Limit laws and semistability on
infinite-dimensional locally compact groups

W. Hazod, Dortmund

The limit behaviour of automorphism-normalized products of independent random
variables was investigated in the past and the possible limit laws, in particular stable
and semistable laws are nowadays quite well understood, as long as the underlying
group is a real or p-adic Lie group.

In fact, if the normalizing operators are localized on a continuous one-parameter group
T then — without further restriction on the underlying group — the possible limit
laws are concentrated on the contractible subgroup C(T), in this case a closed Lie
subgroup. But if the underlying group G is infinite-dimensional and if the normalizing
automorphisms are not embedded into a continuous group then new (and unexpected)
phenomena appear. There is still no general theory available but the stucture of
possible limit laws can be investigated by a series of illustrative examples. As in
the finite-dimensional setup the contractible subgroups C(a) play an important role
as the possible limit laws are concentrated on these subgroups.

The paper is organized as follows: It starts describing the role of contractible subgroups
C(a) showing that on metrizable locally compact groups semistable continuous con-
volution semigroups with trivial idempotent are representable as continuous injective
homomorphic images of semistable continuous convolution semigroups on contractible
completely metrizable topological groups. The investigation is continued with semista-
bility on totally discontinuous groups including the p-adics as a detailed example.
Then, as particular examples of infinite-dimensional groups investigations of semista-
bility on infinite products KZ follow, including the shape of C(a), marginal distri-
butions and finally for Lie groups K,a comparision of Gaussian semistable limit laws
on K% and on the corresponding (infinite-dimensional) Lie algebra. In fact, infinite
products G = KZ of compact groups turn out to be of particular interest: The shift
a defines an automorphism, a permutation of infinite order acting on the coordinates,
and the existence of such automorphisms causes significant differences to the situation
of finite products. We mention new features appearing in the situation G = KZ%:

e The intersection of the contractible parts C(a) N C(a™!) is a dense subgroup.

o There exist (a,c)-semistable laws (for o € (0,1)) such that any projection to a
finite product K™ is not semistable.

To simplify notations we shall troughout assume the underlying group G to be second-
countable. We recall some well-known definitions. (See also (3], [14], [6], [7], [2]):
0.1. Definition. A continuous convolution semigroup (y,:t > 0) — in short p, —
is called (a, @)-semistable for (a,a) € Aut(G) x (0,1) if a(p,) = popt = 0.

K, is stable w.r.t. a one-parameter group T' iff a,(p,) = p,, for s,¢ > 0, where
T = (g, : t > 0) C Aut(G) with multiplicative parametrization aas = ay.,,t,5 > 0.
Note that in this definition of (semi-)stability local compactness of the underlying
group is not necessary.

Continuous convolution semigroups in M!(G) with idempotent po = €. are repre-
sented by generating functionals (cf. e.g. [9], [12]) defined on the test functions D(G)
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resp. on the regular functions £(G). Let GF(G) denote the cone of generating func-
tionals.

Since (semi-)stability is closely related to the limit behaviour of automorphism-nor-
malized convolution products we have to define domains of attraction:

0.2. Definition. FDPA(y,) := {v € M}(G) : 3(aa) C Aut(G), k(n) /=,

such that a,v¥™9 5 4, ¢t >0} ( domain of partial attraction)

FDSA(u,):={v € FDPA(u,): k(n)/k(n+1) = a € (0,1)} (semi attraction)
FDA(u,):={v € FDPA(u): k(n) =n} (domain of attraction).

If ap, € {a' : | € Z} for some a € Aut(G) (normal attraction) we use the notations
FDNPA(u,) (if an = a'™,l(n) / ), and FDNSA(yu,) resp. FDNA(u,) (if
an = a®). (Cf. e.g. [5].)

The role of contractible subgroups

The investigations of the structure of the contractible subgroups C(a), Cx(a) defined
below play an important role in the theory of semistability on groups. We list some
properties, pointing out in particular the additional features in case of ezponential Lie
groups (of course not to be expected in the infinite-dimensional situation).

We define (cf. [15), [6], [7], [2], [11]):

1.1. Definition. Let a € Aut(G), let K denote a compact a-invariant subgroup.
Then the contractible and K -contractible parts are defined as

C(a):={z € G: a™(z) =5 ¢} and Cx(a) ;= {z € G: a™(z) - K — K} respectively.
For a one-parameter group T = (a; : t > 0) we define analogously

C(T) :={z : ar(z) 2V €} and Cx(T) := {z : a;- K 23 K}.

More generally we define for a sequence (a,)nen C Aut(G)

C((an)nen) := {z € G : ay(z) — €}, and analogously Cx((a,)) is defined.
Obviously, these contractible parts C(a), Ck(a), etc. are subgroups of G.

1.2. Remarks. The following observations are frequently used:

a) We have the following characterization: C((an)n>1) =: C = {z : for any subse-
quence (n') C N there exists a subsequence (n" ) C (n') with aaz (—’-'—13 e}.

We fix a sequence (an)nen. For a subsequence (n') C N put C(pnry 1= C((@n)ne(n))-

b) Let d be a metric on the (second countable) group G. Put for ¢ > 0 C(®) :=

{z : limsup d(an(z),e) < €}. Obviously, C{) is Borel measurable. Hence C =
Naz: € (1/m) is Borel measurable, and analogously we obtain measurability of C(nr).

c) Let G be an ezponential Lie group with Lie algebra V. For a € Aut(G) let a’
denote the differential, defined by exp(a’ (X)) = a(exp(X)), X € V. Let (an) and
C as above. Define C° := {Xev: a: (X) — 0}. Then C° is a subalgebra and
we have exp(C o) = C. In particular, C and the subgroups C(,) defined in a) are
closed connected subgroups.

For ezponential Lie groups we observe with the notations introduced above:

1.3. Proposition. a) Assume that there exists a sequence (an,) C Aut(G) which is

contracting on G, i.e. an(z) —» € for all z € G. Then G is a contractible Lie group,
hence nilpotent and simply connected.
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b) More generally, for any sequence (an) the contractible part C = C((@n)np1) is
a closed connected subgroup. If C is a,-invariant for sufficiently large n then C is
contractible, hence nilpotent. In particular if a, = a® for some a € Aut(G) then
C(a) is a contractible, nilpotent and a-invariant subgroup.

[ We have C = C((an)np1) =G by assumption. Hence V = C°(cf 1.2.0), ie.
a: (X) = 0 for all X € V. Therefore we obtain ||a: || = 0, hence a: — and therefore

also a, — is contractive for sufficiently large n, i.e. (an)™z "5 e, ¢ € G. See also
[17]. The rest assertions follow immediately. ]

The connections between semistability and contractibility are illuminated by the fol-
lowing observations. ( See e.g. [15], [6], [7], see also 1.6 below):

1.4. Proposition. a) Let G be a locally compact group and let pe be an (a,a)-
semistable continuous convolution semigroup with trivial idempotent po = €. and
Lévy measure n. Then p, is concentrated on C(a), i.e.

#(CpC(a)) =0 for 2ll ¢, and furthermore n(CpC(a)) =.0.

b) And with the same proof we obtain for non-trivial idempotents: If ;g = wg then
all the measures p, are concentrated on the K -contraction group Ck(a) of a.

Analogously, for stable continuous convolution semigroups we have:

Let T = (a¢)t>0 C Aut(G) be a subgroup (with a;., = ata,). Let po be T-stable.
Then p, is (a¢,t)-semistable for all ¢ € (0,1). Hence 1.4 applies. For stable laws with
continuous group T we obtain a stronger result ([6]):

1.5. Proposition. Let (4,):>0 be a T-stable continuous convolution semigroup on
a locally compact group G such that g, = wg. Then all y, are concentrated on the
K -contraction group Ck(T) of T.

(Note that in this situation we need not assume G to be second countable since ac-
cording to [6] the subgroups Cx(T") and C(T') are closed in G and hence measurable.)

Proposition 1.5 applies in particular for K = {e}. We obtain:

If po is a T-stable continuous convolution semigroup with trivial idempotent and if
T is continuous then p, is concentrated on the closed subgroup C(T'), isomorphic to
a contractible simply connected nilpotent Lie group on which T acts contractively.
Hence for continuous groups T the investigation of T-stable laws with trivial idem-
potents is completely reduced to contractible simply connected nilpotent Lie groups.

Not only limit laws, also the attracted laws are concentrated on contractible parts.
Generalizing the proof of 1.4 we obtain:
1.6. Proposition. Assume p, to be a continuous convolution semigroup with trivial
idempotent po = €.. Let v FDPA(u,), i.e. k(n) 2 o0, a, € Aut(G) such that
an(v)*¥M4 & 4 £ >0 and assume moreover lim sup k(n)/k(n + 1) < 1.
Then »(C((an)n>1)=1.
[ W.lo.g. we assume k(n)/k(n+1) <k <1for n>1. Let U € (e) be relatively
compact Borel neighbourhoods. Let A denote the generating functional and 7 the
Lévy measure of p,. According to a theorem of E. Siebert (cf. [13], [5], [4])

an ()™ 5 >0 i k(n) - (an(v) — ) = A.
Hence sup, s, k(n) - an(v)(CpU) < K(U) < co. Therefore

onzl lopu 0 andv =37 an(v)(CpU)
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=g L.k EE  k(n) - an(v)(CPU) < §H - T k" < 0.

Whence lcpy ©an = 0 v-a.e. In other words, {an(z)} is relatively compact with
LIM(an(z)) C U for v-almost all z. (LIM denoting the set of accumulation points).
Let Ux € U(e) with Ug | {e}. Repeating the above arguments we obtain

v(Ni{z : LIM(anz) C Ur}) = ¥(C((an)nen)) =1 as asserted. ]

1.7. Corollary. a) Assume (as in the case of stable u,) that k(n)/k(n +1) = 1.

Then for any « € (0,1) there exists a subsequence (n') with k(n)/k(n + 1) "1 a.
And according to 1.6 we conclude v(C((an)ne(nny)) = 1.

b) (Domains of normal (semi-)attraction). Let a, = a™ for some a € Aut(G),
k(n)/k(n+1) = a € (0,1) and ¢"v*(™1 5 4, ¢t > 0. Then v(C(a)) = 1.

Let a, = a'™ with I(n) / co. Let C := C((an)). Then »(C) = 1, but in general
C # C(a) is possible. However, for ezponential Lie groups we observe

1.8. Proposition. Let G be an exponential Lie group, let a € Aut(G),I(n) ~ oo.
Then C := C((a'™),en) = C(a).

[ Let V denote the Lie algebra of G, let as above a’ e GL(V) denote the differential
of a defined by exp(aaX) =af(expX),X €V.Forz€G let X =exp~(z) € V.

G being exponential, a!(Mz — e iff a’IWX 5 0. As easily seen, this is the case iff
X belongs to the contractible a’ -inva.ria.nt subspace UI=| «lY: (a‘7 —2I)*Y =0 for
some k € N} = C(a ). Therefore a’*X "=3° 0; whence a"z — € follows. ]

The relevance of the description of C((an)a>1) in 1.1.a) is shown by the following
1.9. Proposition. Let G be a group in which the subgroups C((a,)) are closed,
e.g. an exponential Lie group (1.2.c)). Let (an) be a sequence in Aut(G) and let
v € MY(G), such that a,(v) — e, (infinitesimality). Then supp(v) C C({as)).

[ Let v € M*(G) and assume a,v — €., for some sequence (a,) C Aut(G). Consider
the probability space (G, B, v),B denoting the Borel sets. Consider (an = an(-))neN
as a sequence of G-valued random variables on the probability space (G,B,v). By
assumption, ap(v) — €., hence an(-) converge to e in distribution, equivalently
in probability. Therefore for any subsequence (n') C N there exists a subsequence
(n") C (n') with an() " e veae. Le., we have v(C(nv)) = 1, with the notations
from above.

C(nry being closed, supp(v) C C(nn) follows. Therefore, supp(v) C [y Ciarmy = C ]

Retopologisation of C(a): Intrinsic topologies

We recall the following results from E. Siebert’s investigations ([16]):

Let a € Aut(G). Then there exists a unique topology O, turning C(a) into a
topological Hausdorff group € (a) (not necessarily locally compact), furthermore there
exist @ € Aut(C(a)) and a continuous injective homomorphism ¢ : C(a) - G such
that pod =aoy (hence p(C(a) = C(a)).

2.1. Properties. a}If G is complete and metrizable and if a € Aut(G) is contractive
then we have C(a) = C(a) =
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b) O, is stronger than the relative topology of C(a) (as a subspace of G).
¢) If G is metrizable then €(a) is metrizable too.

d) If G has a countable basis then C(a) has a countable basis too.

e) If G is complete then €(a) is complete too.

f) If G is totally disconnected then C(a) is totaly disconnected too.

Let po be a continuous (a,a)-semistable convolution semigroup with po =g, . Ac-
cording to 2.1 there exists a contractible completely metrizable group H := C(a) with
contractive automorphism @ € Aut(H) and an injective continuous homomorphism
@ : H < G such that p(H) = C(a) and pod=aoe.

Then ¢! is a Borel isomorphism C(a) — H. Hence ¢ induces a bijection

M (H) = {v € MY(G) : v(C(a)) = 1},v = ¢(v) =: . In fact, a continuous affine
bijective convolution homomorphism. But »~! need not be continuous.

Nevertheless any continuous convolution semigroup ue concentrated on C{a) gener-
ates a continuous convolution semigroup ¢ ~!(u.) =: vo on H:

2.2. Proposition. Let G and H be completely metrizable topological groups and
» : H < G be an injective continuous homomorphism. Put L := o(H). If H is
o-compact then L is measurable.

a) If v, C M!(H) is a continuous convolution semigroup then |J,5osupp(ve) gen-
erates a (closed) o-compact subgroup Hj. Hence ¢(ve) = po defines a contin-
uous convolution semigroup in M!(G) concentrated on the measurable subgroup
L, := (M) CG.

b) Conversely, assume L = ¢(H) to be a measurable subgroup C G. Let p. be
a continuous convolution semigroup in M!(G) with g(L) = 1 for ¢t > 0. Then
ve = ¢~ (pe) € M!(H) is a continuous convolution semigroup (with ¢(ve) = p).
Proof: a) is obvious by continuity of ¢.

To prove b) note first that v, is uniquely defined by pe and v. is a convolution
semigroup. We have to show that ¢ — v; is continuous.

H is completely metrizable. Hence vy is tight for any ¢ > 0, therefore the support
is o-compact. Hence w.l.o.g. we assume H = |J K{™ with an increasing sequence of
compact sets K(™ C H . Hence in order to prove continuity it suffices to show that for
any t > 0, for any sequence ¢, — t and for any K(™ the restrictions vy, | je(m) =: wi™
converge weakly to v|gm) =: £{™: [ Indeed, we have the representations

vy, = limp >y & and v, = limmy; &(™ with non-negative measures (convergence
in norm). And therefore, if we can prove (ns.'"),f) "2 (kM) f) for f € CH),
for all m € N, we easily conclude  (w,, f) = (v, f)]

For any compact set K C H the restriction ¢|x defines a topological isomorphism
K — o(K) =: K*# C G. Hence for compact sets K C H we observe according to the
portemanteau theorem applied to the continuous function s — ¢(v,) = p, that

limsup vy, (K) = limsup (pe,)(K¥#) < pe(K#) = p(n)(9(K)) = vi(K).
Therefore, again by the portemanteau theorem applied to the restrictions v|x we

conclude continuity of s — v,|x for all compact K C H.
In particular, k5™ "2 k(™) m € N, as asserted. u
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Now we are ready to prove the following

2.3. Theorem. Suppose G to be a locally compact group and let u, be a continuous
convolution semigroup with trivial idempotent.

a) Let G be second countable and let po be (a,a)-semistable. Then there exist a
completely metrizable topological contractible group H with contractive automor-
phism &, and a continuous injection ¢ : H — G such that o(H) = C(a) and
@ 0d = ao¢y. Furthermore there exists an (&, «)-semistable continuous convolution
semigroup v, & M(H) with ¢(v¢) = p,t > 0.

b) In particular, if G is a Lie group then H is a homogeneous (Lie) group.

c) Analogously, if G is totally disconnected then H is totally disconnected too.

d) Let T = (at)1>0 be a continuous group in Aut(G) and let po be T- stable. Then
H = C(T) is a closed subgroup, (isomorphic to ) 2 homogeneous group, ¢ is the
canonical injection and v, is the restriction go|m.

e) Let G be a p-adic Lie group. Then H = C(a) is a closed subgroup hence again ¢
is the canonical injection and v, is the restriction po|g.

Note again that in case b) (and d)) the investigations of (semi-)stable laws are
completely reduced to simply connected nilpotent Lie groups.

[a) is an immediate consequence of Proposition 2.2 above. According to 1.5 p, is

concentrated on C(a). Now b) and c) are immediate consequences of a), for d) see
[6]. ) follows by [18], cf. [2]. ]

Note that within the category of complete and metrizable groups our knowledge of
the structure of contractible groups is considerably poor. However, for special cases
— if the group H = € (a) with the natural topology is locally compact — we obtain
a reduction of the problems and a complete overview of possible semistable laws. We
describe the situation for totally disconnected groups:

Semistable convolution semigroups on contractible totally disconnected groups

A locally compact totally disconnected group G is contractible with contractive a €
Aut(G) iff G admits a filiration (Gn)nez adapted to a, i.e. if there exist compact
open subgroups Gn, C Gn_;1 with (Gr = {e} aund |JGn = G, such that a(G,) =
Grt1,n € Z. The filtration (Gn)nez is said to be normal if G, are compact open
normal subgroups in G. (See [15].)

3.1. Remark. Let G be a contractible totally disconnected locally compact group
with contractive a € Aut(G) and filtration (Gn)aez. Assume the filtration to be
normal. Then G = lim,en G/G, is a projective limit of discrete groups. Therefore any
continuous convolution semigroup (x,)i>0 on G is a limit of Poisson semigroups ysn)
on G/Gr . (Convolution semigroups on discrete groups are Poisson.) Let po be (a,a)-
semistable. Then the automorphism a is not representable as limit of automorphisms
of the factor groups G/G, and y(.") can not be semistable. [ Semistable Lévy
measures are infinite or trivial, hence semistable laws on discrete groups are trivial. ]

For totally disconnected locally compact groups admitting a contractive automorphism
a we obtain a complete description of all possible semistable laws. Let (G,)nez be
a filtration of G adapted to a. Then Z := Go\G; is a cross-section for the orbits
{a"(z) : n € Z}, z € G\{e}. Let us remark that Z is locally compact.

132



First we note ( Cf. [13]):

3.2. Proposition. Let 7 be a positive measure on B(G) with n({e}) = 0, let
a €]0,1[ and a € Aut(G). Then the following assertions are equivalent:

(i) 7(CpU) < oo for all U € il(e); and a(n) = o 7n;

(i) there exists some finite positive measure x on B(G) such that s(G\Z) = 0 and
such that n = 3",z a™* - a¥(x). In fact, we have x = n|z.

Since in the case of totally disconnected groups convolution semigroups are uniquely
determined by their Lévy measures, proposition 3.2 provides a complete description
of the possible semistable laws:

3.3. Corollary. Fix a € (0,1). By & = 7= Y ;cp0a7F- a*(x) there is given a
bijection between the finite measures x on B(G) concentrated on Z and the Lévy
measures 17 on G such that a(n) = @ -7 and & = 5|z, hence between « € M!(G)
with xK(CpZ) = 0 and (g, )-semistable continuous convolution semigroups f, .

We consider two examples of contractible totally disconnected groups:
3.4. Example. (Semistable laws on the p-adics ) For some prime power p let Q,
denote the locally compact field of p-adic numbers. For any ¢ € Q, we define the
"homothetic” transformation Hy : z +» t - z. Via the mapping ¢ ~ H; we obtain
Aut(Q,) = Q) , cf. (8], (26.18 d).) Let |- |, denote the p-adic valuation of Q,. In
view of |Hy(z)|p = |t|p - [z|p, the automorphism H; is contractive iff [t], < 1. Q, is
totally disconnected. Moreover the subset A =Z, = {z : |z|, < 1} of p-adic integers
is a compact open subgroup of Q@ ; (see (8], § 10).
@, may be considered as the subset of the direct product ®ez{0,...,p—1} consisting
of sequences T = (z(k))kez such that z(k) =0,k < K for some K = K(z) € Z. (It is
sometimes convenient to represent z equivalently as formal power series 3, ., z(k)- p*
with z(k) = 0 for k < K.) Let n:= n(z) := min{k € Z : z(k) # 0} if £ # 0. The
p-adic valuation is given as |z|, := p~™(®,if = # 0, and [0[, := 0.
The field of rational numbers Q is canonically densely embedded in Q, and hence —
endowed with the continuously extended algebraic operations of Q — the |- |,-closure
Q; is a locally compact totally disconnected topological field, and Z is dense in Z,.
Put A, := {z : |z], < p~™},n € Z, then (A,)nez is 2 nested sequence of compact
open subgroups with (YA, = {0},(JAr = Q,. And any compact subgroup is of the
form A, for some n € Z (8], 10.6).
Obviously, Hpn(Ao) = Ap,n € Z, more generally, H;Ag = A, if [t|, = p~". Hence
in particular (An)nez is a (normal) filtration adapted to a := H, . For any t € Q)
with |t|, < 1 the automorphism H; is contractive. In particular, H, is contractive.
If |t|, =p~¢,d € N, then (G(ny = And)nez is a filtration adapted to H,. We observe
G(w)/G(ntn) =Z/(p - 2).

he Haar measure wa,, is absolutely continuous to the Haar measure wg, :
Normalize wg, such that wg,(Ao) = 1. Then wa, is the restriction wg,|a,. And
wa, = Hpn(wao) = Hpn(wg, |ao) = A(Hpr) - wo,la, =p" -we,la, -
In other words, pr fdwa, =p™- fltIpSP’" fdwg, for fe L'(Qp.uwg,)-

Next we investigate in some details the following example of a semistable continuous
convolution semigroup on the additive group G = (Q,,+).

Let d € N and t € Q, with |t|, = p~¢, put a := H, € Aut(Q,), and let (G(n) ==
And)nez be the corresponding filtration.
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An (a,a)-semistable continuous convolution semigroup . is defined by the Lévy
measure = ¢+ gz ¥ -af(v), 0 < a <1, ¢2>0, v € M (G(0)\G))- (Cf. 3.3.)
We call A € MY(Q,) rotation invariant if H.(A) = A for all z € U, where U = {¢:
[t]p = 1} is the group of units in QF = Aut(Qp,+). (Cf. also (1], [19].)

The orbits U - z are given by {y € @, : |y|p = |zlp}, hence a function f:Qp = C is
U-invariant iff f(-) = ¢(] - |p) for some function ¢ : Ry — C. Since for any n € Z we
have u- A, = An, u € U, we easily conclude that wa, is rotation invariant.
Obviously, u, is rotation invariant if v has thxs property, v as above. We consider

the special rotation invariant measure v := ;}—— (wc(o) —,;,—wc(l)) € MY G()). As
easily seen, since G)/Gq) =~ Z/p?-Z~A{0,...,p¢% — 1}, we have

_ —1 pi-
WGy = Lhao 37 ° €z; *WG,, - Hence v =y - 3R Tez; *wag, -

(Qp,+) isa locally compact Abelian group, hence p, may be represented in terms of
the Fourier transform: Following the representation in (8], § 25, we obtain the following
description of @,: .

Fix a nontrivial continuous character ¢; : Q, — T with kernel kerp; = Ag. (T
denoting the torus {z € C: [z| = 1}.)

For y € Qp define ¢y : z — p1(Hy(z)) = ¢1(y - z). Any continuous character is
obtained in that way and by y — ¢, we obtain an 1somorphlsm, hence Q, = Q.
Let a = H: € Aut(Q,) then we observe pr(az) = @ay)(z) =t a*(py)(z). Hence
(Q5,-) = Aut(Qy) acts in a natural way on Q‘p

Now we have the means to compute explicitely the Fourier transform 7 since

DG,y (py)=1iffy € G(_,,) , and = 0 else. Hence

o~ d -~
V(‘r’y) = ;g_—le(o) (‘P!I) P _1
Bi(py) =expt- f(py — 1)dn

d
= exp(tc- Zkez a_k(F{._l(aG(k) (‘Py) -1)- ;ql_—l(aa(,‘“)((py) - 1))
For simplification we assume now d = 1,|t|, = p~!, hence G(p) = An,n € Z. In
this case, ¥a,(py) —1 =0 if y € A_; and = -1 else. And the representation yields:
There exists some constant C = C(a,p) > 0 such that f;(p,) = exp(—t-C - a~M)
for y € A_m\A_m41 , ie. for y|, = pM. Define + := —Ilne/Inp > 0, hence
a = p~7, then we obtain
Be(py) =exp(—t-C-yl3), y€ Qp
And conversely, fit(py) = exp(~t - C|y|}) defines a rotation invariant (Hp,a)-semi-
stable continuous convolution semigroup on Q, for any 0 < a < 1 (and 4 = ¥(a) as
above) and any C > 0.
At the first glance this representation is similar to the Fourier transform of (elliplically)
symmetric stable laws on R or on real vector spaces V. But note that there is an
essential difference: In the real or vector space case we have 0 < v < 2, in the p-adic
situation there is no restriction on v > 0. Hence the similarity is only formal.

52-7WG(, (y) - Therefore

Some further remarks: The Lévy measure n=c¢- Y ;s a~kak(v), with a = Hp,v =
77 (wa, — % -wa,) as above, is absolutely continuous with respect to the Haar
measure on Qp and the density is given by ¢« ;25 - Srez(a/P) 7 - 1a,\an,, » as easily

seen inserting dwa, /dwg, = p" - 1a, in the definition of 7.
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In fact, the Lévy measure 7 is absolutely continuous and unbounded, whence y; € wg,
follows, cf. A. Janssen [10] resp. E. Siebert [14]. For more details see the investigations
Albeverio et al. [1] and K. Yasuda [19] where Lévy processes with rotation invariant
semistable continuous convolution semigroups are considered; these laws are called
" stable” in [19] .

The following example points out once more the typical structure of totally discon-
nected contractible locally compact groups :

3.5. Example. (Cf. [15]). Let F be a finite group of order r > 1. By A we denote
the set of all sequences 7 = (z(k))rez € FZ such that z(k) = e for all k < kp and
for some ko € ZU {+0o0}. Defining the product of two such sequences componentwise,
A becomes a group. Every subset A, := {Z = z(k) =eforall k <n}l,neZ,is
a normal subgroup of A. If n tends to 4+0co then the groups A(,) decrease to the
identity e of A;if n tends to —oc then the groups A(n) increase to A.

We furnish A with the (unique) topology that turns A into a topological Tp - group
and has (A(n))nez as a basis of the identity € (cf. [8], (4.5) and (4.21)). Then A isa
totally disconnected topological group.

Every factor group A(n)/A(n+1) is finite (it is isomorphic with F); hence A(q) is totally
bounded. Moreover A is complete with respect to its left uniform structure.

Thus A(o) is compact, and therefore A is locally compact. -

Now let p((z(k))rez) := (z(k — 1))xez for all T = (z(k))kez in A (the shift restricted
to A). It is easy to see that p is an automorphism of A such that p(A(n)) = A(nt1)
for all n € Z. Consequently, p is bicontinuous and contractive; and (A(n))nez is a
normal filtration of A adapted to p. In fact, it is easily verified that A = C(a), and
p =3 (cf. 2.1) where a denotes the shift on the direct product FZ. (See 4.1 below).

For later use we mention the following simple lemma generalizing 3.2, which enables us
to construct semistable laws on general locally compact groups in concrete situations.
Let S(a,a) = S(a,a)(G) := {A € GF(G) : a(A) = o - A} denote the set of (a,a)-
semistable generating functionals.

3.6. Lemma. Assume that G is a locally compact group, a € Aut(G),B €
GF(G),a € (0,1). Assume that for f € D(G) the series 3 o a~%-( a*(B),f) is
absolutely convergent.

Then A: f = (A, f) =32 a~%. (B, fod*) belongs to S(a,a).

[ As easily seen, A is almost positive and normalized (cf. [12], [9]). Hence 4 € GF(G).
And a(A) = a- A obviously follows. |

(Semi-)stability on solenoidal groups

There exist compact connected finite-dimensional groups and stable semigroups of
probabilities p, with supp(u,) = G,t > 0. (G cannot be a Lie group.) The
corresponding group of automorphims T’ = (a;)i>0 Is contractive on a dense subgroup
(the range of the exponential map), but not contractiveon G. ¢ + a, is not continuous
in this example, and G is not second countable.

3.7. Example. Choose Ry, the real line with the discrete topology, and let G be
the solenoidal group G = (Rq4)* (= B(R), the Bohr compactification of R). Then
¥ : Rg = R,9(z) := z, is a continuous injective homomorphism, therefore the dual
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homomorphism ¢ : R (2 R) = (Rg)" = G is continuous, injective and has dense
range. (Indeed G is one-dimensional and ¢ : R = G is just the exponential map.).
Now let (v¢)i>0 be strictly stable on R, i.e. let by = Ho : 2 t%-2,t >0,z € R and
assume by(v,) = vy:. by can be regarded as automorphism of Ry, therefore the dual
map b =1a,:G—=Gisan automorphism of G.

y € Ry is identified with a character v, of G, defined on the dense range @(Rg) by
(¢(z),7y) = €7,z € Ry. Therefore (ar(9),vy) = (9, YHa(y)) forall t >0, y € Ry,
geG.

Define 1, i= p(v1)szo. Obviously ai(i,) = ar(ip(va)) = p(bu(vs)) = plv1s) = ¢y for
t,s > 0. So (p,)sp0 is stable wrt. T = (a¢)i>0.

The group T is not contractive on (the compact group) G, but T acts contractively
on the range ¢(R) : for = € R we observe a:(¢(z)) = (¢* - z) 29000 =e.

On the other hand p, = ¢(v4) is concentrated on ¢(R). (¢(R) is o-compact and
hence measurable.) According to 2.3 any (semi-)stable law on G arises in that way.
We note that ¢ — a, is not continuous: There exist elements g € G which are non-
continuous characters on R. But the set of continuity points S(T') is dense.

Semistability on infinite products of compact groups

If G is a (real or p-adic) Lie group (not necessarily contractible) we have a more or
less complete survey over semistable laws supported by G. (See e.g. [3], [6], [7], [14],
[2]). Beyond this class of groups there exist semistable laws, but the properties may
differ in a characteristic manner. To point out those differences we investigate as a
particular example infinite products G = K% where K # {e} is a compact group. Let
a denote the shift, a(Z)(k) :=Z(k+1) for T€G, T:Z > K.

4.1. Proposition. a) There exist non-trivial (a, @)-semistable laws on any group
representable as infinite product G = K%, in particular on the infinite-dimensional
torus TZ, where a denotes the shift and « € (0,1).

b) Analogously, there exist non-trivial stable laws on any group G = KR, for a
nontrivial compact group K; in particular on the infinite-dimensional torus TX. In
this case the automorphism group T is the (non-continuous) group of shifts.

[2) Let K # {e} be a compact group (e.g. K = T). Define G := KZ and let
a: G — G be the shift a(Z)(k) :=Z(k+1), k€ Z,for T€ G, £:Z - K. For
any n; < ng € Z,let J:= {ny,...n2} and K; := K7. Obviously, D(G) = £(G) =
{f =f'om; for some J CZ and f' € D(K;)} (ms: K% — K7 denotes the canonical
projection). Consequently, for any generating functional B¥# € GF(K;) we define
B € GF(G) via { B, f) := ( B¥, f') where f = f' o;.

For any f € D(G) obviously Y ez @ - (B, f o ak) converges (indeed the entries are
zero, except a finite number.) Therefore A = La~* . oa*(B) is a semistable generating
functional on G (cf. 3.6).

b) Let G = K® be represented as G = {7 : RX — K} and define T = (a¢)r>0 to be the
group of shifts a,(Z)(s) := Z(s), 7 € G,%,s > 0 (with multiplicative parametrization).
T is a non-continuous group in Aut(G) fulfilling a;a, = ass. (If K isfiniteor K = T™
then there exist only trivial continvous groups in Aut(G)).
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Let A" be a continuous convolution semigroup on K (= K() and define
Ug 1= ®r>o)\£r) for any coordinate r > 0. Then, as immediately seen,
a(p,) = ®,>0/\£r/‘) , t > 0. Hence for fixed v > 0, we have

e (s) = oty s 20,6 >0 i AN =277 (r>0).

In analogy to a), let vo be an arbitrary continuous convolution semigroup on K
()

with generating functional B. Then ps” := ®r>o0ar(v,/r1/+) fulfil the relations
vy,
agr (:u-' ) - .ua-t .

If we identify K with K! C G and consider B € GF(K) as generating functional
B € GF(G) then (e.g. for v = 1) the generating functional of p(.l) is given by
A=Y 507! a(B). In fact,-f € D(G) depends only on finitely many coordinates,
{r1,...,r+} say. Hence ( A, f) is well defined and we have a;(A) =t-A forall t > 0.]

4.2. Remark. In a) assume in particular J = {0}, consider K = K(® as subgroup
of G. Let B = B ¢ GF(K) denote the generating functional of a continuous con-
volution semigroup pe = p£°) C MY(K). Then the continuous convolution semigroup

generated by A has product form y; = ®kezp§k) , with pgk) = okt -

C(a) N C(a™Y) on infinite products K%

We consider the subgroups F; := Fi(e) := {ZT € G : limgnoo Z(k) = €}, Fr =
{Z € G :limpy-0Z(k) =€}, Fo:={T € G : limju E(k) = €} = FyN Fr and
F :={Z € G : T(k) # e finitely often}.

Obviously, C(a) = Fi, C(a~!) = F, , and we observe F = Fp iff K is finite.

If G is a Lie group then C(r) N C(771) = {e} for all T € Aut(G). [ This is easily
proved e.g. repeating the arguments in [16], example 1.] Hence (a,a)- and (a~?,8)-
semistable laws are concentrated on subgroups with trivial intersection.

In contrast, for G = K% and if a denotes the shift as above then F and hence
Fo = C(a)NC(a~?) are dense in G. However, for semistable laws in productform we
obtain:

4.3. Proposition. Let p, and o, be non-degenerate (a,a)- and (a~!, 3)-semistable
continuous convolution semigroups of product form considered in 4.2. Then, for
s,t > 0, p; and o, are concentrated on the disjoint measurable subsets C(a)\Fo
and C(a™1)\Fo respectively.

Proof: In fact, if K is finite, the assertion follows since by construction semistable
laws have infinite Lévy measures and are thus diffuse measures ([10], [14]). On the
other hand, in this case Fo = F is countable. Whence py(F) = 0,(F) = 0,¢,5 > 0.
If K is infinite, assume according to 4.2 p; = ®kezy$k) with pgk) = p -y (Where
He is a continuous convolution semigroup in M!(K) & M!(K()). And assume an
analogous representation for o,. We have to show pi(Fo) = 0,(Fg) =0 for s,t > 0.
Since y: is non-degenerate the limit set LIM {y; : t — oo} is contained in {e; *wy}
for some non-trivial subgroup H C K. Therefore, as easily seen, for a neighbourhood
U €il(e) in K we have limsup p{U} < 1. Le. p{U} < & < 1 for sufficiently large
t, hence psk){U } = po-+:{U} < & for sufficiently large k. For any L € N we conclude

pill i< K x> Ut = (®j€3/‘5j)){n|j|5L K x[l>Ut=0
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since [[ ;5 p #ra-i (U) = 0.
Whence pe{Fo} = 0 for t > 0 as asserted since Fo C Upen 1)<z K x [1jj5. V for
any V el {e}. ]

Marginals of semistable laws on ifinite products

4.4. Remarks. a) If K is a finite group, then K" is finite for n € N, hence
S(a,a)(K™) is trivial but K% = G possesses non-trivial semistable laws. But accord-
ing to 3.1 no finite-dimensional marginal distribution is semistable.

b) Finite-dimensional tori T¢,d > 2, admit automorphisms with dense contractible
subgroups and semistable laws on T¢ are homomorphic images of operator semistable
laws on subspaces of V = R¢.

Let a denote the shift on the infinite-dimensional torus G = TZ acting contractively
on the dense subgroup F;. Again, also in this case finite-dimensional marginals of
(a,0)-semistable laws need not be semistable: Let B € GF(G) be a generating
functional such that the generated continuous convolution semigroup is concentrated
on a finite-dimensional torus H:= T/, I finite C Z, e.g. on T{%}. Assume « € (0,1)
and put A := 3,z *-a*(B). According to 3.6 resp. 4.2 the continuous convolution
semigroup generated by A is (a,c)-semistable. If B is a Poissongenerator then for
any finite ] C Z the projection onto T! is Poisson and hence not semistable.

Limit laws on infinite-dimensional tori TZ and on RZ

5.1. Example. G = T? is arcwise connected, with (infinite-dimensional Abelian )
Lie algebra RZ. In this case, the exponential map n = exp : V := RZ & TZ,$ =
(qS(k) ke Z) = (e*® : k € Z), is surjective. There exists a lmear subspace

= {d) € R? : limg—y—oo #(k) = 0} of Rz and an automorphism a’ , the shift
on ]Rz V, which acts contractively on f, , such that aoexp = exp oa’ and such
that exp(}', ) = Fi . The restriction of the exponential map to .7-', ,€Xp @ .7—', = F
is surjective but not injective. Moreover, it is not possible to describe a’ by its
action on finite dimensional subspaces. Also on V = RZ, finite-dimensional marginal

distributions of (ao , &) -semistable laws need not be semistable as shown analogously
to the situation TZ in 4.4.b)

We avoided to develop a theory of generating functionals for the (non locally compact)
group RZ. Indeed, V = RZ is a nuclear vector space and G = TZ is a compact Abelian
group. Hence Fourier transforms are available, and Fourier transforms in both cases
are deter/x\nined by finite-dimensional projections.

Let £ € V,i.e. let ¢ € V' be a continuous linear functional, and (£, X) := e"{ #:X},
and let 7 = 7; be a finite-dimensional projection. If ¢ is constant on cosets of ker =
then G 3 z = n(X) = "(#X) =: (2 7(£)) defines a character £ = 7(€) of G; and
any continuous character arises in this way.

Hence, with the notations introduced above the Fourier transforms fulfil

X7 (6) = X(x(€)) for A° € MI(V) resp. A = exp(2°) € M}(G).

Analogously, let p. denote the Poisson semigroup on G with Fourier transform
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/4, = exp(t(/\ 1)), then ﬁf & = e:xp(t(:{‘J (7(€)) —1)) defines the Poisson semigroup
pe =expe(A’ —go) on V.

Assume ) to be concentrated on T{%}, put B := X\ — ¢, and define A € GF(G) as in
4.1.a). Assume further supp()\o) C [0,27]. Then for £:=7(£) € G,&= (E(k))kez €
(T%)A = Z*% (weak product), we obtain

Af)=Fa*-(a*(r - ee))“(é) St - (A(é(k)) — 1), and analogously,

A O =Ya (2 H A —e)™Q) = Tt (7 (k) - 1).

Let v, denote the semigroup on G defined by 7; = e!A Then by V: A= exp(t.z:o)
there is defined a continuous convolution semigroup v, C MY(V) with 7r(u:) =
vt,t > 0. (Fourier transforms A resp. A° of generating functionals are logarithms of
Fourier transforms of the generated probability measures, defined by 7y = exp(t - ;f)
resp. '17: =exp(t- A ° ). Hence A° is well defined, even if we avoided here to define
generating functionals A° on V)

As immediately seen, v, and v, are (a,a)- resp. (ao,d)-semistable. But for any

finite-dimensional projection p : V —+ R’ the Lévy measure of p(Ao) is concentrated
on the compact subset [0,27]Y C R, hence p(v.) can not be semistable.

Central limit laws and rescaled canonical random walks on Lie groups

6.1. Let H be a Lie group with Lie algebra V. Let U and V be neighbourhoods of
e and 0 in H and V respectively such that exp : V — U is bijective. Let 'y: be a
Gaussian convolution semigroup on V with covariance I w.r.t. a basis {X;,... Xq}.
Consider A = lEX ? as Laplacian on H andon V simulta.neously Hence A generates
symmetric Gaussian semigroups (i) in M!(H) and ('y. ) in M? (V)

According to the usual central limit theorem (on vector spaces) 'y, is representable
as limit distribution of a canonical sequence of rescaled random walks:

Consider {+X; :i = 1,...d}, the nearest neighbours of 0 in V (= R?). Let (¥});»
be a sequence of i.i.d. r.v. with distribution u; = 21'71 S exx;. Then for all n
{Yj(") = n"Y2Y}},51 is an i.i.d. sequence on the (rescaled) lattice n~1/2Z¢ (w.r.t.
the fixed basis X;,1 < i < d) with distribution u: =&Y epnerray,.

Define £i(-) to be the curves £i(t) := exp(tX:i)ier in H, put 'I!E") = exp(Yi(")),
then (], <;cm \IIE")),,;Zl is a sequence of random walks on H with distribution v, =

ﬁ EEE‘,(:hn—x/a). (In some sense rescaled nearest neighbour random walks, but not
necessarily concentrated on sublattices of H).

In M!(V) the CLT yields convergence of distributions of the rescaled random walks
o o

n-1/2 ZL"‘] Y;= EH“] Yj(n) , Un [ v ,t>0.

According to E. Siebert’s characterization of limit laws (cf. e.g. [13], [5]) this is

equivalent to n - (1/: —¢eo0) =+ A (for Cf° -functions on V with support in V).

Since exp is (locally) bijective, again by Siebert’s theorem this is equivalent to

n-(vn —e.) =+ A (for C° -functions on H with support in U).

And again we obtain equivalence to N pe,t >0 .
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Hence Gaussian distributions u; on a Lie group H are representable as limits of
distributions of the rescaled random walks [], <ig[n] \Ilf-") , and vice versa.

6.2. Remark. If A is a sub-Laplacian then the corresponding Gaussian semigroup

710 and the random walks v, ™

have full support on H.

are concentrated on a subspace of V. But u; may

6.3. Let G be a connected compact group with Lie algebra V. G and V are projective
limits G = lim G*,G* = G/Kq, resp. V =lim, V2. For fixed o let {X7,... X7 }
be a basis of V¥, let exp, : V¥ = G* be the exponential mapping.

Let (u1):>0 be a Gaussian convolution semigroup on G and let for fixed a uf be the
projected measures on G* with Laplacian A* = $7(X£)2. And let 'y:" be defined
analogously. (W.l.o.g. we assume the basis of V* to be suitably chosen.) According
to step 6.1 there exist random walks (v2)[") on G* and (v, )" on V< converging
to uy resp. to '7,o°,t >0.

In particular we are interested in the following

6.4. Example. a) If G = [[G, is a product of compact connected Lie groups
Gn,n € N, then we obtain a projective basis {X; : ¢ > 1} of V, such that {X; :
dn +1 £ i < dnpy1} is a basis of Gp, hence {X; : 1 < i < di41} is a basis of
Hl<j<n Gj=:G".

If 1 = @rezp'™ is a product of Gaussian semigroups y(") € MY(G,) with (Laple-
cian) generating functional A then the basis {X;} can be chosen in such a way that the
Laplacians A, corresponding to the projection p,") to G™ have the form Y ;" X2.
In this case the approximating random walks admit a construction without making
explicit use of the particular Lie groups: Elements of V may be represented as
sequences (c;) € RZ, formally as 3~ ¢; X;. The random walks defined on G* according
to 6.3 form a projective family (n;(vo Yot o1 2,..., where 1r° : V= V™ denote the

canonical projections and u € MY (V) are of product form ®kenﬂn( )

Note that V = llm(._ V" is a nuclear vector space, hence the projective families
define probabilities v,, on V. And analogously, (T (vn)®1)m=1,2,... form a projective
spectrum on G with v, = ®keNV,(. .

Furthermore, 7, (v, )" — mol(y), t >0, iff Tom (Va )™ = 7 (1), t 2> 0, for all
m € N. But this is equivalent to the convergence u;."t] — g, 2> 0.

Putting things together, for Gaussian laws we obtain equivalence of convergence of the
random walks on G and V respectively, in other words,

[t]—)'y,t>0 iff []—)p t>0 (%)
b) If we are in a situation analogous to 6.1, i.e. if G = KZ , A = Ay is a Laplacian
on K = KO, a.nd Api=a - a*(A),n€Z,(a denoting again the shift), then the
_ limits p, and 7. are Gaussian and (e, a)- resp. (a , &)-semistable on G and V
respectively.

O(k

In this situation, as easily seen, v, )

and II( in a) are representable as

(2d)~! E'li Exa-k/2.n-1/2.x, 2nd (2d)7? ‘El €, (ia—h/zn—l/z) , shifted by o’ and a*
respectively. And we obtain (*) with vx = ®kezll( ) and ”k ®kean( )
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6.5. Remark. Note that the equivalence (%) can only be proved for Gaussian limits:
The construction makes heavy use of the fact that for finite-dimensional projections
( at least for large n) supp(vn) and supp(u: ) are contained in neighbourhoods U
and V on which exp is bijective. Hence considering finite-dimensional projections we
conclude that the limits have to be Gaussian:

If H is a compact connected Lie group with Lie algebra V and exp : V — U bijective
then (U and ) V must be bounded. Hence in particular, v, being concentrated

. ° o

on V has finite second moments. And therefore, if v, g Y , t > 0, for some
[ o . . °

convolution semigroup 7, , then v, belongs to the domain of attraction of v, and

has finite second moments, hence the limit must be Gaussian.
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