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Abstract. Quantum hypergroups are non-commutative versions of hypergroups 
and were introduced by Yu.A. Chapovsky and L.I. Vainerman. Assuming that 
the quantum hypergroup satisfies a certain positivity condition (Schoenberg's cor
respondence), we show that Levy processes, like in the quantum group case, are 
given by solutions of quantum stochastic differential equations in the sense of R.L. 
Hudson and K.R. Parthasarathy. We prove that quantum hypergroups of double 
coset type satisfy Schoenberg's correspondence. As an example we discuss the 
quantum hypergroup U(2} //U (l} with U(n} the non-commutative analogue of the 
coefficient algebra of the unitary group. 

1. Intoduction 

Let K be a hypergroup; see [2]. This means, among other conditions, that 

• K is a (locally compact) topological space with a distinguished point 
eEK. 

• There is a binary operation, denoted by * and called convolution, on 
the space Mb of finite signed measures on K which turns Mb into an 
algebra. 

• For probability measuresµ and v the convolution product µ*vis again 
a probability measure . 

• µ*a. = a.*µ = µ for all µ E Mb 

1 lnstitut fiir Mathematik und Informatik, Universitat Greifswald, Friedrich-Ludwig
Jahn-Str. 15a, 17487 Greifswald, Germany 

93 



where ti,, is the Dirac measure at x for x EK. 

For an appropriate complex-valued function / on K (for example, / E 
L00 (K)) we define the function A/ on K x K by 

D..f(x,y) = [td(ti,,*tiy)· 

If/ E L00 (K) then A/ E L00 (K x K). In many cases L00 (K x K) will be 
(the closure of) the tensor product L00 (K) ® L00 (K) and we will have the 
following situation. There is a *-algebra F(K) of functions on K such that 
A maps F(K) to the tensor product F(K)181F(K). The hypergroup can then 
be described by a triplet (F, A, ti) with the properties 

• F is a complex *-algebra 

• A: F • F ®Fis a positive linear mapping satisfying Al = 11811 and 
the coassociativity condition 

(A181id) o A= (id181A) o A 

• ti : F • IC is a *-algebra homomorphism satisfying the counit condition 

( ti 181 id) o A = id = (id 181 ti) o A 

If we allow not only commutative *-algebras and if we replace the positivity 
of A by complete positivity we arrive at the notion of a quantum hypergroup 
(see [3]) or, more generally, of what we call a hyper-bialgebra. 

Important examples of hypergroups are given by a double coset structure. Let 
G be a semi-group with unit element e. In order to stay in a purely algebraic 
framework, we consider the *-algebra R(G) of functions which come from a 
finite-dimensional representation of G (i.e. f E R(G) if f(x) = (e, -y(x)() for 
e, ( E IC" and 'Ya *-representation of the elements of Gas n x n-matrices). 
R(G) becomes a *-bialgebra if we define the comultiplication by A1(x, y) = 
f(xy) and the counit by 51(/) = f(e). Now let H be sub-semi-group of G 
equipped with a Haar measure >.. Since H is a semi-group, we can define a 
comultiplication A2 and a counit 52 on R(H) in the same manner as for G. 
Denote by 1r : R(G) • R(H) the restriction to H. Then 1r is a *-bialgebra 
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homomorphism. Denote by R(G)/ /R(H) the space of functions in R(G) 
satisfying 

J(xzy) = f(z) for all x, y E G, z EH, 

that is R(G)//R(H) consists of functions on G// H, the space of double cosets 
of G with respect to H. We have 

R(G)//R(H) = {f E R(G) I (1r®id)o.6.if = l®f and (id®1r)o.6.if = f®l}. 

It can be shown that the *-algebra R(G)//R(H) is turned into a hyper
bialgebra if we set 

.6.J (x, y) = J f(xzy) d.\(z) 

and 
of= oif = J(e), 

f E R(G)//R(H). Then 

.6. =(id®(.\ o 1r) ® id) o (.6.1 ® id) o .6.1 rR(G)//R(H) 

and o = 01 rR(G)//R(H). Examples of this construction are given by double 
coset hypergroups. Moreover, this constuction can be turned over to the 
non-commutative setting; see [3] and Section 3 of this paper. 

We will be concerned with quantum stochastic processes on hyper-bialgebras, 
in particular, with quantum Levy processes. These are defined in analogy 
to Levy processes on *-bialgebras: *-homomorphisms are replaced by com
pletely positive mappings; cf. also [12]. We prove that Levy processes on 
hyper-bialgebras can be realized as solutions of quantum stochastic differen
tial equations on Bose-Fock space, thus generalizing the result for bialgebras, 
under the condition that the hyper-bialgebra fulfills the principle of Schoen
berg's correspondence (Section 2). We were not able to prove Schoenberg's 
correspondence in the general case of a hyper-bialgebra but only for hyper
bialgebras of double coset type with the additional assumption that the Haar 
measure is faithful (Section 3). In Section 4 we introduce the example of 
the double coset hyper-bialgebra U(2)//U(l) with U(n) denoting the non
commutative analogue of the coefficient algebra of the unitary group Un. In 
Section 5 we consider a class of Brownian motions on U(2)//U(l) for which 
we analyze the corresponding quantum stochastic differential equations in 
Section 6. 
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Vector spaces will be over the field of complex numbers. Algebras are al
ways assumed to be associative, complex and unital. For a vector space V 
we denote by V' the vector space of linear functionals on V. For a coal
gebra (C, l:i., 8) we define the n-times comultiplication l:i. (n) : C • C®n, 
n = 0, 1, 2, ... , inductively by ,l(O) = 8 and f:i.(n+t) = (id® f:i.(n)) o l:i.. Note 
that l:i. (tl = id and l:i. <2l = l:i.. 

A *-algebra is an algebra A equipped with an involution, i.e. an antilinear 
mapping a ~ a• satisfying (ab)• = b•a• and (a•)• = a. An element of a 
*-algebra is called positive if it is a finite sum of elements of the form a•a. 
A linear mapping <I> from a *-algebra A to a *-algebra B is called positive if 
<I>(a"a) is a positive element in B for all a EA, i.e. if<I> maps positive elements 
to positive elements. We call <I> completely positive (c.p.) if <I>l = 1 and if 
<I>® id: A® Mn(C) • B ® Mn(C) is positive for all n EN where Mn(C) 
denotes the *-algebra of n x n-matrices. The tensor product of two c.p. 
mappings is again c.p. 

2. Levy processes on hyper-bialgebras 

A quantum probability space is a pair (A, <I>) consisting of a *-algebra A and 
a state <I> on A, see [1] and also [9, 8, 4, 13]. For a complex vector space V 
a linear mapping j : V • A is called a quantum random variable (q.r.v.). 
The unit al su b-*-algebras A1, ... , An of A are called (tensor) independent if 
[Ak, Ad = 0 for k I:- l, and if <I>(a1 ... an) = <I>(a1) ... <I>(an) for all ak E Ak, 
k = l, ... ,n. The q.r.v. i1, ... ,jn, jk: Vk • A, are said to be independent 
if the *-algebras *-alg (jk(Vk)), k = 1, ... , n, are independent where *-alg 
means 'unital *-algebra generated by'. -

The *-tensor algebra T(V) over a vector space V is defined to be the free 
*-algebra generated by V. This space can be realized as the vector space 

with V a complex conjugate copy of V and the *-algebra structure given by 

(vi® ... vn)v =Vt® . . ,Vn ®v; v• = v. 
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For a q.r.v. j we denote by T(j) the unique extension of j to T(V) as a 
*-algebra homomorphism. The distribution of j is the state cl> o T(j) on 
T(V). 

A Levy process on a coalgebra C is a family of q.r.v. U,t) over the same 
quantum probability space, indexed by pairs (s, t) of real numbers with O $ 
s $ t, and satisfying 

• irs * i,t = irt, 0 $ r $ S $ t 

• itt = oid 

• it,t21 ... ,itntn+l independent for O $ t1 $ t2 $ ... $ tn+l 

• the distribution of j,t only depends on t - s (we write <l>t for the dis
tribution of iot) 

• limt• o+ <l>t(c1 ® ... ®en) = o(ci) ... o(en) (where we put o(c) = o(c)) 

Notice that (T(C), T(A), T(o)) is a *-bialgebra. The above definition of a 
Levy processes says that T(j,1) is a Levy process on the *-bialgebra T(C) in 
the sense of (11]. Therefore, the theory of Levy processes developed in (11] 
applies and we obtain a realization of our Levy process on a Bose-Fock-space 
as the solution to a quantum stochastic differential equation in the sense of 
Hudson and Parthasarathy (7]. 

We describe the situation more precisely. Let D be a pre-Hilbert space. We 
denote by L(D) the *-algebra formed by all linear operators R : D • D which 
possess an adjoint R* on D (i.e. there exists a linear operator R• : D • D 
such that (!;., R.() = (R*I;., () for all I;., (ED.) Suppose that we are given 

• a linear mapping r: C • L(D) 

• a linear mapping e : C EB C • D 

• a linear mapping t/J : C • C. 

We put r(c) = r(c)* and t/J(c) = t/J(c) and we will always assume that the set 
{r(b1) ... r(bn)e(b) lb,b1,•• .,bn EC EBC} is total in D. 

Consider the quantum stochastic differential equation 

dj,t = j,t*dlt; j., = o 
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with 

I1(c) = A;(e(c)) + At(r(c) - c5(c)id) + At(e(c)) + 1p(c)t; c EC EB C 

in the sense of [11], Theorem 2.5.1. Then the solution to these equations is 
a Levy process on C whose generator w : T(C) • C is given by 

w(c) 'lf;(c) for c EC EB C 
w(c1 ® e:i) = (e(c1), e(e:i)) for c1, e:i EC EB C 

w(c1 ® ... ® c,,) = (e(c1), r(c2) ... r(c,,_i)e(c,,)) for c1, ... , Cn EC EB C, n ~ 3 

Conversely, starting from a Levy process, by applying the GNS construc
tion to its generator, one obtains D, e, r, 'If; such that the above quantum 
stochastic differential equation yields a version of the process. The quantum 
probability space underlying our Foclc-representation of the Levy process is 
given by the *-algebra L(eD) and the vacuum state. Here 

eD = n domcl1 n LJr(E) 
<>?;0 E 

with N the number operator, r(E) the Bose-Foclc-space over L2(R+) ® E, 
and where the union is taken over all finite dimensional subspaces E of D. 

We pose the following question. Let the coalgebra B also carry the structure 
of a *-algebra such that the following are satisfied 

• the comultiplication b..: B • B ®Bis completely positive (c.p.) 

• the counit c5 : B • C is a *-algebra homomorphism 

We call such an object a hyper-bialgebra; see [3] where the concept of a quan
tum hypergroup was introduced. What are the conditions on the coefficients 
e, r and 'If; such that the corresponding Levy process consists of c.p. map
pings? 

We equip T(B) with an other multiplication, denoted by •, by setting 

(bi ® ... ® ~) · (c1 ®,. • ® Cm) = b1 ® ... ® bn-1 ® (bnc1) ® C:I ®• .. ®Cm· 

which turns T(B) into a hyper-bialgebra. This new hyper-bialgebra has 
another interpretation. Consider the free product 
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of unital hyper-bialgebras B and C(p) (cf. [12]) where C(p) denotes the *
bialgebra generated by a single projection p (i.e. an indeterminate satisfying 
p2 =p=p*). Then 

B U1 C(p) = (kern B) U kern C(p) Ell Cl 

(here U is the free product of algebras) and the *-bialgebra T(B) can be 
recovered in B U1 C(p) if we identify b1 ® ... ® bn with pJ_b1pJ_ ... pJ_bnpJ_. 
Moreover, the hyper-bialgebra T(B) is also a sub-hyper-bialgebra of BU1 C(p) 
if we send b1 ® ... ® bn to b1PJ_ ... pJ_bn. 

We say that a hyper-bialgebra B satisfies Schoenberg's correspondence if for 
a linear functional '11 on T(B) the following are equivalent: 

(i) '11(1) = 0, w(B*) = w(B) for all B E T(B) and w(B* · B) ~ 0 for all 
BE kern T(6) 

(ii) exp.(tw)(l) = 1 and exp.(tw)(B* · B) ~ 0 for all BE T(B) 

where the convolution in (ii) is with respect to the comultiplication T(ll.). 

A *-representation of an algebra A on a pre-Hilbert space D is a *-algebra 
homomorphism from A to L(D). For a *-representation p of the *-algebra 
A on a pre-Hilbert space D and for a *-homomorphism 6 : A • C the 
pre-Hilbert space D becomes a two-sided A-module if we put 

a.e.b = p(a)e6(b) for a, b EA and e ED. 

We speak of (p, 6)-cocycles and -co boundaries of the Hochschildt cohomology 
associated with this bimodule structure of D. 

Theorem 2.1 Let B be a hyper-bialgebra which we suppose to satisfy Schoen
berg's correspondence. Let i,t be a Levy process on B with coefficients D, e, 
rand VJ. Then the q.r.v. j,t are c.p. if and only if there exist 

• a pre-Hilbert space E and an isometry V: D • E 

• a *-representation p of B on E 

• a (p, 6)-1-cocycle 1J: B • E 

such that 
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• e = v· 0 7J 

• r(b) = v· 0 p(b) 0 V 

• -(TJ(b•), TJ(c)) is the (o, o)-coboundary of 'ljJ . 

Proof: Using Schoenberg's correspondence, it is not difficult to see that a 
Levy process on Bis c.p. if and only if its generator satisfies the condition 
(i) above. However, then we can apply Corollary 2.5 of [12].• 

Let j,1 be a Levy process with the extra property that the isometry V ap
pearing in the canonical construction of j,1 is unitary. We call such a process 
basic. In this case 7J = e, r = p and 1Jt(b1 © ... © bn) = i/J(b1 ... bn)- Therefore, 
a basic Levy process is given by a conditionally positive, hermitian linear 
functional 'ljJ with i/J(l) = 0 on B. In fact, there is a 1-1-correspondence 
between such functionals and basic Levy processes. 

3. Double coset hyper-bialgebras 

Let 81 and Bi be *-bialgebras. Suppose that we are given a Haar measure>. 
on B2 that is >. : 82 • IC is a state satisfying 

(id©>.) o 6.2 = >.1 = (>.©id) o 6.2. 

We will also assume that >. is faithful, a condition needed for the proof of 
Theorem 3.1 below. Let 1r: 8 1 • 82 be a *-bialgebra epimorphism. We put 

Next we define 

by 

= {b E Bil (id©1r) oll.1(b) = b© 1} 

{b E B1 I (1r®id)oll.1(b) = l©b} 

= Bi/B2nBi\B1 

i5.b = (id©(>. o 1r) © id) o ti.t3J. 

It is not difficult to check that (B, A, o) with A= .6.fB and ,5 = 81 fB is an 
example of a hyper-bialgebra; see [3]. We sometimes write B = Bi/ /B2 and 
call B a double coset hyper-bialgebra. 

100 



Theorem 3.1 Double coset hyper-bia/gebras satisfy Schoenberg's correspon
dence. 

The proof will be given at the end of this section. 

To analyse the situation consider first a convolution semi-group 'Pt on B = 
Bi/ /B2. We know that 'Pt is the convolution exponential of 1/J = ft'Ptlt=O, the 
pointwise derivative at O of r.p1, i.e. 

<fJt = exp.(t1/l) 

which is defined pointwise as the series 

oo 1/J*" n 1/1*2 L-, t =o+1/Jt+ 21 t2+ ... , 
n=O n. " 

see [10]. Now a linear functional /3 on B C Bi can be extended to Bi by 
setting 

/3 = /30 {(.Xo7r) ®id® (,Xo7r)) o6_(3) 

because {(.Xo1r)®id®(.Xo7r))o6.<3) mapsB1 toB. Moreover, the restriction 
of /3 to B gives back /3. We may write 

The convolution semi-group <fJt is mapped to 'Pt with the properties 

<{)a+t = (p, * <{)t (with respect to 6-i) 
'Pt • -Xo1r=rpofort • O+ 

Thus 'Pt is a continuous convolution semi-group on Bi which does not start 
at the counit 51 but at ,X o 1r! 

This leads to the following general consideration. Let B be a *-bialgebra and 
suppose that we are given linear functionals 'Pt satisfying 

'{J,+t = '{J,*'{Jt 

<fJt • <po 
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Can we differentiate 'Pt at O? Let us look at matrices first. Let At E Md(C) 
with A,+t = A,At and At -+ A0• Since A~ = Ao we can find a basis of (Cl 

such that A0 is of the form 

( ~ ~) 
with I the n x n-unit matrix, n $ d. We have AoAt = At = AtAo which 
means that At has the form 

with Bt E Mn(C) and 

B,+t = B,Bt, Bt • I. 

We know that Bt = etG with G = }iBtlt=o and therefore 

and 

A - -AetG (
etG O) · 

t- 0 0 - 0 

d -
dtAtlt=O = G 

(1) 

where we put G = ( ~ ~ ) . In the case of a general coalgebra C and 

'Pt E C', 'Pa+t = cp. * 'Pt, 'Pt • cpo, we use for a given element b in C the 
fundamental theorem on coalgebras (see [14]) to find a finite-dimensional 
sub--coalgebra Cb of C containing b. For Tt: Cb • Cb, Tt(c) = (id®cpt) ofi.(c), 
c E Cb, we have Ta+t = T,Tt, Tt • T 0 • By what we saw for matrices it 
follows T t = T O eta and 

'Pt(c) = 6 o Tt(c) = cpo * e!"'(c) for c E Cb 

with 1/J = 6 o G. We also have 

d 
dt'Pt(c)lt=o = (cpo*1P)(c) = ('1/J*cpo)(c) = 1/J(c) 

for c E Cb. Since the intersection of two sub--coalgebras is a sub--coalgebra, 1/J 
can be defined on the whole of B such that 

d 
dt'Pt lt=O = 1/J; 'Pt = 'Po * e!"'. 

102 



A sesqui-linear form L on a vector space V is called positive if L(v, v) 2:: 0 
for all v E V. In order to prove a Schoenberg type result for convolution 
semi-groups (on *-bialgebras) which do not start at the counit, we proceed 
like in [10] by showing 

Lemma 3.2 LetC be a coalgebra. We form the tensor product (C®C, A, J®8) 
of the coalgebras (C, b., J) and (C, D., o) where C denotes the complex conjugate 
coalgebra ofC. Let Lt be linear functionals onC®C {that is the Lt are sesqui
linear forms on C) satisfying 

• L.+t = L, * Lt (with respect to A) 

• Lt • Lo pointwise for t • 0+ 

Then for 
d 

K = dtLtlt=O 

the fallowing conditions are equivalent: 

(i) Lo is positive and 

K(c, c) 2:: 0 for all c EC with Lo(c, c) = 0, and K(c, d) = K(d, c) for 
allc,dEC 

(ii) Lt are positive for all t E R+ 

Proof The proof is similar to the counit case. We give it here in a version 
adapted to our situation.- (ii) => (i) is proved by differentiating. For 
the proof of (i) => (ii) it suffices to show that L0 *e~ is positive. Thanks 
to the fundamental theorem on coalgebras we may restrict ourselves to a 
finite-dimensional C. 

We choose a scalar product S in C. We begin by showing that to each f > 0 
there exists a o > 0 such that 

L0(c, c) :::; o and II c II= 1 => K(c, c) > -f. 

(Notice that by assumtion K(c, c) is real.) To see this we form the sets 

1 
An,<= {c EC I II c 11= 1 and Lo(c,c):::; - but K(c, c):::; -€}. 

n 
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The An,, are closed with nn An,, = 0. The latter follows from the fact that 
K(c, c) ?: 0 if Lo(c, c) = 0. By compactness there is no such that Ano,• = 0. 
Put o = ;t.. 
Next we show that to each e > 0 there exists n, such that 

L K+eS o+--
n 

is positive for all n ?: n,. By the first part there is a o > 0 such that for 
II c II= 1 

This means 

K(c, c) + e?: 0 if L0 (c, c) $ o. 

K+eS 
(Lo+--)(c,c)?: 0 

n 
for all c EC with II c II= 1 and Lo(c,c) $ o. For c EC with II c II= 1 and 
Lo(c, c) >owe find n, such that 

IK(c,:)+el $ 11 K~I +e $ 0 

for all n ?: n,. Then ( L0 + K: eS) (c, c) ?: 0 
for all c EC, II c II= 1, Lo(c, c) > o, n?: n,. Thus 

L K+eS o+--
n 

is positive for all n ?: n,. Since the convolution product of two positive forms 
on C is positive we have that 

L (L K+eS) L -L (-, r K+eLo*S*Lo) O o* o+--- * o- o* u®u+-------"-- ?: 
n n 

for all n ?: n, and 

L (L K+eLo*S*Lo)"" -L (r r K+eLo*S*Lo)"" 0$ o* o+------ - o* u®u+------
n n 

converges pointwise to the form L0 * e{; +• L0*8*Lo which, therefore, must be 
positive. By lettting e tend to 0, we arrive at the desired result.• 

As a direct consequence we have 

Theorem 3.3 Let B be a *-bia/gebra and let 'Pt EB', t E lR+, satisfy 
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• 'Ps+t = 'Ps * 'Pt 

• 'Pt • 'Po 

Then for 1/J = }i'Pt le=o the following conditions are equivalent: 

(i) <po is positive and 

1/J(b•b) ~ 0 for all b E B with cpo(b•b) = 0, and cp(b•) = cp(b) for all 
bE B 

(ii) l{}t is positive for all t E R+ 

Proof We observe that, by applying the mapping 

:F: 81 • (B © 8)1 

given by 
:F(cp)(c, d) = cp(c*d), 

we can reduce everything to the situation of the preceeding lemma.• 

Proof of Theorem 9.1: Let 8 = 8 1//82 be a double coset hyper-bialgebra. 
Then we define the homomorphism fr from (T(Bt), •) to Bi by 

fr(b1 18> ••• 18> bn) = b1 ... bn. 

It is straightforward to check that T(B) equals T(Bt)//Bi, so that T(B) is 
again a double coset hyper-bialgebra. Thus it is sufficient to prove that for 
a linear functional 1/J on a given double coset hyper-bialgebra we have 

1/J conditionally positive and hermitian ==> 1Pt = e!,"' positive 

However, 'Pt and '¢1 satisfy the conditions of Theorem 3.3 with '{Jo= ,\07r_ To 
see that '¢1 satisfies (i) of Theorem 3.3 we remark first that (,\ o 7r)(b•b) = 0 
if and only if b E kem 7r since ,\ is faithful. Then, using the fact that kern 7r 
is a bi-ideal, one shows that, for b E kem 7r, ( (,\ o 7r) 18> id 18> (,\ o 7r)) o !:).i3l b•b 
is of the form ~ cte; with e; E kem 6. An application of Theorem 3.3 yields 
the positivity of 'Pt and of 1Pt• • 

4. The hyper-bialgebra U(2}//U(l} 
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Ford EN we denote by U{d) the free (non-commutative!) *-algebra gener
ated by indeterminates Xk1, k, l = l, ... , d, with the unitarity relations 

d 

L XknXin = Oki 
n=l 

d 

L XknXnl = Oki 
n=l 

The *-algebra U{d) is turned into a *-bialgebra if we put 

d 

fi.1Xk1 = LXkn®Xn1 
n=l 

01Xkl = Oki· 

{2) 

{3) 

This *-bialgebra has been investigated by P. Glockner und W. von Walden
fels [6]. If we assume that the generators Xkz, x;1 commute we obtain the 
coefficient algebra of the unitary group Ud. This is why U (d) was sometimes 
called the non-commutative analogue of the coefficient algebra of the unitary 
group. It is equal to the *-algebra generated by mappings 

ekl: U(c' ® 1i) • B(1i) 

with 
ek1(U) = ukl, U E U(c' ® 1i) C Md(B(1i)) 

where 1i is an infinite-dimensional Hilbert space and U(c' ® 1i) denotes 
the group of unitary operators on c' ® 11.. Moreover, B(1i) is the *-algebra 
of bounded operators on 1i and Md(B(1i)) denotes the *-algebra of d x d
matrices with elements from B(1i). 

Proposition 4.1 
(a) On U{l) a faithful Haar measure is given by A(xn) = Oo,n, n E Z. 
(b) On U{l) an antipode is given by setting Sx = x• and extending S as a 
*-algebra homomorphism. 
(c) Ford> l the *-bialgebra U(d) does not posses an antipode. 
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Proof: Only (c) requires a proof. Let us suppose that we are given an an
tipode Son U(d), d > 1. Then 

d d 

L L S(Xkn)Xn1Xim xjk 
m=l n=l 

d d 

= L S(xk1) L Xn1Xim 
n=l m=l 

d 

= L S(Xkn)8n1. 
n=l 

= S(xk1) 

Similarly, one proves that S(xk1) = xrk• Since S is an antipode it has to be 
an algebra anti-homomorphism. Therefore, 

d d 

S(LXknXin) = L S(xjn)S(xkn) 
n=l n=l 

which is not equal to 8kl if d > 1.• 

Using the result of Glockner and von Waldenfels, we can describe the coal
gebra structure of U(d) as follows. Define a mapping 

.&1 : U(d) • Map (u(c'@ 1l) X U(c' ® 1l), B(1l) ® B(1l)) 

by setting 
d 

.&1 ekl (U, V) = L Ukn ® Vn1. 
n=l 

An emdedding £ of U(d) ® U(d) into Map (U(c' ® 1l) x U(c' ® 1l), B(1l) ® 
B(1l)) is given by 

L(b ® c)(U, V) = a(U) ® b(V) 

and we have 
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Let us now apply the construction in the beginning of this paragraph to the 
situation 

B1 = U{2); ~ = U{l) = C{x,x*)/xx• = 1 = x*x 

and 

( 1r(xu) 1r(x12) ) _ ( x O ) 
1r(x21) 1r(x22) - 0 1 

In order to describe B in this case, we introduce two gradings I and g on 
U(d) by setting 

1 (xi~>) = -1 if k = 1 and€= 1 { 
1 if k = 1 and € = 0 

0 if k = 2 and € = 1 

g (xio/) = 1 (x/f) 

where we use the notation xi~> = x,., and :4~) = xz,. Since (2) and (3) are 
homogeneous elements of the free *-algebra generated by x,.,, the gradings 1 
and g are well-defined. Denote by B)0J and Bi,(o) the space of homogeneous 
elements of degree O in U(d) in the 1- and g-grading repectively. 

Proposition 4.2 

B)o) = 
B1,(0J 

B = 

{b E U{2) I (,r@id) oli.1 = l©b} 
{b E U{2) I (1 ® ,r) 0 ti., = b© 1} 

Proof: We prove the first identity. If we consider (,r©id) o b.. 1b as an element 
of Map (U(1i) x U(C1 © 1i),B(1i) © B(1i)) we have for a monomial b = 
1:(<1) i:{<n) 
"k1h · · · "knln 

For an arbitrary element 

b = L b(n), b(n) E B)n) 
nEZ 
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in U(d) we have 

b ( U@ Uu U @ U12 ) = ""'Un @ b(n) ( Uu U12 ) 
1 @ U21 1 @ U22 ~ U21 U22 

nEZ 

which is equal to 

L l @ b(n) ( Uu U12 ) 
U21 U22 

nEZ 

for all u E U(1l) and all U E U(Ci @ 1l) if and only if b(nJ = 0 for n -:p O.• 

B is not a *-bialgebra. We have Ax22 = x22 @ X22 but 

AX22X;2 = X22Xn @X22Xn + (1 - X22X;2)@ (1 - X11Xt1). 

Notice that U2/ /U1 is the unit sphere S1, so, in this sense, U(2)//U(l) might 
be regarded as a non-commutative version of S1. 

Following [11], Section 5, a basic Brownian motion on B is a basic Levy 
process on B whose generator 1/; satisfies 

1/;(bc) = 1/;(b)o(c) + o(b)'l/;(c) + d(c")d(b) 

where d is a derivation on B, i.e. a linear functional on B with 

d(bc) = d(b)o(c) + o(b)d(c), b, c E 8. 

5. Examples of generators on U(2)//U(l) 

We will now consider a class of basic Levy processes on B = U (2) //U (1). Let 
B = (b;;) a hermitian 2 x 2-matrix and let A;;, 1 $ i,j $ 2, be four complex 
matrices. Define p, 1/, and 1/; on the generators of U(2) by 

p(x;;) = 01 ( Xij )idM,' 1 $ i,j $ 2, 

p(xi;) = 01(:c;;)idM,, 1 $ i,j $ 2, 

TJ(X;;) = A;;, 1 $ i,j $ 2, 

11(xi;) = -A;;, 1$i,j$2, 

1 2 
1/;(x;;) = ib;;- 2L(Ak;,Aki), 1 $ i,j $ 2, 

k=l 

1/;(xi';) 
1 2 

= -ib·· - - L(Ak· Ak") 1 $ i,j $ 2, ,.. 2 ,, J ' 

k=l 
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where (A, A') = I: a;;a:; for A= (a;;), A'= (a\;) E Md is a scalar product 
on Md- These maps extend to a unique triple on U(2) in the sense of Def
inition 2.3 of [5]. Actually, this is the form of a general Gaussian triple on 
U(2), cf. [11], Section 5 and [5]. The restrictions of p, 1J and 1/1 to B define a 
triple on B and therefore the quantum differential equation 

dj,t = j,t * dlt ; j., = 6 

yields a basic Levy process on B. 
It is instructive to compare this process with the process j on U (2) obtained 
by solving the quantum stochastic equation 

dj,1 = i,t *1 dlt ; j,, = 61 

where *1 denotes the convolution w.r.t. the coproduct A1 of U(2). Even 
though the differentials appearing in these two quantum differential equa
tions coincide, in general they are different because they come from different 
coproducts. Therefore one expects the processes to be different, too. This 
is the case. It can be checked by computing the expectation values or by 
verifying that j,1 is not a *-homomorphism (wheras j is a Levy process and 
therefore always a *-homomorphism). 

Let us study the first few moments of iot: We have 

1/J(x;;Xi.1) = -(A;;, Ai.1) + 6;;1/J(xi.1) + 61,11/l(x;;), 

1/J(x:;xi.1) = (A;;, Ai.1) + 6;;1/J(xi.1) + 61,11/J(x;;), 

t/J(x;;xi1) = (A;;, A1i.) + 6;;1/J(xi.1) + 61,11/l(x;;), 

1/J(x;;xi1) = -(A;;, A1i.) + 6;;1/J(xi.1) + 6,.11/J(x;;) 

for the values of 1/1 on products of the generators. In particular, we have 
1/J(xuxi1) = IIAul!2 + ibu - HA11H';HA2dl' - ibu - HA11H';HA21U2 = -IIA211!2, 
1/J(x22x22) = -IIA12ll2 -

Due to the form of the coproduct A1 on U(2), we get 

E(j01 (x;;)) = ( et(,J,(:i:.,ll,s•.1s•) ii, 

E(iot(x;;)) = ( /(,µ(:i:.,l).s•.1s2) ii, 
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and similar formulae for the second-order elements, i.e. write i,t,(x;,ilxi~J) 
as a matrix, with the elements ordered in the following way, 

and then exponentiate this matrix. 
For the moments of iot we get 

E(ioc(X22)) et¢(x22) = exp (itb22 -tllA12!12; IIA22!12)' 

E(jot(x;2)) = et¢(x22) = exp (-it/½2 _ tllA12!12; IIA22!12) , 

and 

EU01(X22X22)) 

EU01(x~x~)) 

et"1(x,,x,,) = exp (2it/½2 - tllA12!12 - 2tllA22!12), 

et"1(x,,x;,) = exp (-2itb22 - t11Adl2 - 2tl!Adl2) • 

We have 

Axuxi1 XuXi1 ® X11Xi1 + (1 - X11Xi1) ® (1 - X22X~). 
Ax22x;2 = X22X;2 ® X22X;2 + (1- X22X~) ® (1 - X11Xi1), 

and therefore 

'Pl \Ot'1P(X11Xi1) - (1 - \01)i,l,(x22x;2), 
ip2 \021P(X22X~) - (1 - \02)1P(X11Xi1), 

for \O,(t) = EUot(x,;xrn, i = 1, 2. Since \O;(O) = o(x;;xr;) = 1, we get 

\0 (t) = i,t,(xuxi1)et(,t,(x11:cj,)+¢(x22x;,n + i,t,(x22x22) 
I i,t,(x11Xi1) + i,t,(x22X22) ' 

i,l,(x22x22)et(¢(:z;11xj,)+"1(:c22x;,)) + i,l,(x11Xi1) 
= <p2(t) = ¢( * ) + tf;( • ) , XuXu X22X22 
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6. Quantum stochastic differential equations 

On U (2) we have 

2 

dJ,t(X;j) = I),t(Xik)dit(Xkj), 
k=l 

where 

On B we have, e.g., 

and 

dj,t(X22Xn) = j,t(X22X;2)dit(X22Xn) + (j,1(x22xk) - id)dI1(X11Xi1) 

i,t(X22x;2)(dit(X22x;2) + dlt(Xnxi1)) - dlt(xuxi1). (4) 

For j,1(x22)i,t(x22 ), on the other hand, we get 

d(j,t(x22)i,1(xk)) = j,t(X22)dj,t(xk) + dj,t(X22)i,1(x;2) + dj,t(x22) • dj,1(x;2) 

= i,1(X22)i,1(x;2)dI1(Xn) + j,1(X22)i.t(xk)dit(X22) 

+i,1(x22)i,1(x;2)dI1(x22) • dI1(x;2) 

= j,t(X22)i,t(x;2)(dlt(Xn) + dJt(x22) + dlt(X22) • dlt(x;2)) 

But since dlt is a *-homomorphism on ker ,51 and dlt(l) = 0, we get 

dit(x;2) + dI1(x22) + dit(x22) • dI1(x;2) 

= dI1(x;2 - 1) + dI1(X22 - 1) + dlt(X22 - 1). dI1(Xn - 1) 
= dit(X22 - 1 + xk - l + (x22 - l)(x;2 - 1)) 

dit(X22Xn - 1) = dlt(X22xk), 

and therefore 
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We see that the quantum stochastic differential equations (4) and (5) differ 
if dlt(xuxi1) # 0, and therefore we get 

in that case, i.e., j,t is not a homomorphism. Note that It(xuxi 1) and 
It(x22x22 ) are of the form 

lt(Xuxr,) 

It(x22xk) 

= -2A;(Au) - 2At(Au) - IIA21!12t, 
-2A;(A22) - 2At(A22) - IIA12il2t 

i = 1, 2, so that it is not difficult to give the explicite solutions of (4) and 
(5). 
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