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ON THE GIT STRATIFICATION OF PREHOMOGENEOUS 
VECTOR SPACES 

ABSTRACT. 1,,,< -:J;/pO)jffi;:1$]~.l"('l' ]-;J.,,~rclJO) GIT stratification 'a:1'Jl'll'f%:*'.JEL, 
t::. ([8]) 0)1:, ,f:-0)*'1f,1i:U:::-::i1,,,-cffl'l1f9-o. 

1. INTRODUCTION 

i~ ±M•~~~TQ. ~©2~©■~-~7~~~~~~~Q: 
(1) G = GL3 x GL3 x GL2 , V = Aff3 ® Aff3 ® Aff2 , 

(2) G = GL6 x GL2 , V = J\2 Aff6 ® Aff2 . 

GIT stratification t;J::~~f;;t;: k il.f~~Mf;;t;:©~i'di, V ©!lift31tfrM~1¥-~ ·n,,Q. 
GIT stratification ~~~QfUBWM3~11M©~ffl!'t!©F,mf!t:~~Q::. t tiili*QB/: 
iii°) IJ, ::. ©::. t t;J::fflt~W~7 ~ Jv~F~©-tl-?? ll~-"-©ritffl t:. B1,q::_m~-Z:ili°)Q. 

6 --C, tXF k ~,{l:;il©7i;~,{;il;: t l.,, Ex2 (k) ~ k ©r'i\'Jk2 t'JZ©71~f)t:;k,{;il;:©'8)~\lJ!'i© 
ffiirtTQ. 1XiJ{Jts:~*©±JEt_f-z:ili°)Q ([8]): 

Theorem 1.1. W;t~W ~7 ~ Jv~Fa5 (1) t;J:: 16 fi©~-r:t~1,, strata Sf3 ~0~. 6 G 
/:, 1 ~© strata sf3o ~~1,,--c Gk\S{3k t;J:: 1 ,r#'l,iJ~Gt~ IJ, Gk\Sf3ok t;J:: Ex2(k) C: 1 xt 1 
t:xtritT Q. 

Theorem 1.2. -~-~7 ~ Jv~Fa5 (2) t;J:: 13 fi©~-r:t~1,, strata Sf3 ~0~. 6 G 
/:, 1 ~© strata sf3o ~~1,,--c Gk\S{3k t;J:: 1 ,r#..iJ~Gt~ IJ, Gk\S{3ok t;J:: Ex2(k) t 1 xt 1 
t:xtritT Q. 

k = C ©t~ir, Theorem 1.1 t;J:: [2, pp. 385-387], Theorem 1.2 /;J:: [1, pp. 456,457] 
-Z:!iES)j 6 :tl, t::. 

Remark 1.3. ~M'.c' ::t 7 T ':7 :::,,- 7-- l.d:: iJ{, ;fflt~Jil ~ 7 ~ Jv~Fa5 
(3) G = GL5 x GL4 , V = J\2 Aff5 ® Aff4 

©~irtit'X©J:: -5 t:.t~Q ([6]): 
Qo(v) E Sym2 Aff4 ~ V1V4 - V2V3 ©*©=1x*~ t T Q. 6 G 1:1,X© J:: -5 /:JE~ 

TQ: 
(1) Exn(k) ~ Gal(k/k) iJ~ G 6n -"-©~'8]~©:#J1~©ffiir t T Q. 
(2) Prg2(k) ~ PGL2 © k-form © k-'81~©ffiir t T Q. 

(3) QF4 (k) ~ GO(Q) 0 ©*©.f~~ffiU(::.::. -Z:, Q E Sym2 Aff4 ) © k-'81~~©ffiir 
t T Qt~, IQF4 (k) c QF4 (k) ~ GO(Q0 ) 0 © inner form ©f~T:g~71ffiif t 
TQ. 

n = 2, 3 -r: ili°):tl,t£, Exn(k) t;J:: k ©~kn 1,X©71flf)t:;k{;;t;:© '81~~©ffiir t -~T Q. 
1XiJ\ (3) ©~ir©M• -z: iii°) Q : 

Key words and phrases. prehomogeneous, vector spaces, stratification, GIT. 
1 ~ ~ -C, o ta: identity component 'a:~9-
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Theorem 1.4. k ~{f:~0)7i;:i;~ t To. 
(1) ,fmJ~J!i-"'7 r-Jv~Fai (3) li61{'1filO)~c-tJ:1,\ strata sf] ~'E>-:J. 
(2) ch(k) -1- 2 t{&J:i:i""o. 'El 1..,, sfl -1-01:Jt>n1£, ck\sflk li1JZO)\,\-fni,Pc' 

&t> o : (i) 1 g (SP t i,p <) (ii) Ex2 (k), (iii) Ex3 (k), (iv) Prg2 (k) ;l:J: Ii (v) 
IQF4 (k). ~ G t::, (i)-(v) O)~i'i-0) S/3 0){'1filM&li1JZO) J: -5 f: tJ: o : 

Type SP Ex2(k) Ex3 (k) Prg2(k) IQF4 (k) 

Number of S/s 43 12 3 2 1 

2. GIT STRATIFICATION 

:,is:Wc-li GIT stratification /:-:Jl,\-CID!8Ai"" o. k ~{f:~0)7i;:i:{,is:t L,, k ~-fO){~ 
M&l¥JM§ t i"" o. :,$:ffl* c-li.!'! {,is:1¥JtJ:ffl:f:!:Jj!f-"' 7 1-- Jv~Fai ~ ;J=]k 'J iJ{, GIT stratification O)fE'.~ t: -:J 
1,\-c li-f.Bti'f9f:ID!8Ai"" o. 

G ~{f:~O)~~Mf-JM, V ~ G O)~m-Hx~UJat L,, l,\Tn'E> k l:--C-fE'.~~n-C\,\Q 
t To . *** --C- Ii G Ii 7-. 7° 1) o/ t- t {B(fE'. l, -C J: 1, \ 0) 1:, J::.XF --C- Ii "t" 0) J: -5 1: {ifE'.T 
o. ~ G t:, J::J T O){B(fE'. ~ Js < : G O)fiEf,jg~71M G1 t 7' 7° 1) o/ t- t- - 7 7' T0 c Z ( G) 
(G 0) $it.\) c-T0 n G1 iJ{~~,&c-, '/J>-:J G = T0G1 iJ{f~M&M t L,-c roGftT o. it.::, ~fm 
m~ X of To iJ{#'.;(E l,-C, t E To O){/pJ=!=Hi x(t) 0)7-.:tJ '7-{ir--C-lj.;z Gno 'EJO) t To. 

T ~ (Ton G1) C TC G ~mt.:: T~::k7' 7° 1) o/ t- t- - 7 At L,' x.(T), X*(T) ~ 
"t" n~'n T 0) 1-1, '7 _){ - ~ g~JtM (tJ T, 1Ps t t2i"") 0) tJ:i"°M, T O)~f.lm~O) t.,J'.: 
i""Mt To. 

t = x.(T) ® lR, fQ = x.(T) ® Q, t* = X*(T) ® lR, ~ = X*(T) ® Q. 
tJ: ~, t fE'.~ l,, W = Na(T)/T ~ G 0) 17--( JvM t To. x E X*(T), >. E X.(T) t:xt 
l,-C, t(x,>-.)r = x(>.(t)) 1:fE'.~~no §fttJ:-"'7 lJ '/7'' (, )r: X*(T) x X.(T)-+ Z 
iJ{ff'.;(E L,, -:::. n Ii perfect paring c- Jt> o . 

tJ::O)pgfff (, ) c-W t ;/Jo 7M Gal(k/k) O){,'pffl f: J: tJ :;f~td'.:'E> 0)-/J{ff'.;(ET o. -:::. 
0) pgffi li~f.11¥1, i"" tJ: v -t T-"' --c 0) >., v E fQ r: xt 1.., --c ( >., v) E Q t {ifE'. G -c J: 1, \. 

II II ~ ( , ) O)fE'..ib o t J::O) J Jv l,. t l,, W O){'pffl /: OOT o Weyl chamber t+ c t ~ 
t Q. 

),. E tt:xtL,--c, /3 = (3(>.) Et* ~:i;-CO) ll E tt:xtL,--c (/3,v) = (>.,v) ~mt::T 
'E> 0) t i"" o. ::. 0) t ~, ~~ >. 1--t /3(>.) li:i:~tt--c-Jt> tJ, "t" O)~~~ ~ >. = >.(/3) t 
t2i""-:::. t /:To. t.:: t!. l -:JO)jf O)~J:.IM& a iJ{#'.;(E l, a>.(/3) E X.(T) '/J>-:J-:::. O):m~li 
indivisible t ~ o. -:::. 0) a>.((3) 0)::. t ~ >./3 t t2T-:::. t t: To. 

t t t* ~ ~-tJai"" o::. t r: J: tJ, t* J::O) W-:;f~tJ: pgffi ( , )., ( , ). r: J: tJ fE'. to 
J Jvl,. 1111., Weyl chamber t~ ~fio. 

T iJtttfe§ /:{-'FffiT o V J::O)~~* ~ v = (vo, v1, ... , VN) t To. 'Yi E t* t <Pi ~ 
"t"n~'nffi i ~~1::xtriti"" o? x--r t- t~m-"'7 t- Jv t i"" o. ~~Jtffii'r Jc hi Ii= 
0, 1, ... ,N} /:~l,--C, J 0) convex hull~ ConvJ tt2T :=. t /:i""o. 

IP'(V) ~ V 1:ttll;tti""o!t~~Fdlt L,, nv: V\ {0}-+ IP'(V) ~§f'ttJ:M~ti""o. 
0 tJ_ Conv J ~mt:: T J c hi Ii = 0, 1, ... , N} 1::x-1 l, -C, (3 ~ Conv J t JJJ:,#:0)-#;ia 
1,\gti"°o. -:::.O)t~, f3li~t=~i"". si.,~J::O)J:-5t:fflroG~nt.::(3--c-, t~t=~i"" 
'El O):i;-C 0) tJ:i"°ffii'r t i"" o. 
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V O)if~:B-g;gF~ 

Y/3 = Span{ cei I ('Yi, /3)* 2 ((3, /3)*}, Z/3 = Span{ cei I ('Yi, /3)* = ((3, /3)*}, 

W/3 = Span{cei I ('Yi,/3)* > (/3,/3)*}. 

~ JE~9 o. a_g G iP t::, Y/3 = z/3 EB w/3 c' ifi> o. 
A ~ G 0) lPS t 9 o t ~, 

P(.X) ={PEG I E~-X(t)p.X(t)-1 exists}, M(.X) = Za(.X) (the centralizer), 

U(.X) ={PEG I ~~.X(t)p.X(t)-1 = 1} 

t~ 2:' t JE<lb o. P(.X) Ii M(.X) ~ Levdm:B- t 9 o G O))D(/fo/]if~:B-ffc', U(.X) li-=t 0) 
unipotent radical c'ili> o. A= A/3 0) t ~ ti, P/3 = P(.X/3), M/3 = Za(-X/3), U/3 = U(.X/3) 
~ t Bc9.:. t t:: 9 o. 

X/3 ~ M/3 0) indivisible t~1'f:El:m~c', it:> o iE~M& a, b t::x1 l, --C xi 0) T A-0)1[itl~_&iJ; 
b/3 t ~~9 o :t 0) t 9 o. G/J = {g E M/J I X/3(g) = 1 }0 t JE~9 o t, G/3 Ii z/3 t::{fp 
ffl90 . .:. .:. c', M/J t G/3 Ii k J:;E~~n. (X/3,A/3) Ii 11/311* O)i£0)A.~c'ili>oiPG 
M/3 = G/Jim(.X/3) iJ>:.rfx, IJ 1.L"J. ~ G t::, v iJ>:. G/3 0)1'ft_l8~t~ lPS c'it:>tLli' (v, A/3) = 0 
c' it:> Q. 

W(Z/3)"" ~ W(Z)/3 0) G} ~ G/3 n G1 O){/pffl t:: 009 o semistable t~;~O)ffi,g-t 9 o. 
z/3 t W(Z/3) li7-JJ7-iJ>:. 1 t'JZ~tntJl-5 O)c', G/3 0){-1;;:b IJ ,:: G} O){/pfflO)~JE'i1:~ 
~;{_QO)c'it:>o. t~;B, ~JE'rit::009O GIT (~{i:TJ~~/fl£;i:\WU) O)fflmfli [3] ~~~Ji 
it~. 

W(Z!3)""~W(V)O)if~:B-ffi1rt~{i'&L.,, zis = 1ri(W(Z!3)""), YJ" = {(z,w)lz E 

zis, w E W/3}, S/3 = GYJ" t~ 2:' t JE~9 o. S/3 lig;gffi,g-t:: :t t~ IJ fijo.:::. t t::a:;g 
G ~ -5. it::., s/3 0) k-1'ff_lgO)t~9ffi,g-~ s/3k t~ 2:- t Bc9.:. t t:: 9 o. 

t'JZO)JE:f!I!.li 19801:f:{-\;;t:: F.C.Kirwan, G.Kempf, L.Ness t~ 2:'0),Wf~t:: ~ IJ fij G tt, 
(::zls:fflf:':rO)fffieJ'f-c' ifi> o iJ>:.) ffiJ{ A 7° JJ ,y 1-- -c:-t~\, ,~1r i:: :t •~ t ~na i:: ~ 1J iiEa_g ~ 
nt::.;Ef_lc' it:> o. [7, p.264] t:: BG~ ntd~c';Ef_l~JZl!A. o. 

Theorem 2.1. k ~{f:;gO)~~{;i!s: t 9 o. -=:. 0) t ~, 

Vi\ {o} = v,:s rr II s/3k 

iJ>:.rfx, IJ 1.L"J. ~ G 1::, s/3 k ~ ck x p 13 k YJk ilrfx,1L.9 o . 

.:. 0) ~ -17°0)~{i:TJ~~;f~;i:\Wff (GIT) ~ffl\,,f::. stratification 0).:. t ~, ::zls:fflf:/:rc' 
Ii GIT stratification t ll']Z.,.S~-=:. t t:: l, ~ -5. 

~ --c, [5] c' tiB-fff;fl t:: ~ IJ, g;gFa5 (1 )-(3) t::x19 o SJ3 0) r:rJt~•t! (SB t:: ~9 o (3 0) 
fiM&) lit'JZO) ~ -5 t::~JE~ n--c 1.,' o : 

(1) 
(2) 
(3) 

49 
81 
292 
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***c'li.:::. 0).:::. t li:fWt}l t., t~1,,. t~ as, [5] --c-1i z(3, w(3 O)J~IMiti !PJ~t::¥;k:f!:'. ~ tL 
--cas IJ, -tt1GO)'f'-:$?0)~~lb'iilt-::,--C\i'Q . 

.:::.ti,GO)~-:$?~~~t.,--c r~#~--C-~Q~~~~~-5~-::,--C¥;k:JE'.TQ~?J ~ 
~Fai (2) O)~ir~WIJt G--CfflIDlTQO)iJ!:,is:ffi*O)§~--c-~Q . 

.CJT, ~Fclj (2) G = GL5 x GL2, V = /\2Aff6 ® Aff2 O)~,fr~~ ~ Q . .:::. 0) t ~, 
G1 = SL5 x SL2 --C-21, IJ, G1 O)fEi:;k;z.. 7 lJ 'Y r- r- - 7 .7.. Ii 

T = { ( ell . •. t1J , C21 t22)) I tu- .. t15 = t21t22 = 1} 

t Jfltl,Q. l, t::: iJ!-::, --C, 

t* = {(an, ... , a15, a21, a22) E ffi.8 1 t a1i = t a2i = o} 
i=l i=l 

8 

--c- 21, Q. it:::, t* C ffi.8 J::.O) 17 -1 Jv:::f~t~ pgffi t l, L li~~pgffi (a, b)* := L aibi iJ! 
i=l 

~tl,Q. 
{ <e1,i} ~ Aff6 0) ~~""' -7 t- Jv, { <e2,i} ~ Aff2 0) ~~""' -7 t- Jv t T Q t ~, eiJk := 

(<e1,i J\ <81,j)@ <82,k t as< t X E /\2 Aff6 @ Aff2 Ii X = L Xijkeijk 0) J::_ "J t::m[lffl--C- ~ Q, 
i,j,k 

T iJ!x-f P:I t::{fpffl T Q X 0) ~~ t l, L' .CJ T--C- Ii (xijk) ~ m \,' Q. 

3. NON-EMPTY CASE 

Sf3 =I 0 ~ ~T /:: Ii, G1 O){fpffl t:: ~T Q :::f~~ ~ ~--:J tt nt:f J::. 1, '· iE~/:: Ii, O c' 
t~1,,~JJ[~ P(x) t MJ O)m~ X --C-

(1) X Ii Xf3 t proportional 
(2) TA'.--CO) 9 E MJ,x E Zf3 /:::tfl,--C, P(9x) = x(9)P(x) 

t t~Q ti 0) ~~ --:J tttLlf'J::. 1,,. 
1-r, ck\s(3,k iJ! 11(~u:::xtritTQ:1:~1r~~~Q : 

Example 3.1. /318 = f2(-1,-1,-1,-1,2,2,0,0) O)~,fr~~~Q. Zf318 O)~fili 

--c- 21, Q. .:::. .:::. --c-' 911 Ii 4 X 4 fi~J' 912 Ii 2 X 2 fi~J--C-~ Q. it;::, Mf318 O)~}]. t l, 
--C Zf318 =Aff4 ® Aff2 ® Aff2 = Affi,[i,4J ® Affi,[s,6J EB Aff~,[i,2J t t~ Q. 
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r:J: I) 4 X 41'r?7U1E:{,f,;OJffiirM4,4 t[PJ-t!aL,, P(x) := detA(x) t;E6lJQ . .:OJt 
~. {f::@:OJ (diag(g11,g12),g2) E Mf318 f::X'J-L,-C P(gx) = (detg12)P(x) ihX:IJ:V:'t, 
X (g) = <let g12 Ii Xf3is t proportional 'c' 26 Q . L, f:: iJL:J -C, P( x) Ii G11s 0) {'f ffl f:: cl:: -:J 
--C;f~;i;\ t t~-:) -c \, \ Q. zi:s = { X E Zf31s I P(x) i- O} --C-26 Q ti~ G' sf31s i- 0 i)t71i)~Q. 

i'Xf::, R1s E zi:sk ~ A(R1s) = [4 tt~Qji:;tTQ . .:OJt ~. zi:sk = Mf31skR1s 
titlF 2' :tL Q. 

x E YJ:s tTQt, xlix = (R(18),w) (.:.:c-w = (x561,X562)) t1,,-5~c'26Q 
t L, -c cl:: \, \. uf31s k ~ Pf31s k 0) uni potent radical t T Q t ' 26 Q n E uf31s k r:: 11 L, -c 
n(R(l8),w) = (R(18),0) tt~Q. L,f::iJ{-:JL, Gk\Sf318 k ~ Pf3isk\YJ:sk Ii 1 BSP t 
1-ffuT Q.: t tit71ti~Q. 

i'Xf::, Gk\Sf3,k i)tEx2(k) t:1-ffuTQ~ir~~X.Q : 

Example 3.2. (367 = g(-2, -2, 1, 1, 1, 1, 0, 0) OJ~ir~~ x. Q. Zf367 OJ~fflli 

--c- 26 Q. >.f367 (t) = (r2 , r 2 , t, t, t, t, 1, 1) --c- 26 Q ti~ G 

Mf367 = { ( (go1 g~2) , g2)} ~ GL2 x GL4 x GL2 

(.:.: C', g11 Ii 2 X 2 fiJU, g12 Ii 4 X 4 fi)'IJ, g2Ii2X217:,'IJ) --C-26 Q. it::, Mf357 0) 

~.f~t l,-C Zf367 ~ /\2Afff, 13,6i ®Afft 11 ,21 'c'26Q . .: .: c-, (diag(g11,g12),g2) OJ{'PJ:J:Hi 

/\2 Aff4 ® Aff2 3 A® v c-+ (g12Atg12) ® g2v E /\2 Aff4 ® Aff2 

c-lJ.x. G :tL --CB I), .: OJ~ffltiffl~ill-"' 7 1-- Jv~Fai t t~-:) --C 1,, Q ( L, t:: tit-:) --C, Sf367 i- 0 
C-26 Q ) . .:_ OJfflt?Ji/l-"'7 }- Jvg;gFa,li [9] f:: b'li'L~~2" :rL-C 1,,--c, ~O)~.f_!ll!fl3~1i 
Ex2(k) t 1 xt 11-ffuT QT Q.: t iJ{lF 2" :tl,-C\,\Q. wf357 = {0} --C-26 Q ti~ G' Gk \Sf357k 
liEx2(k) t lxt11tfuTQ.: ttit71i)~Q. 

4. EMPTY CASE 

Sf3 = 0 ~ 1FT f:: Ii, JE~ti~ G zis = 0 ~ 1Fitli cl:: 1, '· "t" OJ t:: 6lJ f:: lii'XOJ cl:: -5 t:: T Q : 

(1) {-f;@'.OJ x E Zf3 f::)(-fl,--C, 26Q g E MJ (Mf3 0) semi-simple part) ~Jfl:tL!i, gx 
OJ Ii'< -Jti~OJ ~fflli o t:: ili*Q. 

(2) x OJ~OJ J: -5 ~~ffltit o c-26 Qt OJ{JiJEOJ--r, c1 OJ 1Ps >.(t) --c- r xj tit x OJ o 
--c-t~ 1, ,~fflOJ t ~ >.(t) r:: lfflT Q xj OJ "J :r. 1 1-- titT-"' --c iEJ OJ t OJ~ _w.-:) it Q. 

fU~i1:frT Q lWf::, (1) OJ7-. 'r-:; 7°--c-J:§1,, Qfmlm~~-"' Q. !iE8Jjlif'ii'.i~t~~~{-I;;~ 
C'26Q. 

Lemma 4.1. G = S12 xSL2, V = Aff2EBM2,2 OJ~ir~~x., (g1, g2) E G OJ V -"OJ{/pffl 
li(v,A) r-+ (g1v,g1Atg2) f::J: IJlJ.x.G:tL--C\i'Q tTQ . .:OJt ~. {-f:@:O) (v,A) E Vi 
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r:JtL,--c, &)Q g E Gk iJ!:ff'.tfl,"C, g(v,A) l;jJ,?ZO)~tt.,:Q: g(v,A) = [w,B], t::t!. 

l, w = [O, *], B = (~ : )-

Example 4.2. (353 = -;b(-14, -2, -2, 4, 7, 7, -3, 3) O):tf,-g-,:l::~ x. Q. Zf353 O)~fflli 

1:ab I), Mf35o O)~}]!t l,"Cli Zf353 ~ Affi,i5,6l EB Affi, 15,6l ® Affi, 12,3l 1:~Q. jJ:, 
MJ53 = S12 x S12, l, t:: iJ{-::> "C, Lemma 4.1 J::. I), X451 = X252 = 0 C: {)x;E'. l, "CJ::.\,\, 
l,\i .X(t) ·= (diag(t r 5 t5 r 7 r 2 t8 ) diag(l 1)) c:B< c: x E zss O)Oc-tJ:\,\~ 

' . ' ' ' ' ' ' ' ' /353 
ffl X451 (resp. X252, X352, X352 ) 0) .X( t) /:: ~T Q 17 .::i:. 1' 1-- Ii 1 (resp. 3, 3, 13) C: fJ: I), :i: 
"C iE 1: ab Q . J::. -::> "C, zi:3 = 0 1: ab Q iJ, G , S f353 = 0 1: ~ Q .: t iJ'>ftt -5 . 

t.,:t:,, J::O)J::.-5 t.,: lPS .X(t) O)Jil,--:Jlt:nl::--:Jl,\"Clizi5.a! (Example 4.5) TQ. 

t-5 1--:JW!J-:l::~fr-TQfrr/::-?li I) 7-.'ro/ 7° (1) c-ffl\,\Qf'JZO)t!ff~,:\::j,a!.,,ZQ, .::nt 
M~tci:tl~{~~O);M/~ --c- ab Q : 

Lemma 4.3 (Witt's theorem). G = SLn, V = A2Affn C:TQ. V-:l:'..lt~fi~Llc-, xtfo§ 
dft#oO)tO):i:~t~-m-tQ . .:.O)t~. a•O)AE½~MG--c, ~QgE~ 
-:l:'.IfX:hlf', B = gAtg lif'JZO)~c-~6 ;hQ : 

(0 0 0) 
/\2k3: 0 ~ ' 

Example 4.4. (330 = :is-(-4,-1,-1,2,2,2,-3,3) O):tf,-g-,:l::~;lt.Q, Zf330 O)~;ffi'Hi 

1:ab I), Mf330 O)~ffl, t l, "C Ii Zf330 ~ A2 Affi, 14,6l EBAffi, 14,6l EBl C: fJ: Q. \, \ i, A2 Affi, 14,6l 
'a:: 
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:. :. -C, (1) O).A 9- o/ 7°~~fi L,f,:1,,,0)fiiJ\ H:J@'.9/'( ~ Ii ;,,2 Afft[4 ,61 t Afft[4 ,61 
~c©~~77~~-©am~~~~t~~~C~*~· ~~G~©-~l,~~tt~ 
t.'). :. 0) J:: -5 ~~i'dijlljj15~ctj. --c t::'i:J iS iJ{J::cfo < fi < 7'J>~fifflt~9 o O)f=.iJ;, :. 0) 
~i'i /\2 Afft[4,61 0) ~:fj ~ 1~9:. t iJ;..iE L, \,,' t JtiJ> o. 

J:: --::i --C, Lemma 4.3 (Witt's theorem) J:: ~ , x451 = x461 = 0 '1: 26 o t {BUEL, --C ti N 
\,, '· >.(t) = ( diag(t5' t-1, t-1, t-8' t, t4), diag(t4, t-4)) t B < t' X E z/330 0) 0 -et.,:\,,\~ 
m X551 (resp. X142, X152, X152, X452, X232) 0) >.( t) t:: lffl9 Q r'J .:c. -1 [' Ii 1 (resp. 1, 10,13,2) 
t t.,: ~' 9 /'( --c ..iE-C Ji) Q. J:: "'.) --c' zi~o = 0 -c Ji) Q:. t 7'J{7.t7'J> ~' L, t:: iJ{--::i --c s(330 = 0 
'1: Ji) Q. 

ftffi~, ~PS0)~~015~~~9o 

Example 4.5. (353 = i(-14, -2, -2, 4, 7, 7, -3, 3) O)~i'i (Example 4.2) ~W!J t:: t 
o. Z1353 O)~:flli x451, x451, x252, x252, x352, x352 -r:26 ~, M 1353 ~ GL2 x GL2 x GLf, 
z/353 0) M/353 O)~ffl, t l,--C Ii z/353 ~ Affi,[5,6] EfJ Affi,[5,6] Q9 Affi,[2,3]' Mj53 ~ SL2 X SL2 
'!/f,-C 26 --::it::. 

MJ53 0) {Ip ffl ~ }- - 7 A if~it t semi-simple if~Jt ~ it tt--C ~~9 o. 
MJ53 0) $it., ( f' - 7 7' if~it) Ii { ( diag( t11, t21 h t1t§t~, f3112), diag(l, 1))} t:: '!ff, L, \,, '· 

f' - 7 7' if~it-C Ii X1353 ( t) Ii x(t) = t~8t~2t36 t proportional -C 26 o. G153 = (ker X1353 )0 

J:: ~ t3 = tf t§ iJ; .sx; ~ ff.~. 
semi-simple 'lr~JtO)jc/i (1, diag(t41, t4), 1, diag(t51, t5 ), 1, 1) E MJ:3 '1:26 o. 
z/353 O)~:fj X451, X451, X252, X252, X352, X352 t::xt l,--C, J::O)jr;O)ff(O){fpffl t:: J:: Q r'J .::c.-1 

}- 0) ~ ~ {'F o t tJ T t:: t.,: o : 

coordinates 
weights 

1,,,t, [c1,c2,c4,c5] E Z4 ~t1 = tci,t2 = tc2 ,t4 = tC4,t5 = tcs_sx;~fl.~J::'5/:: 
~-cf, >-c( t) = ( diag( t;-1, t21t41, t21t4, t1t§t~, t31t51, t31t5), diag(l, 1)) t B < . :_ :_ '1:, 
t3 = tf t§ '1: 26 Q . 

~L, X451 = X252 = Q t{jjz5El,--C'f.l,NiJ>--::if;::_ t ~,f!l\,,,tf:1-f :>. ~~:fjO)r'J .::c.-1 f' 
t:: xt /it 9 o /'( :7 }- 1v ~ 

t;E'.~L,, A= (v2V12V21V22) tB<. :_O)t~, Ac(t) t::1ffl90 X451,X252,X352,X352 
0) r'J .:c. -1 }- iJt~--c ..iE-C 26 o :. t Ii, tcA = [tcv2 tcv12 tcv21 tcv22] O)~--C 0) ,Sx;,tiJ{..i:£-C 26 
o:. t t [PJf@-r:260. 

-f:. '1:, tJT-Cli-f O) J:: -5 t.,: C ~ MAPLE ~~ "'.) --C>i<ilb Q : 

> with(linalg): 
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> v1:= matrix(4,1, [4,4,0,-1]): 
> v2:= matrix(4,1, [4,4,0,1]): 
> v12:= matrix(4,1,[-3,-3,-1,-1]): 
> v12:= matrix(4,1,[-3,-3,-1,1]): 
> v21:= matrix(4,1,[-3,-3,1,-1]): 
> v22:= matrix(4,1,[-3,-3,1,1]): 
> A:= augment(v2,v12,v21,v22): 
> rref(A); 

l: 0) i+• ~ ~fiT {) t { v2, V12, V21} !;l:.;\l,1Uf%!±l..ft 1:, V22 = 2v2 + !v12 + f V21 ~ ~t-:: 
T =- t iJ~'JJi:P{). 

a2 = tCV2, a12 = tCV12, a21 = tV21, a22 = tCV22 t_ j3 <. ;::_ 0) t_ ~, a22 = tCV22 = 
2a2 + !a12 + fa21 1:~{J. {v2,v12,V21} !;l:.i\l.,~%3!±1..ft1:~{J-/J~G, a2,a12,a21 l;l:.{f~O) 
iE 0) ~ iJ~~.l'Z Q . 

-WU.:Jt.li', a2=l,a12=3,a21=3t~li-5. ~O)t~, a22=131:a!:>{J. 

Gt-::iJL~ -C., tcA = [1, 3, 3, 13] ~NH:rli'J::. \i'. 

>b:= matrix(4,1, [1,3,3,13]); 
>A:= augment(transpose(augment(v2,v12,v21,v22)),b); 
> rref(A); 

J::O)gf.J::.IJ c = [c1,c2,c4,c5] = [-1,0,5,5] t~.l'Z{)=.tiJ~71iJ~{). ;:_O)t_~, 

c3 = 3c1 + 2c2 = -3 1: a!>{). 
A(t) = Ac(t) = ( diag(t, r 5 , t 5 , r 7 , r 2 , t8), diag(l, 1)) t B < t, .:::. :hiJ~ Example 4.2 

0) A(t) 1:~{). 
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