ANALYSIS AND GEOMETRY
ON MARKED CONFIGURATION SPACES

SERGIO ALBEVERIO, YURI KONDRATIEV
EUGENE LYTVYNOV, AND GEORGI US

Abstract

We carry out analysis and geometry on a marked configuration space Q) over a Riemannian
manifold X with marks from a space M. We suppose that M is a homogeneous space M of a Lie
group G. As a transformation group 2 on Q% we take the “lifting” to Q4 of the action on X x M of
the semidirect product of the group Diffo(X) of diffeomorphisms on X with compact support and
the group GX of smooth currents, i.e., all C* mappings of X into G which are equal to the identity
element outside of a compact set. The marked Poisson measure 7, on Q¥ with Lévy measure ¢
on X x M is proven to be quasiinvariant under the action of 2. Then, we derive a geometry on
Q¥ by a natural “lifting” of the corresponding geometry on X x M. In particular, we construct a
gradient V? and a divergence div®. The associated volume elements, i.e., all probability measures
1 on QY with respect to which V2 and div® become dual operators on L(}; 1), are identified
as the mixed marked Poisson measures with mean measure equal to a multiple of o. As a direct
consequence of our results, we obtain marked Poisson space representations of the group « and its
Lie algebra a. We investigate also Dirichlet forms and Dirichlet operators connected with (mixed)
marked Poisson measures.

1991 AMS Mathematics Subject Classification. Primary 60G57. Secondary 57510, 54H15

0 Introduction

In recent years, stochastic analysis and differential geometry on configuration spaces have
been considerably developed in a series of papers [5-8], see also [37, 2, 3]. It has been
shown, in particular, that the geometry of the configuration space I'y over a Rieman-
nian manifold X can be constructed via a simple “lifting procedure” and is completely
determined by the Riemannian structure of X. The mixed Poisson measures are then
exhibited as the “volume elements” corresponding to the differential geometry introduced
on I'x. Intrinsic Dirichlet forms and operators, their canonical processes, as well as Gibbs
measures on configuration spaces, their characterization by integration by parts, and the
corresponding stochastic dynamics are among the problems which have been treated in
the above framework.

A starting point for this analysis, more exactly, for the definition of differentiation on
the configuration space, was the representation of the group of diffeomorphisms Diffg(X)
on X with compact support that was constructed by G. A. Goldin et al. [18] and A. M. Ver-
shik et al. [42] (see also [34, 38, 20]). The construction of this representation used, in turn,
the fact, following from the Skorokhod theorem, that the Poisson measure is quasiinvariant
with respect to the group Diff(X).



On the other hand, starting with the same work [42], many researchers consider rep-
resentations also on marked (in particular, compound) Poisson spaces. In statistical me-
chanics of continuous systems, marked Poisson measures and their Gibbsian perturbations
are used for the description of many concrete models, see e.g. [1]. Hence, it is natural to
ask about geometry and analysis on marked Poisson spaces. The first work in this direc-
tion was the paper [26], in which, just as in the case of the usual Poisson measure, the
action of the group Diffg(X) was used for the definition of the differentiation. However,
this group proved to be too small for reconstructing mixed marked Poisson measures as
“volume elements,” which means that Diffo(X) is to be extended in a proper way, which
we will describe in the present paper.

Let us recall that the configuration space I'x is defined as the space of all locally finite
subsets (configurations) in X. Then, the marked configuration space Q% over X with
marks from, generally speaking, a manifold M is defined as

QY = {(v,5)|7€Tx,se M},

where M7 stands for the set of all maps v 3 z — 3; € M. Let & be a Radon measure on
X x M such that 7(K x M) < oo for each compact I C X and & is nonatomic in X, i.e.,
F({z} x M) = 0 for each = € X. Then, one can define on 2% a marked Poisson measure
w5 with Lévy measure 7.

Of course, one could consider 7z as a usual Poisson measure on the configuration space
Txxp over the Cartesian product of the underlying manifold X and the space of marks
M, and study the properties of this measure using the results of [2-5]. However, such
an approach does not distinguish between the two different natures of X and M and the
different roles that these play in physics. Thus, our aim is to introduce and study such
transformations of the marked configuration space which do “feel” this difference and lead
to an appropriate stochastic analysis and differential geometry.

In our previous paper [24], we were concerned with the model case M = Ry, which
corresponds, in fact, to the case of a compound Poisson measure. As has been promised
in [24], we generalize in the present paper the results of [24] to the case where M is a
homogeneous space of a Lie group G. This situation is natural from the physical point
of view. For example, one can take X = R® and M to be the unit sphere 5% in R3, and
consider any marked configuration (v, s) = {(z, $z)ze,} € ¥ as a system of particles in
R situated at the points z of v and having spin s, at £ € . One has then to take G as
the rotation group, see e.g. [13].

Let GX denote the group of smooth currents, i.e., all C® mappings X 3 = > 5(z) € G
which are equal to the identity element of G outside of a compact set (depending on
7). We define the group 2 as the semidirect product of the groups Diffg(X) and GX:
for @y = (¥1,m) and az = (¢¥3,72), where 9,9, € Diffo(X) and m1,72 € GX, the
multiplication of a; and a; is given by

a1a2 = (Y1 o P2, m(m2 0 ¥71)).
The group 2 acts in X x M as follows: for any a = (¢,7) € A
X x M 3 (z,m) = a(z,m) = (Y(z),n(¥(z))m) € X x M,



where, for g € G and m € M, gm denotes the action of g on m. Since each w € Q¥ can be
interpreted as a subset of X x M, the action of & can be lifted to an action in Qé‘{ . The
marked Poisson measure 7z is proven to be quasiinvariant under it. Thus, we can easily
construct, in particular, a representation of 2 in L?(w5). It should be stressed, however,
that our representation of 2 is reducible, because so is the regular representation of ¥ in
L?(), see subsec. 3.5 in [24] for details.

Having introduced the action of the group 2 on Q¥ we proceed to derive analysis and
geometry on Q’}’ in a way parallel to the works (7, 24], dealing with the usual configuration
space I'x and the marked configuration space Qy*, respectively. In particular, we note
that the Lie algebra a of the group 9 is given by a = Vp(X) x C§°(X; g), where Vo(X) is
the algebra of C* vector fields on X having compact support and C§°(X; g) is the algebra
of C*° compactly supported functions from X into the Lie algebra g of the group G. For
each (v, u) € a, we define the notion of a directional derivative of a function F: Q% - R
along (v,u), which is denoted by Vﬁ_u)F. We obtain an explicit form of this derivative
on the special set FC°(D,2%) of smooth cylinder functions on Q¥, which, in turn,
motivates our definition of a tangent bundle T(Q% ) of Q% , and of a gradient VRF. We
note only that the tangent space TW(Q% ) to the marked configuration space Q% at a point
w = (v,8) € Y is given by

T,(Q¥) = L*(X = T(X) + 8;7),

where + means direct sum.

Next, we derive an integration by parts formula on 99{ , that is, we get an explicit
formula for the dual operator div® of the gradient V* on Q% . We prove that the prob-
ability measures on Qﬁ{ for which V® and div® become dual operators (with respect to
(s ')T(n“x’)) are exactly the mixed marked Poisson measures

Mg = / P73 x(dz),
Ry

where s is a probability measure on Ry (with finite first moment) and 7,z is the marked
Poisson measure on QI)‘{ with Lévy measure 25, z > 0. This means that the mixed marked
Poisson measures are exactly the “volume elements” corresponding to our differential
geometry on Q)"{ .

Thus, having identified the right volume elements on Q% , we introduce for each mea-
sure p,, 5 the first order Sobolev space Hé 2 (95‘{ ) I57) by closing the corresponding Dirich-
let form

£2 _(F,G)= /Q (VAR VG drz, B, e FCT(D,9Y),
X

on Lz(Q% yHs7)- Just as in the analysis on the usual configuration space, this is the step

where we really start doing real infinite dimensional analysis. The corresponding Dirichlet

operator is denoted by H, nu .+ it is a positive definite selfadjoint operator on L? (QAX" sl F)-

The heat semigroup (exp(—tH nx_s ) (> generated by it is calculated explicitly. The results



on the ergodicity of this semigroup are absolutely analogous to the corresponding results
of [7]. Particularly, we have ergodicity if and only if y, 5 = 7.7 for some z > 0, i.e., y,z
is a (pure) marked Poisson measure.

We also clarify the relation between the intrinsic geometry on 99{ we have constructed
with another kind of extrinsic geometry on Q% which is based on fixing the marked
Poisson measure 77 and considering the unitary isomorphism between L2(Q)A(‘ ,m5) and
the corresponding Fock space

FLH(X x M;3)) = éiz((x x M)",nl5®"),

n=0

where L2((X x M)*,n!5%") is the subspace of symmetric functions from
L*((X x M)*,n!3®"). Our main result here is to prove that HS. is unitarily equiva-
lent (under the above isomorphism) to the second quantization operator of the Dirichlet
operator H;‘ *M on the L?*(X x M;7) space.

As a consequence of the results of this paper, we obtain a representation on the marked
Poisson space L2(m3) not only of the group 2, but also of its Lie algebra a. Let us remark
that the groups of smooth (as well as measurable and continuous) currents are classical
objects in representation theory, see e.g. [4, 41, 11, 12, 43, 20] and references therein for
different representations of these groups. On the other hand, different representations of
the group 2 and its Lie algebra a, in the special case G = g = R, were constructed and
studied by G. Goldin et al. [17, 19, 16] from the point of view of nonrelativistic quantum
mechanics.

Finally, we note that, in a way parallel to the work [8], the results of the present
paper can be generalized to the interaction case where, instead of the Poisson measure 73,
describing a system of free particles, one takes its Gibbsian perturbation—more exactly,
a marked Gibbs measure on Q¥ of Ruelle type (see [28, 29]).

1 Marked Poisson measures

1.1 Marked configuration space

Let X be a connected, oriented C'™ non-compact Riemannian manifold. The configuration
space 'y over X is defined as the set of all locally finite subsets in X:

Tx :={vC X | #(NK) < oo for each compact K C X },

where #(-) denotes the cardinality of a set. One can identify any 4 € I'x with the positive
integer-valued Radon measure

> e € M(X),

z€Y

where }__., &z := zero measure and M(X) denotes the set of all positive Radon measures
on B(X).



Let also M be a connected oriented C™ (compact or non-compact) Riemannian man-
ifold. The marked configuration space Q% over X with marks from M is defined as

oY :={w=(1,s)|velx, se M},
where M” stands for the set of all mapsy 3 z —~ m € M. Equivalently, we can define Q¥
as the collection of subsets in X x M having the following properties:

a)V(z,m),(2',m') Ew: (z,m) # (&', m') =z # z’}

M _
Qx—-{wCXxM b) Prxw € I'x

where Pry denotes the projection of the Cartesian product of X and M onto X. Again,
each w € Q% can be identified with the measure

> tam) € M(X x M).

(z,m)€Ew

It is worth noting that, for any bijection ¢: X x M — X x M, the image of the
measure w(-) under the mapping ¢, (¢*w)(-), coincides with (¢(w))(-), i.e.,

@) = @), wel,

where ¢(w) = {¢(z,m) | (z,m) € w} is the image of w as a subset of X x M.

Let B.(X) and O.(X) denote the families of all Borel, resp. open subsets of X that have
compact closure. Let also B.(X x M) denote the family of all Borel subsets of X x M
whose projection on X belongs to B.(X).

Denote by Cop (X x M) the set of real-valued bounded continuous functions f on
X x M such that supp f € B.(X x M). As usually, we set for any f € Cop(X x M) and
weny

for= [ femodndm = T fem).

(z,m)ew

We note that, because of the definition of 99{ , there are only a finite number of addends
in the latter series.

Now, we are going to discuss the measurable structure of the space Q% . We will use
a “localized” description of the Borel o-algebra B(Q¥) over Q¥.

For A € O.(X), define

oM = {we ¥ |Prxwca}
and forne€ Z, = {0,1,2,...}
M) ={we | #w) =n}

It is obvious that
(=]
ot = || o ().

n=0



Let Amk := A x M (i.e., Ay is the set of all “marked” elements of A) and let

o= {((m,m1)y ooy (Tnymn)) €Ay |25 # 2 if j £ K
There is a bijection
£ Rn /6, = Q¥ (n) (1.1)
given by
LY ((@1,m1), -+ (@ma)) = {(@1,m1)s -, (Znyma)} € QY (n),

where G, is the permutation group over {1,...,n}. On A}, /&, one introduces the related
metric

'5[((Ily ml)x ey (zm mn))r ((1'1, mll)a sy (x:.,,mi,))]
= diEnt.. " [((1‘1, ml)y ey (Im mn))r ((I:r(l):m:r(l)): ceey (3::;(1.)1 m::(n)))])

where d” is the metric on A}, driven from the original metrics on X and M. Then,
K;k/G,. becomes an open set in Ap, /G, and let B(K;k/Gn) be the trace o-algebra
on K’,:,k/G,. generated by B(AD,/6,). Let then B(Q)/(n)) be the image o-algebra of
B(A®, /G,) under the bijection £ and let B(Q}) be the o-algebra on 2 generated by
the usual topology of (disjoint) union of topological spaces.

For any A € O.(X), there is a natural restriction map py: Q)"{ - Q}‘(’ defined by

Q¥ 3w pa(w) i=wN Ay € QY.

The topology on Q,‘{ is defined as the weakest topology making all the mappings ps
continuous. The associated o-algebra is denoted by B(Q¥).

For each B € B;(X x M), we introduce a function Ng: 99{ —2+=1{0,1,2,... } such
that

Np(w) :=#wnB), wen¥. (1.2)
Then, it is not hard to see that B(QY) is the smallest o-algebra on Q¥ such that all the
functions Np are measurable.
1.2 Marked Poisson measure

In order to construct a marked Poisson measure, we fix:

(i) an intensity measure ¢ on the underlying manifold X, which is supposed to be a
nonatomic Radon one,

(ii) a non-negative function

X x B(M) 3 (z,A) = p(z,A) e Ry

such that, for o-a.a. z € X, p(x,-) is a finite measure on M.



Now, we define a measure & on (X x M, B(X x M)) as follows:
5(4) = /A plz,dm)o(dz), A€ B(X x M). (13)
We will suppose that the measure & is infinite and for any A € B.(X)
F(Am) = /x 14(2)p(z, M) o(dz) < 0o, (14)

ie., p(z, M) € LL (o).

Now, we wish to introduce a marked Poisson measure on Q¥ (cf. e.g. [23, 22]). To
this end, we take first the measure ®" on (X x M)", and for any A € O.(X), 7®" can
be considered as a finite measure on A7, . Since ¢ is nonatomic, we get

7" (A \ Ap) =0
and we can consider ®™ as a measure on (X’,;,k / G,.,B(T\’,;‘k /6)) such that
7 (Aru/Gn) = F(Ami)"™
Denote by Gpn 1= 5" 0 (ES('))‘l the image measure on 2}/(n) under the bijection
(1.1). Then, we can define a measure A2 on Qﬁ’ by
1
A ~
)\; = 'g ;l—' OAny

where Gpp := e on QM(0) = {@}. The measure A is finite and MH(QY) = eTAmn),
Hence, the measure

w8 1= =T Am A

is a probability measure on B(QI’{'f ). It is not hard to check the consistency property of the
family {1r§ | A € O.(X)} and thus to obtain a unique probability measure 73 on 3(99{ )
such that

8 = pinz, A € O(X).

This measure 7z will be called a marked Poisson measure with Lévy measure 7.
For any function ¢ € Cy (X x M), it is easy to calculate the Laplace transform of the
measure Tz

ey () = /n . {9} 2 (dw) =exp( /X xM(e“’("'"‘) —I)E(dz,dm)). (1.5)



Example 1.1 Let p(z,-) = en(-), where m is some fixed point of M and z € X. Then,
0 =0 ®eéem and w7 = 7, is just the Poisson measure on (T'x, B(I'x)) with intensity o.

Example 1.2 Let p(z,-) = 7(), z € X, where 7 is a finite measure on (M, B(M)). Now,
o =& =0 ®7 and 7z coincides with the marked Poisson measure under consideration in
[26] (in the case where M is a manifold). Notice that the choice of & = & as a product
measure means a position-independent marking, while the choice of a general & of the
form (1.3) leads to a position-depending marking.

2 Transformations of the marked Poisson measure

2.1 Group of transformations of the marked configuration space
We are looking for a natural group % of transformations of Q% such that

(i) 7z is 2-quasiinvariant;

(ii) 2 is big enough to reconstruct mz by the Radon-Nikodym density -d—_a, where a
a

da*m,
T
runs through 2.

Let us recall that in the work [26] the group Diffg(X) was taken as 2, just in the same
way as in the case of the usual Poisson measure [7]. Here, Diffg(X) stands for the group of
diffeomorphisms of X with compact support, i.e., each ¢ € Diffo(X) is a diffeomorphism
of X that is equal to the identity outside a compact set (depending on ). The group
Diffo(X) satisfies (i). However, unlike the case of the Poisson measure, the condition (ii)
is not satisfied, because, for example, in the case where & = o ® 7, there is no information

Zfa’ see [26]. Therefore, just as in the case

. d
about the measure 7 that is contained in i

of [24], we need a proper extension of the grou}) Diffo(X).

In what follows, we will suppose that M is a homogeneous space of a Lie group G (see
e.g. [10]). Let us recall that this means the existence of a C° mapping §: G x M - M
satisfying the following conditions:

(i) I e is the unity element of the group G, then
b(e,m)=m for all m € M;
(ii) If g1,92 € G, then
0(g1,0(g2,m)) = 0(g192,m)  forallm e M;

(iii) For arbitrary m;,m; € M, there exists g € G such that 8(g,m;) = m,.

For any g € G, we will denote by 6,: M — M the mapping given by 8,(m): = 8(g,m);
then 8, defines a diffeomorphism of M.



Let us fix an arbitrary point mg € M and let H be the isotropy group of M:
H:= {g€G|€g(mo)=mo}.

Then, the homogeneous space M can always be identified with the factor space G/H
(endowed with the unique corresponding C* manifold structure), i.e., M = G/H.

Let us consider the group of smooth currents, i.e., all C* mappings X 3 z + 75(z) € G,
which are equal to e outside a compact set (depending on 7). A multiplication n72 in
this group is defined as the pointwise multiplication of the mappings 7 and 7. In the
representation theory this group is denoted by GX, or C°(X; G).

The group Diffg(X) acts in GX by automorphisms: for each 4 € Diffs(X),

Gxanr‘—’)a(zjj)n::now'ler.

Thus, we can endow the Cartesian product of Diffy(X) and GX with the following multi-
plication: for ay = (31,m), az = (2, 72) from Diffy(X) x GX

a2 = (Y10 Y2, m(mo¥i'))
and obtain a semidirect product
Diffo(X) X GX =9
of the groups Diffg(X) and G¥X.
The group 2 acts in X x M in the following way: for any a = (¢,7) € %
X x M 3 (z,m) = a(z,m) = (¥(z),8(n(¥(z)),m)) € X x M. (2.1)

If id denotes the identity diffeomorphism of X and e is the function identically equal to e
on X, then we will just identify ¥ with (1, e) and 5 with (id,n). The action (2.1) of an
arbitrary a = (1,7) can be represented as

(:l:, m) — a(xv m) = n(z, m),
where
Y(z,m) = (Y(z),m),
n(z,m) = (z,6(n(z), m)).

For any a = (,1) € ¥, denote K, := Ky U Ky, where K and K, are the minimal
closed sets in X outside of which ¢ = id and 1 = e, respectively. Evidently, K, € B.(X),

o(Ka)mk = (Ka)mk

and a is the identity transformation outside (Ka)mk.
Now, let us recall some known facts concerning quasiinvariant measures on homoge-
neous spaces (see e.g. [45, 44]).



Theorem 2.1 Suppose G is a Lie group and H its subgroup, and let dg, d¢ and dh, 8y
be fired Haar measures and modular functions on G and H, respectively. Then:

(i) for every measure u on G/H that is quasiinvariant with respect to the action of G on
G/H, there exists a measurable positive function € on G verifying

£(gh) = %é(g), 9eG hed, (22)

and
/ F(g)€(g) dg = / p(dgH) / flghydh,  feCo(@),  (23)
G G/H H

where Co(G) denotes the set of continuous functions on G with compact support; for
each g € G the Radon-Nikodym density is given by

x -1
PEGH) = ﬂgy—"@m = “g@g’, GH € G/H;

(ii) there ezists a quasiinvariant e A on G/H such that the function

pM9,5H) = p)(§H)

is differentiable on G x G/H.

Remark 2.1 We recall that the modular function d¢(-) of a Lie group G is defined from
the equality r§ dg = dg(g) dg, where dg is the Haar measure on G (i.e., a fixed left-invariant
measure on G) and r, denotes the right translation on G, i.e., § = 74§ = g3.

We fix the measure A on M = G/H from Theorem 2.1, (ii). As easily seen from
Theorem 2.1 (i), any quasiinvariant measure on M in equivalent to A.

Remark 2.2 If H = {e}, i.e, M = G, then we can choose ) to be the Haar measure
dg on G. Moreover, if §g(h) = du(h) for all h € H (and only in this case) there exists
a A being invariant with respect to the action of G on M. The latter condition holds
automatically if G is unimodular, that is, dg(g) =1 for all g € G. This, in turn, holds for
all compact and simple Lie groups.

In what follows, we will suppose that the measure ¢ is equivalent to the Riemannian
volume v on X: o(dzr) = p(z) v(dz) with p > 0 v-a.s., and that for v-a.a. z € X p(z,-) is
equivalent to the measure A:

p(z,dm) = p(z,m) A(dm) with p(z,m) >0 da.a. m € M.
Thus, the measure & can be written in the form

o(dz,dm) = p(z)p(z, m) v(dz) A(dm).

10



The condition &(Amk) < 00, A € B.(X), implies that the function
g(z,m) := p(z)p(z,m)
satisfies
¢"/? € Lpe(X;v) @ L*(M; ). (29)
Noting that
a”Nz,m) = ($,0) " (z,m) = (¥ (2),6(n7} (z),m)),
we easily deduce the following

Proposition 2.1 The measure o is ™A-quasiinvariant end for any a = (¥,n) € A the
Radon-Nikodym density is given by

d( - q(il)"l(z:), 9(77~1(37)vm))y).(n(z),m)Jf(z),

5 a*d)
pa(z,m) = dz (z,m) q(z,m)
if (z,m) € {0 < g(z,m) < 00} N {0 < g(y " (z),8(n" (z), m)) < o0},
pZ(z,m) =1, otherwise,

where JY is the Jacobian determinant of ¥ (w.r.t. the Riemannian volume v).

We give two examples of the above construction, which are important from the point
of view of the marked configuration space analysis. We refer the reader to e.g. (44, 45) for
further examples.

Example 2.1 Let G = Ry be the dilation group (e.g. [15]), i.e., the multiplication in this
group is given by the usual multiplication of numbers. As a homogeneous space M we
take G itself, by identifying the action of the group with the multiplication in it. As a
quasiinvariant measure A on M we can take the restriction to Ry of the Lebesgue measure
on R

The analysis and geometry on the marked configuration space Q§+ were studied in our
previous work [24]. Here we only mention that the choice M = Ry leads (via a natural
isomorphism) to the class of compound Poisson measures. In other words, each mark
sz € Ry corresponding to = € X describes the charge of the measure

w=(v,8) = Z sz62 € M(X)
z€X
at the point z (or, in the case where X = R, the value of the jump of the process at z).
Example 2.2 Let G = O(d + 1) be the (d + 1)-dimensional orthogonal group and let
M = §¢ be the d-dimensional unit sphere in R¥*+! with the natural action of the group
O(d +1) on S¢ see e.g. [13, 44, 45]. As )\ we take the surface measure on S¢, which is

invariant w.r.t. the action of O(d + 1). From the point of view of statistical mechanics, a
mark s, € §¢ describes in this example the spin of the particle at the point .

1



2.2 fA-quasiinvariance of the marked Poisson measure

Any a € 2 defines by (2.1) a transformation of X x M, and, consequently, a has the
following “lifting” from X x M to Q¥:

Q¥ swr a(w) = {a(z,m) | (z,m) ew} € QY. (2.5)

(Note that, for a given w € Q¥, a(w) indeed belongs to ¥ and coincides with w for all
but a finite number of points.) The mapping (2.5) is obviously measurable and we can
define the image a* 7z as usually. The following proposition is an analog of a corresponding
fact about Poisson measures.

Proposition 2.2 For any a € A, we have
a* Ty = Mgez.

Proof. The proof is the same as for the usual Poisson measure 7, with intensity ¢ and
¥ € Diffo(X) (e.g., [7]), one has just to calculate the Laplace transform of the measure
a*xz for any f € Cpp(X x M) and to use the formula (1.5). M

Proposition 2.3 The marked Poisson measure w5 is quasiinvariant w.r.t. the group o,
and for any a € A we have

d(a*mz) 5

WDy = T slem). (26)

dﬂ-; (z,m)ew

Proof. The result follows from Skorokhod theorem on absolute continuity of Poisson
measures (see, e.g., [39, 40]). H

Remark 2.3 Notice that only a finite (depending on w) number of factors in the product
on the right hand side of (2.6) are not equal to one.
3 The differential geometry of marked configuration spaces

3.1 The tangent bundle of Q¥

Let us denote by Vp(X) the set of C*™ vector fields on X (i.e., smooth sections of T'(X))
that have compact support. Let g denote the Lie algebra of G and let C§°(X; g) stand for
the set of all C™ mappings of X into g that have compact support. Then

a:=Vo(X) x C(X; 9)

can be thought of as a Lie algebra corresponding to the Lie group 2. More precisely, for
any fixed v € Vp(X) and for any z € X, the curve

R>tw ¢¥(x) € X

12



is defined as the solution of the following Cauchy problem

d v —_— v
{ S @) = vl (@) 1)
W) =z

Then, the mappings {¢}, t € R} form a one-parameter subgroup of diffeomorphisms in
Diffo(X) (see, e.g., [10]):

IVt €R 4 € Diffo(X),
Z)th)tz €R 11):1 ° 11):'2 = ¢:1+tz'

Next, for each function u € C§°(X;g), z € X, and t € R, we set nf(z) := exp(tu(z)),
where g Y +> expY € G is the exponential mapping (see, e.g., (45]). Hence, for a fixed
z € X, {n}'(z), t € R} is a one-parameter subgroup of G and

n(z) =e, 62
2 M@, = o). '

Let us recall a fundamental theorem in the theory of Lie groups.

Theorem 3.1 There ezists a neighborhood U of the zero in g and a neighborhood O of
the unit element e in G such that exp: U = O {is an analytic diffeomorphism.

¢From this theorem, we conclude that, for each fixed u € C§°(X; g), there exists ¢ > 0
such that for any ¢ € (—¢,¢) the mapping X 3 = = nf(z) € G belongs to GX, which
yields, in turn, that n}* € GX for all t € R, and moreover 7} is a one-parameter subgroup
of GX.

Thus, for an arbitrary (v,u) € a, we can consider the curve {(¢7,n}), t € R} in 2.
Hence, to any w € Qf\," there corresponds the following curve in Q&'f :

R3St (87,0 )w € QY.

Define now for a function F: Q4 — R the directional derivative of F along (v,u) as

(V) F)@) = S F (7)) gy

provided the right hand side exists. We will also denote by V¥ and V% the directional
derivatives along (v,0) and (0, u), respectively.

Absolutely analogously, one defines for a function ¢: X x M — R the directional
derivative of ¢ along (v,u):

(V) am) = Tl 1) ) o (3.3)

13



Then, for a continuously differentiable function ¢, we have from (2.1), (3.1), (3.2), and
(33)

(VM) m) = & ol (2), 0 (4 (=), )] o
= Lo (E),m)] o + ila, Ot (a), )y

+ 2 ol 0 W @), )
= (V¥ p(z,m), v(@n ) + (VE(z, B(e,m), u(a))g
= (VXXM‘p(£7 m)r (‘U(it), u(z)))T(,_,.,.)(XxM)' (3'4)

Here, Tzm)(X x M) := T.(X) + g and VXXM . (X ﬁM ), where VX denotes the
gradient on X and

VM f(m) = VO f(e,m),
flg.m) = f(b(g,m)), ge€G,meM,
V6 being the gradient on G.

(3.5)

Remark 3.1 Notice that upon (3.5) we have, for a fixed u € g,
(VM f(m), u)g = (VE£(B(e,m)), u)g
= 210, m)] oy
= (VM f(m), (Ru) (m))T,n a1)s (3.6)

where VM denotes the usual gradient on M, and the vector field Ru on M is given by
d g tu
M > mw— (Ru)(m) := Eﬁ(e' ,m)[t___o. 3.7

Let us introduce a special class of “nice functions” on 99{ . Denote by D the set of
all C™-functions ¢ on X x M such that the support of ¢ is in B;(X x M), and ¢ and
all its VX*M derivatives are bounded. Next, let CZ°(R") stand for the space of all C*-
functions on RY which together with all their derivatives are bounded. Then, we can
introduce FCg° (GJ, QJ)‘{ ) as the set of all functions F': Qg{ — R of the form

F(w) = gr({p1,w)..., (on,w),  weQY, (3.8)

where ¢1,...,on € D and gr € CP(RY) (compare with [7]). FC (D, Q%) will be called
the set of smooth cylinder functions on 99{ .
For any F € FCZ(D,0¥) of the form (3.8) and a given (v,u) € a, we have, just as
in (7],
F((@t,m¢)w) = gr({en, (@7, 0)w), - o (o, (97,7 Jw))
= gr({1 0 (¥, 0),w), ..., (on o (¥, 1), w)),

14



and therefore

99r

N
(VEyPw =Y ;’rj (P1,@)s -+ (o1, ) (VEM 5, ). (39)

=1
In particular, we conclude from (3.9) that
Viw =Ve+ Vi (3.10)
The expression of V&' o) ON smooth cylinder functions motivates the following defini-
tion.

Definition 3.1 The tangent space T,,(2%) to the marked configuration space Q¥ at a
point w = (v,8) € Q% is defined as the Hilbert space

T.(Q¥) : = LA(X = T(X) +gi7)
=L}(X = T(X);7) ® L*(X = g;7)
=P [T(X) @4
TE€EY
with scalar product

(VJ,V,})TU(Q;;) = /x (V@)1 00 V2 (@)1, )y + (Vik (2)g, VE(2)g)g) ¥(dz)
=Y (V2@ nx) V2@ no0)nx) + (Vo (@)e VE(z)g)e),  (3.11)
T€Y
where V1,V2 € T,(2Y) and Vi(z)n(x) and V.(z); denote the projection of

V.(z) € To(X)+g onto T(X) and g, respectively. (Notice that the tangent space T, ()
depends only on the 7 coordinate of w.) The corresponding tangent bundle is

T(¥) = UMT«:(W)-

As usually in Riemannian geometry, having directional derivatives and a Hilbert space
as a tangent space, we can introduce a gradient.

Definition 3.2 We define the intrinsic gradient V! of a function F: Q¥ — R as the
mapping
Q¥ 5w (VEF)(w) € T, (2%)
such that, for any (v,u) € q,
(V8 F) ) = (T2F)(w), (v, 1)), (g
By (3.9) and (3.4) we have, for an arbitrary F' € FCX (D, Q) of the form (3.8) and
each w = (v,s) € Q¥,

N
(VPN wiz) = 3 FEllpnh o om )V Mpslass),  zer (212)
=1

15



3.2 Integration by parts and divergence on the marked Poisson space

Let the marked configuration space Q’,‘(" be equipped with the marked Poisson measure
5. We strengthen the condition (2.4) by demanding that

¢/? € H*(X x M). (3.13)
Here, H(}’z(X x M) denotes the local Sobolev space of order 1 constructed with respect
to the gradient VX* in the space Lluc(X;u) ® L2(M; ), e, H&'Z(X X M) consists of
functions f defined on X x M such that, for any set A € B.(X x M), the restriction of

f to A coincides with the restriction to A of some function ¢ from the Sobolev space
HY2(X x M) constructed as the closure of D with respect to the norm

lelfa = [ (9%t m) 0 + T4l m) + oo, ) v(ds) Adm).

Additionally, we will suppose that, for each A € B.(X),
IVep e, Mg € LM (Amk, &), (3.19)
where, as before,
PMgm) = (m)
The set FCZ (D, 2Y) is a dense subset in the space
LY, B(QY), m5) =: L*(m3).
For any (v,u) € a, we have a differential operator in L%(mz) on the domain
FCr(D,90Y) given by
FCP(D,9¥) 3 F = V{, ) F € L¥(m3).

Our aim now is to compute the adjoint operator V? .y in L?(nz). This corresponds, of

course, to the deriving of an integration by parts formula with respect to the measure 7z.
But first we present the corresponding formula on X x M.

Definition 3.3 For any (v,u) € a, the logarithmic derivative of the measure & along
(v,u) is defined as the following function on X x M:

By =5 + B
with

_ Xz
F(z,m) = <Z(;(—‘ii,mi)"—),v(z)>T ot divX o(z),

div¥ = div) being the divergence on X w.r.t. v, and

VMg(z,m)

ﬂ@m=<qu

,u<x)> + (VO e, m), ~u(z))g.
]
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Upon (3.13), we conclude that, for each (v, u) € a, the function V(X” _’;M log g is quadrat-
ically integrable with respect to the measure &, and therefore, since the support of
VXXM 1604 belongs to B.(X x M), this function is from L!(X x M,&). Thus, in virtue

(v,) -
of the condition (3.14), we get the inclusion 7, € LY(X x M,5).
By using standard arguments, one shows the following

Lemma 3.1 (Integration by parts formula on X x M) For all @1, 2 € D, we have
[ (T3 01) @ mpa(e, m) (e, dm) =
x
== [ am)(E oa)a,m) (s, dm)
XxM !
— [ i@ )62, 6187, ) Bz, d).
XxM

Remark 3.2 The function (VSp*(e, m), ~u(z))g, which appears in the definition of 87
is, for each fixed = € X, the divergence on M with respect to the measure A of the vector
field Ru(z) on M defined by (3.7), see Remark 3.1. Indeed, for any v € g and for an
arbitrary f from C§°(M)—the space of all C* functions on M with compact support, we
have

/ T £ (m) A(dm) = / (M £ (1), (Ru) (m)) . agy A(dm)
M M
= [ 5 Olexp(tu), m)] g Mdm)
= [ #m) 5 expttnd, i M)
= /M FOm)(VE (e, m), uhg A(dm).

Definition 3.4 For any (v,u) € a, the logarithmic derivative of the marked Poisson
measure 75 along (v, u) is defined as the following function on Q¥:

Q¥ swe- Bz:f.u)(w) = (,Bz,]u),w). (3.15)
A motivation for this definition is given by the following theorem.

Theorem 3.2 (Integration by parts formula) For all Fi,Fy € FCX(D,Q¥) and
each (v,u) € a, we have

L (TR aPI R na(e) = = [ RV, Po)) ()

- [ FOREBE @), (310
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or
Q ]
V(":u) V(v.u) - Bz,'u) (w) (3.17)
as an operator equality on the domain FC°(D,QY) in L¥(nz).

Proof. Because of (3.10), the formula (3.17) will be proved if we prove it first for the
operator V!, i.e., when u(z) = 0, and then for the operator V%, i.e., when v(z) =0 €
T.(X) for all z € X. We present below only the proof for VZ, since the proof for V is
basically the same as that of the integration by parts formula in case of Poisson measures
[7).

By Proposition 2.2, we have for all u € C§°(X; g)

/ Fi(1 (@) Fa(w) m5(dw) = / Fy () Fa(n () g (o).

Differentiating this equation with respect to ¢, interchanging d/dt with the integrals and
setting ¢ = 0, the L.h.s. becomes the Lh.s. of (3.16). To see that the r.h.s. then also
coincides with the r.h.s. of (3.16), we note that

Fz('l_z(w))lt~o —(V2F)(w),

and by Proposition 2.3

latollas T &

(z,m)Ew
= —(ﬁ:-’“w) = —-B:{'(w). ]

Definition 3.5 For a vector field
V: Q¥ swr V, € TL(Q¥),

the divergence dlv,,- V is defined via the duality relation
Q () = — ) _
/. o V@), gy o) = i | PO V(0 Ta )
for all F € FC=(D,QY), provided it exists (i.e., provided
Q
= Vo VPO, g o)

is continuous on L?(m)).

A class of smooth vector fields on Q¥ for which the divergence can be computed in
an explicit form is described in the following proposition.

18



Proposition 3.1 For any vector field

N
Vola) = 3 Fw)use),ui(z),  wenl, zeX,
i=1
with F; € .7:C§°(I),Q§{), (v5,u;) €, 7 =1,...,N, we have
N
(dive, V)(w) = 3" (VE, o) F3) () + ZB(UJ upy @F; (@)

j=1

- SR ), (03, (o) +Z<ﬂz;,,u,,,w>F @)

=1

Proof. Due to the linearity of V¥, it is sufficient to consider the case N = 1, i.e., V,(z) =
Fy(w)(v(z),u(z)). By Theorem 3.2, we have for all F; € FCX(D, Q%)

- f (Var VOF()) () () = = / Fi(@) Y,y Falw) w5 (dw)

fn (VB 1) @) Fa(w) s (dw) + / Fi(0)R(w) B, () T5(dw),

which yields
(divE V)W) = Yy Fi(w) + B, () ()
= (VA W), @, u)),, (@) + By Fi(w). W
Remark 3.3 Extending the definition of B™ in (3.15) to the class of vector fields V =
TiL F; © (vj,u5) by
B (w) := Z(B{% ) OV F5 (@) + Z (V) F3) @),

we obtain that
div y® = Bﬂ"

In particular, if (v,u) € g, it follows, for the “constant” vector field V, = (v,u) on Q% N
that

divl (v )W) = (divE*M (v, 1), w),

where div§ My u) = ﬂz,,u) is the divergence on X x M of (v,u) w.r.t. 7:
[ (TNl m), (00, (D) 80 )
x

= —/ o(z,m)(divy*M(v,u)) (z,m) &(dz, dm), pED.
XxM
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3.3 Integration by parts characterization

In the works [7, 8] it was shown that the mixed Poisson measures are exactly the “volume
elements” corresponding to the differential geometry on the configuration space I'x. Now,
we wish to prove that an analogous statement holds true in our case of Q)‘{ for mixed
marked Poisson measures.

We start with a lemma that describes & as the unique (up to a constant) measure on

X x M with respect to which the divergence div;f *M is the dual operator of the gradient
VX XM

Lemma 3.2 Let the conditions (3.13) and (3.14) hold. Then, for every A € O.(X) the

XxM

measures 25, z > 0, are the only positive Radon measures § on Amx such that divy

is the dual operator on L*(Ami;€) of VXXM when considered with the domains Vo(A) x
C§°(As9), Tesp. C§%(Amk) (i.e., the set of all (v,u) € a, resp. @ € D with support in A,
resp. Amk)-

Proof. In virtue of the conditions (3.13) and (3.14), the lemma is obtained in complete
analogy with Remark 4.1 (iii) in [8]. Indeed, let ¢i(z,m) and ga(x,m) be two densities
w.r.t. v® A for which the logarithmic derivatives coincide. Then, we get

V¥ logqi(z,m) = VXlogqa(z,m), v € Vo(X),
VM logqi(z,m) = V¥ log ga(z,m),  u € CC(Asg), v ® Mas,,

which yields respectively

q1(z,m) = ga(z, m)c(m),
q(z,m) = gz, m)é(z) v Ias.

Therefore, q;(z,m) = const g2(z,m) v® A-as. B
Let 3 be a probability measure on (Ry,B(R;)). Then, we define a mixed marked
Poisson measure as follows:

s = /R o). (3.18)

Here, mp5 denotes the Dirac measure on Q¥ with mass in w = {@}. Let M (Q¥),
1 € [1,00), denote the set of all probability measures on (2%, B(Q¥)) such that

[ ol ud) < oo forall £ € Conl(X x M), f 20.
Qx
Clearly, p,.5 € M (Q¥) if and only if

/ 2 3(dz) < o0. (3.19)
Ry
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We define (IbP)? to be the set of all u € M;(Q¥) with the property that w (ﬂg,,u),w)
is p-integrable for all (v,u) € a and which satisfy (3.16) with u replacing mz for all
F,F, e FCP (D, Q% ), (v,a) € g. We note that (3.16) makes sense only for such measures
and that BE:;"'u) depends only on & not on mz. Obviously, since V()f‘ ’ZI)W obeys the product

rule for all (v,u) € a, we can always take F, = 1. Furthermore, (IbP)? is convex.

Theorem 3.3 Let the condition (3.13) end (3.14) be satisfied. Then, the following con-
ditions are equivalent:

(i) p € (bP)%;

(i) g = sz for some probability measure  on (R4, B(Ry)) satisfying (3.19) with | = 1.

Proof. The part (ii)=(i) is trivial. The proof of (i)=-(ii) goes along absolutely analogously
to that in the particular case where G =M =Ry, see [24]. W

As a direct consequence of Theorem 3.3, we obtain
Corollary 3.1 The eztreme points of (IbP)? are ezactly 7.z, z > 0.

3.4 A lifting of the geometry

Just as in the case of the geometry on the configuration space, we can present an inter-
pretation of the formulas obtained in subsections 3.1-3.3 via a simple “lifting rule.”
Suppose that f € Cop(X x M), or more generally f is an arbitrary measurable func-
tion on X x M for which there exists (depending on f) A € B.(X) such that supp f C Amk.
Then, f generates a (cylinder) function on Qg'{ by the formula
Liw) = {f,w), weO¥.

We will call Ly the lifting of f.
As before, any vector field (v,u) € q,

(v,4): X 3z (v(z),u(z)) € Tzm)(X X M) = Tx(X) +g,
can be considered as a vector field on Q¥ (the lifting of (v,u)), which we‘ denote by L, u):
Lipay: Q¥ 3w ={7,5} = {z > (v(z), u(z))} € Tu(QF) = L*(X - T(X) +g;7)-
For (v1,u1), (v2,u2) € a, the formula (3.11) can be written as follows:
{Lios sy L)) (agr) = Dt (omsadrenae @):
i.e., the scalar product of lifted vector fields is computed as the lifting of the scalar product
{(v1(2), u2(2)), (va(2), w221y, y(xxp) = f(T)-

This rule can be used as a definition of the tangent space T,,(Q¥).
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The formula (3.9) has now the following interpretation:

(Vi .wLe)w) = Lvm,w(w), peD, we Y, (3.20)
and the “lifting rule” for the gradient is given by
(VL) (7,8): ¥ Dz v VXM (g 5,). (3:21)

As follows from (3.15), the logarithmic derivative B(v W' Q% — R is obtained via the

lifting procedure of the corresponding logarithmic derivative ﬁ(-';,u): X x M — R, namely,
B @) =Lg (@)
or equivalently, one has for the divergence of a lifted vector field:
divly Ly = Ly xxn (v, 0). (3.22)

We underline that by (3.20) and (3.21) one recovers the action of Vg‘_a) and V¥ on all

functions from FCg° (CD,Q% ) algebraically from requiring the product or the chain rule
to hold. Also, the action of div,‘}a on more general cylindrical vector fields follows as in
Remark 3.3 if one assumes the usual product rule for div_a to hold.

4 Representations of the Lie algebra a of the group 2

Using the 2-quasiinvariance of 77, we can define the unitary representation of the group
A = Diffo(X) x GX in the space L?(wz). Namely, for a € 2, we define the unitary operator
a

(Ve @F)(0) = Flalol| 52 ),  F & L(ma).

Vaz(a1)Vaz (a2) = Vrz(a102),  a1,02€ 92

Then, we have

As has been noted in Introduction, this representation is reducible, cf. [24]
As in subsec. 3.1, to any vector field v € Vp(X) there corresponds a one-parameter
subgroup of diffeomorphisms 9}, t € R. It generates a one-parameter unitary group

Vas (87) 1= explitn; (v)],  t€R

where J;_(v) denotes the selfadjoint generator of this group. Analogously, to a subgroup
n¢, u € C§°(X; g), there corresponds a one-parameter unitary group

Vag (1) 1= explitle, (w)]

with a generator I (u).
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Proposition 4.1 For any v € Vp(X) and u € C§°(X; g), the following operator egualities
on the domain FCX (D, Q) hold:

1 R
Tz (v) = ;vf,‘ +5: B,
1

1
Ly (u) = l-,vﬂ +5

BJ7.
Proof. These equalities follow immediately from the definition of the directional derivatives
Ve and V4, Theorem 3.2, and the form of the operators Vi, (¥}) and Vi, (6F). ®

For any (v, u) € a, define an operator
Rz (v,u) 1= Jry (v) + Iy (u).

By Proposition 4.1,

Ry (v,u) = Vow + E{Bz:w)'

We wish to derive now a commutation relation between these operators.

Lemma 4.1 The Lie-bracket [(v1,u1), (v2,u2)] of the vector fields (vi,u1), (va,u2) € g,
i.e., a vector field from a such that

= v(xu)(h! VXXM _VXXM VXXM on®D,

VXxM
[(v1,61),(v2,u2)) 1.u1)  (ve,u2) (v2,u2) * (v1,11)

is given by
[(v1,w1), (va, u2)] = ([o1, ve), ViR up — V¥ ug + [ur, 2a]),
where [vy,vs)] is the Lie-bracket of the vector fields vy, vy on X,
[e1, ua](z) = [1(z), u2(2)]

(the latter being the Lie-bracket on g of ui(z),uz(z) € g), and V¥u is the derivative in
direction v of a g-valued function v on X.

Proof. First, we have on D:
VAN - VAV =V by V102 € V(X). (41)
Next, using (3.5),
V¥ f(z,m) = (VOf(@,e,m)u(z))s,  flz,9,m) = f(z,6(9,m)),
and so
(VMM - V) f(@,m)
= (VGf('TI e, m)» [ul (I)v uZ(x)])B
=M f@m),  w,u € CR(Xig). (4.2)
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Finally,

(VIO - VYY) f(z,m)

= (V¥(VCf(z,e,m),u(z))g, v(z))1.(x)

= (VE(V f(2,e,m), v(2))1, (x), u(2))g

= (VXV f(z,e,m), v(z) ® u(z))1.(x)05 + (VEF (2, 6,m), Vi u(z))g
—(VOVX f(z,e,m), u(z) ® v(z))gem(x)
= (V9f(z,e,m), V¥u(@))s = V¥ix,f(zm),

v € V(X), u € C§°(X; 9)- (4.3)

The equalities (4.1)-(4.3) yield the lemma. W

Proposition 4.2 For arbitrary (v1,u1), (v2,u2) € a, the following operator equality holds
on fC?(Q,Q%):

[R"fa (v1, w), Rr; (v2, u2)] = R‘"’a ([(1)1 1), (‘vz, 'u2)])-
In particular,

[Trs V1), Tz (v2)] = —idn, ([01,v2]),  v1,v2 € W(X),
[I‘lra(ul)rIﬂa('UZ)] = —'Iﬂ;([uhu?]), u1, Uz € Cgo(X;g),
(Jrs (), Ins (u)} = —iI,,a(Vfu), v € (X)), u € C°(X; 9).

Proof. First we note that Lemma 4.1 and (3.9) immediately imply
Q Q Q Q _of oo M
Viorun Vs = Viszan) Viou) = Vi wauz) 0 FCP (D, 9X).

Therefore, by using the chain rule, we conclude that the lemma will be proved if we show
that

Q Te Q urd — BTF -
V(m'ul)B(vz,uz) - V(vz.uz)B(m,ul) = B[(vz,ux),(vz.uz)l TF-a.e. (4.4)
But upon the representation
B \(w) = (VX log g + Vi log g + div¥ v + (VEpH(e,m), —u(=))g, w)

and Remark 3.2, we easily derive (4.4) again from Lemma 4.1. R

Thus, the operators R (v,u), (v,u) € a, give a marked Poisson space representation
of the Lie algebra a of the group 2.
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5 Intrinsic Dirichlet forms on marked Poisson spaces

5.1 Definition of the intrinsic Dirichlet form

;From now on, the underlying space of “nice functions” on X x M will be instead of D
the space Dy := C§°(X x M) consisting of all C* functions with compact support in
X x M. Evidently, D is a subset of D and in the case where M is itself compact Dy =
D. Absolutely analogously to FC° (D, Q%) one constructs the set FC (Do, U )(C
FCe(D,9%)), which is dense in L(n5). By FP(Dg, Q¥) we denote the set of all cylin-
der functions of the form (3.8) in which the functions ¢,...,pn belong to Dy and the
generating function gr is a polynomial on RY, i.e., gr € P(RV). Finally, in the same way
we introduce FCF° (Do, Q%) where gr € Cg"(]RN ) (:=the set of all C*®-functions f on RN
such that f and its partial derivatives of any order are polynomially bounded).
We have obviously

FC (Do, ) € FCZ (D0, 0¥),
FP(Do,2Y¥) € FCT (Do, 2¥),

and these are algebras with respect to the usual operations. The existence of the Laplace
transform £r(f) for each f € Co(X x M) implies, in particular, that FC°(Do, o¥) c
L%(nz).

Definition 5.1 For F},F; € fC?(Do,Q% ), we introduce a pre-Dirichlet form as
EL (P, Fy) =/‘;M(VQFI(W)»VnFZ(w))T._,(ﬂf,‘{) 7 (dw). (5.1)
X

Note that, for all F € .’FC;”('DO,Q% ), the formula (3.12) is still valid and therefore,
for = gFl((‘pI! ')» LRER} (‘PN")) and F; = ng((gl: '): ey ({K, )) from —Fc§°(590, Q%)x we
have

(VEF (W), Van(w))Tu(n,“{) =

d agFl agr,
=§k=l a_rj'((‘pl:w)a"'v(‘PN)w)) B ((elvw)r“'i(EKvw)) X

x [ (TXMi5(0,52), VXML, 3 7(0)

Y & agr, agr,
=33 Frrlloneh o lom ) (e (o)) X
j=1k=1

x (VXXM o, GEXM by ). (5.2)
Since for ¢,€& € Dy, the function

(VXM (z,m), VXM ez, ) (xxan) =

= (VXo(z,m), VXE(z, m)r, (xy + (VMo (x,m), VME(z,m))q
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belongs to Dy, we conclude that
(VER(O), VO RO)ray) € L'(ts),  Fi,Fa € FOPX(D0,9%),

and so (5.1) is well defined.
We will call 8% the intrinsic pre-Dirichlet form corresponding to the marked Poisson
measure 75 on 2%. In the next subsection we will prove the closability of 8,‘,’;.

5.2 Intrinsic Dirichlet operators

We start with introducing the pre-Dirichlet operator corresponding to the measure & on
X x M and to the gradient VX*M;

M (p,8) = / (VXXM (2, m), VX *Me(@, m))r,, .\ (xxm) F(dz,dm),  (5.3)
XxM

where @, £ € Dy. This form is associated with the Dirichlet operator

HE*M .= gX + HM (5:4)
on Do which satisfies
EXM(p,6) = (HE Mp,8)12(), @, € € Do. (5.5)
Here, HX and HY are the Dirichlet operators of VX and V™, respectively. Evidently,
H p(z,m) = —8% p(z,m) - (V¥ log g(z,m), VX o(z,m))1,(x), (5.6)

where AX denotes the Laplace-Beltrami operator corresponding to VX,
Let us calculate the operator HEM . Suppose f € Dg and W € Cp(X x M;g). Analo-
gously to Remark 3.1, we conclude

(V™ f(z,m), W (z,m)g = (VM f(z,m), (RW) (2, m))1,, 41), (5.7)
where RW € C§°(X x M;TM) is given by
X x M 5 (z,m) = (RW)(z,m) := %O(exp(tW(:c,'m)),m)h=0 € T M. (5.8)

Therefore, using the integration by parts formula on M for a vector field with a compact
support, we get

/ (M £(z, m), W (z,m))g 5(dz, dm)
XxM

- /x o) [ v (B 2, m)
+ (VM log q(z,m), (RW)(z,m))1,, (a)] F(dz, dm)
= /X | m) (v (RW) (3, m) + (5 log (e, m), W ()] F(da, dim),
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where div™ is the divergence on M with respect to the usual gradient VM and the measure
A. Thus, the divergence dnv~ on X x M w.r.t. the gradient VM and the measure 7 is
given by

&;;f;"W(:c, m) = divM (RW)(z,m) + (VM log g(z, m), W (z,m))g-

In particular, the divergence divM w.r.t. the measure v(dz) A(dm) equals

divMW (z,m) = divM (RW)(z, m). (5.9)
It is easy to see that, for f € Do, W =VMf ¢ C§°(X x M;g), and so we have finally
HY f=dwMUMf= AMf - (GM10gq, VM f)y,  fE Dy, (5.10)
where
AMf = divMUMf = divM (R(TM f)). (5.11)
The closure of the form £X** on

LY(X x M;5) = L*(&)
is denoted by (Eé( M D(Eg‘ *M)). This form generates a positive selfadjoint operator in
L?*(5) (the so-called Friedrichs extension of HZ XxM  see e.g. [9]). For this extension we
preserve the notation H; XXM and denote the doma.ln by D(Hz XxMy
Let us introduce a differential operator HE on the domain FCZ (Do, 2Y) which is
given on any F € FC° (DQ,QM ) of the form (3 8) by the formula

(He F)(w) : = Zj ar ar o (@nwh s (m (VM 0, VM o), )
]k 1
+Z ar((wl,u», o (o, W) (HE M, 0). (5.12)
=1
Since

(VXM 1og 4, VXM o\ rx ) € L2(@) N LY(E)

(see condition (3.13)), the r.h.s. of (5.12) is well defined as an element of L?(mz). The
following theorem implies, in particular, that H. 9 is well defined as a linear operator on
FCr (I)o, Q% ), i.e., independently of the representa,txon of F as in (3.8).

Theorem 5.1 The operator Hf,’s is associated with the intrinsic Dirichlet form 8,‘,’; in the
sense that, for all Fi, F; € FCZ (Do, ¥)

& (F1, o) = (H7 F1, Fa) p2(ns)s (5.13)
or
HE = —divl Vv on FCZ(Do, ¥).

We call H,‘}; the intrinsic Dirichlet operator of the measure wy.
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Lemma 5.1 For any @ € Do and W € C°(X x M, g), we have
&vM (W) (z,m) = (VM (2, m), W (z,m))s + ¢(z, m)div™ W (z,m).
Proof. By (5.7), (5.8), and (5.9)
&M (W) (z,m) = div [i Oexp(to(z, M)W (2, m), m) o)
= div¥ [p(a, m) 2 8(exp(tW (2, m)),m)] o)
= (VMy(z,m), E 0(exp(tW (z,m)), m)|,_o) (M)
+ oz, m) divM [-%B(exp(tW(z, ) m)])
= 2 ol B(exp(tW (z,m), )] g + sl m) MW (3, m)
= (TMy(z,m), W (z,m))g + ¢(z,m)div™ W (z,m). W

Proof of Theorem 5.1. For shortness of notations we will prove the formula (5.13) in the
case where Fy, Fp € FC° (5)0, Q% ) are of the form

k= yFl((‘P1w)); F= ng((fiw))~

However, it is a trivial step to generalize the proof to general Fy, Fs.
Let A € O.(X) be chosen so that the supports of the functions ¢ and £ are in Apk.
Then, by (5.1), (5.2), and the construction of the marked Poisson measure

EX(F1, Fy) =/ 95 ({0 W) gk, (6, W) UVE M @, VXXM EN e aay, w) ()

- V(Amk)zn'/ gr(e(z1,m) + -+ @(Tn, ma))

n=1

ngz(E(thl) + oo+ E(zn, mn))

x [Z(VXXM‘P(Iirmi)v VX*Me (s, mi))’I'(,.._,,,'.)(XxM)] &(dzy,dm1) - - - 5 (dmr, dmy)

i=1

*"‘A““’Zm/ S(TEM g (a1, ma) + -+ (),

n=1 mk 7=1

V;XXMng (E(xla ml) et g(xﬂ) mﬂ)))T(zl._,,,i)(XxM) 6((111, dml) T 3(dz,,, dm‘n)v

where V,?( XM denotes the VX*M gradient in the (z;,m;) variables. Therefore, by using
(5.10) and Lemma 5.1, we proceed in the calculation of 8,‘,1; (Fy, F) as follows:

o n
- 1 ;
—etm Y 2 f [E HE M g (plar,my) + -+ v:(zmmn))] x
n=1"" YA Liz
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xgp (§(z1,m1) + - + €(Tn,mn)) (z1,m1) - - - F(dTn, dmin)

(=] n
= 1
oL /A [Zgz, (@(@1,m1) + -+ + Pl@nymn)) X
n=1 ;k

=1

VXXM VXXM

x( wlzi, ma), (i M),y (XxM)
+ g (plan, )+ - o, ) HE M o)
xgr;(§(x1,m1) + -+ + (20, mn)) F(dz1, dmy) - - - G(dzn, dmn)
-/  TERORE ().
Remark 5.1 The operator H,?; can be naturally extended to cylinder functions of the
form
F(w) := elo), ¢ € Do, w e Y,

since such F belong to L?(75). We then have

HY o) = (HE M — |WOMG[R, o ryw) €940, (5.14)

As an immediate consequence of Theorem 5.1 we obtain

Corollary 5.1 (£, FC (Do, 2Y)) is closable on L*(mz). Its closure (EX,D(ELL)) is
associated with ¢ positive definite selfedjoint operator, the Friedrichs eztension of Hna,
which we also denote by H,r}; (and its domain by D(H,‘;‘;)).

Clearly, V? also extends to D(E,‘};)‘ We denote this extension by V<.
Corollary 5.2 Let

F(w) = gF((‘Plvw))---w(‘PN’w))) we€E Q%’

(5.15)
©1,....on € D(EXM), gr € C(RY).

Then F € D(£) and

N
(VF)(w;2) = ?,i,j«sal,w).-..,(w,w»vxww(z,s,).
=1

Proof. By approximation this is an immediate consequence of (3.12) and the fact that, for
al1<i< N,

/(lVXXM‘PiI%‘(XxMyw) n5(dw) = €M (1, 0)- (5.16)
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Remark 5.2 Let p, 5 € M2(¥) be given as in (3.18). Then, by Theorem 3.2, (ii)=-(i),
all results above are valid with p, 7 replacing nz. By (5.12) we have

H =H_ _ on FCZ(Do,0¥).
We note that the r.h.s. of (5.12) only depends on & and the Riemannian structure of

X x M. The respective Friedrichs extension on L?(u,3) is again denoted by H. ﬁ 5+ how-
ever it does necessarily not coincide with H,‘,L.

5.3 The heat semigroup and ergodicity

The results of this subsection are obtained absolutely analogously to the corresponding
results of the paper [7], so we omit the proofs.
For .5 € Ma(QY) let TS _(t) := exp(—tHZ ), t > 0. Define

Hse 5

E(®1,9) =1Lh.{ exp({log(1+¢),) | ¢ € D1 },
where Lh. means the linear hull and

D = {p € DHZ*M)NLY(F) | BX*Mp € L}(3)
and —§ < ¢ < 0 for some § € (0,1) }.

Proposition 5.1 Let u, 5 be as in (3.18). Assume that H&X *M s conservative, i.c.,
f (HX*M p)(z,m) 3 (dz, dm) = 0
XxM

for all o € D(H;XXM) N LYF) such that H;X"Mtp € ILY3), and suppose
that (HZ*M D) is essentially selfadjoint on L*(5). Then

T2 (f)exp((log(1 + ¢),)) = exp((log(1 + e~ M), )),  weDy,  (5.17)

Hae,d

E(D,,Q¥) c D(HE ), and

Bx,5

H _ exp((log(1+¢),"))

= (1 +¢) THF*Mp, Yexp((log(1 +¢),"),  © € D1.

Remark 5.3 (i) The condition of essential selfadjointness of HX *M on Dy is fulfilled if
X is complete and [8%|r(xxay € L, (X x M;m @ A) for some p > dim(X) + 1.

(ii) Since (exp(~tHZ *M))s5q is sub-Markovian (i.e., 0 < exp(~tHZ*M)p < 1 for all
t > 0 and ¢ € L*(F), 0 < ¢ < 1), because (£§XM,D(8§Y"M)) is a Dirichlet form, by a
simple approximation argument Proposition 5.1 implies that the equality (5.17) holds for
t>0andall pe L(5), -1 <p <0.
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Theorem 5.2 Let the conditions of Proposition 5.1 hold. Then E(’DI,Q% ) is an operator

core for the Friedrichs extension H?,,,; on  L%(uy.3)- (In other words:
(H? _,E(D1,Q})) is essentially selfadjoint on L?(11,.7).)

Theorem 5.3 Suppose that the conditions of Theorem 3.3 and Proposition 5.1 hold. Then
the following assertions are equivalent:

(i) 25 = m.5 for some z > 0.

(ii) (£,  D(ET, ) is irreducible (i.e., for F € D(ER ), €, (F, F) = 0 implies that
F = const).

(iii) (T2, (8))es0 i irreducible (i.e., if G € L?(p,.5) such that T _(t)(GF) = GIZ _(t)F
for all F € L®(u,.5), t > 0, then G = const).

(iv) If F € L*(p,5) such that TjL _(t)F = F for all T >0, then F = const.

v) TR _(t) # 1 and ergodic (i.e.,
B3

/ (Tf;‘x_;(t)F - / de,,,'s) -d#x;a =0 ast—0

for all F € L. 5)).
(vi) If F € D(HS. ) with H} _ =0, then F = const.

Brg
Remark 5.4 Let us consider the diffusion process P on X x M associated to the Dirichlet
form (Eax xM D(£‘-,)-‘ *M)), This process can be interpreted as distorted Brownian motion
on the manifold X x M. More precisely, the diffusion of points £ € X is associated to
the Dirichlet form of the measure o, so that it is distorted Brownian motion on X, and
the diffusion of marks sz, £ € X, is associated to the VM _Dirichlet form of the measure
p(x,dm) on M.

The existence of a diffusion process P corresponding to the Dirichlet form
(Ef;'ms,D(Sf}xi)) follows from [31], and its identification with the independent infinite
particle process (on X x M) may be proved by the same arguments as in [7]. By analogy
with the case of the process P on X X M, one can call P distorted Brownian motion on
oM.

6 Intrinsic Dirichlet operator and second quantization

In this section, we want to describe the Fock space realization of the marked Poisson
spaces and show that H,‘é is the second quantization of the operator Hg xM
6.1 Marked Poisson gradient and chaos decomposition

Let us define another “gradient” on functions F': Qj‘{ — R, which has specific useful
properties on the marked Poisson space.

Definition 6.1 For any F € FC3°(Do, ¥) we define the marked Poisson gradient VMP
as

(VMPF)(w, (z,m)) := F(w+ e@m)) — F(w), weQ¥ (z,m)e X x M.
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Let us mention that the operation
(934 SwHw+EEm € oy
is a mz-a.e. well-defined map because of the property
m{w=(rs) e |zen)=0

for an arbitrary z € X (which easily follows from the construction of 73). We consider
VMP a5 a mapping

VM. FCR(Do,2¥) 5 F - VMPF € 12(5) ® L¥(n5)

that corresponds to using the Hilbert space L?() as a tangent space at any point w € Q¥.
Thus, for any v € Dy, we can introduce the directional derivative

(VEFF)(w) = (VMFF(), ¢)12(5)
= [ P+ e(am) = F@))iplz,m)5(ds, dm).
XxM
The most important feature of the marked Poisson gradient is that it produces (via
a corresponding “integration by parts formula”) the orthogonal system of Charlier poly-
nomials on (¥, B(Q¥),nz). Below, we describe this construction in detail using the

isomorphism between L?(75) and the symmetric Fock space (see [21, 25, 30])
Let F(L?(5)) denote the symmetric Fock space over L2(5):

F(L*@)) = éfn(llz(ﬁ))n!,

n=0
where
FalL2(@) = (I*(3)®" = L((X x M)",5®"), neN,
Fo(IA@) =R,

® denoting the symmetric tensor product. Thus, for each F = (f(™)2 € F(L%(5))
oo
IF 2@y = 20 1Pl agonynt
n=0

By Fin(Do) we denote the dense subset of F(L?*(5)) consisting of finite sequences
(f™NN_,, n € Z., such that each f(® belongs to F, (Do) := a.DF", the n-th symmetric
algebraic tensor power of Dg:

a.CDli,@" =1 h.{(plé s é‘Pn I w; € Qo}.

In virtue of the polarization identity, the latter set is spanned just by the vectors of the
form ©®" with ¢ € Do.
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Now, we define a linear mapping
N
Fan(Do) 3 F = (f™))Lg = IF = (IF)(w) = 3 Qu(f™;w) € FP(D0, Q%) (6.1)
n=0
by using the following recursion relation:
Q1 (9?7 V;0) = Qu(®w) (W, ) ~ (#)3)

= 1Qn(¥®" 18 (¢?),w) — nQn-1(¥®" ;W) (23,

Qo(l,w) =1, €Dy (6.2)

Here, we have set ()7 := [@dg. Notice that, since D is an algebra under pointwise
multiplication of functions, the latter definition is correct.

It is not hard to see that the mapping (6.1) is one-to-one. Moreover, the following
proposition holds:

Proposition 6.1 The mapping (6.1) can be extended by continuity to a unitery isomor-
phism between the spaces F(L*(G)) and L*(rz).

For each ¢ € Dy, let us define the creation and annihilation operators in F(L2(5)) by
at (@Y% = oY, 0 (@)W = n(p, V) EY®TY, P e D,
‘We will denote by the same letters the images of these operators under the unitary I.
Proposition 6.2 We have, for each ¢ € Dy,
(@) =V, ate) =Vt
In particuler,
(18- Bpn;w) = (VIF* ... VMP)(w),  wend.

Finally, for each ¢ € Do we introduce the Poisson exponential

(i) = Y = Qnl9®™ ) = I(Exp ),

n=0

where o

1
Expy = (; w@")

Then, one can show that, for ¢ > -1,

n=

e(p;w) = exp [(log(1 + @), w) = (0)3), we QY. (6:3)
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6.2 Second quantization on the marked Poisson space

Let B be a contraction on L%(3), i.e., B € L(L*(F), L*(7)), ||B|| < 1. Then, we can define
the operator Exp B as the contraction on F(L%(5)) given by

ExpB | Fo(L%(F)):=B®---®B (n times), n €N,
Exp B | R(L*(3)) := 1.

For any selfadjoint positive operator A in L?(5), we have a contraction semigroup
e~*4, ¢ > 0, and it is possible to introduce a positive selfadjoint operator d Exp A as the
generator of the semigroup Exp(e~*4), t > 0:

Exp(e~**) = exp(—td Exp A). (6.4)

The operator dExp A is called the second quantization of A. We denote by H};"P the
image of the operator d Exp A in the marked Poisson space L?(75).

Theorem 6.1 Let Do C Dom A. Then, the symmetric bilinear form corresponding to the
operator H}‘{‘P has the following representation:

(HYE P, Fo)pa(ayy = /QM(VMPFhAVMPFz)L?(;) 75 (dw) (6.5)
X

for all Iy, F> € .7-'7’(5)0,99{),

Remark 6.1 The bilinear form (6.5) uses the marked Poisson gradient VMF and a coef-
ficient operator A > 0. We will call

R R = [ (T, AT G) s ()
X

the marked Poisson pre-Dirichlet form with coefficient A.

Proof of Theorem 5.1. The proof is analogous to that of Theorem 5.1 in [7]. Using again
the fact that Dg is an algebra under pointwise multiplication, one easily concludes that,
for any F € FP(Do, %) and any w € Q¥, the gradient VMFF(w, (z,m)) is a function
in Dg and hence

(VMPF, AV™PG) 1a(5) € FP(Do,9¥),

s0 that the form (6.5) is well-defined. Then, one verifies the formula (6.5) by using Propo-
sitions 5.1, 5.2 and the explicit formula for dExp A on F,(Dp):

dExp Ap®" = n(Ap)@p®"-1), peDy N
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6.3 The intrinsic Dirichlet operator as a second quantization

The following two theorems are again analogous to the corresponding results (Theorems 5.2
and 5.3) in (7], so we omit their proofs.

Let us consider the special case of the second quantization operator d Exp A where the
operator A coincides with the Dirichlet operator Ha’-‘ xM

Theorem 6.2 We have the equality
H;\{‘ZE" X = Hfr];
on the dense domain FCZ°(Do, 99{ ). In particular, for all F, F> € }'C;"(CDO,Q% )
/ﬂ (VIR (W), VIR(w))r, qy) Ts(dw)
X

= [ (7 Fi @), HE MM o) o) mo(d),
QX
or
Vﬂtvﬂ - VMPtHéYvaMP
as an equality on fC?(@o,Q)A{‘ )-

Theorem 6.3 Suppose thet the operator Hgv *M s essentially selfadjoint on the domain
Do C Dom(Ha‘y *M) . Then, the intrinsic Dirichlet operator H,?; is essentially selfadjoint
on the domain FCL (Do, Q¥).

Remark 6.2 Notice that in Theorem 6.3 we do not suppose the operator H;x *M 6 be
conservative. So, this theorem is a generalization of Theorem 5.2 in the special case where

Bsg = Tg.

Corollary 6.1 Suppose that the condition of Theorem 6.3 is satisfied end let T,‘,:‘_,(t) =
exp(—tHfg), t > 0. Then, for each p € Dy, p > —1, we have

T2 (¢) exp({log(1 + ), ) = exp [(log(1 + &5 "), ) — (e7H7 ™™ —1)¢)s]. (6.6)

Proof. The formula (6.6) follows from Proposition 6.1, (6.3), (6.4) and Theorems 6.2
and 6.3. W

Remark 6.3 If H;x *M is conservative, then
f(e-t”é““ ~1)pdé=0 forallt>0,
and so in this case (6.6) coincides with (5.17) for v € Dp, v > —1.
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