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1. Introduction

1.1 Mathematical modelling of soil erosion by wa-

ter on hillslopes 

Existing models of water erosion can be mainly di-
vided into three types—empirically based model 
(Musgrave, 1947; Wischmeier and Smith, 1978; 
Singh et al., 1982), partially conceptually and par-
tially empirically based model (Johnson, 1943; Ren-
don-Herrero, 1978; Sharma and Dickinson, 1979), 
and partially physically and partially empirically 
based model (Foster, 1982; Prasad and Singh, 1982; 
Duan et al., 1998).   

The advantages and disadvantages of each type are 
listed below: 
[1] Empirically based model: is based on fieldwork, 

modelling by means of random statistics, and not 
necessary to simplify any factor or process. This 
type of model is comparatively reliable when used 
in areas with similar natural conditions. But many 
model dimensions are inconsistent, and many con-
ceptions and causal relationships are not clear. 

[2] Partially conceptually based and partially empiri-
cally based model: this approach attempts to 
model logically and testify with measured data, 
based on the analysis of causal relationships. Al-
though absorbed the advantages of equations and 
statistics, it belongs to lumped model. 

[3] Partially physically based and partially empiri-
cally based model: this approach characterizes the 
quantitative relations between the process of soil 
erosion and the factors that affect it in the form of 
equation. But it is often impossible to find the 
analytical solutions to the complicated equations. 
As a result, model simplification is necessary.  

Ma (1997) put forward Remote Sensing Informa-
tion Model of Water Erosion on Hillslopes (RSIM-
WEH). Via imaging independent variables of both 
remote sensing information and geoscientific infor-
mation, the model is computed pixel-by-pixel and 
easy to display in 3-D space (Ma, 1997). Also in 
1997, the Ministry of Water Resources of P. R. China 
listed RSIMWEH as a standard for classification of 
soil erosion. Ma said that the model has reached dia-
lectical logic computation (Ma, 2001). However, how 
to theoretically prove its dialectics and how to make 
the model practical are still very challenging, because 
in the original model some parameter value can 
hardly be acquired. From 1998 till now, Shen has 
been exploring scientific approach to solve the model 
(Shen, 2002; Shen et al., 2002; Shen, 2003). This pa-
per tries to prove its dialectics from different point of 
view and solve the model. 

1.2 MDL

MDL coincides with the three main laws of dia-
lectics as presented by Engels (1940) in The Dialec-
tics of Nature. These laws are the transformation of 
quantity into quality, the unity of opposites, and the 
negation of the negation. Actually, dialectics are im-
portant in every domain where knowledge is not cer-
tain; that is, everywhere assumptions must be made 
(St-Vincent et al., 1995). In mathematics, nonlinear 
dynamical models e.g. those capable of generating 
catastrophic discontinuities (Trotman and Zeeman, 
1976), chaotic dynamics (Lorenz, 1963), and a variety 
of other complex dynamics such as self-organization 
(Turing, 1952) can be interpreted as manifesting these 
laws (Sabelli, 1995; Dobronravova, 1997; Rosser, 
2000).  In computer science, Gordon (1994) pro-
posed a new subfield, computational dialectics, which 
investigates computational models of the processes by 
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which groups of natural or artificial agents construct 
judgement, agreement, or other forms of social 
choices (Brewka et al., 2003). Based on computa-
tional dialectics, Zeno, a mediating system was devel-
oped for supporting discussion, argumentation and 
decision-making in groups (Karacapilidis and 
Gordon, 1995).  

1.3 Challenges 

Traditional erosion models can be written in a 
general form shown in Equation (1): 

nb
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where E represents erosion, 0f , …, nf represent

dimensionless or dimensional affecting factors of ero-

sion, and 0b , …, nb  are pending constants. Previous 

researches have found that 0b , …, nb actually change 

over space and time, but there is not any ideal expla-
nation. 

1.4 Main contents of this paper 

To address above challenges, this paper will 
mainly discuss MDL based erosion modelling idea 
and model implementation. 

2. MDL based erosion modelling 

Suppose that 1q , …, nq are all affecting factors 

of erosion that have already been known, considering 
the challenge in traditional erosion models, we build a 
new model shown in Equation (2): 
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m

x
10xE                        (2) 

where E  represents erosion, 1 , …, m are inde-

pendent dimensionless products of 1q , …, nq and

0x , …, mx are pending variables. Based on the Buck-

ingham Pi Theorem (Randall 2003), if k is the mini-
mum number of primary quantities necessary to ex-

press the dimensions of 1q , …, nq , then 

knm                              (3) 

where 0k  and nm . Note that in Equation (1) 

0b , …, nb are constants, but in Equation (2) 0x ,

…, mx are variables that change over space and time.  

Setting 0x , …, mx as variables can well explain the 

pending problem in traditional erosion models. Actu-
ally, Equation (2) integrates MDL: 
[1] Fig. 1 shows the MDL based modelling to a unity 

of opposites. In Equation (2), all determinate fac-

tors are represented by 1 , …, m  and both in-

determinate factors and unknown factors are rep-
resented by 0x .Therefore, the model 

theoretically represents all affecting factors of 
E .

[2] Fig. 2 shows the law of the negation of the nega-
tion. In Equation (2), when a new determinate 
factor 1m is discovered, 0x will be factorised 

as 1mx
1m00x  and then Equation (2) will be writ-

ten as: 

1mm1 x
1m

x
m

x
100xE            (4) 

where 00x  is similar to 0x , containing both in-

determinate factors and unknown factors. So 
Equation (4) is inherited from Equation (2) but 
Equation (4) is better than Equation (2) due to 
containing more determinate factors. 

Fig. 1 MDL based modeling to a unity of opposites 
(Shen and Takara, in press) 
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Fig. 2 The law of the negation of the negation 
(Sawamura et al., 2000; Sawamura, 2002) 
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Fig. 3 The law of transformation of quantity into 
quality: leap system evolution and envelope curves 
(Petrov, 2002) 

[3] Fig. 3 shows that quantitative changes in a system 
take place continuously accordingly the S-curve 
of evolution. When a certain limit of quantitative 
evolution is reached, a system experiences quali-
tative changes. During this process, quantitative 
changes take place continuously whereas qualita-
tive changes take place in discrete steps. The du-
ration and characteristics of the discrete step can 
differ: long and short, impetuous and relatively 
calm and so on. In Equation (2), values of 1x ,

…, mx  in each pixel in the research area are rela-

tively stable in the short term. But 1x ,

…, mx will become unstable if one or more fac-

tors among 1 , …, m change greatly or a new 

determinate factor is discovered and factorised out 
of 0x . Then it is necessary to re-compute 1x ,

…, mx for better reflecting their changes over 

space and time.  

Take remote sensing information model of water 
erosion on hillslopes (RSIMWEH) as an example, 
which was put forward by Ma (1997,2001) and ad-
justed by Shen (2002), it is written as: 
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where slE (mm) is the erosion depth on hillslopes; 

I is the intensity of rainfall (mm min-1); 0I is the 

critical value of the intensity of rainfall causing ero-
sion; slh (mm) is the depth of overland flow; (%)

is the percentage of the main soil particle size; (ra-
dian) is the gradient; vcS (%) is vegetation coverage; 

0x is geoscientific coefficient and 0x , 1x , 2x ,

3x , 4x are geoscientific indices. Note that RSIM-

WEH integrates MDL based modelling idea because 

0x , 1x , 2x , 3x , 4x in the model are all vari-

ables.
Main characteristics of MDL based erosion mod-

eling are listed as follows: 
[1] Coefficients and exponents are variables. 
[2] Theoretically represents all affecting factors. 
[3] Coefficients and exponents can represent compli-

cated spatio-temporal changes of a geoscientific 
phenomenon or process. 

To solve Equation (2), simultaneous nonlinear 
equations are created and then solved based on sam-

ple data of E and 1 , …, m to get values of 0x ,

…, mx at sample points. After that, the model is cali-

brated and verified. Finally E is computed pixel by 
pixel. Section 3 will describe the algorithms in detail. 

3. Case study 

To test the model performance and to support de-
cision making for conserving water and soil loss, we 
select Wufendigou small watershed as a research ob-
ject. Wufendigou watershed, which has an area of 
3.85 km2, is on the east bank of the middle reaches of 
Changchuan, one branch of Huangfuchuan in China 
Loess Plateau region. The watershed belongs to 
Wufendigou experimental area as shown in Fig. 4.  
Because of severe water and soil loss, research on this 
area will absolutely improve understanding the dy-
namic change of water erosion in China Loess Plateau 
region (Jin et al., 1992, 1993). In this case study, con-
sidering different levels of erosion affecting factors 

,,h,I sl30  and vcS , we obtained data of 26 rain-

fall events occurring from June 1987 to August 1994, 
which was measured from 24 small experimental 
plots on the hillslopes as shown in Fig. 4 and Table 1. 
The area of each plot is equal to or less than 100 m2.
The edges of each plot were surrounded by concrete 
plates. At the down slope of the plot there was a col-
lecting tank. After a rainfall event, water level in the 
collecting tank was measured and water and sediment 
sample was taken from the tank. Then runoff volume 
and sediment yield were calculated by filtering, dry-
ing and weighting the sample. The main data sources 
include a 1:5000 topographic map, a 1:10000 colour 
infrared aerial photograph, a soil type map and meas-
ured rainfall data. For calculation and 3D visualiza-
tion, colour infrared aerial photograph has been regis-
tered according to DEM. One pixel in this research is 
5m 5m. As it is very difficult to measure 0I , we 

use maximum 30-minute rainfall intensity 30I (mm 

min-1) during one rainfall event as an independent 
model factor, which has been applied by Chen et al. 
(1988) and Wang and Jiao (1996) and proved quite 

effective, to replace 
I

II 0 . And then we get: 
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In Equation (6), determinate factors coincide well 
with other research achievements e.g.: 
[1] 30I  has been found having good linear correla-

tion with hillslope erosion during one rainfall 
event (Chen et al., 1988; Wang and Jiao, 1996; Li 
et al., 1999). 

[2] Hjelmfelt et al. (1975) and Hjelmfelt (1976) de-

rived b
slhE , where b  is an exponent. 

[3] Liu and Singh (2004) found that the effect of 
slope angle on the flow velocity and shear stress 



of overland flow can be both positive and nega-
tive (Fig. 5). The flow velocity and shear stress 
intitially increase and then begin to decrease when 
the slope angle reaches a critical value within the 
range of 40 degree-50 degree. This range was also 
found by Liu et al. (2001) in their theoretical 
analysis. In Equation (6) if 45  degree, 

slE will reach maximum value if other factors re-

main unchanging. 
[4] Rainfall energy at the ground surface decreases 

exponentially with increasing vegetation coverage 
(Elwell, 1981; Laflen and Colvin, 1981; Morgan 

et al., 1984; Wang et al., 1992) i.e. 
)exp( vccSE , where c is an exponent 

and 0c . Note that human impact on erosion 
takes effects via natural factors. For example, irri-

gation changes slh ; step-like paddy field 

changes ; planting and grass growing 

change vcS .

The methodology of a MDL integrated erosion 
model is shown in Fig. 6.



Fig. 4 Slope map and the location of experimental plots  to 

Table 1 Characteristics of experimental plots 

Plot ID Number of plots Soil type 

 7 Loess soil 

 6 Soft rock soil 

 3 Loess soil 

 8 Sandy soil 

Fig. 5 The effect of slope angle on the flow velocity 
and shear stress of overland flow (Liu and Singh, 
2004)
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Fig. 6 Methodology of RSIMWEH 

[1] Creation of factor data. There are mainly three 
types of soil in Wufendigou watershed: sandy 
soil, loess soil and soft rock soil. Measured hill-
slope erosion mE (mm) is calculated using Equa-

tion (7): 

10000
mo

m
EE                  (7) 

 where  is soil density (g · cm-3) and moE  is 

erosion module (kg · hm-2). Supposing that ero-
sion affecting factors are homogeneous within 

each plot ( 100m2), slh  (mm) is calculated using 

Equation (8): 

1000
A
Vhsl

                 (8) 

 where V  is the volume of overland flow from 
the plot during one rainfall event (m3), and A  is 
the area of the plot (m2). Slope angle was calcu-
lated from relief map, and vegetation coverage 
was calculated based on field investigation and 
aerial photograph. 

[2] Model calibration. We got 140 measured data of 
26 rainfall events and divided the data into two 
groups (112 for model calibration and 28 for 
model verification) in view of different levels in 

,,,30 slhI  and vcS . Note that in this case study 

we neglect indeterminate factors and unknown 
factors and set 0.10x . The average relative de-

viation %100
||

112

1 112

1i m

slm

E
EE

ARD

 during model calibration is 28% i.e. the accu-
racy is 72% as shown in Figs. 7(a-c). Fig. 8 shows 
the zoomin effect of Fig. 7a. 

[3] Model verification. The average relative deviation 

%100
||

28

1 28

1i m

slm

E
EE

ARD

 during model verification is 25% i.e. the accu-
racy reaches 75% as shown in Fig. 9.  

4. Conclusion and discussion 

RSIMWEH was created based on physical ex-
periments and Buckingham’s  theorem, which makes 
the model obey physical principles. In terms of simu-
lation of measured data, maximum ARD  is 71.5%, 
minimum ARD  is 0.04%. Accuracy for the whole 
set of data is 73.01%. Especially for non-bare land 
plots, the accuracy reaches 77.12%. Compared to 
USLE, RSIMWEH obeys physical principles and 
model parameters are easy to measure. Moreover, 
RSIMWEH can represent complicated spatio-
temporal changes of soil erosion as the model is 
MDL-based. In this case study, we found that the ac-



curacy of RSIMWEH for bare land plots is 71.25% 
and bare land data occupies 86% among all sample 
data with %30ARD . Meanwhile, as slope of ex-
perimental plots ranges from 3˚-70˚, it is meaningful 
to pay more attention to hyper-concentrated flow, 
which causes debris (Vandine et al., 2005) for steep 
slope in the erosion model. Erosion simulation of bare 
land and steep slope will be deeply studied in next 
work.

Generally, RSIMWEH is a MDL based hillslope 
erosion model, where coefficient and index are all de-

fined as variables, which will change over large space 
or long duration. But inside a small space and short 
duration, they can be set as constants. MDL based 
modelling idea can well address the challenge in tra-
ditional models. Moreover, RSIMWEH is pixel 
based. Supported by advanced technology such as 
remote sensing, which can provide detailed informa-
tion inside a watershed, MDL and pixel based erosion 
modelling can provide detailed information for the 
practices of water and soil conservation and land use 
planning. 
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