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Introduction

Over the past few years the interest has been increasing in white noise approach to both
classical and quantum stochastic differential equations. It is the fundamental idea of white
noise theory, or also called Hida calculus (7], (8], that randomness is reduced to its elemental
components represented by deterministic vectors in an infinite dimensional space and that
stochastic analysis is translated into an infinite dimensional calculus. This approach has
been discussed along with classical stochastic calculus, see e.g., [9], [10], [14], and references
cited therein, and has created a completely new idea of nonlinear extension of stochastic
calculus via quantum domain [1], [2]. Namely, by means of white noise theory a traditional
quantum stochastic differential equation introduced by Hudson and Parthasarathy [11] is
brought into a normal-ordered white noise differential equation:

%%:LtoE, Sl =1,
where {L;} is a quantum stochastic process involving lower powers (at most one) of quantum
white noises. This observation led us naturally to construct a general scheme of normal-
ordered white noise differential equations. In fact, in the series of papers (3], [4], [19], [20],
we have established unique existence of a solution in the space of white noise operators and a
method of examining its regularity properties in terms of weighted Fock spaces. However, the
results were obtained only for linear equations as above though such equations are already
far beyond the traditional Ité theory in the sense that the coefficients {L,} may involve very
singular noises such as higher powers or higher order derivatives of quantum white noises.
This paper aims at a small step towards a systematic study of nonlinear white noise
differential equations. We shall focus on an initial value problem of the form:

d=

dt = F(t. E), Elt:(} = Eo, 0 S t S T.
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For technical reason it seems reasonable to start with the case that F : [0,T] x L(W, W*) —
L(W.W*) is a continuous function, where £(W, W*) stands for the space of white noise
operators. A difficulty is caused by the fact that £(W, W*) is not a Banach space but a
nuclear Fréchet space. For example, it seems very hard to obtain efficient norm estimates for
a formal solution constructed by successive approximations. We shall surmount this obstacle
by exploiting symbol calculus, which is a peculiar tool in white noise theory with a useful
theorem of characterization [16], see also [2]. The main result is stated in Theorem 10 in
Section 5.

1 White Noise Distributions

As usual, let us start with the Gaussian space (E£*, 1), that is, E* = §'(R) is the space
of tempered distributions and u is the Gaussian measure on E* defined by

eleR2 / ¢59 y(dz), € €E,
5

where | €|, stands for the norm of £ € H = L2(R) and (-, -) for the canonical bilinear form
on E* x E = 8'(R) x S(R). The probability space (E*, 1) is called the Gaussian space and
plays a key role in white noise theory. For example, a Gaussian random variable

Bi(z) = (2, 1pg), z€FE, t>0, (1)

is defined in the sense of L*(E*, 1) and {B,} becomes a realization of a Brownian motion.
However, the time derivative of the Brownian motion, called the white noise, is not well-
defined in L%(E*, i). In fact, we obtain from (1) a rather formal representation:

Wy(z) =(z, &), <ze€E*, t>0.
The above ill-definedness will be easily conquered by introducing a particular Gelfand triple:
W LHE",u) Cc W, @)

where the white noise process becomes a smooth map ¢ — W, € W*, and moreover, nonlinear
functions of {11;} are managed in W*.

As for the construction of (2), we adopt a general framework due to Cochran, Kuo and
Sengupta [5]. We first take a sequence of positive numbers o = {a(n)}2, satisfying the
following five conditions:

(AD a(0)=1<0a(l) S a(2) < -+
0
(A2) the generating function G,(t) = Z ——QS) " has an infinite radius of convergence;

n=0

- K 2n G
(A3) the power series Go(t) = Z In {inf —9(—8)} t" has a positive radius of conver-
Znla(n) (>0 s
gence;
(A4) there exists a constant Cyo > 0 such that a(n)a(m) < CE™a(n + m) for any n, m;

(AB) there exists a constant Cy > 0 such that a(n + m) < CE™a(n)a(m) for any n, m.
2a
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Given such a positive sequence, we define a weighted Fock space:

o0
Ta(Ep) = {¢ ~ )i fa € &, 012, = S nla(n) | fu P < oo}, (3)
n=0
where 2
— . — | — 2
E,,_{geH, |§|p=|A"§lo<oo}, A=1+8- 25
We then define
To(E) = projlimI'y(E,), (4)

p—rco

which bears a resemblance to S(R) = E = projlim,_,, Ep. The constant numbers

A or = L, A =S b g5 )
2’ BT (2 +2p 2’

with the simple inequality:

L, <A™ I8 € lpygs E€E, PER, ¢20, (5)

will be used in various norm estimates below.

We denote by W, the complexification of ['o(F) defined in (4). It is easily proved that
W, is a nuclear space whose topology is given by the family of norms {||-[,, i p € R}
defined in (3). Taking the celebrated Wiener-It6-Segal isomorphism L%*(E*,p) & T'(Hc)
into account, where I'(Hc) is the usual Fock space, i.e., the weighted Fock space with weight
one, we obtain a Gelfand triple:

Wa C T(Hc) = L*(E*, p) C W, (6)

This is called the Cochran-Kuo-Sengupta space (or CKS-space shortly) associated with a.
If there is no danger of confusion, we simply set W = W,. The canonical bilinear form on
W* x W is denoted by (-, -)). Then

(@, ) =D nl(Fa fa), D~ (F)EW, ¢~ (fa) €W,

n=0
and it holds that

n!

142, N < NNy 1Sl NI, =D 2 | FulZ, .

pvard a(n

As is easily verified, the Brownian motion ¢ — B is differentiable in W* and the white noise
process t — 11, € W* is defined.

Here we mention some special cases. The Hida—Kubo-Takenaka space [13] is the CKS-
space with e(n) = | and is denoted by W = (E). The Kondratiev-Streit space [12] is also
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the CKS-space with a(n) = (n!)?, 0 < 8 < 1, and is denoted by W = (E)s. Another
interesting example is given by the k-th order Bell numbers {Bj(n)} defined by
k—times

exp(exp(—(ep) ) _ ¢ Buln)
xp(exp(- - (expt)--)) L(n)
exp(exp(--- (exp0) --+)) — ; oy . @)

Gengy(t) =

We record some properties of the generating function G,(t) defined in (A2), whose proofs
are straightforward.

Lemma 1 Let o = {a(n)} be a positive sequence satisfying (A1) and (A2), and G,(t) the
generating function defined therein. Then,

(1) Ga(0) =1 and Gq(s) < Go(t) for 0 < s <t

(2) e°Galt) € Gal(s+1) and € < Gy(t) for s,t > 0;

(3) c|Ga(t) —1] < Gulct) =1 foranyc>1 and t > 0.

Lemma 2 Let a = {a(n)} be a positive sequence and Go(t) the generating function defined
therein. If o satisfies conditions (A1), (A2) and (A4), then

Ga(5)Gal(t) £ Ga(Cra(s + 1)), s,t>0.
If conditions (A1), (A2) and (A5) are fulfilled, then
Gals +1) < Ga(C&xs)Ga(CZat): 5,12 0.

2 White Noise Operators

A continuous linear operator from W into W* is called a white noise operator. The space
of such operators is denoted by £(W, W*) and is equipped with the topology of uniform
convergence on every bounded subset. In other words, the topology of L(W, W*) is defined
by the seminorms:

12 1l5,5- = sup {1(=0, ¥}|; ¢ € B, ¥ € B'},

where B, B' run over all bounded subsets of W. Similarly, the topology of L(W, W) is
defined by

1215, =sup{liZ¢ll, ; ¢ € B},

where B runs over all bounded subsets of W and p > 0. Note that the canonical inclusion
LW, W) = L(W, W) is continuous.

A useful tool for analyzing white noise operators is the operator symbol. With each
Z € L(W, W*) we associate a C-valued function on Ec x E¢ defined by

26,0 = (e &), Eme€ Ec,

where ¢ is the exponential vector defined by

2 ®
og(x) = @002 (1,§,£® S )

o T
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The above Z is called the symbol of =. Every operator in L(W, W*) is uniquely specified by
its symbols since the exponential vectors {¢¢; £ € Ec} span a dense subspace of W = W,
for any a. The following analytic characterization theorem for operator symbol is a peculiar
consequence of white noise theory.

Theorem 3 [2] A function © : Ec x Ec — C is the symbol of a white noise operator
Z € LIW. W), ie., © ==, if and only if the following two conditions are satisfied:

(01) for any £,&,m,m € Ec the function (z,w) — O(z6+ &, wn+m) is entire holomorphic
on Cx C;

(02) there exist constant numbers C > 0 and p > 0 such that

[0 n)? < CGa(I€R)Gallnl}),  &m€ Ec.

In that case
— 12 =~ - 2
12612 piq- < CCAN AT i) 1 @ llpsgi s SEW,

where q > 1/2 is taken in such a way that G,(|| A= |%s) < oo.

Among white noise operators the most fundamental are the annihilation and creation

operators at a point ¢ € R. Let us now recall the definitions. For any ¢ € W the limit

. z+66)— ¢z

a¢(z) = lim L;)—qﬁ()’ z€E', teR,

80 ‘]
always exists and a, becomes a continuous operator from W into itself, i.e., a; € L(W, W).
Hence by duality a; € L(W*, W*). These operators a; and a; are called the annihilation
operator and the creation operator at a time point ¢, respectively.

3 Stochastic Processes as Continuous Flows

Following [17] we introduce some notions. A continuous map ¢ — ®; € W* defined on
an interval is reasonably called a classical stochastic process (in the sense of white noise
theory). Basic examples are the Brownian motion {B;} and the white noise process {11%}.
Similarly, a continuous map ¢ — =, € L(W, W*) defined on an interval is called a quantum
stochastic process (in the sense of white noise theory). The annihilation operators {a;} and
the creation operators {a}} form quantum stochastic processes. In some literature the pair
{as,a}} is called the quantum white noise process. Moreover, we have

Proposition 4 Both mapst — a, € LW, W) andt — a] € L(W*, W*) are infinitely many
times differentiable.

The proof is easy with the help of the norm estimates of derivatives of the delta function,
see [18, Appendix]. We next mention a criterion of the continuity of ¢ — Z, in terms
of operator symbols. The proof is a straightforward modification of the argument for the
Kondratiev--Streit space [20, Theorem 1.8].
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Lemma 5 Let T be a locally compact space. Then a functiont— Z, € LWV, W*), t €T, is
continuous if and only if for any ty € T there ezist K > 0, p > 0 and an open neighborhood
Uy of ty such that

IZ(&mP < KGa(1€R)Gallnl}),  &n€ Ec, tel,

and N R
lim 2(6,m) = Z0Em), &€ B

Although an immediate consequence from the above, the next result is also useful.

Lemma 6 Let =,,Z € LW, W*), n = 1,2,---. Then S, converges to = in LW, W*) if
and only if there exist K > 0, p > 0 such that

éﬂ(é’ 7])12 S I\’Ga(lflz)GO(lnﬁL E”'I € E01 n= 17 21"')

and R R
1}320 En(&: T]) = E(El T’)i 5177 € EC-

We are now in a position to clarify the classical-quantum correspondence in white noise
theory. It can be verified that the pointwise multiplication in W gives rise to a continuous
bilinear map: W x W — W. Hence by duality, for ® € W* and ¢ € W there exists a unique
element denoted by ®¢ € W* such that

(2, ¢v)) = (2o, ¥), veW.

Moreover, the map 3.0 ®¢ becomes a white noise operator, i.e., 3 e LW, W*).
Thus, every ® € W* gives rise to a white noise operator by multiplication and we obtain
a continuous inclusion W* — L(W, W*). In this sense, every classical stochastic process
{®,} is identified with a quantum stochastic process. Conversely, given a quantum stochastic
process {=;} and a white noise function ¢ € W, {®, = Z;¢} becomes a classical stochastic
process. In particular, a classical stochastic process {®.} is recovered from the corresponding
quantum stochastic process {®,;} as &, = 5,450, where ¢q is the vacuum vector. We often
identify &, with ®, and denote them by the common symbol for simplicity.

4 Integration of Quantum Stochastic Processes

Let L}, (R) be the space of all C-valued locally integrable functions on R. We begin
with the following

Lemma 7 Let {L;} be a quantum stochastic process defined on an interval I C R. Then
for any a.t € I and f € L} (R) there ezists a unique operator Z,:(f) € LW, W*) such
that

0o 0) = [ 1)Lt 0, s EW. ®

Moreover. t = Zq,4(f) € LW, W?*) is continuous.
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PROOF. Let [a,b] C I be a closed finite interval. Since s — L, is continuous, the
interval [a,b] is mapped to a compact subset K C L(W, W*) = (W ® W)*. Hence there
exists some p > 0 such that

C = sup || Ls]|_, < oo
a<s<b

Then for any s € [a.b] we have

[€Ls®, OM = [(Ls, @ UN < | Ls [l 16 @91, < ClI N, 121,

and

1 t
/ F(8)(Let, v)ds| < C o, 81, / fs)lds, G EW, a<t<h.

Namely, the right hand side of (8) is a continuous bilinear form on W and, therefore, a white
noise operator =,,(f) € L(W, W*) is specified as in (8). Moreover, we obtain

t
I(((Ea,:(f)—E,.,s(f))¢,¢))|SC||¢|I,,|I1’JI|,,/ If()ldu, Y €W, a<s<t<b

Then for bounded subsets B;, B, C W we have

t
1Z0(f) = ZanlF) In,5, < CUBL I I Ball, / f(s)lds, a<s<t<bh  (9)

where || B |, = sup{|| ¢, ; ¢ € B} < oo for any bounded subset B C W. The continuity of
t > Z,, then follows from (9) immediately. |

The white noise operator Z,.(f) defined in (8) is denoted by

t
Zalf) = [ Lads.
a
We can now mention an analogue of the fundamental theorem of calculus.

Theorem 8 Assume that two quantum stochastic processes {L;} and {Z,} are related as

t
Et = / L,ds.

Then, the map t — =, € LW, W*) is differentiable and

d_
'(E:t=Lt

holds in LW, W").

PRrOOF. For the differentiability at ¢ it is sufficient to show that given bounded subsets
B,,B,e W
St+h T =t L,

: =0. (10)

B:.B:

lim
h—0
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It follows from definition that

((Ftr=-r)o ) =1 [Tqw-ras e suvew

Since s+ L, is continuous, given € > 0 there exists some § > 0 such that || Ls — L[|, 5, < €
for |s — t| < 4. Then, for 0 < |h| < § we have

which proves (10). 1

Et+h_E'l. L
T T &t

1 t+h
<z 1 Zs = Li |, 5, ds <,
i

Lemma 9 If {L.} is a quantum stochastic process, so are both {L,a;} and {a}L.}.

PrOOF. We only prove that ¢t — L,a; € £L(W, W*) is continuous, for the rest is obtained
by duality. To this end we fix ¢ € R and a finite interval [a, b] containing ¢ inside, and choose
p >0 and C > 0 as in the proof of Lemma 7. Let By, B, C W be bounded subsets. Then
we have

Il Lsas — Leay ”81.82 Il Ls(as — ar) ”B],Bz + || (Ls = L)a, "Bl,Bz
I Ls |l as = ae |l g, o | B2 ll, + | Ls — L¢ |l 5,5,

Clles —a ”B,,p || B2 ”p + [ Ls = L, "mB;,Bz s (11)

where || By ||p < oc and @, B; C W is bounded. Then the continuity of ¢ — L;a; € L(W, W*)
follows immediately from (11).

IN AN IA

In Hudson-Parthasarathy calculus (see also [15], [21]) a fundamental role is played by
the following three quantum stochastic processes:

ot t i
A = / a,ds, A} =/ a; ds, A =/ aa, ds,
0 0 o

which are called the annihilation process, the creation process, and the number (gauge)
process, respectively. It follows from Proposition 4, Theorem 8 and Lemma 9 that

d d
—Ai=ay, A} = aZ, - At = aja,

dt dt dt

hold in L(W, W), L(W*, W*) and L(W, W*), respectively. These relations play a key role
to go beyond the traditional It6 theory by means of white noise theory.

5 Initial Value Problem

We now study the initial value problem:

d=

"d_t' = F(ti E)y Elt:ﬂ = 507 0 S t S T) (12)
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where F : [0.T) x LW, W*) — L(W, W*) is a continuous function and = is a white noise
operator. A solution of (12) must be a C!-map defined on [0, 7] with values in L(W, W?*),
Lence by Theorem 8, the initial value problem (12) is equivalent to

Z =5+ /Ot F(s,Z,)ds. (13)

Since the solution depends on the “regularity property” of the initial value =, we need to
consider two weight sequences o = {a(n)} and w = {w(n)} with conditions (A1)-(A5), the
generating functions of which are related in such a way that

Ga(t) = exp v{G,(t) — 1}, (14)
where v > 0 is a certain constant. In that case, we have continuous inclusions:
W, CW, CL}E*, u) 2T(Hc) C Wi CW:

and
LW, Wi C L(Wa, Wy).

Such a situation is abstracted from the case of Bell numbers, see (7) for definition. In fact,
we have a simple recurrence formula:

Gaenge+1)(t) = exp 1 {Gany (t) — 1}, k21; Gray(t) =€,
where . =exp vy, for k> 1and v =1.

Theorem 10 Let o = {a(n)} and w = {w(n)} be two weight sequences with conditions
(A1)-(A5) such that their generating functions are related as in (14). Let F : [0,T] x
L(Wa. W) = L(W,a, W2) be a continuous function and assume that there exist p > 0 and
a nonnegative function K € L*[0,T] such that

1F(s,Z0)(&m) — F(5,Z) (6, < K(5)Gu (€ DCullnDIEs(Em) - Eal&,m)P,  (15)

and
[F(s,E)(&. ) < K()Gu(I€R)C.(n )1 + EE P, (16)
for all§,n € Eg, Z € LW, W;), and s € [0,T]. Then, for any = € L(W,,, W?) the initial
value problem (12) has a unique solution in L(W,, W5).
ProoF. In principle, the proof is based on the standard Picard-Lindel6f method of
successive approximations (see e.g., [6]) applied to the operator symbols. We define

=(0) _ =
=t

= 20,

t
=M=z, + / F(5,20M)ds, n>1.
]

We first prove that Eg") € LW, W) for n =1,2,---. Since 5y € L(W,,, W?) by assump-
tion. we may choose Iy > 0 and pp > 0 such that

Eo(&, P < KoGull€2)Culln %) 1
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Hence by (16) we have
|B(s, Z(E P < KEGC(ERCnE) (1+ KaGullEB)Guln ). (18)
By Lemma 2 we see that
G(lEP)GLEL) < GulCu(l €l +1€15)) < Gull€T,):

where p; > max{p,po} is chosen in such a way that 2Cy.|| AV By max{ppo} < 1 see also (5).
Then (18) becomes

B ZEnt < K6 {GuleRGnE) + KoGull€()CulIn,) }
< (1+K)K(s)G(ER)Gulln ), (19)
and by integration,
— £ 2
EPEnr < Buenir2|[ FlazoEnd
< 250, )P+ 2TR (L + Ko)Gu(1€ 5,)GulIn3,), (20)

where T
K= / K(s)ds.
0

Combining (17) and (20), we come to

EDEnP < KiGo(€L)GnL),  0<t<T, &ne kg, (21)

where I, = 2Ky + 2T'K(1 + Ky) is a constant. It then follows from the characterization
theorem for operator symbols (Theorem 3) that =M ¢ L(W,,W:). Comparing (21) with
(17), we see that the above argument can be repeated to conclude that =M e Lo, Wr)

for all n.
For simplicity we put
On(t:6,m) = EM(E, 1) = (S8, ¢, En€Ec, 0<t<T
We shall prove that the limit
©(€,m) = lim O (t;€,7)
exists. Since .
Onlti€m =)+ [ Fla, 2006 mds (22)

by definition, in view of assumption (15) we have

2

t o~ -~
l(')n(f-iﬁﬂl) - en—l(t; ga 7’)'2 = A {F(sv E.(s"—l))(f’ﬂ) - F(s15§"—2))(€a T’)} ds

STERGE) [ KO lonlsi&n ~ualsimPds, (@)
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and moreover, repeating this argument yields
©n(t:€,1) = Ona(B:E M)

< {reueReunp)™ [an [Can [ by

X K(tl)I{(tZ) e I{(tn—-l)|el (tn—l; 61 T') - eo(tn-—l; 67 77)|2' (24)

As for the last quantity, we see from (19) that

1©1(t: & 1) — Bo(t: €, M)

| / Bz ds|

IA

T
T / \F(s, Z0) (€, ) Pds
< TR+ K)Gu(€12)Cullnl,) = H(E).

A

Thus (24) becomes

!en(t;& 7’) - en—l(t; 57 TI)|2
n-1
<{TeueRculinl)} x

xH(€,7) /0" dt, /otl dtz.-./o‘"—z dta 1 K(t)K () - K (tnet)
S (n+1)n {TRGw(IU:)Gw(]ﬂl:)}n_l H(¢,m). (25)

Let 0 < » < 1. Then we have

Z 1©On(t: &,m) — Ona1(t;€,1)|
n=1

r2 1/2 [ = 1 1/2
S (1 _7-2) <Zrﬁlen(t1£9n) —en—l(t;gl-n)F)

n=1

12 _
< (Fe2) e { R cutepictnd) ). )

This proves that

OulE,n) = nli_)nolo@n(t;f,n)=-o(€n)+2{ (GED - Ban(tEM}  (20)

converges uniformly in t for any fixed £,7 € E¢.

We next prove that that there exists a white noise operator Z; € £(W,, W;) such that
©, = £, for 0 < t < T. Condition (O1) in Theorem 3 is easily checked from (26) since the
convergence (27) is also uniform in (£,7) running over any compact subset of W x W. As

213



for condition (O2) we shall estimate |©,(&,n)|2. First by (26) and (27) we have

00 2

> {entti&m — Bnaltim)}

=~ 2H
2fEa(e, P+ 26D exp

[0, MIP < 21506, M +2

TK

r2

IA

1-172

Gw(|s|:)cw(|n|§)}. (28)

Using an elementary inequality: te* < e(+1! for ¢ > 0, the second term of (28) becomes

2H (&, TK
D o { R Gulleouling) | < Mo {3GL0ERIGAEY}  (9)

where | £, < |£],, is used and

2TK (1 + Ky) TK

A[1= 1—1‘2 s 1\'12=T—2+1.

We choose 0 < 7 < 1 in such a way that M,/ > 1, where « is the constant defined in (14).
Then by Lemmas 1 and 2 we have

MG(EE)G(NE) < MG (CullER, +1n13))
M.
7{72 [c. (CutieR, +1n)) - 1]} + M,

Y {Gw (% Cull€R, +1n |§.)) - 1} + M (30)

IA

We then take ¢ > 0 in such a way that (Ma/7) Cio|| A~ ||%% < 1. Then (30) becomes

MG €3G0 1) S 7{GullE R, g+ Inlhy1g) = 1} + M,

and, in view of (14) we obtain

exp { MG (1€ 2 )GulInE)} < M GallE L 1q+ 0P, (31)
Consequently, combining (28), (29) and (31), we have
10u&mIF < 250 M + Mie"Gall€ [ g+ 1715,40)
< 2KoGu(|€15)Gu(Inl3) + M1eMGa(Cra | € |2 1 )Ga(Caa | 115, 1g)»

p1+g

where (17) and Lemma 2 are used. Taking g, > p;+¢ > po such that Cp|| A~ ||?,(,'§‘_P 1) <
and noting that G, (s) < y71€7"1G4(s) for s > 0, we come to

[0dE, M < @Koy ™' ™! + M) Ga(1€12)GalIn )- (32)

In other words, ©, satisfies condition (O2) in Theorem 3, and hence there exists a unique
=, € L(W,, W}) such that

Ou&,71) =ZuEm),  EneEe, telo,T) (33)
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We now prove that {Z,} is a solution of (12). As is already obvious, ©,(t) also satisfies
(32) commonly, and therefore by Lemma 6 we see that 55") — Z¢ in L(Wq, W2) uniformly
in ¢. Hence, letting n — oo in (22), we conclude that

016 m) = SolEm) + / F(s,Z2)(Em) ds,

which means that {Z,} is a solution of (13), and hence of (12).

For the uniqueness we suppose that two quantum stochastic processes {Z;} and {X,}
satisfy the same integral equation (13). A similar argument as in the derivation of (23)
vields

=€, m) — K&, mIP < TG (1ER)Gu(In ) [o K(s)|E,(&,m) — X6, m)ds,

from which =, = X, follows by a standard argument with the Gronwall inequality. |

We remind that Theorem 10 covers a simple example: Let {L}, {M;} C L(W,,, W) be
two quantum stochastic processes, where ¢ runs over [0, T]. Then the initial value problem
d —_ —_ —_ — *

E = = L¢ o= + A{t, :‘.lg:Q ==y € E(Ww, Ww), (34)
has a unique solution in £L(W,, W;). Note that equation (34) is a considerable generalization
of a traditional quantum stochastic differential equation.
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