ON THE GIT STRATIFICATION OF PREHOMOGENEOUS
VECTOR SPACES

HIRFIN (LA & E M)

ABSTRACT. WL DD DORIHE R 2 b LZEM D GIT stratification % FHLIAIZ T L
7= ([8]) DT, ZDFRIZOWTHET 2.

1. INTRODUCTION

9, FHEEAZIHTS. RO2DO0DOMEERY MVEREZEZ D ¢
(1) G = GL3 x GL3 x GLy, V = Aff® @ Aff* © Aff?,
(2) G = GLg x GLy, V = A2AffS 00 Aff2.

GIT stratification IR k DREEEAK DG AL, V O#ERHEZ 5 ZTW5.
GIT stratification & # X % ] ﬁﬂi%ﬁﬁﬁ@@ﬁ@@@ﬁﬁi WZEZ DT kD HIz
HY, TOZLIIMHERY MLVEMOY — XEBADIEHIZBWTEETH 5.

IT, UTkEEBEDZERMARL L, Exo(k) % k D% 2RO 5 EEERAK D RIRIEHD
RHELTD. MPABREDOFEEHTH S ([8]) -

Theorem 1.1. BIAE XY FIVZER] (1) 1 16 HDZE TR strata S 2FFD. 5
12, 120 strata S/fo R\ Gk\sﬁk E1 86D, Gk\S/j’ok iEXg( ) E1x1
CHIET S

Theorem 1.2. BHAE XY FILVZER] (2) 1 13 HDZE TR strata S 2FfD. 5
12, 120 strata Sb’o RV T Gk\S/jk E1 e, Gk\S[ﬁok (= EXQ( ) 11
(ZRIEY 5.

k= C D%, Theorem 1.1 (% [2, pp. 385-387], Theorem 1.2 I [1, pp. 456,457]
THEEHE N7z,

Remark 1.3. #HETH T F UV ALED, HEHERS MLZER

(3) G = GLj5 x GLy, V = AZAfF® © Aff*
DGEIFIRD K 51275 ([6]) -

QO( ) € SmeAff ;Ic\." V1U4 — VoUs @ﬁ?@:?ﬁﬂﬁiﬁk'ﬁ"é é ‘5 C:?ﬁ(o)cl: 5 1z
95 :

(1) Ex,(k) % Gal(k/k) 25 &, NO¥EMFIOHEFHOELS LT 5.

(2) Prgy(k) % PGLy @ k-form O k-FROEA LT 5.

(3) QF,(k) % GO(Q)° DILORBEEN(Z 2T, Q € Sym?Aff!) O k-FREDO KL
35L&, IQF, (k) C QF, (k) Z GO(Qo)° @ inner form DRI A ES &
T5.

n=2,3ThHNE, Ex,(k) Xk DE%niROZHEILRKORBBOES L —HT 5.

KD, 3) DHBADKERTH S -
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Theorem 1.4. k ZTEDT2AK LT 5.
(1) BB~ 2 bIVZER (3) 1261 D2 TR strata Sy % £ D.
(2) ch(k) £#2 EIRKETD. L, S5 #£ 0 THNE, Gp\Ssp IFIRDVWT NPT
H5: (i) 1 (SP &h<) (ii) Exy(k), (iil) Exs(k), (iv) Prg,(k) 721 (v)
IQF, (k). 512, (1)-(v) DEHED S DREEIZIRD K 512725 -

Type SP | Exo(k) | Exs(k) | Prgy(k) | IQF (k)
Number of Ss’s 43 12 3 2 1

ZOBADk=C0Y ORI 4] THHES .

2. GIT STRATIFICATION

AHITIE GIT stratification IZ D WTHIHT 5. k 2EEDEEAKE L, LE2ZTOR
BN L 3 5.

RS CIEER A E R NVERZH S D, GIT stratification DEFHIZD
W — MRz 3T 5.

G AR OEMEMER, V2 GOARRERHEE L, WIhd k ETEZRINTWS
95, RBRETIHEGIEFATVY PERELTEVDT, UMFTIEZD XS ITHET
5. To12, UTOREEZBL G OMIBAREG, EATV Yy b F=F AT, C Z(G)
(GOHD) TTyNG, BEIRT, 720G =T)G, BREFEE LTz e 5. £/, AH
AR x of Ty WFEL T, t € Ty OFEMIX x(t) DA T —fETHEA LN LD LT 5.

T%(TonG) CTCGEiEEZIHBAAT) Yy b =528, X.(T),X*T) %
TNENT D137 A —=ZEHHE (AR, 1PS L5309 ORTH, T OFEIEED A
THET .

t=X.T)oR, tp=X.(T)2Q, t'=X"(T)®R, t5=X"(T)®2Q.
RYLEHL, W=Ng(T)/T2GDIANVBELT S, ye XH(T),\ € X.(T) I
UT, tYNT = y(\(t)) TEBINDIEARBRRT VYT () : XH(T) x X (T) - Z
PEEL, N perfect paring TH 5.

t FONRE(, ) TW e a7 Gal(k/k) DERIZ & D AL L DODEFEET . T
DHNRIFEHR, T2RDHbTRTD ANV ety lZHLT (\v)eQ &EL TXW.

1% (,)DEDDt LD/ VAL, W OIEMIZEY D Weyl chamber t,. C t &
k3.

ANEtIZRLT, B=BN\) et 22TDv c tizxfLT(B,v) = (\v) 22T
LEDLTDH. ZOLE, BfN— ) FEBETHY, TOUEHE N =\(p) &
BT LITT D, 1 DOEDEHB o BWEIEL a\(B) € X.(T) 2> Z DRI
indivisible £72%. ZDa\(B) DI &% \g LELT I LITT 5.

tet ZH-HTLIIEICED, ¢ EOW-RERNEE(, ). (, ), CEDEED
J VA |« Weyl chamber t, Z215%.

Tﬁhsﬁjﬁg&:'ﬁzﬁﬁj—é VJ:@F‘JZ%;%% v = (Uo,’l)l,...,UN) C‘:j—é Yi € t* é.)_ ®; 75_’
TNENE i JERRITHINT 2 = A b E NS ML eSS, HaEET C{v]i=
0,1,...,N}ZX LT, T convex hull # Convd L5ld 2 &125 5.

P(V) % VIZNHET 285 EME L, 7y V\{0} - P(V) ZBERRG LT 5.
0¢ Convd {729 I C{v|i=0,1,..., N} IZX LT, B% Conv] &JFHD—F
WRET D, ZOLE, IR ITET. BEEOIIICHEEINLAT, ¢ BT
LOERTDORITELLTD.
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V D2

Y = Span{e: | (v, 8)« > (8,8).},  Zs = Span{e; | (3, 8). = (8. 8).},
W5 = Span{e; | (vi, B)« > (B, B)«}.

EEBTS. WO, V= Z,0W, Tho.
AN GDIPS & HEE,

P(\) = {p eG ’ 11_1)1(1) At)pA(t)~! exists} , M(X) = Zg(X) (the centralizer),
. , —1 .
lim A(H)pA(t) " = 1}

IRELEDD. PN)IE M) & Levi #53 £ 95 G DIBER D HET, UN) 13ZD
unipotent radical THd. A =\ DEZL, Py = P(N\g), Ms = Zc(Ns), Us =U(Ng)
LTI LIzT 5.

Xs & Mg @ indivisible ZHEIERET, &2 EHB a,b 12K LT xG D T ~DOHIFRA
WBE—BTHEDETSE. Gyg={g€ Ms|xs(g) =1}° L& ?%& Gl Z5 1ZfE
Hd45%. 22T, Mﬂﬂ%ikkﬁﬁém uﬁM>iWH@E®«%f%é#b
M/g = Gglm( [3) fl“ﬁk‘ D ALO é b -y, U 73"‘ G/g O)ﬁfiﬁﬁfd 1PS VC?)M (V, /\[a) =0
Ths.

P(Z5)* % P(Z)5 D Gy = G5 N Gy DIEFIIEIT % semistable 2 S OEA & T 5.
Zs L P(Zs) lZAH T — #1&m#i£5@f GoMWﬂ>(?®W%®ﬁﬁ%%
%zé®ﬁ@é.@B,i%%n%?é@n%%ﬁ?%ﬁ%ﬁﬁwmﬁmﬁa%%ﬁ
¥ &.

P(Zs)* % B(V) OMAEA LML, Z5 = 7, (B(Zp)®), V3 = {(zw)|z €
Z55 w < Wﬁ} S[j = GYYv55 f&t C‘f_ﬁé&j—% S@ EESIZH R D'f%l‘é A ABEY <
Uk>. 7, S5 D k- BRSO AT A% Ssp ME LTI LITT B,

ROEMIE 1980 %12 F.C.Kirwan, G.Kempf, L.Ness 72 £ DfRIZ L D 185N,
(ﬁﬁ%@ﬁ%ﬂ@%éﬁﬂﬁ@x7u/bfaw BIZHEE L BRI K DFFHE
Mti@f%é.mp%qmﬁéMt%T%@&ﬁ&é.

Theorem 2.1. k Z{FEDBE2AE LTS, DL &,
Vi\ {0} = VoI [ ] S

peB
#ﬁk@ﬁ’) égc:, SgkgGk XP[MY;Z b’ﬁkﬁ‘ﬁ‘é

ZDRA TORMFIRZE NG (GIT) & F\ 7z stratification D Z & %, ARIET
¥ GIT stratification ¥ FERZ & 1ZL & 5.

U\ = {pE G

T, [5] CIKEHERIC LD, B (1D)-3) T E B OAEENE (BIZETS 80
Mﬁ)@W®i5K&ﬁébe%:

[ZEFT [ O REHE |

0 19
(2) 81
(3) 202
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$ﬁ%?ﬁi®:kﬁ%ﬁb&m.@a[@Tﬁ%ﬂ%@@@%ﬁ%ﬁ%ﬁé%
THED, TNH6DT—XDO—ERINK->TWVD

IN5DT—REIIZLT [S;H3%E T%éblfﬁléaj’?ofﬂ%ﬁ’&éblﬂ %
Z2f] (2) DEE B UTHEIT 2 DR AREDERETH 5.

AR, Z8[ (2) G = GLg x GLy, V Nmﬁmm¥®% BHEZD., ZDLE,

(e

EHND. Lo T,

ty1 - tig = torton = 1}

* 8
= {(a11,«-~,a167021>a22) eR

6 2
Zau = Za% = 0}
=1

=1
‘,C“i) D, V’Y}bﬁiliw%(‘% XGZ T%)éi)kg

an < app < - <oagg,
a1 < ag

* *
t, = {(an;ww@w,@zhazz) et

TH5. £, ¢ CR® LOTANAERNREE U TIIEENTE (a,b), E:%b#
. .

{er} % A QEERERZ MV, {ey} & Aff* DEEFERZ ML LT HLE, ¢ =
((Bl,i /\(Bl’j) ®(B2,k K B < t T € AQAH‘B ®AHQ lil} = injkeijk @J: 5 6:@&%(% é

i,k

TN AIZER T 25 2 OREEREE LT, BAFTIE () Z VS,

3. NON-EMPTY CASE

Sp# 0 &R TN, Gy OEAICET 2 AARZ A OT &V, EREIICE, 0T
WWHIHA P(x) & M) DR x T

(1) x & xs & proportional
(2) TRTDge Mhz e Zs ITHLT, Pgz) = x(g9)P(x)

ERBZEDEEDITNIXI .
if, Gk\Sﬁ,k 7b§ 1 ,‘ﬁbiﬂﬁﬁ?%%é\%%ié :

1 =) >
Example 3.1. fi5 = 55(—1,-1,-1,-1,2,2,0,0) DEEZEH X 5. Zs, DFEFE
T151, T152, T161, L1625 L251, T252, T261, L262, L351, L352; T361; T362, T451, L452, L461; T462

THD. \g,(t) = (diag(t 1t e 1 1% 12), diag(1, 1)) 72D T,

0] * % -~
A%8={<C$ %J,<**>>}Cm4xGbeE2

Thb. Z Z T, g11 ‘i4><4'??§”, gJi2 liQXQ??ﬁIJVC“zf)é. if:, MBIS @%Iﬁc\:b
T Zp =A@ AMF? @ AF? = Aff} ) 0 AT g O ARG & 705,
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b‘i, Zﬁm %E{%
T151 T152 Ti61  L162
T €T T €T
Zow 5 s Alr) = | 90 T2 Taot Do | oy

351 L352 T361 L362
T451  T452 T461  T462

KD 4 x ATHRERDES My, EFE—HL, P(z) = detA(z) LEDD. ZD&
&, EED (diag(gi1, g12), g2) € Mg, 2R LT P(gz) = (det g12)P(z )7)5\5‘2@4%
x(g) = det g1s 1% x,5 & proportional TbH 5. L7zh>T, P(x) LGy OFEMHIC
TRERE RTINS, 25, = {0 € Zn, | Ple) £ 0) THBISE, Sp. 7 Q)fy/\ﬁ)

RIZ, Ris € Z5 % A(Rig) = I, 725095, ZOLE, 73 | = Mﬁlsleg
PRIND.

reYy L9de, ke = (R(18),w) (2 I Tw = (x5, T562)) LWVWIHTHS
ELUTEW. Uk & Psr O unipotent radical 92 &, 25 n € U,y I LT
n(R(18),w) = (R(18),0) £ 72%. U7h¥> T, Gp\Spek = Pagr\Vi, E 1R SP &
MIGd 52 N nd

WIZ, Gp\Spr M Exy(k) EXINT 2HBE%2FRD ¢
Example 3.2. fo; = £(-2,-2,1,1,1,1,0,0) DEEEHE R D, Zs,, DIERI

T341, L3515 1361, La51, L4615 L5615 L3425, L3525 L362, L452, L462, L562

THD. g, (1) = (272 4,4,1,1,1,1) THE2DH

0
M%{(Ggsm)gg}%emxeuxeu

(22T, gu 2% 29740, gl 4 x4 155, g 1k2x2454) THB. £7z, My, O
?EIEC\: L/f Z/j67 = /\2Aﬁ.4117[376] (24 Aﬁg,[l,ﬂ T%é . ZZ VC“, (diag(gn, g12)7 gg) O)'f/EFH Li

NAF @ AfF? 5 A® v (g12A g12) ® gov € A2AF! @ AfF?

TERLNTHEY, ZOERBBIMIE N MVER L 225TWS (LA 5T, S, # 0
TH3). ZOMHIERZ MVERIX 9 IZBWTHZEINTWT, TOAEHIEIX
EXQ(k) IR IMINT BT A ERRINT WS, Wﬁm = {O} Thdho, Gk\Sﬂmk
T Exp (k) & 1R 1IET D2 &R0 5

4. EMPTY CASE

Sg=0%mR7IZ RN Z5 =10 EREIEZEV. TOZDITIFRDLSI1IZT 5
(1) FED =z € Zﬁ IZH LT, % ge M; (Mg D semi-simple part) ZHHUL, gz

DWW L DA DREEEX 012 kD,
(2) 2DED LS BEFA 0 TH 2 LDREDT, GEDIPSA(t) T o 22 D0
THRWEREDEEN) IZET 2, DV A FPTARTIE] DHEDERDITS.
Blegnd 280z, (1) DAFy TTHOCSMEE AR, FE0H RS

Ths.

Lemma 4.1. G = SLyxSLy, V = AP My, DEEEEZ, (91,92) € GOV ~DIEA
E (v, A) = (qv, 1 Alg) IZE D BEZS5NTVWE LT D, ZOLE, LED (v,4) €V,
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FHISAIBA (A& B E 2R
HUT, 5% ge G BEELT, glv, A) RIROB L %55 : g(v, A) = [w, B], =7

bw:Mﬂ,B:G j.
ko sk

Example 4.2. 53 = 5(—14,-2,-2,4,7,7,-3,3) DGEEZ XD, Zs, DIERIZ
L4515 L4615 L2525 L2625 T352; L362
Th5.
*
Mgy, = me , <(’§ 2) ~ GL, x GL, x GL!
912

THY, Mg, DREE UTIE Zg,, = Afi 5 @ Affl g @ Aff] g THD. 7,
M3, =SLy x SLy. U7z#35 T, Lemma 4.1 &0, 245 = 2950 = 0 LAREL T LW,
WE, A(t) = (diag(t,t7°, %, ¢, ¢72,18), diag(1,1)) £ BL &, ze Z5, D0 TRVE
B 461 (resp. Toga, T3s2, Taee ) D A(E) IZBIT BV =4 MiE1 (resp. 3,3,13) &7 0, &
TETHS. £o7T, 75, =0TH505, S5, =0ThH5Z 5.

mE, EDXSk% 1PS /\( ) DEDITHIZDOWTIFER (Example 4.5) §5.

£ 1 OHIEBNTHRITRIED ATy 7 (1) THWAIROMEZBRS., ZhE
Ffﬁimiﬁ/ﬁéﬁt@#ﬁﬁf%é :

Lemma 4.3 (Witt’s theorem). G = SL,,,V = A2Aff" &35, V ZXFMT4IT, X
AR 0DEDEEKEFE TS, ZDLE, FEDAcVLIIRLT, 5% ge Gy
EINE, B = gAlg RIROLTHRENG :

00000
000 0 S 8 8 0 % 0 0
AZES 0 |, A%k*: . AP 000
0 =
0 0 0 =*
0
Example 4.4. 5 = £(—4,-1,-1,2,2,2,-3,3) DA EFE X 5. Zs,, DIERIE

T451, T461, T561, L1425 T152, L162, T232

*
0 .
MB?.O{(( g11 )7(8 *))}g(}LB><(}L2><GrLig
J12

THY, Mg, DREE LTI Zg,, = N’Aff] |, gBAM] |, g@l D, W&, AZAff] ), g

0 Tas1 T4l
—T451 0 T561
—T461 561 0

DD 3 x 3FTHORKEFA—HT D, £/, M; =SLyxSL, TH2.
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ZIT, ()DATY T2IATLVDED, HEETNSFIAAR], o & AT, o
ﬁG@ﬂU?)O& DRIETHBZETHB (0FV, EE0HDDEZELIEER
Lg._wioa ARMHTRATES S EF AT PRITHRT 20720, 20

/\2Affi (4,6] 0)7‘1‘3’”:’5:{%? EMELWERHND.

& o T, Lemma 4.3 (Witt’s theorem) &1, 245 = 2461 =0 THDHEIRELTHR
W A(t) = (diag (e, 71 e 78, 1Y), diag(t, 1) & B LK &, x € Zs,, D0 TIRVEE
BE 2561 (vesp. Tia2, T152, T162, Tagz, Taz2) D A(E) IZEHT 2T =4 M1 (resp. 1,10,13,2)
LY, $RTETHS. £o7T, Z5 =0THHI e nnD, Lieh>T S, =0
Thb.

IZ, 1-PSORDTHZHMAT S
Example 4.5. (53 = 5(—14,-2,-2,4,7,7,-3,3) D%# (Example 4.2) 241 &
%. Zgs, DEERRIE T451, Ta61, Tos2, To62, T352, T3e2 TH D, M553 &~ GL, x GLy x GL3,
Zpy D Mgy, DRILE UTIE Zg, & Af] 5 B AL} 5 ® A} 4, M3, = SLy x SL,
HThoTz.

M DERZ & — 5 A5 & semi-simple #5273 1 THET 5.

Aﬁ , DD (b —=F Z853) 13 {(diag(t; ", 15 [, 111313, 15 15), diag(1, 1) T L.
k= 7Xl|3 T X, (1) 1 X (1) = 11%13%5° & proportional Th 5. Gl = (ker xg,,)°
£ Dty =tt3 DY LD,

semi-simple #87> DIt (1, diag(t; ", t4), 1, diag(t; ', t5),1,1) € M5, TH 5.

Z g,y DFERE 2451, Ta61, Tas2, T2, Tas2, Taez R LT, JZU)TE@T‘E%U){’E% AR
FDREEDEUTIZRS -

coordinates Ty51 T461 T252 T262 T352 T362
weights || ttats " | titats | 67765t s T | 670057t s | 0t Pty T | 40ty P tats

WE, [c1,c,c4,05) € 22 %hgfﬁtngQMftMHAWQ&DLOi A
B, () = (diag(ty bttty e, 122, 15 1 1), diag(1,1)) e B <. 22T,
t3 =142 TH 5.

éf, x451:x252:0Kﬂ’}iﬁibf%ﬁb‘okl&%%b\ﬁj%i %@@O)Wl’r ]\
G d X7 MV &

4 4 -3 -3 -3
4 4 = -3 =
U1 = 0 , Vg = 0 , V12 = -1 ,V1g = -1 , Vo1 = 1 )
-1 1 -1 1 -1
-3 C1
-3 c
Vg2 = 1 |°¢7 CZ
1 Cs

tﬁ%b, A= (UQ V12 U21 ’UQQ) kL b < . ZD el %, )\((t) L:ng_%) T 461, L262, 352, T362
DI xzA MPETIETHDZ LU, cA = [lcvytevia tevg tevgy) DETDMDHDIETH
L2 LAETHS.

ZZT, AFTIEZED LS % c% MAPLE %#{fi-> TR 5 :

> with(linalg):

o7
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> vl:= matrix(4,1,[4,4,0,-1]):

> v2:= matrix(4,1,[4,4,0 ,1])

> v12:= matrix(4,1,[-3,-3,-1,-1]):
> v12:= matrix(4,1,[-3,-3,- 1 1])

> v21:= matrix(4,1,[-3,-3,1,-1]):
> v22:= matrix(4,1,[-3,-3,1,1]):

> A:= augment(v2,v12,v21,v22):

> rref (A);

J:O)§+%é£1?j—é & {Ug, V12, U21} ‘if(ﬁ;ﬁﬁ%ﬂﬁf, V99 = 21)2 + %’(}12 + %Ugl %ﬁ%f:
TN D

ay = tC’UQ,alg = tcv127a21 = t’Uzl,CLQQ = tCUQQ tj:3\< ZDk %, 99 = tCUQQ =
2a9 + %au + %agl Th5. {1)2,’012,1}21} tiﬁﬁ%ﬂﬁf%é# 6, a9, a19,a21 li&'%@
IEDBAVENR

W'Jiii“, a9 = 1,@12 = 3,(121 =3 ZLJi5 %@Z %, 99 — 13 VC“&’)%

L7z T, tcA=11,3,3,13] Zfi# T IX K.

>b:= matrix(4,1,[1,3,3,13]);

>A:= augment (transpose (augment (v2,v12,v21,v22)),b);
> rref(A);
EDEEED ¢ = [e,e0,c4,¢5] = [-1,0,5,5] LERDIENRNE. ZDLZE,

C3 = 301 +2CQ =-3 VC?)%.
A(t) = A(t) = (diag(t,t7°,15,¢7 7,172 1%), diag(1,1)) £ B &, ZTNH Example 4.2
DAt) TH 5.
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