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1. INTRODUCTION

Let M be a d-dimensional paracompact C*°-manifold and Diff(M) be the group of all

_diffeomorphisms on M. Among the subgroups of Diff(M), we take here the group
Diffo(M) which consists of all g € Diff(M) with compact supports, that is the set {P &
M| g(P) # P} is relatively compact. Up to the present time, unitary representations
(U, H) of Diffy(M) or of its subgroups (H is the representation Hilbert space of U) are
constructed and considered by many authors. A purpose of this report is a trial to
construct some differential method to analyze these representations (U, H) of Diffy(M) or
of its subgroups. Roughly speaking, we wish to consider a differential representation of a
given one.

So the first step we should do is to define a suitable Lie algebra G of Diffo(M), regarding
it as an infinite dimensional Lie group. For the case of compact manifold, it is well known
for a pretty long time ago that Diff(M) = Diffo(M) is an infinite dimensional Lie group
whose modeled space is a nuclear Fréchet space called strong inductive limit of Hilbert
spaces by a few authors, especially by H.Omori.(cf.[12]) So after them, we are naturally
derived that we should take a set T'o(M) of all C*°-vector fields X with compact supports
as the Lie algebra Gy, and it is appropriate to take a map Exp(X) as the exponential map
from I'o(M) to Diffo(M), where {Exp(tX)}icr is an integral curve along a vector field
X € To(M).

Thus formally we have self adjoint operators dU(X) on H by Stone theorem,

U(Exp(tX)) = exp(vV—TtdU(X)) for all t€R,

and simaltaneouly there arise many problems for such dU(X) and for Exp(X). Among
them the following questions are fundamental.

(1) Is a common domain of {dU(X)} xero(ar) rich such one like Garding space ?

(2) Does +/—TdU become a linear representation under suitable restriction of
the domain of each dU(X) ?

(3) Is a subgroup generated by Exp(X), X € I'gy(M) dense in Diffo(M) ?

It is easily expected that the linearity of /—1dU mostly depends on a formula which is

similar with one derived from usual Campbell-Hausdorff formula, listed as the following
theorem and actually it was made sure in [19]. (2) is affirmative.
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Theorem 1.1. Let X,Y € I'o(M). Then as n tends to +oco,
(1) {Exp(%) o Exp(%)}" converges to Exp(t(X +Y)) , and

2) {Exp —%) o EXP(_%) oExp(f/—);) oExp(%)}'l converges to Exp(—t3[X,Y])

in Tk uniformly on every compact interval of t, respectively, where K is any compact set
containig suppX and suppY, and Tk is a toplogy of uniform convergence on K together
with its every derivative.

Proof. 1t is carried out by using C'-hair theory on regular Fréchet group. For details
see [13] and [19].

Now the theory of product integral works so effectively on (3). It turns that the above
subgroup is dense in the connected component Diffj(M) of id, where id is the identity
map and the topology 7 on Diffo(M) is the inductive limit topology of {Diff(K), Tk } x:cpt,
where Diff(K) := {g € Diffo(M)| suppg C K}. It is noteworthy that 7 never gives a
group topology, unless M is compact (cf. [21], [22]), so we must take care of topological
group operations on Diffy(M). Nevertheless Diffy(M) is normal and it is also arcwise
connected. In other words, any element in Diffj(M) is homotopic to the identity as a
map, and vice versa.

Theorem 1.2. A subgroup generated by Exp(X),X € I'o(M) is dense in the arcwise
connected subgroup Diffy (M).

Proof is omitted. (cf.[19])

Now as a direct cosequence of (2) and (3), for example, we have that there is no
continuous finite dimensional representations of Diffy(M) except for a trivial one.

However for almost all parts concerning the questions (2) and (3), I have already re-
ported at several places ( cf. [19] and [20]). What I wish to discuss in this paper are
problems for the first question. Thus in what follows I will write this report fully placing
the focus on the matters for the first question. The last section is briefly devoted to an
application of these reults to 1-cocycles.

2. C*-VECTORS AND QUASI-INVARIANT MEASURES ON THE GROUP OF
DIFFEOMORPHISMS

Now to the first question the following is a partial answer which is a main theorem of
this issue.

Main theorem. Assume that

(1) M is a compact Riemannien manifold and

(2) (U,H), which is a unitary representation of Diffi(M) at first, has a continuous ez-
tension to a larger group Diff** (M), which consists of all CK-diffeomorphisms g being
homotopic to id. Then a set of C™-vectors is dense in ‘H.

Let us show first an idea of the proof and next follow the proof itself. The idea comes
from the usual locally compact Lie group theory.
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Idea of the proof. For any h € H, put
wni= [ QUG ),

where £(V) is a neighbourhood of id in Diff¥*7(M) (0 < ¥ < 1) ( later, this group will
be explained exactly), @ is a non negative function such that

suppQ C&(V) and [ QUm(d) =1,

and finally p is a Difff¥+™(M)-quasi-invariant measure on Diff***7(M) which was first
considered by Shavgulidze. Of course m must be taken so largely. In the papers [14], [15]
and [16], Shavgulidze constructed such a measure. His idea is nice, but there needs some
corrections to his proofs. So a definite proof of the existence of such a measure is desired.
Now I'll justify it by the following successive 8-steps.

2.1. Construction of quasi-invariant measures on the group of diffeomor-
phisms.

l-step Let U C R? be an open set and f be a C*-diffeomorphism defined on U.
Take m, £,k € N such that 3m < ¢ < k. Shavgulidze defined & map Ayem(f) for each
hy, -+ ,he € R? as follows.

l m
Avem(H)(@)(h1,- -+ 1 he) = a ; Zoaia"a(l) e aﬁa(«)df; ](a"a(-‘+l) o aha(l)f @),
o€EG, 1=

where ¢; (£ = 0,--- ,m) is a real number which satisfies the following equations,

m m

Ya=1 > 1CpjiCiai=0 (0<Yj<p, 1<p<m).

=0 =0
Of course ;C} is the combinatorial number, if 7 > j and it is equal to 0, if j > 2. Further ,
is a directional derivative along k and df. is a differential of the map f at z. Needless to say,
here all tangent spaces are identified with each other. Note that Ay.em(f)(z)(h1,-- , he)
defines a C*~%-vector field on U for each fixed hy,--- , he.

Theorem 2.1. If ¢ is a C¥+™-diffeomorphism on f(U),
AU.Z,m(¢ ° f)(z)(hh R} hl) - AUJ.m(f)(I)(hh Tty hl)

is a vector field of C*+™%-class.

Proof is derived from the usual chain rure and Leibniz formula. (cf. [16])

2-step Let us consider a group Diff**(M) (k € N, 0 < v < 1). The defini-
tion is as follows : g € Diff**7(M) if and only if g € Diff*(M) and every derivative of
order k is Lipshitz continuous of order y. Making a parallel definition of the vector field,
we obtain a Banach space space ['*+7(M) with the natural norm and a Banach manifold
Diff*+7(M) via a coordinate map £ on an open neighbourhood U of 0 € [¥+7(M) given
by Omori,
E(u)(2) = expyu(z)  (u€T*(M)),
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where exp, u(z) is a terminal point of a unit geodisic starting at = along the direction u(z).

3-step In what follows we always assume that
3Im<2<k.

According to Shavgulidze, we extend the previous map Ayaosm to a global one as Agym
from Diff**7 (M) to I**+7-2(M) such that

d d n
Apem(f)@) = 3 - 3 3 pilf(@))0i(2) (d¥) g1 2y Avinwr i r-1 vy 2em B © f 0 %0)

=1 dgmlig=l
(1)!’:1 (1:)) (hi.il ) lli.il ] hi.iz yibdg, 0 ht'.z'p hﬂi.i[):
where {(V;,4:)}i, is an atras of M, {p;}, is a partition of unity such that suppp; C V;,
Ui := ;1 (Vi) and finally (d¥i) g1 (hin), - 5 (des) 47 1(z) (hi,d) s a linear base in a tangent
space T(M).
Theorem 2.2. (1) Aggm is @ C*-map from Diff*+7(M) to TF1-2¢(M).
(2) Asm(do f) — Avgm(f) € TH™-2(M), whenever ¢ € Diff*+™(M).

(3) Put L := dAsgm|s=a. Then L is a differential operator of elliptic type with C>-
coefficient on the vector field.

Proof. 1t is not hard to see the properties (1) and (2). Let us check the third property.
Set

L(u) = dAsymls=a()  (z€T*(M)).
In a little while let us use notations as below for simplicity.

¥ 1(), fily) =97 o€(tw) oti(y), U :=Uiny;’(V;), and ky:=hi;, (1 <s<0).

d
Then it is easy to see that ;EI Avzem(ft) (W) k1, k1, .., ke, ke) is a differential operator

t=0
with respect to u with C*-coefficients and the term of order 2¢, which is the highest part,
is given by

(2!)' z Z a(dfy l)1l(a‘=u(x) aka(zt)d¢;1(u(m))) = dy; lody;(3g, B, - - - aktak:d¢_1'—1 (u(z).

0€6g, 3=0

Hence

d da n
dAﬂ.m(u)(z) = Z T Z z i(z)pi(z) (d¢1)¢—l(,)alclakg akgak,d"»bj_l(u(z))
=1 te=114,j=1
+ terms of order less than 2¢.
Now take any u € T*+7(M) and ¢ € C*(M) with properties, u(z) # 0, p(z) = 0 and
dp(z) # 0. Then it follows from an equality,

[4
Bty By -+ - O Ok, (0% (2)) = (20)! T] {0 0 difu(ki) Y (a7 1) (),
s=1

that we have
d

n d
L(p*u)(2) = (26! Zj Z () H{dso, o dipy(hsz,) Pu(2).
i=14=1 s=1

‘l(=
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The linear independence of dy;(h;;) (j = 1,---d) and the choice of ¢ lead to that
dy, o dipi(hy;,) # O for some iy, and so a term corresponding to 4y =i = --- =i =g Is
positive. Thus, we get L(p*u)(z) #0. O

4-step Generalized Hodge theorem. Let E:,“”(M ) be a collection of all p-forms
of class C* together with all kth derivatives having Lipshitz continuity of order -, and let
L be a differential operator of elliptic type of order £ with C*-coefficients on the space of
p-forms.

Theorem 2.3.
EF¥1(M) = L(EX***"(M)) @ ker L*
EF1(M) = L* (B (M)) @ ker L,

where @ means an orthgonal decomposition defined by the L?-norm, in the orientable case,
with respect to the volume form on the compact Riemannian manifold M. While in the
non orientable case, it is defined by an inner product on E,’,‘*"(M) defined by

< wy,wy >pi=< 6wy, 6wy >y,

where (M, w) is the the double covering of M, m is a Izat'ural projection, and < -,- >y
is an inner product which defines the L2-structure on M. PFurther L* is e formal adjoint
operator of L with respect to these inner products.

Proof . 1t is derived from theorem 4.1 in p84 in [17] concerning with interior Shauder
estimates.

Note that ker L and ker L* have finite dimensions, respectively, so L(E**47) is also
a Banach space with the induced normed topology.

Remark 2.1. According to an example 4.1 in p 85 in [17], the above theorem is no longer
true, even for Laplace-Beltrami operator for the case v = 0. This is the reason why the
~-factor is added to the regularity of diffeomorphisms.

In what follows, I use the above result for the 1-form and identify E¥*7(M) with
I'*+7(M) by the Riemannian metric on M.

S-step This step is devoted to & definition of a fundamental map A. So let
it PR (L) o L(TMT(M)),  mEYT i TRYY(M) — ker L
be natural projections, respectively, and put
ZH7 = [(T**Y(M)) x ker L.
Now define A : £(U) — Z¥+7 by
A(f) = (@5 Ageam (1)), 75T (€7H)))-

Theorem 2.4. There ezists a neighbourhood Uy(C U) of 0 such that A is a C°-diffeomorphism
from £(UL) to ZF+7,
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Proof. 1t is straightforward to check that dA|s—a(u) = (Lu, 757 (u)), and that it is a
continuous bijection from T*+Y(M) to Z*+7. So the inverse function theorem on Banach
manifold assures its validity. [}

Of course we may assume that the relations

EUEL) CEW),  Eh) ™ = ¢&(U)
holds good, if necessary, taking a sufficiently small neighbourhood of 0.

6-step Here we make preparations from a category of Sobolev spaces. Put dx = [;] +1
and m = 3d* + 2. So the relation of m, € and k£ now becomes,
9d"+6=3m <2<k

Consider a Sobolev space H*(M) of all vector fields with square summable derivatives of
order less than or equal to s equipped with the natural Hilbertian norm. Then we have

I'\k+3d‘+1—2l(M) C Hk+3d’+1—2l(M) c Hlt+d‘+1-—2l(M) c I-vk+1—2l(M) I I-vk+-y—71(M),

where the second inclusion map is nuclear and the third one is actually imbedding due to
the choice of @*. Next let us put

E*(M) := CIL(T***(M)) in H*(M).
Then
L(I\k+3d’+1(M)) c Ek+3ci‘+l—2£(M) c Ek+d‘+1-—2£(M) C L(l-\k-l—'y(M)),

where the third set is actually a subset of the last one. For, given any f € EF+#"+1-2¢(pf),
choose {fn}n C L((T**¥ +1(M)) such that f, —+ f (n — oo) in H¥*+¥'+1=2(M). Since
fa € (ker L*)* for all n, the same holds for f, which together with Theorem 2.3 assures
f € LI**(M)).

For the topologies on these spaces, we give the natural Banach topologies on the series

of L-image of I-spaces and give the Hilbertian topologies on the series of E-spaces. Then
the all injections are continuous. Now put,

X = Xkt = BHEH-2(M) » ker L,
which is a subspace of Z**7, and consider a transformation
Ay:=AoLsgoA™'  on X*t

for all ¢ € £(U;1) N DifF+™(M). For any (n,7) € X** N A(£(U1)), let us write down A,
explicitly using its components,

Aé(ﬂ:"‘) = (7) + F;(ﬂ,f‘), F:(’h"))

Theorem 2.5. (1) For (n,7) € X**NA(E(Uh)), F}(n,7) belongs to L(T*+3¢'+1(M)) and
for the map F}, regarding it as L(T*+3%+1(M))-valued map from X*t  A(E(Uh)), it is
continuously differentiable.

(2) As is a local C*-diffeomorphism on X*£.

Proof.  The most part of them are derived from Theorem 2.2. O

7-step  Now we shall introduce a basic measure for our arguments. As we have

seen, H; := E*3¢+1-% i5 nyclearly imbedded into H := E*+#'+1-2£ [et . be the
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imbedding map and decompose it into T'and U, ¢=ToU, whereU : H;+— H isan
onto isometric operator and T is a strictly positive-definite nuclear operator on H. It is
well known that there exists a Gaussian measure gr with mean 0 and variance operator
TonH,

1
i2(@) (= [ exp(v/=T <2,y >mlor(dy)) = exp(—5 < Te,2 >n).
The following is a transformation formula for variable change.

Theorem 2.6. Let X := H xR’ (5 (n,7)), where H is a real separable Hilbert space and
s € N. Suppose that

F(n: 7") = (Tl + Tfl(ﬂ: 1‘), f2(171 1‘))
is @ Cl-diffeomorphism from an open set U in X to F(U), where f) is a C'-map from X
to H and T is a strictly positive-definite nuclear operator on H. Then for any Borel set
BCU,
1
gr ®MF(B) = [ exp(= <mAlnr) >n =5 <Th(n1), Alnr) >a)-
[ det(dF(ﬂ,"))lgT ® A(dn, dr),

where ) i3 Lebesgue measure on R® and

det(dFiy,r) = Jim det(PadF(nn)Xa)  (the limit surely ezists at every point in U),
P, is a natural projection from X to X := Sp{m xR* (k=1,---,n)} and finally 1, is
an eigen-vector of T

(o<
=) n<mm > MO212--2T2->0).
k=1

Of course there are more fundamental formulas for variable change, namely without
finite dimensional component A. They are also actively now studied by many mathemati-
cians. A particular one of these theorems is due to [16]. The above theorem is a simple
version of this result.

Now let us return to our case. That is,
H=EM1-2(pn) RP=kerL and F = A,.
Then settling the above arguments, we find that
Theorem 2.7. For any Borel set B C X N A(¢(Uh)),

(21) or @N(Au(B)) = [, exp(— < UFL,7) >u ~3 < E3(0,7),UFS(r) >n) -
|det((dAo) i) lor @ A(d, dr).

8-step Now we are in a position to define a desired mesure. Define
#(E) = gr @ MA(E)NX) (ECE(Uh).
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Theorem 2.8. There exists a neighbourhood Ux(C Uy) of 0 in T*+7(M) such that for
any Borel set E C £(Uy),

W(E © Ly(E)) — 0, whenever ¢ —id in Diff*+3¢+2(Af).

Proof . 1t is done by long but elementary calculations, using standard techniques in
measure theory and subgaussian poperty described , for example, in p79 in [§].

The detailed proof is as follows. First we state the following lemma which is an imme-
diate consequence of Theorm 2.6 without finite dimensional component A.

Lemma 2.1. Let H be a real separable Hilbert space, B be a bounded operator on H, and

T be a strictly positive-definite nuclear operator on H, which has a form,

o0 o0
Tz=27‘,.<1:,hﬁ>h.", N2 e 2T>->0, and ZT,.<00.
n=1

n=1
Further let us assume that Id + T'B s invertible. Then a limit
det(Id + TB) := "ILIEO det(Id + P,TB|H,)

exists, where H, := Sp{hy,--- ,hp} and P, : H — H, is the natural projection. More-
over the following formula holds good for Gaussian measure gr on H and for any but fized
continuous non negative bounded function s # 0 with bounded support.

(2.2) L s((Ild + TB)'z)gr(dz) = | det(ld + TB)| -
L s(z)exp(~ < Bz, z >g —% < TBz, Bz >y)gr(dz).

Lemma 2.2. Under the same notation as in Lemma 2.1,
(1) det(Id + TB) is bounded on a domain ||B|| < r for any but fired r > 0.
(2) |det(ld+ T'B)| is a continuous function of B with respect to the operator norm.

Proof. They follow easily from (2.2).

Returning to our case, we find that by Lemma 2.1, det((dAg)(y) has the follow-
ing explicit form, using Gaussian measure g on X, where T is a nuclear operator defined

by T(n,7):=(Tn,7), and using a continuous non negative bounded function s % 0 on
X with bounded support.

(2.3) | det((dAg)mm)| = L - I3,

Iii= [ s((@dAo)iey) (s Vap(ar, dr),

12 = As(nlarl) exp(— < U(dFJ)(n,r)(ﬂ’:""), 7’, > — < (dF:)(ﬂ,r)(nIyrl) - rlyr’ >kerL) .
1 1
exp(—3 < (dFg) (1,7, U(dFg) s (1, 7) > =5 1@F) s (1 7) =" liee L), ).

Hereafter we will denote the integrand in (2.1) by pg(n,7). Note that Fj(n,7) is & map
of C? class from X x Difff+3'+2(M) to L(T**+3'+1(M)) and that Fi(n,r) is a map of
C3¢'+1 class on X x Diff*+3"+2(M). Hence there exists a neighbourhood £(W) of id in
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Diff+3¢ +2(M) (W C U;) and a neighbourhood £(U{) of id in Diff+7(M) (U® € Uy)
such that the followings hold good with a positive constant K7,

IF (0, )| prosernrae < Ky N dF)nmllop < Ko and [(dF)mnllop < K1,

for all ¢ € £§(W) and (n,7) € A(E(Ul(l))). Thus it follows from Lemma 2.2 and (2.3)
that the second term in the integrand in (2.1), that is, |det(dAs)@mr)| is bounded on

A(E(Ul(l))) x &(W). Further by the following elementary estimate of the first term,
1 1
exp(— <, UFy(n,7) > —5 < F3(n,n), UFg(n,7) >n) < exp(5K7) exp(Kallnll pever1-22),

we get
lps(m,7)| < *M exp(Kallnl| prser+1-2:)

on this region, and the later function is summable with respect to gr(dn). (cf.[5]) As (2)
in Lemma 2.2 leads us to

P¢(Th T) I l, Whenevef ¢ —sid in Diﬁk+3d'+2(M),

it follows from the bounded convergence theorem that

ooy oo™ = Uor(@ma@r) — o,

whenever ¢ — id in Diff*+3¢"+2( M),
Next we take a sufficiently small neighbourhoods Ul(z), Ul(s) of 0 in T*+7(M) such that
Uf? cuf? c U, eWewi®) cew), e c ), e = ).

Moreover from now on till the end of this proof, let us assume that ¢ belongs to Diff*+34" +2(M)N
£(U). Then for any Borel set E C (U,

K(E © Ly(E)) = gr ® MA(E © Lg(E)) N X)

=gr@AMA(E)NX 6 A4A(E)n X)

= gr ® AMA(E) N X 6 A4(A(E) N X)).
Given € > 0, take a closed set F' and an open set G in X which fulfills,

FCAE)NXCGCAEUM)NX and gr@®AG\F)<e,
and take a continuous function ¢ on X such that
0<0<1l, c6=1on F and ¢=0 on G-

Then
(24)
H(ESLy(E)) < A [Xa@nx(mr)—o(n,7)lgr@A(dn, dr)+ A lo(m,7) =g (m,7)lgr@A(dn, dr)+

/ loe(n,7) — X as(a@nx) (0, 7)|gr @ A(dn, dr),
where a function oy is defined by

o(Aer(mr), i (1,7) € AS(AEWUP) N X)
0, otherwise.

U@(Tla T) = {
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It is easy to see that
lom,) = 061, < X (1o, ) — o (Agms(m 1),
so the second term in the right hand side in (2.4) converges to 0 according to ¢ — id in
Diff*+3¢"+2(M). Further a sum of the remainder terms in that inequality is dominated by
-1 A(dn, d:
+ e 1961 7) = lor @N(dn, i),
by virtue of an obvious inequality,
IXaEnx(m 1) —on,7)| < xe(m 1) — xr (7).

Consequently, for any Borel set E in £(Us), where Uy := U™, we see that
uw(E© Ly(E)) — 0, whenever ¢ —id in Difff*3+3(M). O

Next take a countable dense set {¢;}; from Diff**+3#" +2(Mf) and define

f(B) =Y a(Ls(B)NE(U)) (B C DI (M),
i=1

where a; >0 (1=1,2,---),and Y2,y = 1.

Theorem 2.9. ji is a Diff**+™(M)-quasi-invariant and continuous measure on Diff**+7(M),
wherem =3d' +2, end 3m < (20) < k.

Proof . 1t is evident that fi(B) =0 if and only if p(Lg,(B) NE(UR)) = 0 for all i.
Now given any ¢ € Diff***™(M), take a sequence ¢;; converging to ¢ and put &i; = ;o
Then,

[#(Lgy; (B) N E(U2)) — p(Le(B) NE(U2))| < p((Lgs (B) © Lg(B)) N (L))
= p((Ly;(Lg(B)) © Ly(B)) N£(U2))
< #(Ly;(Ly(B) VE(U2)) © Ly(B) NE(U))
+ u(Ly, (§(02)) ©€(L2)) — 0, (j — ),

due to Theorem 2.8. Therefore p(Lgy(B) NE(Uz)) =0, whenever i(B) = 0. This shows
the quasi-invariance. For the continuity it is enough to show that

"B, Vi, (Ls(B© Ls(B)) NEWU)) — O,
whenever ¢ — id in Diff**™(M). Put
E:=Ls(B) and ¢ :=didgi
Then,
#(Lg;(B © Lg(B)) NE(U2)) = p((E © Ly(E)) NE(U2))
S u(Ly(ENE(U)) © ENE(L))
+ (Ly(ENE(Dr)) © Ly(E) N§(L2))
S u(Ly(ENé(l)) © ENE(lr))
+u(Ly(€(l2) ©4(L2)) — 0 (¢ —id). O
2.2. Existence and denseness of C>®-vectors. Let (U,’H) be a unitary represen-

tation of Diff*(M) on a compact Riemannian manifold M. Suppose that our unitary
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representation (U, M) has a continuous extension to a larger group Diff*X (A). Take & so
large that k > K.
Further take a C®-function p = pap (0 < a < b) on [0, 00) such that

0<p<1, p=1 on [0,a], p=0 on [b),
and define a function Q on Z*** by
Q(m,r) = p(ll(n,7) — A I3)xx(n,7)/C,
where C is a normalizing constant such that L Q(n,7)gr(dm)A(dr) = 1, and xx is an
indicator function of X, and || - ||x is the natural norm. Finally put

QU = Qup(f) = Q(AS) (f € &(U))-
Then after long calculations we have the following announced result.
Theorem 2.10. For any h € H define

= wd? = /E oy Qes(NU (DR ).

Then w;'_'b is a C®-vector and w:'b converges to h, whenever a,b tend to 0.
Proof .. Needless to say,

d
dU(X)h= —

U(Exp(tX))h (X eT(M) and heH),
=0
and h is said to be a C®-vector of (U, H), if and only if dU(X;)(:-- (dU(Xn)h)) exists
for every n and X),--- , X, € ['(M). Thus for the proof it is enough to see that for any
n and any s(< n), U(Exp(t;X1)---Exp(t.Xs)) is s-times continuously differentiable
on a neighbourhood of ¢ := (t1,--- ,2,) = (0..--,0). Hereafter we always assume that
suppQap C £(Uz). Put

¢r := Exp(t1X1) 0 - 0 Exp(teXs), and 4 := Exp(—t,Xs) o--- 0 Exp(—t:1X1).

Then

Udun= [ QU )U G0 A7, r))h or @ M(dn, i),

and for sufficiently small [¢] := [t1] + - - - + [ta),
—_ -1 -1
@8) Ugwn= [, QAT Aq(nr))pen(m U (A™ (1,7))h g @ A(dn, dr),

where U; := Ul(z) which was already given in the proof of Theorem 2.8. Thus for the proof
we must check differentials of Q(A~14,,(n, 7)) and pg,(n,r) with respect to t.

First note that by the definition of @ and p, the integration in (2.5) is actually carried
out over a set of (1,r) satisfying || Ag,(n,7) — A(id)||% < b. Next, since the map
Ay(n,r) : DifF+3¢+2(M) x X s X is continuous, so for a sufficiently small |¢| and
for such a b, the above inequality implies that || Ay, (Ag, (n,7)) — A(id)||x < 1. In other
words, an actual integral domain D in (2.5) may be assumed to be bounded.

Now let us consider first the differentials of pg,(7,7), and so recall the definition of
F,, and Fj. Namely,
(26) Félg (1’: 1‘) = ﬂ_f+3d‘ +1_2l(A'2£,m(¢l ° f) - A2E,m(f))1
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(2.7) F2(n,r) = n*"6 Yo o f),

where f := A~1(n,r). Further let us denote a terminal point of unit geodisic starting at
z along a direction u by K(z,u) and denote a tangent vector at « of unit geodisic with
an initial point = and a terminal point y by J(z,y). Then K and J are C*°-maps on the
tangent bundle on M and on M x M, respectively. Since for the maps f =: £(u) and
e =: (v, 1,) We have,

#e o f(z) = K(K(z,u(z)), Vb, ptn (K(z, u(“’))):
Uy 1 (2) = J(2, Exp(t1.X3) 0 - - - 0 Exp(te Xa) (),

£ o f)(2) = J(z, K(K(2,u(2)), vy, 4 (K (2, u(2)))),

s0 FJ‘ (n,7) and Fg!(n, r) are infinitely differentiable maps with respect to t. Further
somewhat long and complicated calculations lead us to that there exists §; > 0 such that

(2.8) 8¢ By, (0, 7)|| grsse +1-2¢  and "6:F§; (1,7)|lker. &re bounded
for any |t| < 6; and (5,7) € D. Thus the derivatives of the first term of py,(n,7), that is,
1
exp(— <, UF;‘(ﬂ, 'r) > phad +1-2¢ —5 < F‘:‘ (T], 1‘), UFJ‘ (1], 1‘) > pktd +1-zz)

are also bounded and continuous. While for the second term in that function, namely
| det((dA)g, (1,7))], we take, in the present case, o(n,7) := p(/|(n,7)||%) 8s the function s
in (2.3) and write it down as follows.

Il (ty 7, 1‘) = A U(’I’ + (dF‘Jlu)(v',r) (7]'1 rl)w (dFig)(n,r) (77,1 rl))gf'(dﬂ') dT’),

(Since (n,r) € A(£(Us)), we see that a support of the above integrand is bounded as far
as |t| is sufficiently small)

B(tn7) = [ exp(= < UEL a1 >puve sie = < (L) qn ()=t et
1 1
exp(—5 < (dFg, ) (13 7), U(AF3 ) iny (1,7') > v s1-2¢ =3 dF3) i (1, 7) =7 lfec )
o(n',r')gs{dr, dr').

Then by virtue of the previous arguments, I;(,7,7) and Iy(t,n,r) are bounded for any
(n,7) € A(£(U2)) N X and for any |t| < 36,.

Next let us observe 8;(dF},) () and 8;(dF3,) (). Since

4

o TR Aam(@o AT (4T r47r)) ~ A (A7 (kT m7T)),
T=0

(dF3) (1 7') =

so changing f = A~}(n,7) to fr = A~'(n+7n/,r + 7r'), together changing u := £~'(f) to
U, i= £-1(f;), and proceeding in the same manner as before, we have

||8,’ (dF;‘)(,h,.) (T)I, TI) " Ek+3d" +1-2¢ is bounded

for any (n,7) € A(§(Us)) N X (if necessary, taking a smaller neighbourhood U} in place
of Us), for any |¢| < 38; and for any (7',7') in any but fixed bounded domain. The same
estimate holds for [|67(dFZ,) s (s 7'M ker- By the above, 8f|det(dAy,(n,7))| surely
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exists and it is bounded and continuos on the integral domain. Therefore the same con-
clusion for pg,(n,r) follows directly.

Lastly for the function Q(A~'44,(n,7)), we have

QA 44,(n,7)) = QAs(n,7)) = C7'p(ll(n + Fy,(m,7), o (n,7)) — AGd)II%).

So there follows from (2.8) that 8/Q(A~'As,(n,7)) is continuous and bounded for the
same region.

Consequently the s-th derivative of the integrand is continuous and bounded for any
|t| < min(t,12,13) on the integral domain. Therefore wi? is a C-vector. The rest of the
proof is obvious. [m]

3. APPLICATION TO 1-COCYCLES ON THE GROUP OF DIFFEOMORPHISMS

The rest of this issue is devoted to an application of these results to 1-cocycles. So let
us introduce the notions of them briefly.

Assume that a subgroup G of Diffy(M) acts on a measurable space (X,B) from left
(9,2) €EGx X — gz e X.

A U(H)-valued function § on X x G, U(H) is the unitary group of a complex Hilbert
space H, is said to be 1-cocycle, if

9,0 €G, Yz € X, 0(z,0)0(97'2,9:) = 8(z,192). (cocycle equality)

For regularity of 1-cocycles, several notions have been considered. Some of them are as
follows.

Definition 3.1. (1) 8 is said to be precontinuous <= "z, : fized, 0(zo,g) is continuous
on a stabilizer group, G(zo) := {g € G| gzo = zo}-
(2) 0 is said to be continuous <=> "z : fized, 9(zo,g) is continuous on the whole group,

(3) 8 is said to be measurable <= g, : fized, 6(zq,g) is B-measurable.

We remark that someimes (3) implies (1), for example, under an assumption of dense-
ness of C*-vectors. (cf. p138-140 in [9])

Now for the present discussions, I pick up the following two spaces as X, since they are
standard for the representation theory on the group of diffeomorphisms.

Finite configuration space B}y, which is a collection of all n-point subsets in M. It
is also a quotient space of M®, where M® := {P = (P,,--- ,P,) € M"| VP, # P;}, and
the equivalence relation is defined in an obvious way.

Infinite configuration space T which is also a quotient space of M*® := {P =
(Pr,-++ Pa,-++) € M®| VP, # P;, and {P,}» has no accumulation points}, and
the equivalence relation is similar with the above one. In this case we should assume
that M is non compact. Of course Diffg(M) acts on these spaces diagonally as, §(P) :=
(g(P1)s- -+, 9(Pn),--)-

Now let 8 be a l-cocycle on the finite or infinite configuration space. Then there
correspondes one to one a symmetrical cocycle on the product space to 8. Thus it is rea-
sonable to observe a cocycle form on the product space M™ or M. Also for the sake of
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limit of pages and for simplicity, we will confine ourself to these situations.
Then the differential methods which we have seen lead us to the following theorem
determining a local form of 1-cocycles.

Theorem 3.1. (Local form of precontinuous 1-cocycle)

Let 6 be a U(H)-valued precontinuous 1-cocycle on M™ x Diffj(M), end assume that
dim(H) < oo. Take an arbitrary finite Fuclidean smooth measure p on M. Then for any
Q € M™ there ezist a relatively compact open neighbourhood of V(Q) of @, a U(H)-valued
map C defined on V(Q) and a commutative system of self-adjoint operators {Hxh<k<n
on H such that

V=1H; N
) Ca(B)),

1) o(p.0) = cby 11 (Yey
k=1 \ @

provided that (P,g) satisfies the following condition.

(¥)  There exists a continuous path {g}oci<1 C Diff§(M) such that gop = id, 1 = g
and ¥t, 57 {(P) € V(Q).
If moreover 9 is continuous, then so is the map C.

Of course a global form of 1-cocycle will be obtained by patching up these local results.
However difficulties arise because of non uniqueness of the above map C, which forms so
called coboundary term. Roughly speaking we will meet a similar situation with many
valuedness problem to analytic continuation. So some geometrical conditions on M are
required in order to obtain a global result. One direction is as follows. (cf. [20])

Theorem 3.2. ( Global form of precontinuous 1-cocycle )
Under the same notation in the above theorem and under the assumption that M™ is sim-
ply connected, (3.1) gives a general form of precontinuous 1-cocycle.

Remark 3.1. (1) In oder that M™ is simply connected, it is sufficient that M is simply
connected and dim M > 3 , thanks to dimension theory.
(2) Theorem 3.2 is no longer trure, unless M™ is simply connected. (cf [19], [20])

A cocycle form on M, in a special case that M is simply connected, is described in
the following last theorem.

Theorem 3.3. (1) Suppose that M is simply connected, dim(M) > 3. and dim H < co.
Then the general form of precontinuous U(H)-valued 1-cocycles on M x Diff§(M) is as
Jollows.

- N 2 (du ‘/——IH'l‘P] -
(32) 0(P,g) = C(P)™ ’I_I(d—;(Pk)) c(P)),

where C is o U(H)-valued map on M*, and {H,LP]}k is @ commutative system of self-
adjoint operators on H depending on the residue class [P] defined by [P] := {Q €
M*>| Q, = P, except finite numbers of n}.
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Finally I wish to mension a few words about natural representations formed by mea-
sures and 1-cocycles. Their irreducibility and equivalence are also examined by similar
methods established here and they are characterized by the above theorems.

Acknowledgement I express my thanks to Professor N. Shimakura at Tohoku Univer-
sity for giving me impotant facts for generalized Hodge theorem.
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