¢ = n. We consider the following two cases:

(Sp) G = Sp(2n), H = Sp(4n),
(U) G = U(p, Q)7 H= U(Jn,n)

Denote by x the character of R* in case (Sp) (resp. C* in case (U)) defined as x(z) — z/|z|. Let
r be an integer We use (s, x") to denote the degenerate principal series of the Lie group H inducing

the character x" from its Siegel parabolic Q = {(A B

0 D
S A B
() by composing it with ( 0 D

) ceH } (x" is viewed as a character of

) — det A.) Let

(221) D, = holomorphic discrete series of Sp(2n) of weight t = (¢1,...,tn), (Sp)
- L holomorphic discrete series of U(p, ¢) weight ¢t = (71,...,7p;v1,...,v4), (U)

and v; be the highest weight vector inside the lowest K-type of D;. Denote by v the dual vector
of v; in the dual representation of D;. The integral we need to consider is

(22.2) Z (f(s,X"),0f,01) = /G([R) F(s,x) (g, 1)) (g - vf vy) dg

where f(s,x") is a section inside I(s, x") described in the following, and 2 is given by

1:GXG—H
-1

1, a b
1, d d
1, 1, c d ' (Sp)
<a b) » (a/ b’) L 1, 1, 4 a
c d d d a b
1(1" ivln>_1 d ¢ <1n i-1n> (U)
2\1, i-1, vod 1, i-1, |’
c d

Now we describe the type of sections f(s,x”) used in [Liul6, EHLS20]. For each integer k
congruent to r modulo 2, there is a classical section fx(s, x") € I(s,x") defined as

Fesx) (h:(A B))Z det(Ci+ D) ¥ det(Ci+ D)4 (sp)
e ¢ D (det h) "2 det(Ci + D) det(Ci+ D)2 72, (U)

Let pj; be the sub-Lie algebra of (Lie H) ®g C defined in the same way as in (1.2.5). We consider
f(s,x") obtained by applying the the Lie algebra operators in pj; to fi(s, x") € I(s,x"). The reason
that one considers this special type of sections for arithmetic applications is that we know a lot
about the Siegel Eisenstein series E(-7 Tr(s, XT)) thanks to the calculation in [Shi82], and about the
arithmetic properties of the action of p}} thanks to Theorem 1.2.1 and the moduli interpretation of
the Maass—Shimura differential operators. We follow the ideas in [Har86] to choose the operators
in Clpf] to apply to fr(s,x").
In the case needed for the p-adic L-functions in [Liul6, EHLS20], the k,r, ¢ satisfy:
1 >ty> -2ty >2k>n+1, k=r mod?2, (Sp)

2.2.3 _
( ) TlZ"'ZTqZk—i_TZT k

NE

> >-->v; k>n, k=r mod2, (U)



and we will assume this condition on k,r,t from now on. Since vy in (2.2.2) is picked from the
lowest Kg-type of Dy, in order for (2.2.2) not to vanish trivially, it is natural to require that the
action of K x K¢ on f(s,x") is isomorphic to t M ¢Y. We know that the action Kg x K¢ on the
classical section f(s,x") is isomorphic to the representation of scalar weight

(ky... k)X (=k,...,—k), (Sp)
n n
(k—;r’ ’k—gr)®<r;k’ ’r;k)®<kgr’ ’k;r)®<_k—2¢—r7 7_I~c—21—r)‘ ()
p q p q

By applying operators in pg to fr(s,x"), one can increase the K x Kg-type by the Kg x Kg-
representations appearing in the conjugation action of K¢ x K¢ (as a subgroup of Kp) on C[p;],
The action of Ky on C[p] extends to an action of its complexification Ry (defined as in (1.1.3))
and is isomorphic to

C[Sym,,] ) cLene) A-P(X)=P('AX A), (Sp)
C[Mpn] ) GLOXGL(n,0) (A,B)- P(X)=P(B™'XA), (U)
where by

X1+ iXo = i gy, T Q@D x,0 X1, X2 € Symy, (R),  (Sp)

(2.2.5) , ,
X1 4iX9 — M&Jn,n).,xl +(1® z)u{g(]",n)yxz, X1, X2 € Mppn(R), (U)

we identify pf; with Sym,, (C), the symmetric 2n x 2n matrices, in case (Sp), and with M, ,(C)
in case (U). See (1.2.6) for the definition the elements in p}; appearing on the right hand side of
(2.2.5). The subgroup Rg X Rg of Ry is given as

{(a a,) L a,d € GL(n,@)}, (Sp)
{((a b) | <a’ b/)) . a,d’ € GL(p, ), b,b’eGL(q,c)}, )

and it is easy to see that Clp};] | RexRe’ and therefore Clp};] | KoxKe is not multiplicity free. Hence
one would not be able to pick a canonical operator by only considering the Kg-types. Instead, we

need to consider the decomposition of I(s,X")|qyc-
Let

_ ki%v (Sp)
(2.2.6) s0= {'“_T" 2 o

It is the evaluation at s = sp of (2.2.2) that is needed for studying the critical L-values. Denote by
U(Lie H) the universal enveloping algebra of Lie H, and by U(Lie H) - fr(so, x") the (Lie H, Ky )-
submodule inside I(s, x") generated by fx(so,x"). We consider the decomposition of

(2.2.7) ULie H) - fi(s0: X")|Lie GxLieG -

The idea in [Har86] is to use the results in [JV79, Proposition 2.2, Corollary 2.3|, which reduces
the decomposition of (2.2.7) to the decomposition of

(2.2.8) Clofi /P& % 9| rgxre -

31
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Under our identification (2.2.5), pg X pg is identified with
X1 0 |
{( 0 X2> s X1, Xp € Symn(c)} ) (Sp)

{(&2 )gl> D X1, Xo € Mp,q(@)} (U)

so we can identify the quotient pE / pé X pg with

0 X
M, ,(C) = {(O O> X e Mnn(C)} , (Sp)
- X 0
M, 4(C) x M, 4(C) = {(0 Y) : X eM,,(C),Y e JMM(C)}), (U)
with the action of Rg X Rg isomorphic to
(2.2.9)
€M) ) GLOLOXCLO) (a.a) - P(X) = P(a""' Xa), (Sp)

C[Mp,q x M4 i) GL(p,C)xGL(q,C)xCL(p,C)xCL(¢,C)  (a,d,a’,d) - P(X,Y) = (/"' Xa,d™'Yd). (U)

By the basic theory of algebraic representations of general linear groups, we know that (2.2.9),
hence (2.2.8), has a multiplicity free decomposition. Denote by A; (resp. A;) the determinant of
the upper left (resp. lower right) j x j block of a matrix. Define the polynomial

n—1
Qe = | [T A7) A, (Sp)
i=1
(2.2.10) !
Pl  kar q-1 L oy
i (v oy (Tas ) 257, )
j=1 Jj=1
where
(2.2.11) (V5 vg) = (=g —Vg 15 -+, — V1)

This polynomial is a highest (resp. lowest) weight vector for the first (resp. second) copy of
Rg and it generates the irreducible representation of R x Rg whose tensor product with the
representation in (2.2.4) is isomorphic to the product of the lowest Kg-type in Dy with its dual.
Therefore, a natural choice of a section in I(s,x") for given k,r,t as in (2.2.3) is

ot up-right
. Qpy o Te(s,x"), (Sp)
(2.2.12) fk,;(st ) = H+,up.1efr. “+,low-right ,
Qk,r,; H27'ri ) HT ’ fk(sa X )7 (U)
where py up-right (pegp. uE’UP'IEft7 Tps low-righty i the upper right n x n (resp. upper left p X p,

lower right ¢ x ¢) block of ;1,};7 and u}; is the matrix whose (j, k) entry is the element in p?; defined
as in (1.2.7) for H = Sp(4n) (resp. H = U(Jpy)). The 27i on the denominator is to make the
corresponding Maass—Shimura differential operator algebraic with respect to the algebraic structure
of the relevant Shimura variety.
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2.3. The zeta integral for the chosen sections.

Theorem 2.3.1. [Liul9a, EL] Suppose that k,r,t satisfy the condition (2.2.3), fri(s,x") is the
section in 1(s,x") defined as in (2.2.12), v, is the highest vector inside the lowest Kqg-type of the
holomorphic discrete series in (2.2.1), v} is the dual vector of vy, and sy is given as in (2.2.6).
Then B

Z (fk,z (s,x") 77);7 v£)|

s=50
p-dmktan®Han B (o) - S tytnk T[0 Ity — 4 k)
_ dim (GL(n), £) IG5 (k=45) 7 (5p)
| 2 i) R R T D (i i g DT D s e t])
dim (GL(p) x GL(q), 1) [ Pk —j+1) » (0)
with v} as in (2.2.11), dim (GL(n),t) the dimension of the GL(n)-representation of highest weight

t, and similarly dim (GL(p) x GL(q),t) the product of the dimensions of the GL(p)-representation
of highest weight (11, ...,7,) and the GL(q)-representation of highest weight (v1,...,vy).

+, up-right

Note that the section fg, in [Liul9a] is set to be Q¢ (“Hi) - fx(s0,X"), so the formula

4mi
above for the case (Sp) differs from the formula in loc. cit. by 224"k,

Sketch of the proof. There are two steps in the proof. First, by viewing f.;(s0, x") as a Siegel-Weil
section for the Weil representation of Sp(4n) x O(2k) in case (Sp) and U(J,, ) x U(k) in case (U),
we see that f;g,t(so,)(’”)(z(g7 1)) equals a matrix coefficient of the Weil representation, so the zeta
integral is the integral of a matrix coefficient of the Weil representation against a matrix coefficient of
the holomorphic discrete series D;. By the results on the decomposition of the Weil representation
[KV78], Harish-Chandra’s formula on formal degrees of discrete series [HII08], and our specific
choice of fi,(s0,x"), in case (Sp), we reduce the computation of Z (fm (s,x") ,Uz,vi) ’s:SO to the
computation of the integral

(2.3.1) / ppokiny (x) e~ 2nTra'T g
My on(R) o

where P,?(;l’mv is the unique polynomial on Moy, o, = M, 21 X My, o, satisfying:
2k

2k
52 holjinv [ X 92 holjinv [ L)
(1) J; O j O, Py (y) = ]; DYai O, Py (y) =0forall<a,b<n,

(2) P G) = P ((;) h) for all h € O(2k),

(3) P,il(t’l’mv is a highest weight vector of weight (t; —k,ta—k,.. ., t,—k), (t1—k,ta—k,... . tn—k)

t
for the action of GL(n) x GL(n) on C[May 2] by (a1,a2) - P (i) =P (%ij), and its
2
evaluation at

—1
1 0 0 0 1, 1
2.3.2 o in ; )
( ) n ( 0 0 1n 0 ) (’le _Zlk>

equals 1.
The polynomials satisfying the first two conditions are called the pluri-harmonic polynomial and
have been employed for studying the holomorphic differential operators in [Ibu99]. In case (U),
we use a similar strategy but the Schrédinger model is inconvenient if p # g. We need to use the
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Fock model and Bargmann transform. Then the computation of Z ( Jrt(s,X7) ,vz‘,vé) |S:SO can be
reduced to the computation of the integral

(23) Sy (2) et s,
Lk

where P,?(;ltmv is the unique polynomial on My, = M, ) X My ;. satisfying:

hol,inv holjinv [ 2
(1) Z Ty a]BzQ - Pkm£ ( > Z o T a]dw2 " Pk,r,z <w) forall1 <a<p, 1<0b<q, where

k k
write z = (Zl> p , W :<w1> P )
z9) q w2/ q
@) P:f;l,tinv (5}) p:‘;ltmv <<5}) h) for all h € U(k),

(3) P,?‘;ltmv is a highest vector of weight (1 — M7...7 Ty — kf), (1 + kgr7.. g+ £ ),
(m=5r =) (b + 52,y + BT forthcactlonofU(p)xU(q)xU( )X ( )
21 a1 21
22 b;lzz
on C[Mgn k] = [ .k X ]\/f k X M Mq,k] by (CL17 bl, as, bg) -P wy =P tagwl N and
wa b;lwz
its evaluation at
p k—n ¢
p /1, 0 0
q| O 0 1,
p\1, 0 0
q\0 0 1,

equals 1.

The second step is to compute the integrals in (2.3.1) and (2.3.3). However, the polynomials
P; ?l’inv and P,? Ttmv are very difficult to write down explicitly. Let $ 1 (t) ®9 ¢ k(t) denote the space
of f)olynomlals satisfying the conditions (1) and (3). The idea is to pick some other polynomial
in 96 x(t) ® Hek(t) such that replacing Pho1 Y and Pho1 " in (2.3.1) and (2.3.3) by the picked
polynomial makes the integrals much casier to compute and one can relate the easy integrals to
the original integrals. Our choice of such a polynomial is

kE k
Y (x> :<x1 332> "l = Qi (a1 + i) (1 — ig2)) (Sp)
Y Y1 Y2/ n
Ik,’f‘,t (5)) = Dkﬂ“é (tzw) ; (U)

The integral for Zj; (resp. Zj,.) is easy to compute because of its invariance under the left

w
translation by {(u ﬂ) tu € U(n)} (resp. {( o ) cur € U(p), ug € U(q)}), and differs

U3



from the integral for Py, (resp. Py, ) by

dim Mgy ( dim Mg g )
dim (GL(n), £) P dim (GL(p) x GL(q), 1)
where A4 (resp. Apry) is the theta lift of Dy to O(2k) (resp. U(k)). O

With the formulas above, one can verify that the interpolation results of the p-adic L-functions
constructed in [Liul6, EHLS20] satisfy the conjecture of Coates and Perrin-Riou. By using the
formulas above and the functional equations of the doubling local zeta integrals, one can also
deduce the formulas for Z ( frt (s, X5) . v, vy)| C [LR20,EL].

o=
When the holomorphic discrete series is of scalar weight, a choice of archimedean sections is

made in [Shi00] and in [BS00] (different from each other) and the corresponding zeta integrals are
computed. In the unitary case, when either (71,...,7,) or (v1,...,1q) is scalar, the zeta integral is
computed in [Gar08] for a special choice of archimedean sections (different from ours here). When
q = 1 and the section is taken to be a matrix coefficient of a non-holomorphic discrete series of
another unitary group of the same size, the zeta integral is computed in [Liul5, LL16]. In the
symplectic case when the t;’s are of the same parity, the Lie algebra operators which lower the
Kg-types are employed to choose the archimedean sections and the corresponding zeta integrals
are computed in [PSS18].
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