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Abstract

We review fundamental aspects of arithmetic quantum field theory.

1991 Mathematics Subject Classification: 81T10, 81T60, 11A25

1 Introduction

In recent developments of theoretical physics, it has been shown that number theory has
connections with physics in various aspects (e.g., [23, 30]). Among others, “statistical
mechanics” of numbers may be interesting, because it is related in a direct way to the
Riemann zeta function and may give a key to solve the Riemann hypothesis ([17, 18, 20,
21, 22, 27, 28, 29] and references therein).

Spector [28] pointed out relationships between analytic number theory and a free
supersymmetric quantum field theory, and further discussed these aspects with notions
of partial supersymmetry and “duality”[29]. Motivated by these works of Spector, we
started in [14] a research program developing analytic number theory as a field of infinite
dimensional analysis or mathematically rigorous quantum field theory. We call this type
of theory an arithmetic quantum field theory. In this paper we review some fundamental
results in [14].

2 Arithmetical Functions in Boson Fock spaces

2.1 Partition functions and correlation functions

Let H be a separable infinite dimensional Hilbert space with inner product (-, - )y (com-
plex linear in the second variable) and ®?H be the n-fold symmetric tensor product
Hilbert space of H (n = 0,1,2,--- ; ®H := C). Then the Boson Fock space over H is
defined by Fg(H) := @3, Q7 H. Let A be a nonnegative self-adjoint operator on H and

Hg(A) = dT's(A) 2.1)
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be the second quantization of A on Fg(H) (e.g., [19, §5.2], [25, p. 302, Example 2]). We
denote by Np the number operator on Fg(H): N := dl'g(I), where I denotes identity.
For s > 0. we define

Za(s; A) 1= Tre™ M) Zu(s:A)i=Tr {(—I)NB e"HB(A)} .

—_
5
[iv]

provided that e~3H814) is trace class on Fa(7), where Tr denotes trace.

Remark 2.1 In statistical mechanics of quantum fields, Zz(s: A) is cailed the partition
function of the Hamiltonian HB\ A) at temperature 1/s (phvswallv denotes an inverse
temperature). The function Zg(s: A) is not so standard. We call it the graded partition
function of the Hamiltonian Hg(A) at temperature 1/s. This type of partition function
was considered in a concrete case by Spector {29].

To treat the pariitior functions in a unified way. we introduce a more general partiticn
function
Zg(s,z: A) 1= Tr (Ta(z)e™*H24) 23

with
z€D:={weCliw| <1}, (241

provided that e~*Ha(4] is trace class on Fg(H), where ['p(z) := @2 42" acting on Fg(Hj.
We have
Zga(s,1; 4) = Zp(s; A), Za(s.—1; A) = Zg(s: A). 2.3

In what foilows, we assume the following.

Hypothesis (A) The operator A is strictly positive, self-adjoint and, for some s > V.

e~** is trace class on H.

Theorem 2.1 Let = € D. Then the operator T'g(z)e~*H8lN) is trace class on Fe(H: and

. 1 o
8,50 A = o, (2.8
Zo(s, 5 Al = T ey '

where det(] + S) is the determinant for I + S with S a trace class operator {26, §XI11.177.

Using Theorem 2.1 and the product law of the determinant det{J + -). we can derive
relations of partition functions at different temperatures:

Theorem 2.2 Foralln € N aend z € D,
n—1 .
Zg{s.z: A) = det (Z z"'e"“‘“) Zg(ns, 2" A} nT
=0

and
Zg(s.z: A) Za(s, —z: A) = Zg(2s. 2% Al (ZX

Remark 2.2 In general. relationships among theories at different coupling constants are
referred to as “duality” 129]. Eq.{2.8) is a uuaht\ reiation. where the ro.mlmg constant
is the inverse temperature.
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In statistical mechanics, correlation functions are also important objects. We denote
by ax(f) (f € H) the annihilation operator on Fg(H) (e.g.. (19, §5.2], [25, §X.7]) (an(f)
is antilinear in f). For all t > s and f.g € D(A™Y/?) (D(A~Y?) denotes the domain of
471/%), We can define

Tr (Tp(2)an(f) an(g)e#e))
ZB(t, zZ A) :

This is called a two-point correlation function. In the same manner as in [19, Proposition
5.2.28], we can show that

Re(t,z: f,9; A) = (g,2¢7A(1 — z¢7*4) 7 fm,. (2.10)

Rp{t.z: f.g: A) := z€D. (2.9)

2.2 Arithmetical aspects
By Hypothesis (A). the spectrum o(A) of A is purely discrete with

o(A) = {E.(A}L,, (2.11)

0 < Ei(A) < Ey(A) € -+, E,(A) & oo (n = o0), counted with algebraic multiplicity.

There exists a complete orthonormal system (CONS) {¢,}22, of H such that ¢, € D(A),
A6, = En(A)¢n, n € N. We set

an = an(4s) (2.12)

Then we have canonical commutation relations
@ al] =bmns [amiam] =0, [ai,a;]=0, n.m>1, (2.13)
on the finite particle subspace of Fg(H).

We denote by
P = {p}in (2.14)

the set of all prime numbers with p, < pay1, 2 21 (pr =2,p2=3,p3 =5,ps = T,ps =
11,-+-).

By definition. an arithmetical function is a complex-valued function on N. An arith-
metical function f is called completely multiplicative if it satisfies

f(1)=1, f(mn)= f(m)f(n), m,neN.

Let N > 2 be a natural namber. Then, by the fundamental theorem of arithmetic.
there exists a unique set {4;,+++,2n, 1, ++ @} C N (33 < -+ <1,) such that

N=(p;,) - (pin)™ (2.15)

Then we define an arithmetical function v(N) by 4(1) := 0 and

~¥(N) = i ar, N>2 (2.16)

k=1
The arithmetical function defined by A(1) := 1 and

AN = (-1)"™), N>2, (2.17)
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is called the Liouville fucntion [1, §2.12]. This function is completely multiplicative.
Using the representation (2.15) of N, we can define a vector ¥y € Fp(H) by

Uy = Cn(a;, )™ -+~ (a],)* M, (2.18)

where Qx := {1,0,0,---} is the Fock vacuum in Fp(H) and Cy = 1/Va;il---a,! is a
normalization constant so that [|[¥y|| = 1. We set ¥ := Q. A key fact is the following.

Lemma 2.3 [28] The set {Un}3%., is a CONS of Fg(H).

Lemma 2.4 For all N € N, ¥y is a unique eigenvector (up to constant multiples) of
[s(z) with eigenvalue 7™,

We introduce a function Fy : N — (0,00) as follows: F4(1) := 1 and if N > 2 is
represented as (2.15), then

Fy(N) := 1'[ ek Bin(4) (2.19)
k=1

It is easy to see that F4 is completely multiplicative.

Lemma 2.5 For all N € N, Uy is a unique eigenvector (up to constant multiples) of
Hg(A) with eigenvalue log F4(N).

By Lemmas 2.4 and 2.5, we have

0 (N)
Zp(s,z;A) = Z A z€D. (2.20)
By this fact and Theorem 2.1, we obtain the following.
Theorem 2.6 For all z € D,
®  ,v(N) 1
(2.21)

N=1 FA(N)’ 152, (1 — zem2En(4))"

Remark 2.3 Formula (2.21) may be regarded as a general form unifying arithmetical
formulas known under the name of Euler products [1, Chapter 11]. See Section 2.3 below.

We introduce a function o(N,m): N x N — {0} UN by
o(l,m) =0, p(N,m):=) axbim (2.22)
k=1

if N > 2 is expressed as (2.15) (N,m € N).
Theorem 2.7 Lett > s. Then, forallme N andz € D,

&, 2N (N, m) _ z
o FA(N)' etBm(4)

zZg(t,z; A). (2.23)

43



Let N > 2 be given as (2.15). Then, each divisor m of N is of the form

m= p:; .. .p:: (2.24)
with 0 < r; < aj, j =1,-++,n. We define a vector ¥y,,, € Fg(H) by
UNm = CNma},™ -+ 0], ™ Qyy, (2.25)

where Cn,m > 0 is a normalization constant. For an m € N and N € N, we mean by m|N
that m is a divisor of N. The set {¥y . }mv of vectors is orthonormal. We introduce

AN)(H) = L{‘I’N.m}mlNa (226)
where £{-} means the subspace spanned algebraically by the vectors in the set {-}. We
set .7-}(,1) := {afdy|a € C}. We denote by Py the orthogonal projection from Fg(H) onto
F(H).

Proposition 2.8 Let z € D. Then, for all N,

(m)
~sHa(A)p_ ) — 2
Tr (PT(2)e Py) "% A (2.27)
2.3 Connections with analytic number theory
A basic object in analytic number theory is the Dirichlet series
> f(n
D(s,f) =3 %)- (2.28)
n=1

for an arithmetical function f and s € C, provided that the infinite series converges. The
Riemann zeta function
1
((s) := > o S >1, (2.29)
is a special case of D(s, f). We first show that {(s) and D(s,)) can be represented as
partition functions of Hg(A) with a suitable A. For this purpose, we consider the case
where H is given by

o0
2=02,C= {1/1 ={n}oliln €C,n 21,3 |thaf* < oo}- (2.30)
n=1
On this Hilbert space we define an operator wp as follows:
oo
Dor) = {1 = )2 € €] 5 ogpahal < oo}, (231)
n=1
(wp¥)a = (logpa)¥n, % € D(wp), n2 1. (2.32)
Then wp is strictly positive and self-adjoint. Moreover, the spectrum of wp is purely
discrete with
o(wp) = {log pa}oms (2-33)

with the multiplicity of each eigenvalue log p, being one. A normalized eigenvector of wp
with eigenvalue log p, is given by

en = {60}2, € 2. (2.34)
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Theorem 2.9 For alis>1 and z € D.

o< z’v(.-\-')

Ns ~

ZB (S‘ 24 wp) =
N=1

Applying Theorem 2.6 with A = wp, we obtain the following.
Corollary 2.10 For all s > 1 and z € D,
% (N) 1
2 N hep (- 2p79)
An application of Theprem 2.7 gives the following.
Corollary 2.11 Foralls>1,n€Nandz € D,
i 2Wp(N,n) 2

s 5
N=1 N Pn—z

Zg(s, z:wp).

(2.36)

(2.37)

The operator wp may be regarded as as a special case of a more general operator
associated with a completely multiplicative function. Let f be a completely multiplicative

function such that 0 < f(n) < 1 for all n > 2 and

3> F(p) < o0,

n=1

and define an operator Ay on £2 by

(2.38)

} . (2.39)
(2.40)

(2.41)

DAy = {o =] 5 log Sl < oo
n=1
(Agh)a = [—log f(pn)Jtn, ¥ € D(Af), n2> 1.
Then Ay is a strictly positive self-adjoint operator and e~4/ is trace class on £2. It is easy
to see that 1
Fp(N)=~—, NeN.
A/( ) f(N)

Hence we have

oC
Zs(l,z:45) = 3. 2™ f(n), z€D.
n=1
Applying Theorem 2.6, we obtain the following fact.
Corollary 2.12 Let f be as above. Then, for dll z € D,
S 1
™M) = —
2 =
Theorem 2.7 gives the following.
Corollary 2.13 Let f be as above. Then, for alln € N and z € D,

i NN, n)f(N) = MZB(I,Z:A,-).

N=1 1— zf(pn)
Applying Proposition 2.8, we have for all s > 1
Z7(m)
Tr (RMZNBC_’HB(UP)PN\, = = , z€D.
7 8 mS

m))
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(2.44)
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3 Arithmetical Functions in Fermion Fock Spaces

3.1 Partition functions and correlation functions

Let X be a separable infinite dimensional Hilbert space and @7, K be the n-fold antisym-
metric tensor product Hilbert space of K (n =0,1,2,---; ®2,K := C). Then the Fermion
Fock space over K is defined by F¢(K) := &2, ®% K.
Let T be a nonnegative self-adjoint operator on X and
Hp(T) := dTs(T). (3.1)
be the second quantization of T in Fg(K). The number operator on Fg(K) is defined by

N :=dle(]).
Let s>0,z€ D and

Zp(s,z;T) :=Tr (I‘F(z)e"HF(T)) s (3.2)

provided that e=*H¥(T) is trace class on Fr(H), where T'r(z) := ®2y2" acting on F¢(K).
In what follows, we assume the following.

Hypothesis (T) For some s >0, e=*T is trace class on K.
Theorem 3.1 For all z € D, T'p(2)e™*Hr(T) is trace class on Fp(K) and
Zp(s,2;T) = det(I + ze™T). (3.3)

By Theorems 2.1 and 3.1, we have interesting relations between bosonic and fermionic
partition functions:

Corollary 3.2 Consider the case H = K and A be an operator on ‘H obeying Hypothesis
(A) in Section 2. Then, for allz € D,

1

ZB(S, —2Z5 A) = m. (3.4)
Theorem 3.3 Forallne€ N andz€ D,
n—1
Zp(ns,—2™;T) = det (E z"e"’"T) Zp(s,—=T), (3.5)
k=1
Ze(s,—2;T)Zp(s,2;T) = Zp(2s,—2%47T). (3.6)

Remark 3.1 Relation (3.6) is a form of duality of fermionic partition functions. A special
case is discussed in [29].

Corollary 3.4 Consider the case H = K and A be an operator on H obeying Hypothesis
(A). Then
Zp(2s. 2% A) Zp(s, 2; A) = Zp(s, z; A) 3.7)

Remark 3.2 Relation (3.7) is also a form of duality of fermionic and bosonic partition
functions. For a special case, see [29).
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Let u,v € K and z € D. Then a fermionic two-point correlation function is defined
by
Tr (I‘p(z)e"H“(T)b,c(u)'bx(v))
Zp(s,zT)
where bc(u) (u € K) the annihilation operator on Fg(K) (e.g., [19, §5.2]). It is easy to
see (e.g., cf. [19]) that

Re(s,z;u,v;T) :=

(3.8)

Re(s, z;u,0;T) = (v, 26 T(1 + ze™*T) ). (3.9)

3.2 Arithmetical aspects
By Hypothesis (T), the spectrum of T is purely discrete with

o(T) = {E.(T)}32 (3.10)

n=11

0 < Ey(T) € Ey(T) £ +++, Eu(T) = oo(n —+ o0), counted with algebraic multiplicity.
There exists a CONS {u,}32, of K such that u, € D(T), Tu, = Eo(T)un, n € N. We

set
bn = b(un). (3.11)
Then we have canonical anti-commutation relations
{ba, 8} = bmny,  {bnbm} =0, {b;,8}.}=0, n,m2>1, (3.12)

where {X,Y} := XY + YX. In particular, b2 = 0, ;> =0, n € N.
For N € N we define v(N) by v(1) :=1 and

v(N)=n, N2>2, (8.13)
if N is represented as (2.15) [1, p.247).
A natural number m > 2 is called square free if it is written as a product of mutually

different prime numbers. As a convention, 1 is defined to be square free. We denote by
S the set of square free elements in N:

8o := {m € N|m is square free}. (3.14)
For each N € N, we define a set Sp(N) as follows:

So(l) = {1}, (3.15)
So(N) = {m € Sy|m is a divisor of N}, N >2. (3.16)

Let N > 2 be given as (2.15). Then each element m of Sg(N) is of the form

i

m = pfl ---pl, (3.17)
where g; =0 or ¢; =1 (j = 1,--+,n). Corresponding to this, we define a vector ®n,, by
QN.m = b:l‘" e b:"q"Qlc, (318)

where Q := {1,0,0,---} is the Fock vacuum in Fp(K).
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Let
FIK) = {klc e C}, FK):= L{@nm|m € So(N)}, N >2. (3.19)

Then féN)(lC) is finite dimensional with dim.'ﬁgN)(IC) = 2*(™)_ We denote by Ry the
orthogonal projection from F¢(K) onto féN)(IC).
Let N > 2 be of the form (2.15),
K:N = L{u;k|k= 1,"',72} (3.20)
and Ty be the restriction of T to K. Then we can show that
Tr (RnTe(2)e ¥ Ry) = det(1 + ze™*™). (3.21)
Let m € So,m > 2 and
m = piy Py, (3.22)

be its factorization in prime numbers (i; # %, j # k). Then we define a vector ®,, in
Fr(K) by
B, = by -+ B Q. (3.23)

For m =1, we set ®, := Qx. For m € Sy, we define ®,, :=0.
Lemma 3.5 [28] The set {®.,}mes, is @ CONS of Fr(K).

The Mébius function p : N — {0,%1} is defined as follows: (1) := 1, p(m) := 0 if

m & S and p(m) := (—1)" if m is written as the product of mutually different r prime
numbers. We have

p(m) = (=1, me . (3.24)

Lemma 3.6 For all m € S, ®,, is an eigenvector of Np with eigenvalue y(m).

Lemma 3.7 For all m € So, ®,, s an eigenvector of Hp(T) with eigenvalue log Fr(m),
where Fr is defined by (2.19) with A=T.

It follows from Lemmas 3.6 and 3.7 that

o Z1m) | u(m
ZF(S) Z;T) = Z Wy

m=1

z€ D, (3.25)

where we have used that u(m) = 0 for all m € S and |u(m)| = 1 for all m € S;. By
(3.25) and Theorem 3.1, we obtain the following.

Theorem 3.8 Let z € D. Then
oo z'y(m)lp'( )l o E
™ u(m)| _ —3Ea(T)
Frmy = 11 (14 ze=B-M) (3.26)

m=1 n=1

Theorems 3.8 and 2.6 imply the following.
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Corollary 3.9 Let z € D. Then,

& 21| p(m)| 1
= . 3.27
s Frlmp T (™ (3.27)
"=t Fr(n)*
We introduce a function n on N x N by
7(l,n) = 0, (3.28)
q(m, n) = Z(_l)k—l6ikn (329)
=1
if m € 8 is expressed as (3.22). If m ¢ Sy, then 5(m,n) :=0 for all n € N.
Theorem 3.10 Let z € D andn € N. Then
&, 27™)n(m,n) z
= FT(m)s - esEn(T) + ZZF(S'I z T)' (330)

The left hand side of (3.21) is equal to ¥ nes,(v) 27(™) [ Fp(m)?. Hence we obtain

27| u(m)|

) (14 2e). aa

m|N
3.3 Connections with analytic number theory

Consider the case where H = #2 and T'= wp. Let z € D and s > 1. Then we have

o ¥(m)
Ze(s, ziwp) = 30 LBl

m=1

(3.32)

mt

Let f be a completely multiplicative function as in Section 2.3 and z € D. Then, by
(2.41), we have

Ze(L, 5 Ap) = 35 2 u(m)|(m). (3.33)

m=1

By Theorem 3.8, we obtain the following.

Corollary 3.11 Forallz€ D,

3 7 u(m)|f(m) = I(1+ =5 (3:34)
pE

m=1
Theorem 3.10 gives the following.
Corollary 3.12 Foralln € N and z € D,

& ~(m — Zf(P,.,) . =
mz—_;l 2 )17(m7 n)f(m) = T+ 2f(o) " zf(pn)ZF(l,Z, Aj) (3.33)
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Jordan’s totient function J,(N) (s > 0,N € N) is defined by J,(1) := 1 and, for
N2>2

1
J(N)y=N TI (1 - —J) (3.36)
pINipeP P
[1. p.48]. The special case
w(N) = Ji(N) (3.37)
is Euler’s totient function [1, p.25, p.27]. We have
det (1—e=@¥) = T] (1 - i) , $20, N22 (3.38)
pIN:peP p
Hence we obtain
Jo(N) = Ndet (1-e™“?¥), 5>0, N>2, (3.39)
which, together with (3.21), implies that .
Jy(N) = N*Tr (Rw(-1)¥ e Hr?) Ry} | 5> 0, NeN. (3.40)

This gives an expression of Jordan’s totient function in terms of Fock space objects.
Formula (3.31) implies the well known identity [1, p.48]:

L(N) =3 u(m) (g) s>0, NeN. (3.41)
m|N ]

4 Arithmetical Aspects of Boson-Fermion Fock
Spaces

4.1 Some general aspects

Let H and K be Hilbert spaces as before. Then the Boson-Fermion Fock space associated
with the pair (M, K) is defined by the tensor product Hilbert space

Fer(H,K) = Fs(H) @ Fr(K). (4.1)

Let A and T be nonnegative self-adjoint operators on H and K respectively. Then the
operator

H(A,T) == Hy(A) ® I + I ® Hy(T) (4.2)

on Fgr(H,K) is nonnegative and self-adjoint.
We assume the following.

Hypothesis (AT) The operators A and T satisfy Hypothesis (A) in Section 2 and Hy-
pothesis (T) in Section 3 respectively.
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Under this assumption, e *#(4T) is trace class and we can define a partition function
Z(s,z,w; A,T):=Tr (Fg(z) ® Fp(w)e"H(”"T)) , zZ2weD. (4.3)
We have

Z(s,z,w; A, T) = Zg(s,z; A) Zp(s,w;T), z,we€ D. (4-4)
If one can represent the left hand side of (4.4) in various ways, (4.4) may produce nontrivial
arithmetical relations for eigenvalues of A and T. Moreover, different expressions of
Tr (X e~*H (A'T)) with X an operator on Fgp(H,K) may yield interesting arithmetical
relations. These are basic ideas to search for arithmetical relations by quantum field

theoretical methods.

We carry over the notation in the preceding sections. Let N > 2 be of the form (2.15)
and m € S(N). Then we can write

m = (pi,)" (pi,)® -+ (pin) ™ (4.5)
where g; = 0 or ¢; = 1. Based on these factorizations, we define a vector
Onm = Crm [(a'gl e (a;n)ﬂn—qngﬂl ® [(b‘gl)q: ces (b}',.)q"ﬂlc] , (4.6)

where Cn,» > 0 is a normalization constant. For N = 1 and m = 1, we set Q;,; :=
O ® Q.
Lemma 4.1 [28] The set {nm|N = 1, m € So(N)} is a CONS of Fer(H,K).
The following fact is easily proven.
Lemma 4.2 Let N € N, m € S(N) and z,w € D. Then Qn,, is an eigenvector of
[a(2) ® Tr(w) with eigenvalue z7M)=¥(m)y (m),
For each N € N, we define a function Y4 r(N, ) on So(N) by
Yor(N,m) := H e(ak—qk)E-.(A)+quu(T)’ m € So(N), 4.7
k=1
when N and m are represented as (2.15) and (4.5) respectively. Note that
N
Yyr(N,m) = Fy (;) Fr(m). (4.8)
Lemma 4.3 Let N € N and m € So(N). Then Q. is an eigenvector of H(A,T) with
eigenvalue log Y4 r(N, m).

Theorem 4.4 Let z,w € D. Then
21 N=2m) ) |y (1)

Z(s,z,w; A, T) = 4.9
( )= T T (49)
Corollary 4.5 Let z,w € D. Then
o L N=2{m)yr(m) [y (m))|
= Zg(s,z; A) Zp(s,w; T). 4.10)
Foimy Yar(Nym) Bl )2 ) (

Remark 4.1 If we put into the right hand side of (4.10) the formulas established in
Sections 2 and 3, then we obtain explicit formulas, which are nontrivial.

Remark 4.2 By rescaling as T — tT'/s (¢ > 0) in (4.10), we can obtain relations at
different temperatures 1/s and 1/t. Hence (4.10) include “duality relations™.

51



4.2 Connections with analytic number theory

We consider the case where H = K = £2 and A =T = wp. Then we have Y, .., (N, m) =
N. Hence Corollary 4.5 gives

o N 1m) 1) |y ()|
N s

= Zg(s, z;wp) Zp(s, w;wp), s> 1. (4.11)
N=1m|N

This yields well known relations

> 2N ((s) i AMN)2Y™) — D(s,))

W DN g v e T
Let f be the completely multiplicative function conéidered in Section 2.3 and
H := H(Ay, 4y)
Then we have for all s > 1
Tr (Tpe™*¥) =1, Tr (I‘Be—’”) =1, (4.12)

which are supersymmetric identities [6, 28]. These relations imply the following:

m)f(m) = =g m)|f(m) = cg——- 4.13
2 M) = g ey LMV = sy 49
By Corollary 4.5 with rescaling T' — tT'/s, we obtain
) Y(N)=(m) yyv(m)
: ,wt_, LA Zp(s,z;wp) Zp(t, wiwp), t>s>1. (4.14)
N1V N°m

Remark 4.3 General theories on Boson-Fermion Fock spaces have been developed in
(3, 5,6, 7,9, 11, 13, 15, 16]. See also [2, 4, 8, 10] for related aspects. Applications of
these theories to arithmetic quantum field theories may yield interesting results in analytic
number theory.
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