Lévy Processes on Quantum Hypergroups
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Michael Schiirmann !

Abstract. Quantum hypergroups are non-commutative versions of hypergroups
and were introduced by Yu.A. Chapovsky and L.I. Vainerman. Assuming that
the quantum hypergroup satisfies a certain positivity condition (Schoenberg’s cor-
respondence), we show that Lévy processes, like in the quantum group case, are
given by solutions of quantum stochastic differential equations in the sense of R.L.
Hudson and K.R. Parthasarathy. We prove that quantum hypergroups of double
coset type satisfy Schoemberg’s correspondence. As an example we discuss the
quantum hypergroup U(2)//U(1} with U(n) the non-commutative analogue of the
coefficient algebra of the unitary group.

1. Intoduction
Let K be a hypergroup; see [2]. This means, among other conditions, that

e K is a (locally compact) topological space with a distinguished point
e€ K.

e There is a binary operation, denoted by * and called convolution, on
the space M, of finite signed measures on K which turns M, into an
algebra.

e For probability measures y and v the convolution product uxv is again
a probability measure.

o pxb =0, xp=pforal yeM,
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where 4, is the Dirac measure at z for z € K.

For an appropriate complex-valued function f on K (for example, f €
L*(K)) we define the function Af on K x K by

Af(z,y) = /K Fd(6. %é,).

If f € L*°(K) then Af € L®(K x K). In many cases L®(K x K) will be
(the closure of) the tensor product L®(K) ® L=(K) and we will have the
following situation. There is a *-algebra F(K) of functions on K such that
A maps F(K) to the tensor product F(K) ® F(K). The hypergroup can then
be described by a triplet (F, A, §) with the properties

e F is a complex *-algebra

e A:F — F®F is a positive linear mapping satisfying A1 =1®1 and
the coassociativity condition

(AQid)c A=(id®A)o A

e §: F — Cis a x-algebra homomorphism satisfying the counit condition

(0®id)oA=id=(d® o A

If we allow not only commutative %-algebras and if we replace the positivity
of A by complete positivity we arrive at the notion of a quantum hypergroup
(see [3]) or, more generally, of what we call a hyper-bialgebra.

Important examples of hypergroups are given by a double coset structure. Let
G be a semi-group with unit element e. In order to stay in a purely algebraic
framework, we consider the *-algebra R(G) of functions which come from a
finite-dimensional representation of G (i.e. f € R(G) if f(z) = (¢,v(z)¢) for
&,¢ € C* and 7 a *-representation of the elements of G as n X n-matrices).
R(G) becomes a x-bialgebra if we define the comultiplication by A,(z,y) =
f(zy) and the counit by &;(f) = f(e). Now let H be sub-semi-group of G
equipped with a Haar measure \. Since H is a semi-group, we can define a
comultiplication A, and a counit & on R(H) in the same manner as for G.
Denote by 7 : R(G) — R(H) the restriction to H. Then 7 is a *-bialgebra
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homomorphism. Denote by R(G)//R(H) the space of functions in R(G)
satisfying
flzzy) = f(z)forallz,y € G, z€ H,

that is R(G)//R(H) consists of functions on G//H, the space of double cosets
of G with respect to H. We have

R(G)//R(H) = {f € R(G) | (x®id)oA,f = 1®f and (id®r)oA,f = f®1}.

It can be shown that the x-algebra R(G)//R(H) is turned into a hyper-
bialgebra if we set

Af(zy) = / flz2y) dA(2)

and
3f =o.f = f(e),
f € R(G)//R(H). Then

A =(d®(Aom) ®id) o (A, ®id) o A [R(G)//R(H)

and & = 4, [R(G)//R(H). Examples of this construction are given by double
coset hypergroups. Moreover, this constuction can be turned over to the
non-commutative setting; see [3] and Section 3 of this paper.

We will be concerned with quantum stochastic processes on hyper-bialgebras,
in particular, with quantum Lévy processes. These are defined in analogy
to Lévy processes on *-bialgebras: *-homomorphisms are replaced by com-
pletely positive mappings; cf. also [12). We prove that Lévy processes on
hyper-bialgebras can be realized as solutions of quantum stochastic differen-
tial equations on Bose-Fock space, thus generalizing the result for bialgebras,
under the condition that the hyper-bialgebra fulfills the principle of Schoen-
berg’s correspondence (Section 2). We were not able to prove Schoenberg’s
correspondence in the general case of a hyper-bialgebra but only for hyper-
bialgebras of double coset type with the additional assumption that the Haar
measure is faithful (Section 3). In Section 4 we introduce the example of
the double coset hyper-bialgebra U(2)//U(1) with U(n) denoting the non-
commutative analogue of the coefficient algebra of the unitary group U,. In
Section 5 we consider a class of Brownian motions on U(2)//U(1) for which
we analyze the corresponding quantum stochastic differential equations in
Section 6.
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Vector spaces will be over the field of complex numbers. Algebras are al-
ways assumed to be associative, complex and unital. For a vector space V
we denote by V' the vector space of linear functionals on V. For a coal-
gebra (C,A,6) we define the n-times comultiplication A®™ : ¢ — C®»,
n=0,1,2,..., inductively by A® = § and A+ = (id ® A™) o0 A. Note
that AV =id and A® = A.

A x-algebra is an algebra .4 equipped with an involution, i.e. an antilinear
mapping e +> a* satisfying (ab)* = b*a* and (a*)* = a. An element of a
*-algebra is called positive if it is a finite sum of elements of the form a*a.
A linear mapping @ from a *-algebra A to a *-algebra B is called positive if
®(a*a) is a positive element in B for all a € A, i.e. if ® maps positive elements
to positive elements. We call & completely positive (c.p.) if ®1 = 1 and if
d®id : A® Mn(C) = B® M,(C) is positive for all n € N where M,(C)
denotes the x-algebra of n x m-matrices. The tensor product of two c.p.
mappings is again c.p.

2. Lévy processes on hyper-bialgebras

A gquantum probability space is a pair (A, ®) consisting of a *-algebra A and
a state ® on A, see [1] and also [9, 8, 4, 13]. For a complex vector space V
a linear mapping j : V — A is called a quantum random variable (q.r.v.).
The unital sub-x-algebras A,,..., A, of A are called (tensor) independent if
[Ax, Al = 0 for k # I, and if ®(a; ...as) = ®(a1) ... ®(a,) for all ax € A,
k=1,...,n. The q.r.v. ji,...,7n, j& : V& = A, are said to be independent
if the »-algebras *-alg (jx(V)), £ = 1,...,n, are independent where *-alg
means ‘unital x-algebra generated by’. T

The *-tensor algebra 7 (V) over a vector space V is defined to be the free
x-algebra generated by V. This space can be realized as the vector space

Bren®

with V a complex conjugate copy of V and the *-algebra structure given by

m®..o)v=0®...v,Qv; v =71.
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For a q.r.v. j we denote by 7(j) the unique extension of j to 7(V) as a
*-algebra homomorphism. The distribution of j is the state ® o T(j) on
TW).

A Lévy process on a coalgebra C is a family of q.r.v. (j,) over the same
quantum probability space, indexed by pairs (s,t) of real numbers with 0 <
s < t, and satisfying

o Jrekin=jm 0ST<s<t
L4 ]n=6id

® Jtitys- -1 Jtntns, independent for 0 <ty <tp <+ Sty

the distribution of j,; only depends on t — s (we write ®, for the dis-
tribution of jg:)

o limy 04 4(c1 ® ... ®¢;) = 8(c1) ... 8(c) (where we put §(¢) = 8(c))

Notice that (7(C), T(A), T(6)) is a *-bialgebra. The above definition of a
Lévy processes says that 7°(j,) is a Lévy process on the *-bialgebra 7(C) in
the sense of [11]. Therefore, the theory of Lévy processes developed in [11]
applies and we obtain a realization of our Lévy process on a Bose-Fock-space
as the solution to a quantum stochastic differential equation in the sense of
Hudson and Parthasarathy [7].

‘We describe the situation more precisely. Let D be a pre-Hilbert space. We
denote by L(D) the x-algebra formed by all linear operators R : D — D which
possess an adjoint R* on D (i.e. there exists a linear operator R* : D — D
such that (£, R¢) = (R*£,() for all £,¢ € D.) Suppose that we are given

e a linear mapping r: C = L(D)
e 3 linear mappinge:C®C — D
® 3 linear mapping ¢ : C — C.

We put r(€) = r(c)* and () = ¥(c) and we will always assume that the set
{x(by)...r(ba)e(d) | b,by, ..., by € C®C} is total in D.

Consider the quantum stochastic differential equation

djst = Jeexdly; Jos =40

97



with
Ii(c) = Al (e(c)) + Ae(x(c) — 6(c)id) + As(e(2)) +¥(c)t; ceCdC
in the sense of [11], Theorem 2.5.1. Then the solution to these equations is
a Lévy process on C whose generator ¥ : T(C) — C is given by
T(c) P(c) force CoC
U(c; ® cp) (e(2y), e(ca)) for c1,c €CHC
V(e ®...®0cn) = {e(@),r(c).. r(ca-1)e(cn)) forey,...,cn €ECHEC, n >3

Conversely, starting from a Lévy process, by applying the GNS construc-
tion to its generator, one obtains D, e, r, ¥ such that the above quantum
stochastic differential equation yields a version of the process. The quantum
probability space underlying our Fock-representation of the Lévy process is
given by the x-algebra L(€p) and the vacuum state. Here

&p = [ domo™ n | JT(E)

a>0 E

with N the number operator, ['(E) the Bose-Fock-space over L?(R+) ® E,
and where the union is taken over all finite dimensional subspaces E of D.

We pose the following question. Let the coalgebra B also carry the structure
of a %-algebra such that the following are satisfied

e the comultiplication A : B - B ® B is completely positive (c.p.)
e the counit § : B — C is a *-algebra homomorphism

We call such an object a hyper-bialgebra; see [3] where the concept of a quan-
tum hypergroup was introduced. What are the conditions on the coefficients
e, r and 1 such that the corresponding Lévy process consists of c¢.p. map-

pings?
We equip 7(B) with an other multiplication, denoted by -, by setting
0®...00) (1®...0cm)=b61®...0L_1@ (b)) ®...QCn.

which turns 7°(B) into a hyper-bialgebra. This new hyper-bialgebra has
another interpretation. Consider the free product

B C(p)
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of unital hyper-bialgebras B and C(p) (cf. [12]) where C(p) denotes the *-
bialgebra generated by a single projection p (i.e. an indeterminate satisfying
p? =p=p*). Then

B U; C(p) = (kern B) Ukern C(p) & C1

(here U is the free product of algebras) and the *-bialgebra 7(B) can be
recovered in B U; C(p) if we identify b, ® ... ® b, with ptopt...p b0t
Moreover, the hyper-bialgebra 7°(B) is also a sub-hyper-bialgebra of BLi; C(p)
if we send b, ® ... ® by, to bipt...plb,.

We say that a hyper-bialgebra B satisfies Schoenberg’s correspondence if for
a linear functional ¥ on 7(B) the following are equivalent:

(i) ¥(1) = 0, ¥(B*) = ¥(B) for all B € T(B) and ¥(B* - B) > 0 for all
B € kern T(8)

(ii) exp,(t¥)(1) =1 and exp,(t¥)(B* - B) > 0 for all B € T(B)
where the convolution in (ii) is with respect to the comultiplication 7(4).

A x-representation of an algebra A on a pre-Hilbert space D is a *-algebra
homomorphism from A to L(D). For a #-representation p of the *-algebra
A on a pre-Hilbert space D and for a *-homomorphism § : A — C the
pre-Hilbert space D becomes a two-sided .A-module if we put

a.£.b= p(a)¢s(b) for a,b € Aand £ € D.

We speak of (p, §)-cocycles and -coboundaries of the Hochschildt cohomology
associated with this bimodule structure of D.

Theorem 2.1 Let B be a hyper-bialgebra which we suppose to satisfy Schoen-
berg’s correspondence. Let jy be a Lévy process on B with coefficients D, e,
r and 3. Then the q.r.v. ju are c.p. if and only if there erist

o a pre-Hilbert space E and an isometryV : D -+ E
e a x-representation p of B on E
e a(p6)-1-cocyclen: B E

such that
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ee=V*oy
er(b)=V*opd)oV
o —(n(b*),n(c)) is the (4, §)-coboundary of 3 .

Proof: Using Schoenberg’s correspondence, it is not difficult to see that a
Lévy process on B is c.p. if and only if its generator satisfies the condition
(i) above. However, then we can apply Corollary 2.5 of [12].$

Let js; be a Lévy process with the extra property that the isometry V' ap-
pearing in the canonical construction of j,; is unitary. We call such a process
basic. In this casen =e,r = pand ¥(b; ®...®b,) = (b1 ...b,). Therefore,
a basic Lévy process is given by a conditionally positive, hermitian linear
functional ¥ with (1) = 0 on B. In fact, there is a 1-l1-correspondence
between such functionals and basic Lévy processes.

3. Double coset hyper-bialgebras

Let B, and B; be *-bialgebras. Suppose that we are given a Haar measure A
on B, that is A : By — C is a state satisfying

(d®X) o Ay = Al = (A®id) 0 A,.

We will also assume that ) is faéthful, a condition needed for the proof of
Theorem 3.1 below. Let 7 : By — B; be a x-bialgebra epimorphism. We put

BB, = {beB|(id®m)oA}) =b@1}
B\B, = {b €eB | (1r®1d) [ Al(b) =1Q® b}
B = Bl/BzﬂBz\Bl
Next we define ~
A Bl - Bl ® Bl

by
Ab=(ild® (Aom) ®id) o AP.

It is not difficult to check that (B, A,6) with A = A[B and & = 6;[B is an
example of a hyper-bialgebra; see [3]. We sometimes write B = B, //B; and
call B a double coset hyper-bialgebra.
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Theorem 3.1 Double coset hyper-bialgebras satisfy Schoenberg’s correspon-
dence.

The proof will be given at the end of this section.

To analyse the situation consider first a convolution semi-group ¢; on B =
B,//B,. We know that ¢, is the convolution exponential of 1 = $¢;|;=o, the
pointwise derivative at 0 of ¢, i.e.

@r = exp, (1)

which is defined pointwise as the series

® _ixn *2
Z%t”=6+¢t+%t2+.‘.,

n=0

see [10]. Now a linear functional 8 on B C B, can be extended to B, by
setting .
B=pBo((Aonm)®id® (Aom)) o AP

because ((Aom) ®id® (Aow)) o A® maps By to B. Moreover, the restriction
of B to B gives back 8. We may write

B[B=pand f=(Aom)xBx(Aom).
The convolution semi-group ¢, is mapped to @; with the properties

Ps+t = @ @ (with respect to A;)
Q¢ = dom=@yfort — 0+

Thus @; is a continuous convolution semi-group on B; which does not start
at the counit §; but at Ao x!

This leads to the following general consideration. Let B be a *-bialgebra and
suppose that we are given linear functionals ¢, satisfying

Patt = Pak Pt
P = Yo
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Can we differentiate ¢; at 07 Let us look at matrices first. Let A; € My(C)
with A,y = A,4; and A; — Ag. Since A2 = Ay we can find a basis of C¢
such that A4y is of the form
10
(03)

with I the n X n-unit matrix, n < d. We have ApA; = A; = A;A; which
means that A; has the form
Bg 0
(%3)

By =B,B;, B~ 1L

with B; € M,(C) and

We know that B; = *® with G = $ By|—o and therefore

tG -
a= (% 0) =t W)
and '
d -
aAth:o =G
G O

where we put G = ( ) In the case of a general coalgebra C and

00
0r € C'y @t = @5 % 1, O —> o, We use for a given element b in C the
fundamental theorem on coalgebras (see [14]) to find a finite-dimensional
sub-coalgebra C, of C containing b. For T; : Cy — Gy, Te(c) = (1d®¢¢) 0 A(c),
¢ € Cy, we have T,y; = T,T;, T, = To. By what we saw for matrices it
follows T; = T !¢ and

@e(€) = 8 0 Ti(c) = poxet?(c) for c € Gy
with 1 = § o G. We also have

ZOlimo = (pox () = (W 20)(©) = ¥(6)

for ¢ € Cp. Since the intersection of two sub-coalgebras is a sub-coalgebra, 1
can be defined on the whole of B such that

d
az‘P:h:o =1v; ¢e= o *e:‘b'
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A sesqui-linear form L on a vector space V is called positive if L(v,v) = 0
for all v € V. In order to prove a Schoenberg type result for convolution
semi-groups (on *-bialgebras) which do not start at the counit, we proceed
like in [10] by showing

Lemma 3.2 Let C be a coalgebra. We form the tensor product (C®C, A, §®4)
of the coalgebras (C, A, 8) and (C, A, ) where C denotes the complez conjugate
coalgebra of C. Let L, be linear functionals on CQC (that is the L, are sesqui-
linear forms on C) satisfying

e Ly.: = L, % L; (with respect to A)
o L, — Ly pointwise for t — 0+

Then for q
K= d—t‘Lt|¢=o

the following conditions are equivalent:

(i) Lo is positive and

K(c,¢) 2 0 for all c € C with Lo(c,c) = 0, and K(c,d) = K(d,c) for
allc,deC

(ii) L. are positive for allt € Ry

Proof. The proof is similar to the counit case. We give it here in a version
adapted to our situation.— (ii) == (i) is proved by differentiating. For
the proof of (i) == (ii) it suffices to show that Ly xeX is positive. Thanks

to the fundamental theorem on coalgebras we may restrict ourselves to a
finite-dimensional C.

We choose a scalar product S in C. We begin by showing that to each ¢ > 0
there exists a § > 0 such that

Ly(e,c) £ dand || c|l=1 = K(c,¢) > —¢

(Notice that by assumtion K(c,¢) is real.) To see this we form the sets

Ane={ceC||lcl=1and Ly(c,¢) < ;1; but K(c,0) < —e}.
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The An, are closed with (), A, = 0. The latter follows from the fact that
K(c,c) > 0 if Lo(c,c) = 0. By compactness there is ng such that Anye = 0.
Puté= L.

0

Next we show that to each ¢ > 0 there exists 7, such that

L0+K+eS

is positive for all n > n.. By the first part there is a § > 0 such that for
lell=1

K(c,c) + €2 0if Lo(c,c) < 6.
This means K +eS
(Lo+ =—)(e,0) 20
for all ¢ € C with || ¢ ||= 1 and Ly{c,c) < 4. For c € C with || ¢ ||= 1 and
Lo(c,c) > & we find n, such that

K(c,c)+¢ < || K || +e <6
n n
for all n > n,. Then
(L0+K:es) ()20
forallceC, || c||=1, Lo(c,c) > b, n > n. Thus
K +€S
Lo+ 4+ €
n

is positive for all n > n,.. Since the convolution product of two positive forms
on C is positive we have that

K +e€S
n

K+€L0*S*Lo

Lo*(Lo-l— )*L0=Lo*(3®ls+ )ZO

for all n > n, and

*n *1
K+eL0*S*L0) = ILox (5®6+ K+GL::S*L°)

OSLg*(Lo+
n

converges pointwise to the form Lo % eX+¢Lo*SxLo which, therefore, must be
positive. By lettting ¢ tend to 0, we arrive at the desired result.{

As a direct consequence we have

Theorem 3.3 Let B be a *-bialgebra and let p; € B, t € R, satisfy
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® Dot = Py Ky
® Pt o
Then for ¢ = %cp,],:o the following conditions are equivalent:

(i) o s positive and

Y(b*b) > 0 for all b € B with py(b°b) = 0, and p(b*) = p(b) for all
beB

(ii) ¢ is positive for allt € R,

Proof. We observe that, by applying the mapping
F:B = (B®BY

given by
F(@)(e,d) = p(c*d),
we can reduce everything to the situation of the preceeding lemma.{

Proof of Theorem 3.1: Let B = B,//B, be a double coset hyper-bialgebra.
Then we define the homomorphism 7 from (7(B),) to Bz by

F(b1®...®by) =by...b,

1t is straightforward to check that 7(B) equals 7T(B;)//Bs, so that T(B) is
again a double coset hyper-bialgebra. Thus it is sufficient to prove that for
a linear functional v on a given double coset hyper-bialgebra we have

1 conditionally positive and hermitian = ¢, = e¥ positive
P '

However, ¢; and 1) satisfy the conditions of Theorem 3.3 with @o = Aom. To
see that 1) satisfies (i) of Theorem 3.3 we remark first that (Ao m)(5*d) =0
if and only if b € kern 7 since A is faithful. Then, using the fact that kern
is a bi-ideal, one shows that, for b € kernm, (Aom) ®id® (Aom)) 0 AP b*p
is of the form 3 cf¢; with ¢; € kernd. An application of Theorem 3.3 yields
the positivity of ¢; and of ;. &

4. The hyper-bialgebra U(2)//U(1)
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For d € N we denote by U(d) the free (non-commutative!) *-algebra gener-
ated by indeterminates zy, k,[ = 1,...,d, with the unitarity relations

d
§ : zknzl.n

n=1

Sut (2)

d
D Tt = O 3)

n=1

The *-algebra U(d) is turned into a *-bialgebra if we put

d
Dz = szn®$m

n=1

0T = Ou.

This *-bialgebra has been investigated by P. Glockner und W. von Walden-
fels [6). If we assume that the generators zy, T} commute we obtain the
coefficient algebra of the unitary group U,. This is why U(d) was sometimes
called the non-commutative analogue of the coefficient algebra of the unitary
group. It is equal to the *-algebra generated by mappings

& UCT @ H) = B(H)

with

Ea(U) = Un, U € U(C? @ H) C My(B(H))
where # is an infinite-dimensional Hilbert space and U(C¥ ® H) denotes
the group of unitary operators on C? ® H. Moreover, B(#) is the *-algebra
of bounded operators on H and My(B(#)) denotes the *-algebra of d x d-
matrices with elements from B(?).

Proposition 4.1

(a) On U(1) a faithful Haar measure is given by A(z") = dop, n € Z.

(b) On U(1) an antipode is given by setting Sz = z* and extending S as a
*-algebra homomorphism.

(c) For d > 1 the %-bialgebra U(d) does not posses an antipode.
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Proof: Only (c) requires a proof. Let us suppose that we are given an an-
tipode S on U(d), d > 1. Then

d d
Z ZS (Tkn)TniTt = Tik
m=1 n=1
d d
= ZS(mk,)Zz,.xz,‘m
n=1 m=1
d
= ) S(Tkn)bu-
n=l
= S(zn)

Similarly, one proves that S(z},) = zy. Since S is an antipode it has to be
an algebra anti-homomorphism. Therefore,

d d
SN amth) = 3 5(ai)S(arn)
n=1 n=1
d
= Ez,.;m,’,k
n=1

which is not equal to oy if d > 1.{

Using the result of Glockner and von Waldenfels, we can describe the coal-
gebra structure of U(d) as follows. Define a mapping

Ay : U(d) - Map (U(C* @ H) x U(C* @ H), B(H) ® B(H))
by setting .
Au(UV) =3 U ® Va.

An emdedding ¢ of U(d) ® U(d) into M_a;) UC @ H) xU(C @H), B(H) ®
B(#)) is given by
bR c)(U, V) = a(U) @ b(V)

and we have

A, U(d) € ((U(d) ® U(d)) with Ay =1 10 A,.
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Let us now apply the construction in the beginning of this paragraph to the
situation
By =U(2); Bo=U(1) =C(z,z*)/zz* =1 =12z

w(z11) 7(z12) ) (=0 )

1!‘(2,‘21) W(Igz) 01
In order to describe B in this case, we introduce two gradings 1 and g on
U(d) by setting

and

1 if k=lande=0
=) = { -1 if k=lande=1

0 if k=2ande=1
g(=}) = 1(=)

where we use the notation zJ = z and zi = z},. Since (2) and (3) are
homogeneous elements of the free *-algebra generated by zy, the gradings 1
and g are well-defined. Denote by B§° and B, () the space of homogeneous
elements of degree 0 in U{d) in the 1- and g-grading repectively.

Proposition 4.2

i
i
1]

{beU@)|(r®id)oA; =18 b}
= {beU@)|(1@m)c A, =b@1}
B = BOnBy

B

=

c
|

Proof: We prove the first identity. If we consider (7 ®id) o A1b as an element
of Map (U(H) x U(C* ® H),B(H) ® B(H)) we have for a monomial b =

& &)
. Uy U e (&) [ u®Unn U®Up
(r®id) o Alb('u, ( Un Un )) = &b | ¢ OUy 18Uy

— B gple)  plen) [ Un Ure
- wOegn..d (g g ).

For an arbitrary element

b= 5", b e B
nez
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in U(d) we have

U®Uu U®Up - n (n) Uy U

b(1®U21 1®Un —gu ®b Un U
which is equal to
Zl®b(n) ( gu glz )
= 1 Use
for all u € U(#) and all U € U(C* @ H) if and only if 5™ = 0 for n # 0.0
B is not a =-bialgebra. We have Az = 232 ® 722 but

AZyThy = TTis ® TnTiy + (1 — T2735,) @ (1 — z1127,).

Notice that Uz//U, is the unit sphere S!, so, in this sense, U{2)//U(1) might
be regarded as a non-commutative version of S'.

Following [11], Section 5, a basic Brownian motion on B is a basic Lévy
process on B whose generator ¥ satisfies

b(be) = P(5)5(c) + 8(B)(c) + d(c)d(b)
where d is a derivation on B, i.e. a linear functional on B with
d(be) = d(b)d(c) + d(b)d(c), b,c € B.

5. Examples of generators on U(2)//U(1)

We will now consider a class of basic Lévy processes on B = U(2)//U(1). Let
B = (b;;) a hermitian 2 x 2-matrix and let 4;;, 1 < 4,7 < 2, be four complex
matrices. Define p, 77, and 1 on the generators of U(2) by

P(zij) = Jl(zij)idMu 1< i)] S 2)
P(Z;j) = Jl(zii)idev 1<4,j <2,
Tl(zij) = Al'j) 1<4,5<2,
ﬂ(x:J) = '—Aji: 1<4,j <2,
2
. 1 .
(zi) = b —5 ) (ArAw), 154752
2 k=1

1 2
¢(zL) = _zbjl - a (Aki) Akj)s 1 S Z:J S 21

2 k=1
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where (4, A') = Y aa; for A = (a;), A' = (a};) € My is a scalar product
on My. These maps extend to a unique triple on U(2) in the sense of Def-
inition 2.3 of [5]. Actually, this is the form of a general Gaussian triple on
U(2), cf. [11], Section 5 and [5]. The restrictions of p, 7 and 9 to B define a
triple on B and therefore the quantum differential equation

dj:t = j't*dIt H j.u =4

yields a basic Lévy process on B.
It is instructive to compare this process with the process 7 on U(2) obtained
by solving the quantum stochastic equation

i =Jaexdly; Jos =0y

where x, denotes the convolution w.r.t. the coproduct A; of U(2). Even
though the differentials appearing in these two quantum differential equa-
tions coincide, in general they are different because they come from different
coproducts. Therefore one expects the processes to be different, too. This
is the case. It can be checked by computing the expectation values or by
verifying that j is not a *»-homomorphism (wheras j is a Lévy process and
therefore always a *-homomorphism).

Let us study the first few moments of 7;: We have

P(ZiTr) = ~(Aji, An) + 8590 (Tua) + Sd(z),
b(zhzn) = (Aij, Au) + 851 (@r) + Oud (i),
P(zizh) = (Azir Aw) + 6% (za) + Oup(zis),

P(zhay) = — (A Aw) + 659(@w) + Out(zi;)

for the values of 9 on products g)f the §enerators. Innparticlzﬂar, we have
Wanzh) = [|AulP + iby ~ MnlGlE g, - PulZIA0E = 451,

Y(znzy) = —||An|P.

Due to the form of the coproduct A; on U(2), we get
EQn(zi3)) = (e““’“*”)ls~.'s=)

E (J'oz(z.’,-))

ij

ij
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and similar formulae for the second-order elements, i.e. write 1b(:c,(;):v£‘,))

as a matrix, with the elements ordered in the following way,
sie oiss sasl) sgad
€ € €, €, €, €, €, €,
v| T TaTs hath tate
€, (3 € £, €, € € €,
TN T TR BT
€, € € € €, € € €
To1Tpy To1 Tz Tpalz) T a2
and then exponentiate this matrix.
For the moments of jo; we get

E(o(z) = e¥@22) = exp (itb” _tM}“—AP_’E) ,

Gl + IIAzleZ)
b

Blinls3) = ¢ = exp (~iths = *

and

E(jor(T22222)) eVlE72) = exp (2ithy; — 8| Are||* — 2¢]| Azl |?)
E(jor(z3,83,)) = e¥527h) = exp (—2ithy — t|| Apal|® - 2t|| Anl[?) .

We have

Azyzl, = zizh ®oney + (1—znzy) ® (1 — z0z3,),
ATTh = TTh ® ToaTypy + (1 — Tazy,) ® (1 — z1171,),

and therefore

& e1d(znzy;) — (1 — 1) (5275),
Y2 = @a¥(22T3) — (1 — wa)¥(zuiz]y),

for ;(t) = E(joe(ziizy)), © = 1,2. Since ¢;(0) = 6(z;z};) = 1, we get

11}(3;11Iil)e‘(!b(ﬂll:;l)’l'!/‘(zﬂziz)) + ¢(I22$;2)

E(joe(znzy)) = t)= ’
(doe(zn1211)) eu(t) P(znzt) + Y(znsss)
- p(Enr)eEnztEmT) 4 (2,57,
E Too: = t) = ’
(Joe(z22730)) e2(t) P(z11z},) + Y(Tnzs,)
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6. Quantum stochastic differential equations
On U(2) we have
2
dselis) = Y, Foe(mar) dLe(ay),
k=1
where

Li(zxs) = A (Axs) — Ae(Ase) + plzes)t

On B we have, e.g.,
djse(22) = Jor(T22)dLe(T22),  dist(330) = Jae(23e)dLi(23,),
and

djst(T22%52) = Jat(@2275)ANe(T2275;) + (Jat(32225,) — id)dLe(z112],)
- = Jat(T22750) (Ai(22273,) + dli(zniz]y)) — dli(zuz,). (4)

For jy:(z22)Jat(25,), on the other hand, we get

d(fse(%22)Jst(232)) Jot(222)d 3t (z39) + djst(z22)dst(T32) + dist(z22) ® djse (32)
Jat(T22)Tat(232)d L (255) + Jot(To2)Fae (25) AT (202)
+Jst(T22)dst (232)ALe(T22) @ AL (23,)

Jst(T22)dst(252) (ALe(23) + dLe(T22) + dLe(722) @ di(z3,))

But since dI; is a #-homomorphism on ker é; and dI;(1) = 0, we get

dIt(:cgz) + dIg(xgz) + dIg(Zgg) ° dIt(.’E;z)

dI(z3, — 1) + dl(zep — 1) + dly(z22 — 1) e dLi(z}, — 1)
dl(Zee — 14+ 35, — 1 + (222 — 1) (23 — 1))

Al(zepx5, — 1) = dI(z2223,),

and therefore

A(Fse(22)7at(23,)) = Jat(Ta2)Gsr(3,)ALe(2273,) (5)
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We see that the quantum stochastic differential equations (4) and (5) differ
if dIy(z117},) # 0, and therefore we get

Jot(T22)Gse(T32) # Jar(ToaZ3y)

in that case, i.e., js is not a homomorphism. Note that I:(z1,z},) and
Ii(z227%,) are of the form

L(zuzy) = -241(Au) - 24:(An) ~ ||Aa|,

L(znsy) = —24;(A2) - 24(Ax) - || 4|

since Y(zn17},) = —||An |, ¥(z2735) = —||412||* and
zazl) = plzi)n(zs) — n(za)di(zh) = —244,

i = 1,2, so that it is not difficult to give the explicite solutions of (4) and
(3)-
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