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Preface

Optimization problems involving the absolute values of variables and linear terms are
called Absolute Value Optimization (AVO) problems. Since binary variables can be
expressed by using absolute value of variables, any 0-1 integer optimization problem
with linear terms can be reformulated into the AVO. Another application could be
a continuous location problem on planer region using the ¢;-norm as a distance
function. Although AVO problems have such applications in the real world, fewer
results have been reported except one duality result and one specific application
since AVO was proposed in 2007. It is partly because of the difficulty of solving
AVO, which is NP-hard, and the limited ability of the absolute value of variables to

express a wider range of applications.

Another interesting optimization problem is called gauge optimization (GO),
which includes gauge functions in its objective function and constraints. Gauge
functions generalize the absolute value function, GO problems have wider applica-
tion than the AVO. The general framework of GO and its duality was investigated
in the 1980’s. Then, in recent years, some researches showed that the duality frame-
work becomes concrete so that we can apply the results of GO to apply many
problems. In spite of that series of results, the GO problem in the above research
seems to have the limitation for applications. One of the reasons is that the GO
problem in the previous works can take only one constraint into account and should

include only one gauge function.

In this thesis, we analyze the theoretical properties of the generalization of AVO
problems and develop a global optimization algorithm to solve AVO. In the the-
oretical part, we generalize the absolute value functions in the AVO problem to
positively homogeneous functions. We call such problems as Positively Homoge-
neous Optimization (PHO) and investigate the duality, the optimality conditions,
and the applications of the PHO. We also consider more general GO problems than

the previous works by replacing positively homogeneous functions in PHO into gauge



functions. Such general GO problems can directly handle linear terms and multiple
constraints. The duality and the optimality conditions of the GO problem are also
investigated in the same way as the PHO case. We also extend the results to general
optimization problems by considering the so-called perspective functions. In the al-
gorithmic part, we develop an algorithm to obtain a global solution of the AVO. To
the best of the author’s knowledge, there exist no algorithms to solve the AVO in
general form except one algorithm proposed recently for a specific AVO.

The contributions of the thesis are three-fold. Firstly, we propose a dual formu-
lation of the PHO problem that has a closed-form and some interesting properties.
We also discuss the relation between the proposed duality and the Lagrangian one.
The second contribution is to investigate the theoretical properties of the GO prob-
lems as a special case of PHO. The GO problems include multiple constraints and
linear terms, which is different from the existing results. For the GO problems, we
analyze the weak and strong duality, necessary and sufficient optimality conditions,
and the extension to general optimization problems. Finally, we develop a global
optimization algorithm for the AVO by using a branch-and-bound technique. The
proposed algorithm involves the duality results of the AVO, the reformulation of the
primal and dual AVO problems into a system of equations, and the method to solve
equations including the absolute value of variables.

The author hopes that the results in this thesis will contribute to further research
on optimization problems involving absolute values, norms, and gauge functions,

both in terms of theory and algorithms.

Shota Yamanaka
June 2021
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Chapter 1

Introduction

In the real world, we have to optimize many problems that occur especially in
business situations. Some of the problems are production planning, employee and /or
production scheduling, and vehicle routing. Such problems have been studied for
many years in the field of mathematical optimization, which is a branch of applied
mathematics. In the mathematical optimization area, many researchers discuss
modeling real-world problems appropriately, efficient algorithms to solve the model,
and mathematical theories to support the modeling and the algorithm.

A mathematical optimization problem is in general described as follow:

min f(x)

1.0.1
st. xe X, ( )

where f is called the objective function, x is a vector of appropriate dimension, and
X is a feasible region in some space. Optimization problem (1.0.1) are classified by
the continuity, the differentiability and the structure of f, and functions describing
X. In the field of continuous optimization, for instance, problem (1.0.1) is called a
quadratic optimization problem when f and the functions describing X are linear
and quadratic functions.

In this thesis, we focus on optimization problems involving the absolute value or,
more generally, the norm of variables. These problems are considered to occur in the
real world and are solved in many situations. For example, location problems with
the /1-norm as a distance function can be represented as optimization problems with
linear terms and the absolute value of variables. Such problems are called Absolute
Value Optimization (AVO), which is, in general, a nonconvex optimization problem.
Another related problem to AVO is Gauge Optimization (GO), which contains the

1



2 CHAPTER 1. INTRODUCTION

so-called gauge function in its objective function and constraints. The GO problem

is convex, and it has interesting theoretical results and practical applications.

1.1 Absolute value optimization and

its related problems

1.1.1 Absolute value equation

In recent years, the so-called absolute value equations (AVEs) and absolute value
optimization (AVO) problems have been attracted much attention. The AVEs were
introduced in 2004 by Rohn [82]. Basically, if A, B € R™*™ are given matrices, and
b € R™ is a given vector, one should find a vector x that satisfies the following
equation:

Az + Blz| = b, (1.1.1)

where |z| is a vector whose i-th entry is the absolute value of the i-th entry of z.

Linear Complementarity Problems

It is known that AVE (1.1.1) are equivalent to the linear complementarity problems
(LCP) [40,64,77], which include many real-world applications.

Example 1.1 (Linear complementarity problem). The purpose of the LCP is to
find y,z € R™ such that

y=Qz+q, 220, y>0, and y'z=0,

which can be rewritten as
0<zlQz+4+qg>0, (1.1.2)

where Q) € R™™ and q € R™.

Mangasarian [61] showed how to reduce LCP (1.1.2) into AVE (1.1.1). We obtain
the solution of LCP (1.1.2) by solving the following AVE:

I+ MY =M "ze—|z|=—(I+M)UT-M"+1)y

and computing z by
s (I- M)z +q),
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Prokopyev [77] proved that AVE (1.1.1) can be reduced to LCP (1.1.2) when we
denote y = (r,s,t,01)T € RY, 2 = (p,w, 0,)T € R, ¢ = (0,—c,c,0)T € R, and

- 2F
A B-A
-A A-B
0 0

Q — c R@X@

o o o O

where ¢ = max{n + 2m, 2n}, ; € R="=2™ §, € R*~2" and the size of zero compo-

nents in @ and ¢ are set in order to Q € R and ¢ € R’.

Existing results

The main topic of theoretical research for the AVEs is about unique solvability [64,
82-85,105,112]. For a slightly specific AVE

Az — |z| = b, (1.1.3)

where A € R™*" b € R", Mangasarian and Meyer [64] and Rohn et al. [85] showed
that AVE (1.1.3) for any b has a unique solution when the smallest singular value

of A is greater than 1. The unique solvability for the more general AVE
Az — B|z| = b, (1.1.4)

where A, B € R"*" b € R", was also studied. Rohn et al. [85] and Rohn [84] proved
that AVE (1.1.4) is uniquely solvable when the singular value of |A™' B| is less than
one or when the minimum singular value of A exceeds the maximum singular value
of |B|. Here, the absolute value of a matrix A = (a;;) is defined by |A| = (]a;;]).
Since 2007, some methods for solving AVEs have been presented in the literature.
For example, Rohn [83] considered an iterative algorithm using the sign of variables
for the case that A and B are square matrices. For more general A and B, Man-
gasarian [61] provided a method involving successive linearization techniques. Other
methods include a concave minimization approach, given by Mangasarian [60,63],
and Newton-type methods, proposed by Bello Cruz et al. [9], Caccetta et al. [16],
Mangasarian [62], and Zhang and Wei [112]. Some generalizations of AVEs were
also proposed. For example, Hu et al. [41] considered an AVE involving the absolute
value of variables associated with the second-order cones. Miao et al. [66] investi-
gated an AVE with the so-called circular cones. In both papers, quasi-Newton based

algorithms were developed.
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1.1.2 Absolute value optimization problems

As an extension of AVEs, Mangasarian [61] proposed in 2007 the AVO problems,
which have the absolute value of variables in their objective and constraint functions.

More precisely, the AVO problem is given by

min ¢’z + d’|z|
s.t. Az + Blz| =b, (1.1.5)
Hz + Klz| > p,

where ¢,d € R", b€ R™, p € RY, A, B € R™*", H K € R**",

It is clear that AVO (1.1.5) includes linear programming. However, it is, in
general, hard to solve because AVO (1.1.5) is non-differentiable due to the absolute
value functions and is not always convex depending on d, B and K. In particular,
it is NP-hard to obtain even feasible solutions of the problem because solving AVEs
was proved to be NP-hard.

Linear Programs with Linear Complementarity Constraints

Since AVE (1.1.1) and LCP (1.1.2) are equivalent, AVO (1.1.5) includes the so-called
Linear Programs with Linear Complementarity Constraints (LPLCC). LPLCC is
stated formally as follows [33,39,46,109].

Example 1.2 (Linear programs with linear complementarity constraints).

min cfz +dly
st. Ax+ By > b, (1.1.6)
0<ylp+Hz+ Ky >0,

where b, ¢, d and p are vectors, A, B, H and K are matrices of appropriate dimen-

S10NS.

LPLCC (1.1.6) started to be investigated in the 1970’s [42,43,47], and many
theoretical results, algorithms, and applications are proposed [57]. In particular, it
is proposed that the LPLCC can be applied to parameter calibration in machine
learning [10,54,55]. Note that LPLCC (1.1.6) is a special case of mathematical pro-
gram with equilibrium constraints (MPEC) [57]. MPEC also has many applications
in various areas such as economics, engineering, and transportation [57]. However,
MPEC is in general difficult to deal with since its feasible region is necessarily non-

convex and even disconnected.
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0-1 integer optimization problems

We can rewrite an optimization problem with binary variables as an AVO because
0-1 integer variables can be represented by using the absolute value of variables. A
0-1 integer variable can be transformed into the absolute value form as follows:

zef{0,1})" & == (1.1.7)

Considering the above formulation, we give an example of a binary value optimiza-
tion problem of facility location called the Capacitated Facility Location Problem
(CFLP) [23,101]. CFLP is one of the well-known location optimization problems in
descrete form and it is NP-hard. CFLP has been studied since the 1960’s [1,53,71],
and even in recent years the variation of CFLP and algorithms are investigated [5,
103,113].

CFLP minimizes the total cost of locating facilities and services between facilities

and clients under the constraints about demands and the capacity of facilities.

Example 1.3 (Capacitated facility location problem [23,101]).

min Z CiTj + Z Z hijyij

JjeTJ €T jeJg
st )y =bi iel
jeT (1.1.8)
Z?/ij—ujwjﬁ(), jedJ
ieT
z; € {0,1} jeJd,

where L and J are the sets of clients and candidate locations, c; € R is a locating
cost of facility at j, h;; € R is a service cost that a facility at j gives clients i, b; € R
is a demand of client i, u; € R is a capacity of facility locating j, x; represents
whether facility is located at j or not and y;; is the amount of service that client j

recieves from facility at j.

The above problem minimizes the total cost of locating facilities and services
under the first constraint about demands and the second constraint of capacity of

facilities. Problem (1.1.8) can be written as AVO by using reformulation (1.1.7) as
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follows:

. 1
min S (25) + 32 S v
jeJ i€l jeJ
s.t. Zyw = bi, 1€l
ies (1.1.9)

where only continuous variables exist.

Continuous facility location problems

Since the absolute value of variables is one of the most popular measures for distance,
facility location problems (FLPs) in continuous space could be another application
of AVO (1.1.5). The classical studies of FLPs are focusing on minimizing the total
distance or minimizing the maximum distances between new facilities and existing
ones [74]. Mathematical models of location problems fall into four major categories,
which are Analytic models, Continuous models, Network models and Discrete mod-
els [26]. Note that problem (1.1.8) is an example of Discrete models.

Here we introduce some instances of continuous location models in which the
f1-norm or rectilinear distance functions are involved. In continuous models, we can
consider many distance measure, such as the ¢;-norm, the ¢;-norm, the /,-norm,
p > 1, a general /polyhedral gauge, the Hausdorff distance, and so on [35]. In the
following, we first show minisum and minimax single facility location problems,
then we give minisum and minimax multi-facility location problems which are an
extension of single facility problems. Finally, maxisum and maximin multi-facility
location problems are represented.

A single facility location problem is one of the simplest location problems. In the
problem, we usually minimize an objective function using norms that represent the
distances between new facility and existing ones. Some applications of the single fa-
cility location problem are locating a hospital in a metropolitan area, new classroom
building on a college campus, and a new component in an electrical network [26]. In
particular, the /;-norm as a distance function tends to be used in location problems
because both the appropriateness as distance measure and the easiness to analyze

the problem are compatible.



1.1. ABSOLUTE VALUE OPTIMIZATION 7

Location problems of a single facility

Location problems of a single facility in minisum and minimax forms are described as
follows. In each example, n is the number of existing facilities, w; € R is the weight
of the distance between x and facility 7, and p; € R? is the location of existing

facility i.

Example 1.4 (Minisum location problem of a single facility [26]).
min ZwieT|m—pi|, (1.1.10)
i=1

The above problem can be easily transformed into the AVO by denoting y; :=

x — p; as follows:
: T
min w; e i
- ; v (1.1.11)
st. r—y;=p;, 1=1,...,n.
Example 1.5 (Minimax location problem of a single facility [26]).
min max{ w; e’ |z —p;| +h;, 1<i<n}, (1.1.12)
where h; € R is the cost for user ¢ to prepare to go to the new facility.
By introducing a new variable z, problem (1.1.12) can be reformulated as

min z

1.1.13
st. wiellz —pi|l+hi <z, i=1,...,n, ( )
which can be represented as the AVO by taking y; := x — p; as follows:
min 2z
st wielly|+hi <z, i=1,...,n, (1.1.14)
T — Y = Piy 1=1,...,n.

Some of the algorithms for solving Minisum location problems (1.1.10) are the so-
called median method, programmed mathematical method and contour line method.
Minimax problems (1.1.12) are solved by transforming the problem to (1.1.13), in-

troducing some inequalities, and using linear programming technique [26].
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Location problems of multiple facilities

Problems of locating more than two facilities are the direct extension of a single
FLP. Such problems are called multifacility location problems (MFLP), in which
multiple new facilities are located in some areas where some facilities exist. The
MFLP minimizes the sum of the cost proportional to the distances between new
facilities and the one between new and existing facilities. The most popular MFLPs
are Minisum and Minimax FLP describes as follows.

In the following examples, n and m are the numbers of new facilities and existing
ones, respectively. We also denote v;; € R and wj; € R as weights for balancing the

distances between new facilities and between new and existing ones.

Example 1.6 (Minisum location problem of multi-facilities [26]).

min Z vig el |y — x| + ZZwﬁ e’|x; — pil, (1.1.15)

1<j<k<n j=1 i=1

Example 1.7 (Minimax location problem of multi-facilities [26]).

min max{ wj; e’ |r; —pl,j=1,...,ni=1,...,m; (1.1.16)

vjkeT]arj—xk|,1 <j<k<n},

Typical algorithms for solving minisum MFLP are linear programming approach
[67,79,98,99] and decomposition technique [15,45]. Theoretical results about the
optimality conditions have been reported in [20,49,76,79].

Note that all minisum and minimax FLPs (1.1.10), (1.1.12), (1.1.15), (1.1.16)
are convex optimization problems since the absolute value functions are convex.
However, those problems become nonconvex when there exist constraints of some
forbidden areas described by using the absolute value functions [13,14,52]. We con-
sider such problems in Chapter 6 and show some results of numerical experiments.

In FLPs of a single facility or multiple facilities described above, we attempt to
locate desirable facilities, which are preferable to be located nearby to inhabitants.
For instance, hospitals, shopping stores and schools are categorized in such facilities.
On the other hand, there is another class of facilities, which are undesirable ones in
our community. Some of the examples are garbage dump sites, chemical plants and
prisons. Although those facilities are necessary for our life, it is favorable for them
to be located as far as a residential area. Such problems are modeled as maxisum
and maximin FLPs [19,22,25,80]. Although there are not many results about those
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FLPs using the ¢;-norm in planer region, we can consider maxisum and maximin
MFLP using the ¢;-norm analogious to problems (1.1.15) and (1.1.16). We give

numerical experiments of problem (1.1.18) in Chapter 6.

Example 1.8 (Maxisum location problem of multi-facilities).

max Z vig el |; — x| —|—ZZwﬁeT|x]~ — pil, (1.1.17)
1<j<k<n j=1 i=1

Example 1.9 (Maximin location problem of multi-facilities).

max min{ wj; e’ |z; —pl,j=1,...,ni=1,...,m; (1.1.18)

vjkeT]xj—xk|,l <j<k<n},

Scheduling problem of automated vehicles

Qian et al. [78] showed a scheduling problem about automated vehicles at intersec-
tions without signals can be formulated as AVO as follows. For problem (1.1.19),
they also gave an algorithm called the alternately iterative descent method and
showed its efficiency through some case studies in which different traffic conditions

are considered.

Example 1.10 (Scheduling problem of automated vehicles).

min elx

s.t. |Az+0b] > ¢,
|Hjz + K| >d;, Viel;, je€J (1.1.19)
T >,
x> f,

where b, c, k;, dj, o, B € R", A € R™" and H; € R™" are given vectors and

matrices. The sets J and Z; denote lanes and vehicles at lane j, respectively.

Linear support vector machine

A linear support vector machine (SVM) can be an application of the AVO. SVM is a
useful classification tool in the field of machine learning and data mining. Especially,
for large-scale data, the computational cost of training and testing of linear SVM

is low comparing to that of nonlinear SVM involving kernel methods. In SVM,
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the sum of the regularization term and loss function is minimized. In particular,
some results about the so-called ¢;-norm SVM have been studied [12, 59,110, 116],
which is described as follows. Usually, problem (1.1.20) is transformed into linear

programming and solved by using existing methods or software.

Example 1.11 (/;-norm linear support vector machine).

min ||w||1+cZ(maX{O,1 —yi(wlz; +0)}), (1.1.20)
wb i=1
where ¢ > 0 is the reqularization parameter, {(x;,y;)}iey, v; € R™ y; € {—1,+1} is
a set of given data. The first and second terms are called reqularization term and

loss function, respectively.

Problems with capped ¢;-norm

In recent years, the so-called Capped ¢1-norm have been studied and got more at-
tention for its robustness in the field of machine learning and data mining. Capped

{1-norm is described by

> min{|z,], a}, (1.1.21)
=1

where o > 0 is the parameter to control the domain that the ¢;-norm effects. In
classification and regression, we solve the problems of minimizing sum of the loss
function which describes the misfit between the actual data and model, and the
regularization term which controls the fitting of the model to the data.

Many types of norms are used in loss functions and regularization terms. In
particular, the /1-norm is more robust against outliers comparing to the fs-norm.
However, the robustness is not enough when there exist heavy outliers [114, 115].
Capped ¢;1-norm have been used to obtain more robustness in such situation. Also,
capped f1-norm is a better approximation of the fy-norm. The effectiveness of the
norm is shown in many papers of machine learning and pattern recognition [48, 56,
72,96,104,114,115].

Capped ¢1-norm (1.1.21) can be described by using only the absolute value func-
tions as follows:

n

> <\$i|+a—%(IxﬁaHlxi—a\)). (1.1.22)

=1
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Then the optimization problems with capped ¢;-norm can be transformed into the
AVO. The following example is the so-called twin SVM [96] in which we find a pair

of nonparallel hyperplanes wyz + b; = 0 and wox + by = 0, where wy, ws, by, by € R™.

Example 1.12 (Capped ¢;-norm Twin Support Vector Machines [96]).

mi m2
min min(||wiz; + b1l|1,01) + ¢ min ill1, a
nh 2 ([lwn i1, 00) + ; (IB1ill1s a2) (11.23)
s.t.  —Bw; — egby + 51 > eq,
mo mi
min min(||wex; + bal|1, a3) + ¢ min il o
min ; ([Jws oll1, a3) 2; (18,1, cva) (11.24)

s.t. sz -+ 6162 + /32 Z €1,

We have to solve the above two problems to obtain a pair of hyperplanes. Al-
though it is not easy to solve because of the nonconvexity, Wang et al. [96] proposed
an iterative algorithm through the so-called re-weighted trick [48,72,73] and refor-

mulation of problems (1.1.23) and (1.1.24) into approximation ones.

Existing results and issues

To the best of the author’s knowledge, the only theoretical result for AVO (1.1.5) is
the duality proposed by Mangasarian [61]. The dual of (1.1.5) can be represented

as

max  b'u+plo
s.t. |ATu + H'v — | + BTu + KTv < d, (1.1.25)
v >0,

and weak duality, in which
e +d" x| > bTu+pTo

holds for feasible solutions x and (u,v) of problems (1.1.5) and (1.1.25), were proved.

An algorithm for the specific AVO (1.1.19) was investigated in [78]; however,
to the best of the author’s knowledge, there is no method to solve more general
AVO (1.1.5) itself. When comparing to AVEs, the research associated with AVO
problems is insufficient even if there are many applications described in this section.
One of these reasons seems to be the difficulty of obtaining feasible solutions of
the problems. In fact, their constraints include AVEs, which is known to be NP-
hard [61].
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1.2 Gauge Optimization problems

Another optimization problem related to AVO is gauge optimization (GO), which
was introduced by Freund [30] and recently investigated by Friedlander et al. [32]
and Aravkin et al. [6].

1.2.1 Gauge optimization problems in general form

GO problems basically consist of optimization problems involving the so-called gauge
functions. The GO problem proposed in [6,30-32] is described as follows:

min g(z)

1.2.1
st. re X, ( )

where X C R" is a closed convex set and g: R” — RU{oo} is a gauge function. Here,
we say that g is a gauge function if g is convex, nonnegative, positively homogeneous
(i.e., glax) = ag(zr), o > 0) and satisfies g(0) = 0. For instance, the {,-norm for
p € [loo] and max function are gauges. Note that GO problem (1.2.1) is convex
because gauge functions are convex.

Freund [30] first introduced problem (1.2.1) and its gauge dual as follows:

min  g°(y)

s.t. ye€ /\?, (12.2)
where ¢° is the polar function of g, which is defined by
9°(y) == inf{n > 0] y"z < pg(x)}, (1.2.3)
and X is the so-called anti-polar set of X defined by
X:={yeR"|y"'z>1forall x € R"}. (1.2.4)

Note that the constraint of problem (1.2.1) can be nonlinear because the set X is
just a closed convex set, not a convex polyhedron.
In [30], some examples of GO (1.2.1) and their dual are shown, and we introduce

two of them in the following.

Example 1.13 (Convex quadratic programming [96]).

1
min §xTQx +q'x

s.t. Az >0,

(1.2.5)
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where Q) 1s a symmetric positive semidefinite matrix. Suppose that the matrix () can
be decomposed as Q = MTM for some matrix M. If M is nonsingular or if q lies
in the row space of M, then q can be represented as ¢ = M*s for some s. Then the

above quadratic programming problem can be rewritten as

1
min §xTMTM.CIZ + s Mz

(1.2.6)
s.t. Ax >0,
which is equivalent to the following GO problem:
min ||Mz + s||2 (12.7)
s.t. Az >0,
The gauge dual is also the following quadratic programming:
min yTAQ ATy
st (VT +¢"QTAT)y =1, (1.2.8)
y > 0.
Example 1.14 (Optimization problems with the ¢,-norm [96]).
min ||z
ain [, -
st. Bx+Cy>d,
where 1 < p < oo. The gauge dual of the above problem is written as
min ||Bz]|,
T, _
s.t. C'z=0, (1.2.10)
d'z =1,
z >0,

where q satisfies 1/p+1/q = 1.

Existing results and issues

Freund [30] investigated the gauge duality of problems (1.2.1) and (1.2.2). One of

the results is the weak duality in the gauge framework, which indicates that

9(x)g(y) = 1 (1.2.11)

holds for feasible solutions x and y of problems (1.2.1) and (1.2.2), respectively. He

also showed the sufficient condition for optimality, which states z and y are optimal
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for problems (1.2.1) and (1.2.2) if g(x) g(y) = 1. Another result is that the gauge
dual of (1.2.2) becomes the original problem (1.2.1).

Although problem (1.2.1) is slightly abstract to apply the gauge duality theory
to more concrete forms of optimization problems, the paper [30] shows that X and X
can be written explicitly when X := {z | Az > b}. In that case, primal and dual

gauge optimization pare is concretely represented as

min g(x) (12.12)
s.t. Az >0, o
and
max bly
st. g°(MTy) <1, (1.2.13)
y =0,

respectively. Then the above duality theory can be applied to the well-known prob-
lems such as linear programming with positive optimal value, the £,-norm opti-
mization problems with p € [1,00], and convex quadratic optimization problems.
Considering applications to wider fields; however, it is desirable to handle nonlinear

constraints in a concrete form analogous to the linear cases (1.2.12) and (1.2.13).

1.2.2 (Gauge optimization problems in a specific form

More recently, Friedlander et al. [32] considered the following GO problem with a

nonlinear constraint in a concrete form:

min g(z
zeX (@) (1.2.14)
s.t. h(b— Azx) <o,
where X is a finite-dimensional Euclidean space, g and h are gauge functions, o is a
scalar, and b, A are, respectively, a vector and a matrix with appropriate dimensions.
Although problem (1.2.14) is less general comparing to (1.2.1), it is sufficiently
concrete to analyze theoretical properties and to apply the problem to more useful
optimization problems. They also show the gauge dual of (1.2.14) as follows:
min  ¢°(A"y)
yex (1.2.15)
st. yTb—oh°(y) > 1.
We show two examples of the above GO problems, which are finding minimum-

length solutions and sparse optimization problem.
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Example 1.15 (Norm and minimum length solutions [21,32,102]). The primal
problem that minimizes the norm of x under linear constraints and its gauge dual

are described as follows:

min ||zl

(1.2.16)
s.t. Axr =0,
. AT i}
min [ A7y] (1.2.17)
st. bly>1,
where || - ||« denotes the dual norm.

Example 1.16 (Sparse optimization [32,92,93]). The primal problem is solved in

the field of sparse optimization, and its gauge dual is described by using the {oo-norm

as follows:
min 2]l (1.2.18)
st [|[Az = b||2 < o,

st. by —oallyll. > 1.

The following example shows that a linear conic optimization problem can be

seen as a GO problem.

Example 1.17 (Linear conic optimization [32,75,87]). Consider the primal and

dual pair of linear conic optimization

: T
e (1.2.20)
st. Ar=0b, x €K,
and
bT
Hax vy (1.2.21)

st. c— ATy e K~

The above primal problem can be transformed into the GO problem by setting ¢ =
c— ATy, where 4 is a feasible solution of the dual problem. Then the primal problem

can be seen as the following GO problem:

min ¢z + o (z)

(1.2.22)
s.t. Az =b.



16 CHAPTER 1. INTRODUCTION

Existing results and issues

In order to analyze the duality relationships, they first investigate a general GO
problem (1.2.1) and its Fenchel dual. The Fenchel dual of (1.2.1) are described as

m?jiX —(0x)*(—y) (1.2.23)

st ¢°(y) < 1.

Denote vy, g4, Urq as the optimal values of problems (1.2.1), (1.2.2), and (1.2.23),

respectively. Then we have

1
vp > Vg = — > 0.
Vgd

Moreover, if y* is the solution of (1.2.23), then y*/vsq is the solution of (1.2.2).
Conversely, if y* solves (1.2.2), then y*vs4 solves (1.2.23).
For the more concrete GO (1.2.14), they showed its Lagrangian dual as follows:

max bly —oh°(y
yex ) (1.2.24)
st g°(ATy) <1,

and investigated the relations of solutions between problems (1.2.15) and (1.2.24)
by using duality results about the Fenchel dual. Let v;; denote the optimal value
of (1.2.24). They prove that vsq = vq under some assumptions. In addition, if y* is a
solution of (1.2.24), then y*/v;4 is the solution of (1.2.15). Also, if y* solves (1.2.15)
and vyq > 0, then y*v;y solves (1.2.24).

Aravkin et al. [6] presented other theoretical results for the GO problems (1.2.14)
and (1.2.15). In particular, they gave optimality conditions, and a way to recover
a primal solution from the gauge dual. In that paper, they also extended their
results to a more general convex optimization problem, where g and h were not
necessarily gauge functions by using the so-called perspective functions. In addition,
they proposed the perspective duality, which is an extension of the gauge duality.

The applications of the gauge duality exist in developing algorithms by taking
advantage of the gauge dual rather than the Lagrangian dual. The constraint of
the gauge dual problem (1.2.15) is simpler compared with that of the Lagrangian
dual (1.2.24). Therefore the computational cost of algorithms including projection
can be low. Using this advantage, Friedlander and Macédo [31] applied this gauge
duality to solve low-rank spectral optimization problems. Also, Aravkin et al. [7]

developed level-set methods for convex optimization problems.
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The GO problems in these previous works [6,30-32] do not involve linear terms
in their objective functions. Therefore, these GO frameworks cannot directly handle
such as linear conic optimization problems. Moreover, differently from AVO (1.1.5),
GO problem (1.2.14) does not consider multiple constraints, but only one gauge con-
straint. It seems that these drawbacks make us unable to apply the GO framework

to wider applications.

1.3 Motivations and contributions

The study on AVO is in its infancy, and, to the author’s knowledge, there have
been no works except for the above-mentioned duality results of Mangasarian [61]
and the application of Qian et al. [78]. Moreover, there is no algorithm to solve
AVO (1.1.5) in a general form. Although many theoretical and algorithmic results
for AVEs exist, the research associated with AVO problems is not sufficient. One of
the reasons seems that it is difficult to obtain even feasible solutions of the problem.
In fact, their constraints include some AVEs, which are known to be NP-hard [61] to
solve. Moreover, the ability of the expression of the absolute values seems not enough
to model real world problems. On the other hand, the gauge function generalizes the
absolute value function and includes a wider class of functions such as the #s-norm
and the ¢,-norm, p > 1. However, the previous works related to the GO problems
only involve one constraint that includes only one gauge function term.

In this thesis, we focus on investigating the theoretical property of the AVO
problem and its generalizations and develop an algorithm for the AVO problem.
From these aspects, the motivations and contributions of the thesis are itemized as

follows.

(1) To generalize the AVO problem and analyze its theoretical results
We generalize the AVO problem by replacing the absolute value function with
the positively homogeneous one. FExamples of the positively homogeneous
function include the absolute value function and the ¢,-norm function, where
p is a positive real number. The problem is an extension of the AVO and
is not necessarily convex. We call such a problem as positively homogeneous
optimization and propose its dual formulation in a closed-form analogous to
the AVO dual. Then we discuss the extension of the weak duality result
investigated by Mangasarian for the AVO. We also study the relation between

the dual formulation and the Lagrangian dual.
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(2) To investigate the more general GO problem and its extension
The positively homogeneous function includes the gauge one. Then we can
consider an optimization problem with multiple constraints involving gauge
functions compared to the existing results which consider only one gauge con-
straint. Moreover, we extend the generalized GO problem to a general opti-

mization problem by using the perspective framework.

(3) To develop an algorithm for the AVO problem
An algorithm for a specific AVO was proposed in [78]; however, to the best of
the author’s knowledge, there is no method to solve the general AVO (1.1.5).
In this thesis, we develop a global optimization algorithm for AVO (1.1.5)
by using the idea of a branch-and-bound procedure. We provide numerical
experiments for some facility location problems and verify the effectiveness of

the proposed algorithm.

1.4 Outline of the thesis

The thesis is organized as follows.

In Chapter 2, we introduce some preliminaries including notations, basic math-
ematical properties, and existing results that are necessary in the later Chapters.

In Chapter 3, we propose a dual formulation that, differently from the Lagrangian
dual approach, has a closed-form and some interesting properties. In particular, we
discuss the relation between the Lagrangian duality and the one proposed here and
give some sufficient conditions under which these dual problems coincide. Finally,
we show that some well-known problems, e.g., the sum of norms optimization and
the group Lasso-type optimization problems, can be reformulated as positively ho-
mogeneous optimization problems.

In Chapter 4, We focus on a special positively homogeneous optimization prob-
lem, whose objective function and constraints consist of some gauge and linear
functions. We prove not only weak duality but also strong duality. We also study
necessary and sufficient optimality conditions associated with the problem. More-
over, we give sufficient conditions under which we can recover a primal solution from
a Karush-Kuhn-Tucker point of the dual formulation. Finally, we discuss how to ex-
tend the above results to general optimization problems by considering the so-called

perspective functions.
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In Chapter 5, we first propose an algorithm for the AVO, which is based on
the branch-and-bound method. In the branching procedure, we generate two sub-
problems by restricting the sign of a component of the variable x in the primal AVO
problem to be nonnegative or nonpositive. In the bounding procedure, we utilize the
duality results in AVO to obtain a lower bound for each subproblem. Furthermore,
to examine the effectiveness of the proposed algorithm, we apply it to solve facility
location problems (FLPs). By using the ¢;-norm as a distance function, an FLP can
naturally be formulated as an AVO. In particular, we can use the AVO formulation
to deal with a nonconvex region in which facilities are located. We stress that such
a problem is considerably difficult to solve compared with the conventional FLPs
that assume the convexity of the region.

In Chapter 6, we conclude the thesis and mention some future issues.
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CHAPTER 1.

INTRODUCTION




Chapter 2
Preliminaries

In this chapter, we give mathematical notations and review the properties of theories

and algorithms that will be appeared in this thesis.

2.1 Notations

We use the following notations throughout the paper. We denote by R, the set
of positive real numbers. Let x € R™ be an n-dimensional column vector, and
A € R™™ be a matrix with dimension n x m. For two vectors x and y, we denote
the vector (z7,y")T as (z,y)T for simplicity. For a vector x € R", its i-th entry is
denoted by ;. Moreover, if I C {1,...,n}, then z; corresponds to the subvector of
x with entries z;, ¢ € I. The n-dimensional vector of ones is given by e, that is,
en = (1,...,1)T € R™. The identity matrix with dimension n is £, € R™". For a
matrix A, we write A = 0 to denote A is symmetric and positive semidefinite. The
notation #.J denotes the number of elements of a set J. We also denote by || - ||
the norm. For a function f and vectors x and y, we denote the subdifferential of
f(z,y) with respect to x as 0, f(x,y). The effective domain of a function f is given
by domf. The convex hull of a set S is denoted by coS. Finally, ds: R" — RU{oco0}

is an indicator function of a set S C R" defined by

0 ifzes,
dg(z) :== {

oo otherwise.

21
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2.2 Convex analysis

We summarize the definitions related to sets and functions in convex analysis as

follows.

Definition 2.1. (Convex Sets) A set S C R™ is convez if
ar+ (Il —a)ye s

holds for any z,y € S and « € [0, 1].

Definition 2.2. (Interior) A vector x € S C R"™ is an interior point of S if there

exists an € > 0 such that

{yllly—zlla<ep CS.

The set of all interior points of S is called the interior of S and is denoted by intS.

Definition 2.3. (Open and closed set) A set S C R™ is open if intS = S. A set
S C R™ is closed if its complement set: R"\ S = {x € R" | x ¢ S} is open.

Definition 2.4. (Closure and boundary) The closure of a set S C R™ is denoted clS
and is defined as clS = R™\ int(R"\ S). The boundary of a set S C R™ is denoted
bdS and is defined as bdS = clS \ intS.

Definition 2.5. (Effective domain) The effective domain of a function f: R" —
R U +o0 is defined by domf = {z | f(x) < +o0}.

Definition 2.6. (Convez function) A function f: R — R is convex if domf is

convex set and the following inequality holds:

flaz+ (1= a)y) <af(@)+ (1 —a)f(y)
for any x,y € R™ and « € [0, 1].

Definition 2.7. (Closed function) A function f: R™ — R is closed if the sublevel

set
{z € domf | f(x) < a}

for each a € R is closed.
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2.2.1 Positively homogeneous function and its polar

Definition 2.8. (Positively homogeneous functions) A function 1p: R" — R is pos-
itively homogeneous if the following inequality holds:

Y(Ax) = \p(x) for all x € R", A € R, ..

Definition 2.9. (Polar positively homogeneous functions) Let 1: R" — R be a
positively homogeneous function. Then, 1°: R" — R U {oco} defined by

V°(y) = sup{z’y | ¢(z) < 1} for all y € R"
is called the polar positively homogeneous function of .

We observe that the ¢;-norm function is convex and positively homogeneous.
Note that the £,-norm function, 0 < p < 1, is positively homogeneous but nonconvex.

The polar of both the ¢;-norm and the £,-norm, 0 < p < 1, is the {,-norm function.

2.2.2 Gauge function and its properties

Let X C R" be a closed convex set. If g: X — RU {oo} is a gauge function, then
g is convex, nonnegative, positively homogeneous, and satisfies g(0) = 0. It is clear
that the gauge function includes the usual norm such as the ¢,-norm, p > 1.

All gauge functions are represented as a Mincowski function ¢ of some nonempty

convex set C as follows:

g(x) =vc:=inf{ A >0|z € \C}. (2.2.1)
The polar of the gauge function g is defined by

9°(y) = inf{ p > 0] 2"y < pg(x),va }

From this definition, we obtain the following Cauchy-Schwartz-like inequality

'y < g(x)g°(y), Vz,Vy.

Note that if convex set C is a unit ball defined by C := {z | ||z||2 < 1}, then
gauge function (2.2.1) becomes the fo-norm: g(x) = ||x||2. This is also the case
when the unit ball is defined by any norm function. We also note that set C could
not be symmetric like norms. In such cases, the gauge function calculate different
value at two points located symmetric to the origin.

We itemize some important properties of the gauge function and its polar [32].
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Proposition 2.1. The gauge function g: X — R U {oo} satisfies the following

properties:
(i) g° is a closed gauge function
(ii) g°° =clg
(ii1) g°(y) = sup,{ 2"y | g(x) <1} for ally
(iv) dom ¢g° = X if g is closed and g~'(0) = {0}
(v) epig” = { (4, M) | (y, =) € (epi)° }

Proposition 2.2. Let g; and go be gauges. Then g(x1,xs) = g1(x1) + ga(x2) is a
gauge, and its polar is represented as

9°(y1,y2) = max{gy(y1), g (y2) }-

2.3 Optimality conditions and duality

2.3.1 Lagrangian function and Lagrangian duality

We consider the following optimization problem in general form:

min f(x)
s.t. gz(x) S O, 1= 1, o.My (Po)
h](x):()? j: 7"'7p7

where f: R” = R, g;, : R” = R and h;: R” — R. We define the domain of (Py) as
D = domf N(;Z, domg; N (;_, domh; and assume that it is nonempty. Then the

Lagrangian function associated with problem (Py) is defined as
m P

L(z,u,v):= f(r)+ Z w;gi(x) + Z vih;(z),
i=1 j=1

where u;, © = 1,...,m and v;, j = 1,...,p are called the Lagrangian multipliers
associated with the inequality and equality constraints, respectively. Note that
domL =D x R™ x RP.

We also define the Lagrange dual function w: R™ x RP — R as

w(u,v) = ;glf)ﬁ(x,u,v),
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which is the minimum value of the Lagrangian function with respect to x.

The Lagrangian dual problem associated with problem (Py) is defined by

sup w(u,v)

D
st. u>0 (Do)

Note that the objective function of problem (Dy) is always concave even if the
primal problem (Py) is not convex.

We denote f* and w* are the optimal values of problems (Pgy) and (Dy), respec-
tively. Then the following inequality holds:

w* < f7
even if problem (Pg) is not convex. We refer to this property weak duality.

We call the difference of the two sides of the above inequality, which is A :=
f*—w*, as the optimal duality gap. When A = 0, we say that there exists no duality
gap. Note that the duality gap A is always zero in the case of linear programming,.

When A =0, i.e., the equality

holds, we say that strong duality holds for problem (Py) and (Dy).
Strong duality does not hold for general optimization problems. However, if

problem (Py) is convex described as

min f(x)
s.t gZI)SO) Z:17 uz
Ax = b’ ] = 17 ’p?
where f and g;, 7 = 1, ..., m are convex, strong duality holds under some conditions.

Such conditions are called constraint qualifications.
One of the constraint qualifications is Slater’s condition, which says that there
exist an z € D such that

gi(x) <0, i=1,...,m, Az =b.

2.3.2 Karush-Kuhn-Tucker conditions

For problem (Py), we assume f, g;, h; are differentiable but not necessarily convex.
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Let z*, and (u*,v*) be optimal solutions with zero duality gap for problem (Pg)
and (Dy), respectively. Then, the Karush-Kuhn-Tucker (KKT) conditions are de-

scribed as follows:

VoLl vt) = f@) + S ulgat) + X0 vihy(at) = 0,
gi(z*) < 0, i=1,....,m

u;g > 0, 1=1,...,m

gi(z*)uf = 0, i=1,...,m

hij(z*) = 0, j=1,...,p

The KKT conditions are the necessary optimality conditions for any optimization
problem. Note that the KKT conditions are also sufficient optimality conditions if

the primal problem is convex and satisfies the Slater’s condition.

2.3.3 Gauge duality

Consider the following GO problem in general form:

min - g(2) (2.3.1)
st. re X,

where X C R" is a closed convex set and ¢g: R — R U {oco} is a gauge function.

The gauge dual of problem (2.3.1) is defined as follows:

mln go(y)7 (2 3 2)
st. yed, o

where ¢° is the polar function of g and X is the anti-polar set of X defined by
X:={yeR"|y"z>1forall x € R"}. (2.3.3)
We also consider the following GO problem in a specific form:

wip o) (2.3.4)

st. h(b— Ax) <o,
where X is a finite-dimensional Euclidean space, g and h are gauge functions, o is
a scalar, and b and A are , respectively, a vector and a matrix with appropriate
dimensions. The gauge dual of (2.3.4) are described as follows:
min g°(ATy)

yeX (2.3.5)
st. yTb—oh®(y) > 1
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2.4 Global optimization algorithm

Global optimization algorithms focus on finding global optimal solutions of an op-
timization problem. Those algorithms are broadly classified into deterministic ap-
proaches and stochastic ones [27,28]. Some of the deterministic approach are branch-
and-bound algorithms [2,3,68,101], cutting plane methods [91,101], difference of con-
vex functions and reverse convex methods [90], and primal-dual methods [28,29,95].
The stochastic approach includes simulated annealing [50], genetic algorithms [37],
for instance.

Here we provide the details of the branch-and-bound procedure, which we use
to solve AVO (1.1.5). The branch-and-bound procedure is one of the popular and
widely-used global optimization algorithms which provides exact global optimal so-
lutions to NP-hard optimization problems. The method consists of branching and
bounding procedures. In the branching procedure, we divide the feasible region of
the original problem into some subregions to generate subproblems. On the other
hand, in the bounding procedure, we check if a current subproblem can be discarded
or not, by implementing some fathoming tests. The general branch-and-bound pro-

cedure for an optimization problem

min  f(z)

st. ze X

are described as follows. Note that P refers to the above problem and z denotes an

incumbent solution in the following description of the algorithm.
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General Branch-and-Bound Algorithm

e Step 0. Set A := {P} and initialize &.
e Step 1. Choose a subproblem P from the set A to explore.

— Step 1-a. If P is solved and a solution #’ satisfying f (') < f(z) found,
set & = &', Set A:= A\ {P} and go to Step 3.

— Step 1-b. If P can not pruned, go to Step 2.

e Step 2. Generate subproblems Py, Py, ..., P, from P by dividing the feasible
region X. Set A:= AU {J", P;}\ {P}, and return to Step 1.

e Step 3. If A = (), then terminate. The incumbent solution is an optimal

solution of the original problem. Otherwise, return to Step 1.




Chapter 3

Duality of optimization problems
with positively homogeneous

functions

3.1 Introduction

Recently, the so-called absolute value equations (AVEs) and absolute value opti-
mization (AVO) problems have been attracted much attention. The AVEs were
introduced in 2004 by Rohn [82]. Basically, if fl, B are given matrices, and bis a
given vector, one should find a vector = that satisfies Az + B|x| = b, where |z| is a
vector whose i-th entry is the absolute value of the i-th entry of x. It is known that
AVEs are equivalent to the linear complementarity problems (LCP) [40,64,77], which
include many real-world applications. As an extension of AVEs, Mangasarian [61]
proposed in 2007 the AVO problems, which have the absolute value of variables in
their objective and constraint functions. More precisely, the AVO problem consid-
ered is given by

min &z + d7 |z

s.t. Az + Blz| = b,

Hz + K|z| > p,

where A, B, H, K are given matrices, and ¢, cz, Z~), p are vectors with appropriate di-
mensions. Since AVEs and LCP are equivalent, the AVO include the mathematical
programs with linear complementarity constraints [57], which are one of the formu-

lations of equilibrium problems. As another application of AVO, Yamanaka and

29
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Fukushima [107] presented facility location problems and Qian et al. [78] showed a

scheduling problem about automated vehicles.

Since 2007, some methods for solving AVEs have been presented in the litera-
ture. For example, Rohn [83] considered an iterative algorithm using the sign of
variables for the case that A and B are square matrices. For more general A and B,
Mangasarian [61] provided a method involving successive linearization techniques.
Other methods include a concave minimization approach, given by Mangasarian [60],
and Newton-type methods, proposed by Caccetta et al. [16], Mangasarian [62], and
Zhang and Wei [112]. Some generalizations of AVEs were also proposed. For ex-
ample, Hu et al. [41] considered an AVE involving the absolute value of variables
associated with the second-order cones. Miao et al. [66] investigated an AVE with
the so-called circular cones. In both papers, quasi-Newton based algorithms were

used.

As for AVO problems, Yamanaka and Fukushima [107] proposed to use a branch-
and-bound technique. In the branching procedure, two subproblems are generated
by fixing the sign of a variable as nonnegative or nonpositive. In the bounding pro-
cedure, the dual information are considered. However, to the best of our knowledge,
there are no other methods that can find a global solution of AVO. When comparing
to AVEs, the research associated with AVO problems is insufficient and one of these
reasons is the difficulty for obtaining feasible solutions of the problems. In fact, their
constraints include AVEs, which are known to be NP-hard [61].

Another optimization problem that is related to AVO was recently investigated
by Friedlander et al. [32] and Aravkin et al. [6]. It is called gauge optimization, which
basically consists of an optimization problem with the so-called gauge function.
However, differently from AVO, this problem does not consider multiple constraints,
but only one gauge constraint. In [6,32], the authors showed that the Lagrange dual
of gauge optimization problems can be written in a closed-form by using the polar

of the gauge functions.

In this chapter, similarly to [6,32], we introduce a generalized AVO problem, and
show that it has a wider practical application compared to AVO problems. It is also
more general than gauge optimization problems, because multiple constraints can
be considered here. The generalization is done by replacing the absolute value func-
tions with positively homogeneous functions. Therefore, the problem uses not only
absolute value terms but also, for instance, p-norm functions with p € (0, co]. This

generalized problem is referred here as positively homogeneous optimization (PHO).
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Here, we introduce the PHO dual problem and compare it with the Lagrange
dual. We also show that the weak duality theorem holds, similarly to the AVO
problems [61]. In addition, we investigate the relation between the positively ho-
mogeneous duality and the Lagrange duality, proving that these dual problems are
equivalent under some conditions. In this case, the Lagrange dual of a positively
homogeneous problem can be written in a closed-form. We point out that the gauge
functions are special cases of positively homogeneous functions, which are not nec-
essarily convex, differently from the gauge. Moreover, the proposed problems here
have linear and positively homogeneous terms in their objective functions and con-
straints, which is different from the problem considered in [6,32] that has only one
gauge term. Here, we also give some applications for the positively homogeneous
problems, which include p-order cone optimization, sum of norms optimization, and
group Lasso-type optimization problems, and we show that their Lagrange dual can
be written in a closed-form even without convexity assumptions.

This chapter is organized as follows. In Section 3.2.1, we give the definition of
positively homogeneous functions as well as their dual, showing some of their proper-
ties. In Section 3.2.2, we define the PHO problems, and we prove that weak duality
holds. In Section 3.2.3, the relation between the Lagrangian dual and the positively
homogeneous dual is discussed. We give some applications for PHO problems in
Section 3.3.

3.2 Positively homogeneous optimization

problems and their duality

3.2.1 Positively homogeneous functions

In this section, we first introduce the definitions of positively homogeneous and
vector positively homogeneous functions. Then, we define their dual, which will be
used to describe the dual of PHO problems. Moreover, we show some properties

associated with these functions.

Definition 3.1. (Positively homogeneous functions) A function 1p: R™ — R is pos-

itively homogeneous if the following inequality holds:

(Az) = Mp(x) for all t e R", A € R, ..
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Definition 3.2. (Vector positively homogeneous functions) A mapping V: R" —

R™ s a vector positively homogeneous function if the following property holds:

¢1 (13[1)
U(z) = : for all x € R,
¢m(xlm)
where 1;: R™ — R is a positively homogeneous function for all 1 =1,....,m, n =

ny 4+ n,, I C{1,...,n} is a set of indices satisfying
]lﬁlj :®, Z?éj, and #IZ:nZ,
and x;, € R™ is a disjoint subvector of x.

The above definition basically says that W is vector positively homogeneous if
its block components are all positively homogeneous. We now introduce the polar
function of 1, which can be seen as a generalization of the dual norm. Similarly, we

also define the polar of vector positively homogeneous functions.

Definition 3.3. (Polar positively homogeneous functions) Let 1: R" — R be a
positively homogeneous function. Then, 1°: R" — R U {oo} defined by

Vo(y) = suplaTy | Y(z) <1} for all y € R”
18 called the polar positively homogeneous function of 1.

Note that 1° is convex by definition. In fact, for all y, z € R™ and « € (0, 1), we

have

Vo(ay +(1—a)z) = sup{z’(ay+ (1 —a)2)|v(z) <1}
< asup{z’y | ¢(r) <1} + (1 —a)sup{z’2 | ¥(z) < 1}
= ay®(y) + (1 — a)y°(2).

Definition 3.4. (Polar vector positively homogeneous functions) Let W: R" — R™
be a vector positively homogeneous function. A function ¥°: R™ — R™ s a polar
vector positively homogeneous function associated with V if the following property
holds:

U1 (yn,)

e(y) = : , i=1,...,m, forallyeR"

U (1.,

where 7 : R" — R is the polar of positively homogeneous function 1; for each

1=1,...m.
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In this paper, we assume two conditions for positively homogeneous functions.

Assumption 3.1. Let ¥: R™ — R™ be a vector positively homogeneous function as
in Definition 3.2. Then, for all i = 1,...,m, the positively homogeneous function

V; satisfies the following conditions:
1. ¢i(xy) >0 for all x, € R™,
2. If x;, # 0, then ¢;(x,) > 0.

From the definition of positively homogeneous functions, we observe that ;(0) =
0. In fact, if x = 0 then 0 = ¥(Az) —\(x) = (1—=N);(0) for all A € Ry, . Moreover,
the second condition of the above assumption shows that zero is the only point that
satisfies ¥;(x) = 0. We also observe that if v; is taken as the usual vector norm,
then it satisfies these assumptions. Note that under the above assumption, the polar
function 17 always takes finite values.

We now show an important property satisfied by vector positively homogeneous

functions and their polar.

Proposition 3.1. Let ¥ and W° be a vector positively homogeneous function and
its polar, respectively. Suppose that Assumption 3.1 holds. Then, the following

inequalities hold:

e (y)
U ()"0 (y)

AVARN AV
8 O
Ly <
<

for any x,y € R".

Proof. For simplicity, we take an arbitrary index ¢ and denote ¢; and x;, as ¢ and z,
respectively. From Definition 3.1, we have ¢)(0) = 0. Using this result and Definition

3.3, we obtain
Y(y) =sup{a'y|v(z) <1} >0 forally € R".

This shows that U°(y) > 0 for all y € R™ from Definition 3.4.
If x = 0, then the second inequality of this proposition clearly holds. If  # 0,
then ¢ (x) > 0 from Assumption 3.1 and so

s (5t) = v =
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34
holds once again from Definition 3.1. Therefore, we obtain

T
U (y) > (ﬁ) y  forall y € R™

Then, for all z,y € R", we have

which indicates that

V()T ) = D (@) ) >
[l

3.2.2 Positively homogeneous optimization problems

We consider the following positively homogeneous optimization (PHO) problem:

min 'z + dT¥(z)
s.t. Az + BU(z) = b, (Ppro)
Hx+ KV(x) > p,

where ¢ € R*,d € R™,b € RfF.p € R\, A € R B € R*”*™ H € R”" and
K € R™™ are given constant vectors and matrices, and ¥: R® — R™ is a vector
positively homogeneous function satisfying Assumption 3.1.

Now we give the Lagrangian dual of the problem (Ppyo) as follows:
sup w(u,v), (Dfuo)
v>0

where w: R*¥ x R* — R is given by
w(u,v) = inf L(z,u,v), (3.2.1)

and £: R" x R¥ x R* — R is the Lagrangian function of (Ppyo) defined by

L(z,u,v) = co+dV(z)+u'(b— Ar — BY(z)) + v (p — Hr — KV(z))
bVu+p'v — (ATu+ H'v — e)'z + (d — BTu — K'v)"¥(z),

with « € R*¥ and v € R? as the Lagrange multipliers associated with the equality
and inequality constraints, respectively. Notice that it is difficult to write concretely
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the objective function of the problem (D5yq) because it is, in general, not convex
with respect to x.

To obtain a closed-form dual problem, we consider a convex relaxation of the
original problem (Pppo) and its Lagrangian dual. For simplicity, we investigate
the case where ¥(x) = |z| := (Jz1],..., |7a])?, and (Ppgo) has a linear objective

function and only inequality constraints. More precisely, we analyze the following

problem:
min 'z (P.)
st. Az + Blz| > b. *
If we set # = 27 — 2~ and |z| = 27 + 27, where 7 = max{0,z;} and z; =

max{0, —z;}, then we can write (P,) as

mm&ﬂ—ﬂ[?]

o+ +
st. [A|—A]| _ |+[B|B]| _ | >},
x
which is equivalent to the following problem:
min [cT| — 7] n
Y2
st. (A=A | |+ BB || =0,
Y2 Yo
Y1, 92 > 0,
yiy2 =0,

where y1,y2 € R™. Notice that the above problem is not convex due to the com-
plementarity constraint y!y, = 0. Therefore, we remove it from the problem and

obtain the following relaxed one:
min [cT| - Ty
st. [A+B|—A+B]y>b,
y =0,

where y = (y1,%2)". This problem is just a linear programming, then its Lagrangian
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dual can be written easily as

max bTu
AT + BT ¢
.t. <
i —AT + BT i R
u > 0.

Observing that the first constraint is equivalent to |ATu — ¢| + BTu < 0, we finally

obtain the following closed-form dual problem:

max blu
st. |ATu — |+ BTu <0, (Da)
u > 0.

In fact, the problem (D,) is the AVO dual of (P,) proposed by Mangasarian in [61],
and the weak duality clearly holds in this case.
Let us return to the general problem (Pppo). Inspired by the above AVO dual

problem (D, ), we consider the following problem as the positively homogeneous dual

problem:
max blu+pTo
st. U (ATu+ H'v —¢) + BTu+ KTv < d, (Dpno)
v >0,

where W° is the polar vector positively homogeneous function associated with W.
Note that (Dpno) is a convex optimization problem since each component v of W°
is a convex function.

The theorem below shows that the proposed dual problem (Dppo) is reasonable,
in the sense that the weak duality holds between (Ppyo) and (Dpgo).

Theorem 3.1. (Weak duality) For problems (Ppuo) and (Dpuo), the following
inequality holds:
e+ d"(z) > bTu+pTo

for all feasible points x € R™ and (u,v) € R* x R® of (Ppuo) and (Dpno), respec-
tively.
Proof. Let x € R™ and (u,v) € R* x R be feasible for (Pppo) and (Dpno), respec-
tively. Then, we have
Ar+d V() > o+ (AT + H" —¢) + Blu+ K'v)"U(z)
= o+ (ATu+ H'v — )"0 (2) + v BY(2) + v KU(2),
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where the inequality holds from the first constraint of (Dppo) and the nonnegativity

of ¥. From the second inequality of Proposition 3.1, we also obtain:

Fr+d"V(z) > o+ (ATu+ H v — o)z +u"BY(z) + v KVU(z)
= u'(Ar + BY(z)) + o' (Hz + KV(x)).

Finally, the constraints of (Pppo) gives
e+ d"(z) > b+ plo,
which completes the proof. O]

The weak duality theorem itself is a powerful theoretical result, but it does not
mention how large the duality gap between (Ppyo) and (Dppo) is. And the duality
gap can be large depending on problems, then the dual problem (Dpyo) may be
useless. Therefore, in the next section, we investigate the relation between the
Lagrangian dual problem (D4y5) and the one (Dpgpo) proposed here. As a result,

surprisingly, we find that (D5yq) and (Dppo) are equivalent.

3.2.3 The positively homogeneous duality and
the Lagrangian duality

In this section, we consider the relation between the positively homogeneous duality
and the more traditional Lagrangian duality of problem (Pppo), investigating con-
ditions under which the Lagrangian dual problem (D%4) and the positively homo-
geneous dual problem (Dpyo) are equivalent. Notice that the equivalence means the
optimal values and solutions of (Dppo) and (D&y) are the same. Recalling (3.2.1),
we first show a condition that makes w(i,v), the objective function of (D&yo),

unbounded from below for some (u, V).

Lemma 3.1. Let 97 be the dual of the positively homogeneous functions ; for
i =1,...,m. Suppose that Assumption 3.1 holds. Also, assume that (u,v) with
v >0 is not a feasible solution of problem (Dpuo). Then, w(u,v) is unbounded from

below.

Proof. 1f (u,v) with v > 0 is not feasible for problem (Dpyo), then there exists an
index i( satisfying

¢290 (O‘Iio ) > Bio )
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where o := AT+ H'o —c € R", and B:=d — BTu — KTv € R™.

We now denote & and a(A) as follows:

— e n
a = (an,an,...,a,...,ar,) € R,

5&()\) = (Oé[l,Ck[Q,...,)\i',...,Oé[m) S Rn,

where A\ € R, and £ € R™o is defined as the supreme point of the following

problem:
sup{aTay, | i (z) < 1}.

From the definition of Z, we obtain 1;,(Z) < 1. Then, from Definition 3.3, we have

i‘TOin = 770290 (alio) = wio (i)wfo (afi )
The above equality and the definition of the Lagrangian function give

L(a(\),u,v) = bla+p'o—alalr)+ g7 ¥(aN)
= bla+plo— Z 0420% — A:E'T()qio
i#i0
+ Z Bibi(ar,) + Bigi, (AZ)
i#10
= 7= )\i,Toin + Bio¢i0 (A:%>
< v = Ay (i)wzoo (aIiO) + ﬂiowio(ki)’

where v := 0T+ p"0 — 3, afar + 3., Bivi(ar) € R is constant with respect
to A\. Moreover, Definition 3.1 shows that

L<@()‘)7 ﬂ, T}) = 7 Awio (-@Wfo (alio) + )‘ﬁiowio (ﬁ:)
= 7+ )‘me (j)(ﬁlo - wfo (alio))
< 7+ )‘(Bio - 1/};)0 (alio))'

Therefore, L(@(\), @, v) converges to minus infinity when A increases. Finally, if we
set 2% = a(\¥F) where \* — +o0o as k — +oo, then L(z*,4,7) — —oo, which shows

that w(u,v) is unbounded from below. O

The above lemma indicates that a point (u,v) is a feasible solution of (Dpyo) if
w(u,v) with © > 0 is bounded.
We now show that the positively homogeneous dual problem (Dppo) and the

Lagrangian one (D5y5) are equivalent under some conditions.
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Lemma 3.2. Suppose that Assumption 3.1 holds. Assume also that the positively
homogeneous dual problem (Dpuo) has a feasible solution (u,v) € R* x R®, and that

there exists x* € R™ satisfying the following equality:
(d— B'u— K"9)"W(2*) — (ATu+ H'v — o)Ta* = 0. (3.2.2)

Then, the positively homogeneous dual problem (Dpuo) and the Lagrangian dual

problem (D5yo) have the same optimal value.

Proof. From Lemma 3.1, the function w is unbounded from below if there exists
an index 4o such that ¢7 (ar, ) > B, where a = ATa + H"0 — ¢ € R", and
B:=d— BTu— KT € R™. Therefore, the problem (D5y5) is equivalent to

sup w(u,v)
s, W(ATu+ HTo — ¢) <d — BTu — Ko, (Dfio)
v > 0.

Let (4,7) € R* x R’ be the feasible solution of (D5ye). From the definition of the

Lagrangian function, we obtain:
L(z,u,0) = cz+d"V(z)+a (b—Azx— BY(z))+ 0" (p— Hr — KV(x))
= ba+p'o— (ATa+Hv—c)'z+(d— B"a— K"0)'¥(2).
Then, taking x* € R™ that satisfies (3.2.2), we have
L(z*,a,7) =b"u+p'o.
Notice that z* is the solution of the problem

inf L(z,u,v),
because L(z,,7) > b"@ + p o holds from Proposition 3.1. Therefore, (D&) can

be described as follows:

sup bTu+pTo
st. U(ATu+ H'w —¢) <d— BTu— K'v,
v >0,

which implies that the optimal value of the above problem is the same as that of

the positively homogeneous dual problem (Dppo). ]
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As a consequence of the above lemma, we obtain the following result.

Theorem 3.2. Suppose that the Lagrangian dual problem (DEyo) has a feasible
solution. Assume also that the vector positively homogeneous function ¥V satisfies
Assumption 8.1. Then, the positively homogeneous dual problem (Dpuo) and the

Lagrangian dual problem (D&yo) have the same optimal value and solutions.

Proof. From Definition 3.1 and Assumption 3.1, we have ¥(0) = 0. It means that
equation (3.2.2) holds at z* = 0. Thus, from Lemma 3.2, the problems (Dppo) and
(D&yo) have the same optimal value.

Moreover, we denote Sp and Sp, as the sets of optimal solutions of prob-
lems (Dppo) and (D&gg), respectively. Let us take (u*,v*) € Sp. Then, it is
clearly feasible for (D&yp). It follows from Theorem 3.2 that the optimal values
of (Dpro) and (D5go) are the same, which is b7u* + pTv*, and so (u*,v*) € Sp,.
Conversely, let us take (@, ) € Sp,. Then, the point (@, ) is feasible for (D5ye)-
Note that Lemma 3.1 indicates that if (u,v) is feasible for (D5yq) and the objec-
tive function value of (D5yo) at the point (u,v) is finite, then it is also feasible
for (Dpuo). Thus, (u, ) is feasible for (Dppo). Once again from Theorem 3.2, the
optimal values of (Dppo) and (D5yo) are the same, which means that (@,v) € Sp.

Consequently, we obtain Sp = Sp,. n

The above theorem shows that the Lagrangian dual problem (D5y) can be
written in a closed-form when the function ¥ is positively homogeneous and satisfies
Assumption 3.1. The paper [61] does not show that the same property holds for the

AVO problem. We now give it as a direct consequence of Theorem 3.2.

Collolary 3.1. If the dual of an AVO problem has a feasible solution, then its
optimal value and optimal solutions are the same as those of the Lagrangian dual

problem (Dhyo).

Proof. 1t holds from Theorem 3.2 and the fact that the absolute value function is

positively homogeneous and satisfies Assumption 3.1. O]

Collolary 3.2. If the optimal values of an AVO primal problem and its Lagrangian
dual problem (D&yo) are the same, then the strong duality holds between the AVO
primal and the AVO dual problem.

Proof. 1t holds straightforward from Corollary 3.1. n



3.2. PHO PROBLEMS AND THEIR DUALITY 41

From the results in Section 4, the positively homogeneous dual can be a tool for

investigating the Lagrangian dual. Let us consider the following integer problem:

min ||Az — b2
P
st x| =e, (Po)

where A and b are given matrix and vector and e is a vector of ones. The positively

homogeneous dual of (P},) can be written as follows:

max eluy + b uy

I —AT 00 |
s.t. I AT ( “ ) +10 0 ( |u1|2
Uo 0 1 |U2|2

0 0

N~
_ O O
—~
)
o
N—

By taking the positively homogeneous dual of (Dy,) we obtain

min [|A(y — z) — bl
st. y+z=e (Py)
Y,z 20,

On the other hand, the equivalent reformulation of problem (Py,) is as follows:
min [JA(zT —a7) — b2
st. a2t +a =e,

T = max{0,z;} and z; = max{0,—z;}. The above problem is further

equivalent to

where zx

min ||A(y —2) — b2
st. y+z=c¢e
y,z2 >0
y'z=0.

(P)

The above result shows that problem (Py) is obtained from problem (P}) by remov-
ing the complementarity constraint #7y = 0. It means that the relaxed problem (lsb)
can be obtained by using the positively homogeneous dual, which is actually the La-
grangian dual, and it is the limitation of using the Lagrangian dual. On the other
hand, we see the potential of the Lagrange dual from the following one-dimensional
nonconvex problems:

min = — 2|z

P.
st |z) <1, (Par)
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min  x + 2|z

P,
st Jz| > 1. (Pez)

Problem (P.;) has a nonconvex objective function and its optimal value is —3 at
x* = —1, and problem (P.2) has a nonconvex constraint and its optimal value is 1 at
x* = —1. The positively homogeneous dual, which is equivalent to the Lagrangian

dual, of each problem can be written as

max —uv
D,
s.t. v >3, (D)
max v
s.t. v Z 0 (DCQ)
v <1.

Clearly, the optimal values of problems (D.;) and (D) are —3 and 1, respectively,
and no duality gap exists. The above result indicates that we may obtain zero duality
gap between a nonconvex problem and its Lagrangian dual. For this reason, we
expect that the positively homogeneous dual supports the potential of the Lagrange

dual for nonconvex problems.

3.3 Examples of positively homogeneous

optimization problems

In this section, we present several applications that are formulated as PHO, and
show their closed-form dual problems.

First, we observe that any p-norm function with p € [1,00) is positively homo-
geneous. So, if ¢ is the p-norm, then ¢° becomes the g-norm, where 1/p+1/q = 1.
Therefore, if ¢ is taken as || - |1, - |2, || - [0, then ©° becomes || - ||oo, || - |2, || - |15
respectively. Moreover, in the case that p € (0, 1), the dual function ° is equal to
|| - |leo for all p € (0,1), which is proved in Proposition 6 of Appendix A. From the
result, we can consider any p-norm functions as ) in PHO problems. And, even if
such functions are nonconvex with p € (0, 1), the Lagrangian dual problem can be
written in a closed-form from Theorem 3.2.

We now show some positively homogeneous problems using these p-norm func-
tions. The first example is the so-called linear second-order cone optimization prob-

lem [4], which is one of the famous convex optimization problems.
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Example 3.1. Let z = (71, 22)7 € R x R"™L. Then, we consider the linear second-

order cone optimization problem written by

min ¢’z

s.t. Ax =0, (P1)

x1 — ||xa]l2 > 0,

where ¢ € R", A € R™"™ and b € R™. The above problem can be written in PHO
form as
min ¢’z 4+ 0T¥(x
st. Az +0VU(z) =0,
Hx+ KV(x) >0,

with H = (1,0,...,0) € R>" K = (0,—1) € R and ¥: R" — R* ¥U(x) =

(|z1], |z2ll2)*. Then, recalling (Dpno), its dual problem is given by
max bTu
st. U(ATu+ H'v —¢) + KTv <0,
v >0,

where U° 1s identical to ¥ in this case. Then, from the definition of ¥V, we have

max blu
st. [(ATu); +v —c1] <0,
[(ATu)2 — cafl2 < v,
v >0,

with (ATu), as the first component of ATu, (ATu)y is the rest of it, and ¢ =
(c1,c0)T € R x R"™. The first constraint of the above problem shows that

v=rc; — (ATu),
and v > 0 automatically holds from the second constraint. Then, we obtain

max blu
s.t. H(ATU)Q — CQHQ S C1 — (ATU)l

as the dual problem of (Py). In fact, the above problem is the standard dual of the

linear second-order cone optimization problem [4].
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Although we use the 2-norm in the above example, any p-norm function with
p € (0,00] can be considered. In this case, if p € [1, 00|, then the primal and dual
problems are p-order cone and g-order cone optimization problems, respectively,
where 1/p+1/q =1 [106]. If p € (0, 1), then the dual is co-order cone optimization
problem.

In the next example, we consider a gauge optimization problem, which is also a
convex problem with multiple gauge functions in its objective and constraint func-
tions. Here, we recall that f is a gauge function if and only if it is nonnegative,
convex, positively homogeneous and satisfies f(0) = 0 [30]. For such a problem, we

introduce its dual in PHO form.

Example 3.2. Let x € R*. We consider the following problem:

min Z a; fi(Aix — a;)
i=1

s.t. gj<BjZE - bj) S Bja ] = ]_, PN ,t,

(P2)

where a;, B; € Ry, A; € R™>*" B, € RM*" q; € R™ and b; € R are given for
alli =1,...,s and j = 1,...,t, and f;: R™ — R and g;: R¥ — R are gauge

functions. Letting y; == A;x — a; and z; := Bjx — b;, (P2) can be written as

min 3 aufin)

s.t. 93'(2]') < ﬁj, ] = 1,...,t,
Ax—y,=a;, 1=1,...,8,

BjI—Zj:bj, j:]_,,t
The above problem does not have a gauge function defined for the variable x, so we

introduce such a gauge function x — 1 (x) and rewrite the problem in the following

way:
min 0 X ¥(z) + Zaifi(yi) +0 x Zgj(zj)
i—1 j=1
s.t. 0x w(x) < 07

0x fi(y;) <0, i=1,...,s,
gj(zj) < B, jg=1,...,t,
A —yi=a;, i=1,...,s,
le'—Z]:b]’ ]:1,,t

Note that ¥: R™ — R is a dummy gauge function with x as its domain.
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Let

S . t .
T = (%?Jh ey Ysy Ry e '7Zt> c Rn+2i:1mz+zj:1 k;

and
\Il(j') = (7/’(95)’ fl(y1)7 R fs(ys)v 91(21)7 s agt(zt))T'

Then the above problem can be rewritten as

min d7U(%)
s.t. K¥(z) <p,
Az =,

where d = (0,a, ..., q,,0,...,007 € R 5 =1(0,...,0,8,...,58)" € R+,

Al _Em1
0
0 0 A A, -E,,
= ’A == = Y
0 Et Bl _Ek1
0
L Bt _Ekt
and
_ o -
o |
by

Moreover, its positively homogeneous dual problem is given by
max bTu — pTv
st UO(ATw) — KTv < d,

v > 0.

For simplification, let u = (U1q, ..., Us, U1, - - -, Ue)? with uy; € R™ 4 =1,... s
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and ug; € RY 5 =1,...,t. Then the above problem is rewritten as
s t t
max Z aiTuh- + Z b?ugj — Z Bev11sie

i=1 j=1 =1

s t
s.t. Z AZTUh + Z B]TUQJ' = O, (DQ)
i=1 j=1
fio(—uh-) S ay, 1= 1,...,8,

95 (—uzj) <viysyy, J=1,...,t

Notice that the last constraint implies v > 0 because g5 is also a gauge function.

Moreover, (Dy) does not include the polar function 1° of the dummy gauge function

.

Note that the objective and constraint functions f; and g; in the above exam-
ple can be more general positively homogeneous functions. Thus, we can consider
problems that have different positively homogeneous functions in their objective and
constraint functions.

The next example is the group Lasso-type problems [65,111], which is a special
case of (Py) and consist of unconstrained minimizations of the sum of certain norms.
Such problems have many applications, in particular they appear in compressed
sensing area [24, 88], where the sparsity of solutions are important. As an example,
we consider a primal problem with p;-norm and ps-norm where py, ps € R, which

are used in the regularization terms.

Example 3.3. Let x € R" and py,p2 € R.. We consider the following problem:

’

min Az = blla+ M Y lzn e + A2 Y 2l (Ps)
=1 i=m’+1

where A1, s € R, b e R™ A€ R™™ and 0 < m' < m.

Notice that the first term of the objective function of group Lasso-type problems
are usually the square of 2-norm functions. However, it is not positively homoge-
neous, so we removed the square and considered just the 2-norm functions.

We obtain the above problem by setting, in (Ps), s =m + 1,

A, if i=1,....m,
;=< N, if i=m/+1,...,m,
1 if 1=m+1,

Y
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A — EIH if izl,...,m,
ol 4 i i=m41,

where Ey, is a submatrixz of B, with E;, j € I; as its rows,

0, if i=1,....m,
a; —
b, if i=m+1,

and
| llpys i i=1,...,m,
LG =9 I llpss if i=m'+1,...,m,
|12, if i=m+1,
Then, recalling (P2) and (D,), the dual of (P3) can be written as

T
max b ul(m+1)

m

s.t. Z E};Ulz -+ AT’U,l(m_H) = 0,
i=1
||_u1i||q1 §>\17 izl,...,m’,
||—U11‘||(12</\27 i:m’—l—l,...,m,

| — wimslle <1,

where q;,t = 1,2 are obtained by

Di .
, it p > 1,
o0, if Di € (Oa 1]7

from Proposition 3.2 of Appendix A. Notice that the first equality constraint can be

rewritten as

Ui + (AT)L-Ul(mH) =0, +=1,...,m.

Then, the above problem is described as

max blu
st (AT pullg <A, i=1,...,m/,
(AT pullg, < Aoy t=m/+1,...,m,
| —ullz <1,

where we denote wim+1y as u for simplicity.

The next example is also a Lasso-type problem. In this case, the objective

function is a gauge, because the sum of gauge functions is also gauge. In order to
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obtain the dual of a gauge optimization problem, the polar of the objective function
should be considered [6,32]. However, it may be difficult to obtain the polar of a sum

of gauge functions. To overcome this drawback, we use here the PHO framework.
Example 3.4. Let x € R" and py,p2 € R.. We consider the following problem:

min Ay ||z, + Aal|z||p,

P
st [|Az — b2 < B, (Pa)

where A\, Ao, € Ry, A € R™" and b € R™. The above problem can be obtained
if we set, in (Py), s=2,t=1, a1 =X\, ag = Xg, Ay = Ay = FE,, a3 = ay = 0,
Br=A, b1 =0, fi(-) =" llp; f20) = |- lpos 92(-) = || - [l2. Then, recalling (D),
the dual of (P4) is written by

max b ug — Buy
st up 4+ up + Alugy =0,
| = uiflgr < A,
| = ur2llg2 < Ao,

| — ua1|| < vs,
which is finally rewritten as

max b us — v
st JJur + Al usl| g < Mg,
| —willge < Ao,

I = sl <0,

where we set uia, Usy and vy as Ui, us and v, respectively, and ¢, and qo are defined
in (3.3.1).

In order to control the sparsity of the solutions of the above Lasso-type problems,
we can use any combination of p-norm functions, with p € (0,0¢], as the regular-
ization terms. Especially, it is reported that the p-norm functions with p € (0,1) in
(P3) is useful because they give sparser solutions than 1-norm functions [17,18,69].

We now give another example: the sum of norms optimization problems, which
are generally nonconvex. Such problems have applications, for example, in facility
location, where locations of new facilities should be decided by analyzing the distance
between the new and the existing facilities [100]. Moreover, the problem of the
following example can be applied not only to the minimization of the distance but
also maximization of it by taking the constant \; as —\;. Such a situation can be

found, for instance, in locating obnoxious facilities in residential areas.
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Example 3.5. Let x € R*. We consider the following problem:

min Z i fi(Air — a;),
=1

s.t. Bx <b,

(Ps)

where \; € R, A; € R™*" B € RF*" q; € R™ and b € R are given, and f;: R™ —
R,i=1,...,s are positively homogeneous functions. We now introduce its positively
homogeneous dual by taking almost the same procedure as in Fxample 3.2. Let

y; := A;x — a;, then (Ps) is equivalent to

min Y Aifi(y:)
=1

st. Aix—y;=a;, 1=1,...58,
Bz <b.

By introducing additional constraints, we consider the following problem:

min > \ifi(y:)
i=1

st. Ax—vy;,=a;, i=1,...5,
Bz <b,
caifilyi) <diy, i=1,...5,

where ¢; and d; are strictly positive constants. Notice that the additional constraints
ensure the boundedness of the each term of the objective function especially when \;
is strictly negative. Without such constraints, (Ps) can be unbounded depending on
the linear constraint, and then its dual becomes infeasible. Note that the additional
constraints do not change solutions, when we choose ¢; and d; so that the constraint
cifily) < d; will include reasonable solutions.

Let @ = (z,y1,...,ys)" € Rz gnd

\1/(;2) = (¢($)7 fl(yl)v R fs(ys))T S R1+Sa

where Y(+) is a dummy positively homogeneous function. Then the above problem
can be described as
min d7W (%)
st Az = a,
Hz+ KV(z) > p,
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where d = (0, A\q,. .., )\S)T, a=(ay,... ,as)T, p=(=b—dy,..., —ds)T,
A —EB,, 0 .
A e .. ) , H — - ,
0 0
A, 0 —FEn,
and
0 0
K= e
0

Then, recalling the positively homogeneous dual (Dpuo), the dual of the above prob-
lem can be written as
max a’u+pTv
st. U(ATu+ HTv) < d— KTv,
v >0,

which s rewritten by

s s
max E CLlTUi — bTUl — E dZT’Ui+1
i=1 =1
s
s.t. E A?UZ - BTU1 = O,
=1

fi(=u) < Xi+c,, i=1,...5,
v >0,

where v = (vy,...,v51)7.

3.4 Conclusion

In this chapter, we proposed optimization problems with positively homogeneous
functions, which we call positively homogeneous optimization problems. We also
introduced their dual problems and showed the weak duality theorem between these
problems. Moreover, we gave sufficient conditions for the equivalency between the
proposed dual and the Lagrangian dual problems. Finally, we presented some exam-
ples of positively homogeneous problems to show their value in real-world applica-
tions. One natural future work will be to propose methods that obtain approximate
solutions of positively homogeneous optimization problems. We believe the theoret-

ical results described here are essential for that.
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3.5 Appendix

The following proposition shows that the dual of the ¢,-norm function is the /,,-norm

even when p is less than 1.

Proposition 3.2. Suppose that p € (0,1). Then, the dual of the p-norm function

1s equal to the co-norm.

Proof. Let y € R™ be an arbitrary vector. If y = 0, this proposition clearly holds.
If y # 0, from Definition 3.3, we obtain

sup{z"y | [z, < 1}
< sup{|a"y| [ |lz], <1}

sup{z @il |zl < 1}
=1

a3 <sup{2 i el < 1})
i=1
— syl (sup{lels |l < 1)),

lyll?

IA

IN

Since p € (0,1), we note that ||z||; < |||, holds [51]. Then, we have

oy < by (sup el il < 1)) = m oy = ol
Now, take an arbitrary iy € argmax;|y;|, and define z; as follows:

5, = { sign(y;), if i =i,

0, otherwise,

where
1, if gy >0,
Slgn(yz> = 0, ity =0,

Then, ||z||, = 1 and we have

lylly = sup{a’y [ 2], < 1} = 2y = max |yi] = [yl

which completes the proof. O
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Chapter 4

Duality of optimization problems

with gauge functions

4.1 Introduction

The gauge optimization (GO) problem is in general described as follows [6,30-32]:

min  g(z), (Pco)
where X C R" is a closed convex set and g: R” — RU{oo} is a gauge function. Here,
we say that g is a gauge function if g is convex, nonnegative, positively homogeneous
and satisfies g(0) = 0. Note that GO problems are convex because gauge functions
are also convex. Freund [30] first introduced (Pgo), proposed a dual formulation
called the gauge dual (which differs from the usual Lagrangian dual), and proved
some duality results. He also showed that the class of gauge optimization problems
includes the well-known linear programming, p-norm optimization problems with
p € [1,00], and convex quadratic optimization problems [30].

Recently, Friedlander et al. [32] considered a specific form of the GO problem in
which & is described as X' := {z € R" | h(b— Ax) < o}, where h is a gauge function,
o is a scalar, b € R™ and A € R"™*". They gave a closed form of its gauge dual.
Afterwards, Friedlander and Macédo [31] applied this gauge duality to solve low-
rank spectral optimization problems. Aravkin et al. [6] presented some theoretical
results for the GO problem. In particular, they gave optimality conditions and a
way to recover a primal solution from the gauge dual. In that paper, they also

extended their results to a more general convex optimization problem, where g and

93
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h were not necessarily gauge functions. In addition, they proposed the perspective
duality, which is an extension of the gauge duality.

The gauge optimization problems in these previous works [6,30-32] do not in-
volve linear terms in their objective functions. Therefore, these GO frameworks can-
not directly handle linear conic optimization problems. More recently, Yamanaka
and Yamashita [108] considered the following positively homogeneous optimization
(PHO) problem:

min "'z + d"0(z)

s.t. Az + BVY(x) =,
Hz+ KV(x) < p,
x € domV,

(PpHo*)

where ¢ € R*, d € R™, b € RF, p € R, A € R¥>*" B ¢ RF>™ H € R and
K € R™™ are given constant vectors and matrices, ¥: R” — (RU{co})™ is defined
by U(-) := (¢1(-),...,¥m(-))" where each function ¢;: R™ — R, " n; = n
is nonnegative and positively homogeneous, and T denotes transpose. Moreover,
domW¥ denotes the effective domain of ¥, defined by domV¥ := {z € R" | ¢;(z;) <
00,7 = 1,...,m} where z; € R™ is a disjoint subvector of x. Problem (Pppo+) is
not necessarily convex, and it includes (Pgo) with X = {z € R" | h(b — Ax) < o}
since gauge functions are nonnegative and positively homogeneous. Note that PHO
can handle linear terms in its objective and constraint functions. Here, we explicitly
include z € domW¥ in the constraints of (Ppyo+). This is because we want to consider
more general PHO problems than the ones used in the previous work [108], where
domV¥ = R" is assumed. Then we can adopt the indicator function of some cones as
;. We will later show that the same results as in [108] can be obtained even when
domW¥ # R™.

When n; = 1 and ¢;(x;) = |x;|, (Ppuo+) is reduced to the absolute value op-
timization problem proposed by Mangasarian [61]. The other examples of PHO
problems are p-order cone optimization problems [4,106] with p € (0, o], group
Lasso-type problems [65,111], and sum of norms optimization problems [100].

Yamanaka and Yamashita [108] proposed a closed-form dual formulation of the
PHO, which they call the positively homogeneous dual, and showed that weak du-
ality holds. They also investigated the relation between the positively homogeneous
dual and the Lagrangian dual of (Ppyo-+), and proved that those problems are equiv-
alent under some conditions. The result indicates that the Lagrangian dual of a PHO

problem can be written in closed form even if it is nonconvex. Although the PHO
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problem has the above nice features, the theoretical analysis is still insufficient. In
particular, the paper [108] does not discuss strong duality and primal recovery.
In this paper, we mainly study the following gauge optimization problem with

possible linear functions:

min 'z + d'G(x)

s.t. Ax =0,
Hz + KG(x) < p,
r € domg,

(Paox)

where ¢,d,b,p, A, H, K are the same as in (Pppo+), and G: R" — (R U {oo})™ is
defined by G(-) := (g1(*), - . ., gm(+))T with g;: R" — R as a gauge function for all i.
Note that there is no nonlinear term in the equality constraints, and problem (Pgo-)
is convex when all elements of d and K are nonnegative. Problem (Pgo-+) includes
the convex GO problems considered in [6,30-32], and it is possible to explicitly
handle linear terms. In this paper, we call (Pgo+) the gauge optimization problem
when it is clear from the context.

In particular, we are interested in theoretical properties of problem (Pgo+) and
its dual. We first define a dual problem of (Pgo+) as in [108], and then, give
conditions under which weak and strong dualities hold for problem (Pgo+) and its
dual. Moreover, we present necessary and sufficient optimality conditions for (Pgo+),
that does not use differentials of g; as in the Karush-Kuhn-Tucker (KKT) conditions.
We further give sufficient conditions under which we can obtain a primal solution
from a KKT point of the dual formulation. Finally, we show that the theoretical
results for problem (Pgo+) can be extended to general convex optimization problems
by considering the so-called perspective functions.

This chapter is organized as follows. In Section 4.2, we recall some important
properties of (Ppgo+) in [108]. We show that some of them hold even if domW¥ # R™.
Section 4.3 presents the dual of problem (Pgo-+), and gives some relations of (Pgox)
and its dual. In particular, we show weak and strong duality results, the optimality
conditions for the problem, as well as the recovery of primal solutions by solving
the dual problem. In Section 4.4, we discuss how to extend the obtained results
to general convex optimization problems. Section 6 concludes the paper with final
remarks and future works.

We use the following notations throughout the paper. We denote by R, the
set of positive real numbers. Let x € R™ be an n-dimensional column vector, and

A € R™™ be a matrix with dimension n x m. For two vectors x and y, we denote
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the vector (z7,y")T as (z,y)T for simplicity. For a vector x € R", its i-th entry is
denoted by ;. Moreover, if I C {1,...,n}, then z; corresponds to the subvector of
x with entries x;, ¢ € I. The n-dimensional vector of ones is given by e,, that is,
en = (1,...,1)T € R". The identity matrix with dimension n is FE, € R™*". For a
matrix A, we write A > 0 to denote A is symmetric and positive semidefinite. The
notation #.J denotes the number of elements of a set J. We also denote by || - || a
norm function. For a function f and vectors x and y, we denote the subdifferential of
f(z,y) with respect to x as 0, f(x,y). The effective domain of a function f is given
by domf. The convex hull of a set S is denoted by coS. Finally, ds: R" — RU{oo0}
is an indicator function of a set S C R" defined by

S(x) = { 0 ifzes,

oo otherwise.

4.2 Positively homogeneous optimization

problems and their duality

In this section, we recall positively homogeneous optimization problems and their
properties in [108]. The positively homogeneous and vector positively homogeneous

functions are defined respectively, as follows.

Definition 4.1. (Positively homogeneous functions) A function ¢: R™ — RU {oo}
is positively homogeneous if (Ax) = \p(x) for all x € R™ and A € R ;.

Definition 4.2. (Vector positively homogeneous functions) A mapping V: R" —

(RU{oo})™ is a vector positively homogeneous function if it is defined as

¢1(x11)
U(x) := :
¢m(xfm)
with positively homogeneous functions v;: R" — R U {oc}, i = 1,...,m, where

n=mny+-+nm L; C{l,...,n} is a set of indices satisfying I; N I; = (O for all
i # j, and #1; = n;.

The polar of a positively homogeneous function 1 and similarly the polar of
a vector positively homogeneous function W are defined as follows. Note that the

paper [108] calls such polar positively homogeneous functions dual functions.
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Definition 4.3. (Polar positively homogeneous functions) Let 1: R — R U {oo}
be a positively homogeneous function. Then, ¥°: R — R U {oo} defined by

V°(y) = sup{a’y | (x) < 1}
18 called the polar positively homogeneous function of 1.

Note that a polar positively homogeneous function is positively homogeneous

and convex. Moreover, when v is a norm, 1° is the dual norm of .

Definition 4.4. (Polar vector positively homogeneous functions) Let ¥: R* — (RU
{o0})™ be a wvector positively homogeneous function. A function ¥°: R" — (R U
{o0})™ is the polar vector positively homogeneous function associated with U if W°
1S given as
Uy (yn,)
e (y) = :
U (1,,)
with the polar 17: R™ — R U {oco} of positively homogeneous function ;, i =

1,...m.

Yamanaka and Yamashita [108] assumed the nonnegativity of positively homo-

geneous functions for the weak duality of PHO problems as follows.

Assumption 4.1. Fach positively homogeneous function 1; in W is nonnegative,
that is, ¥;(xy,) > 0 for all xy, € R™.

Note that we have to show the following lemma that corresponds to [108, Propo-
sition 2.1] in which domW¥ = R" is assumed, because we consider domW¥ = R" in this

chapter.

Lemma 4.1. Let ¥ and V° be a vector positively homogeneous function and its

polar, respectively. Then, we have
¥e(y) = 0.
In addition, suppose that Assumption 4.1 holds. Then,
U(2)"T°(y) > 2"y

holds for all x € domWV and y € domW°.
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Proof. Since the first inequality has been shown in [108, Proposition 2.1] by using
Definitions 4.1, 4.3 and 4.4, we prove only the second inequality. Clearly, it is enough
to show that ;(x, )¢5 (yr,) > «] yr,. For simplicity, we denote v; and z;, as ¢ and
x, respectively.

If ¢(x) = 0, then we can show that 7y < 0 for all y € dom° as follows.
Suppose to the contrary that there exists y € dom1° such that 7y > 0, and hence
tzTy — oo as t — oco. Moreover, since 9 (tx) = typ(x) = 0 for all ¢ > 0, we have
Y°(y) > sup{taly | ¥(tz) < 1} = oo, which contradicts the fact that y € dom°.
Consequently, we obtain ¥ (z)1°(y) = 0 > 2Ty.

Next, we consider the case where ¥(z) > 0. Note that € domWV, and hence

Y(x) < co. Let z = x/¢(x). Since ¥ is positively homogeneous, we obtain

W) = (W> — ) =1

Therefore, we have

o — su T ZT — ]‘ Z‘T
YP(y) =sup{&y | Y(§) <1} > 27y Ok

which shows the second inequality. O

Yamanaka and Yamashita [108] proposed the following dual of (Ppuo-):

max bTu—pTo
s.t. Ue(ATu — HTv —¢) + BTu — KTv < d, (Dpno-)
v >0,

where (u,v) € RF x RY. Note that if (u, v) is feasible for (Dpgo-), then ATu— H v —
¢ € domW¥°. For problems (Ppyo+) and (Dpno-+), the following weak duality holds.

Theorem 4.1. (Weak duality) Suppose that Assumption 4.1 holds. Let x € R™ and
(u,v) € R¥ x R* be feasible solutions of (Ppuo+) and (Dpuo-), respectively. Then,
the following inequality holds:

e +d"V(z) > b'u—plo.

Proof. Using Lemma 4.1, we can show the weak duality as in the proof of [108,
Theorem 3.1]. O
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In the following, we show that the optimal values and solutions of problems
(Dppo+) and the Lagrangian dual of (Pppo+) are the same. We now define the
Lagrangian function £: dom¥ x R* x R — R of (Ppyo-) by

L(z,u,v):=c'z+d"V(z)+u"(b— Ar — BY(z)) + " (Hr + KV (z) — p),
and consider the following problem:

inf sup  L(z,u,v). (Pfro)

z€dom¥ u€Rk, ’UERi

Note that problem (P&y,) is equivalent to the original problem (Ppgo-+) because the

following relation holds:

inf sup  L(z,u,v)
z€dom¥ u€Rk, vGRﬁ

4.2.1
> e +d"W(x) if Av+ BU(z)=band Hx + K¥(z) <p, ( )
= in
zedom¥ | 400 otherwise.
We also note that the Lagrangian dual of problem (P5yo) is described as
sup  w(u,v), (Dfro)

u€RF, vERE
where w: R*¥ x R — R is defined by

w(u,v) = zeidréfn\ll L(z,u,v),
and we explicitly require € dom¥ in the Lagrangian dual problem (D5y).

Note that Yamanaka and Yamashita [108] further assumed a condition on posi-
tively homogeneous functions for the equivalence between (Dpgo-) and (D5yq). The
condition is that each component v; of ¥ vanishes only at zero and domW¥ = R". For
example, a usual norm satisfies the condition, but neither an indicator function for
a cone nor the function v¢;(x;,) = max{0,xy,} satisfies it. Therefore, the condition

is rather restrictive. Here, we suppose the following weaker assumption.
Assumption 4.2. For each i, one of the following conditions hold:
(a) d; >0, Bj; =0 and K;; > 0 for all j,

(b) dom; = R™ and there exists T;, such that 1;(z,) # 0.
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Note that if problem (Ppyo-+) satisfies the first condition (a) of Assumption 4.2
for all 7 and all v); are gauge functions, then it becomes a convex gauge optimization
problem (Pgo-).

We prove the following key lemma for the equivalence between (Dppo+) and
(D&yo). Note that it is an extension of [108, Lemma 4.1] to the case where dom 1; #
R™:.

Lemma 4.2. Let 1] be the polar positively homogeneous functions of 1; for i =
1,...,m. Suppose that Assumptions 4.1 and 4.2 hold. Assume also that (u,v) with

v > 0 is not a feasible solution of problem (Dpyo«). Then w(u,v) = —oc.

Proof. Suppose that (@,v) with © > 0 is not a feasible solution of (Dpyo+). Then,

there exists an index j such that

w;(@lj) > B, (4.2.2)
where o := ATu— H'o—c € R*, and B := d— BTu+KTv € R™. Let 7 := (0,...,0,
Tr;, 0,...,0). Then we have ¥(z) = (0,...,0,¥;(Z,),0,...,0) and
L(z,u,0) = —ap 1, + Bj;(Zr,) + bl + pTo. (4.2.3)
Now we consider three cases: 1§ (ay;) € (0,00), ¥5(ay;) = 0o, and ¥5(ay;) = 0.
First, we study the case where 9%(ay;) € (0,00). Recall that ¥5(ay;) is defined
as

Vi(ar) = sup{x?jalj | ¥(zr,) < 1} (4.2.4)

L1
Therefore, for all € > 0, there exists 7, (¢) such that
Yi(ar) —e < agfcfj (e), ;(Zr(e)) < 1. (4.2.5)
Let & be a scalar such that & := min{¢(ar,) — 8,95 (az;)}/2 > 0. Then 5 (ay,) >
g > 0. Moreover, we show that there exists Zy, such that
Vilar) —& <apar, () =1, (4.2.6)

Since 5 (ay;) > &, the inequality (4.2.5) implies ozI T1;(€) > 0, and hence Z,(&) # 0.
If ;(Z1,(£)) # 0, then we set T;, = 7,(8)/1;(Z1,(£)). This vector 7;, satisfies
conditions (4.2.6) as shown below.
o _ T — j[j (5) T —
Vilar) — & <ap7(é) < 041]— = ;. Ty,

b;(1,(€))
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_ zr,(¢) 1 L
o) =4 (5 ) = ) =

where the second inequality holds from Assumption 4.1 and (4.2.5). If ¢;(Z,(€)) =
0, then ¢;(tz1,(8)) = t;(Z1,(€)) = 0 for all £ > 0 because ¥; is positively homoge-
neous. From (4.2.4), we have ¢ (ay,) > tZ,(£)" oy, Since a};f[j(é) > (0, we obtain
w;’(alj) — 00 as t — oo, which is a contradiction. Therefore, there exists Zr, such
that (4.2.6) holds.

We now denote t = (0,...,0,tZ;,,0,...,0) for t > 0. Then, we have from (4.2.3)

L(t,u,v) = —tapzy + By,(te) + b u+p'o
< (5 (ar) — &= Bii(r)) + b a+po
= —t(WS(ag) —e—B;) +b u+p'o,

where the second inequality and the third equality hold from (4.2.6). Since & <
(¥5(ar;) — B5)/2, we obtain

L(t,a,0) < —t(5(ay)—e—p;)+b u+p"o

< —t (—% (%2) — 6j) +v"a + pTo,

which concludes lim; ., £(¢,@,0) = —o0.

Next, we consider the case where 9f(ay;) = co. From (4.2.4), there exists a
sequence {i”}]} C dom¢); such that wj(:i';j) <1 and (;E’}j)Talj — 00 as k — oo. Let
zk =(0,...,0, :Y:’};,O, ...,0). Then, it follows from (4.2.3) that

L(,u,0) = —af o, + Buy(af) + b+ 0o,

and hence limy,_,, £(Z*, 4, 7) = —oo0.

We finally study the case where ¢7(a;,) = 0. Note that 0 > 3; from (4.2.2).
When the first condition (a) of Assumption 4.2 holds, it then follows from v > 0
that 8; = d; — (BTu); + (K*v); > 0, which is a contradiction. Now, suppose that
the second condition (b) of Assumption 4.2 holds. If a;; # 0, then there exists £ > 0
such that 1 > v;(cay,) = &;(ay,). Therefore we have

w;?(ozlj) = sup{xz,ozlj | ¥j(wg) <1} > éoz%;oqj >0,

.
IJ

which is a contradiction. Now we consider the case where oy, = 0. From Assump-
tion 4.2 (b), there exists 7, such that ¢;(27,) > 0. Let Z(¢) = (0,...,0,t2,,0,...,0)
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with ¢ > 0. Then, it follows from (4.2.3) that

L(i(t),u,0) = —apin(t)+ fj;(tes) + b u+p'o
tﬂjwj (jlj) + bTﬁ + pTT)a

and we conclude that lim; ., L(Z(t),u,v) = —oc.

Consequently, w(u,v) is unbounded from below. ]

The next theorem shows that problems (Dpgo~) and (Dhyg) are equivalent,

which means that their optimal values and solutions of those problems are the same.

Theorem 4.2. Suppose that the Lagrangian dual problem (Dhyo) has a feasible
solution. Suppose also that Assumptions 4.1 and 4.2 hold. Then, the optimal value

and optimal solutions of problem (Dpuo~) are the same as those of (Dhgo)-

Proof. The result can be proved by using Lemma 4.2 as in the proof of [108, Theo-
rem 4.1]. O

The next proposition shows the positively homogeneous dual of problem (Dppo-+),

which is similar to (Pppo+).

Proposition 4.1. Suppose that problem (Dppo~) is feasible. Then, the positively

homogeneous dual of (Dpuo+) can be written as

min ¢’z +d'y

st. Ar+ By =0,
Hr+ Ky <p,
e (z) <,

(Ppro-)

where U°° denotes the polar of W°, i.e., U°° = (W°)°.
Proof. First, note that problem (Dppo+) can be written as
min  —b"u + pTv
st. U°(w)+ BTu— KTv <d,
w=ATu - H"v — ¢,
—v < 0.
This problem is further reformulated as
min ¢7'0
st KU°(0) + HO < p, (4.2.7)
A6 = c,
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where 0 = (u,v,w)T € R ¢ = (=b,p,0)T € R 5 = (4,007 € R,
A _ (AT, —HT, _En) e Rnx(k-&-f-&-n)’

BT —KT 0
0 —-E, 0

A

K = e R(n+€)><(k+€+n) H = e R(n+€)><(k+€+n)
00 O 7

Y

. [00En

and U° is defined by U°(0) := (||ul|2, |[v]|2, ¥°(w))T. Note that ||ul|s and [jv]|s in ¥°
are dummy functions, and they do not affect the primal problem.

Moreover, the positively homogeneous dual of (4.2.7) can be described as

max cla —ply
st. U°(ATz — HTy —¢) — KTy <0,
y=>0.

Let y = (y1,y2)7 with 43 € R™ and y, € R’ Then, the above problem can be
rewritten as
min —clz + dTy,
s.t. ||Az — By, + b|]2 <0,
| = Hr + Ky +y2 — pll2 <0, (4.2.8)
Voo (—z) —y1 <0,
y>0.

The first two inequality constraints are equivalent to

—Axr+ By, = b,
—Hx+Ky1—|—y2 = pD.

Since yo > 0 in (4.2.8), the second equality is further reduced to —Hz + Ky, < p.

Consequently, we can reformulate (4.2.8) as

min —c'z +d"y,

s.t. —Ax+ By = b,
—Hz + Ky <p,
vee(—z) <y,

which is precisely (Ppyo«) by denoting —x and y; as x and y, respectively. O]

In Lagrangian duality theory (see e.g. [34, p. 138]), it is well-known that the
Lagrangian dual of (D5y) is exactly the problem (P&y). Therefore, we obtain the

following result.
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Collolary 4.1. Suppose that problem (Dppo+) is feasible. Suppose also that As-
sumptions 4.1 and 4.2 hold. Then, problem (Ppyp.) is equivalent to the original
problem (Pppo+).

Proof. From equality (4.2.1), problem (Ppgo-) is equivalent to problem (P5yq).
Then, from Theorem 4.2, problem (Dpgo-) is equivalent to (D5y). Moreover,
from Theorem 4.2, the positively homogeneous dual and the Lagrangian dual are
equivalent under Assumptions 4.1 and 4.2. Therefore, the positively homogeneous
dual of (Dpgo-) is equivalent to the Lagrangian dual of (D&y), which is (P5g0)

and it is equivalent to (Ppgo+). O

4.3 Gauge optimization problems and
their duality

In this section, we discuss the following gauge optimization problem:
min 'z + d'G(x)
s.t. Ax =0,
Hr+ KG(z) <p,
x € domg.

(Pco+)

We call G a vector gauge function defined as G := (g1(-), ..., gm(-))" with g;: R™ —
RU{oo} as a gauge function for all 7. Since (Pgo+) is a special case of (Ppyo-+), the
PHO dual of (Pgo-) is written as follows:
max bTu—pTo
st. G°(ATu — HTv —¢) — KTv < d, (Dco+)
v >0,

where G° is the polar function associated with G. Here, problem (Dgo-) is a convex
optimization problem since each component g7 of G° is convex.
The next proposition is a corollary of Lemma 4.1. Note that since gauge functions

are nonnegative, Assumption 4.1 automatically holds.

Proposition 4.2. Let G and G° be a vector gauge function and its polar, respectively.

Then, we have

Q

[e]
=
Y

0,
G(2)'G°(y) = 'y
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for any x € dom G and y € dom G°.
Proof. The proof follows from Lemma 4.1. O]

We have the weak duality theorem for problems (Pgo+) and (Dgo+), and the
equivalence between (Dgo+) and the Lagrangian dual of (Pgo+) from Proposition 4.2
and Theorem 4.2. Throughout the paper, we denote the Lagrangian dual of (Pgo~)
as (D&q-).

Collolary 4.2. (Weak duality) For problems (Pgo-) and (Dgo+), the following
inequality holds:
e+ d'G(z) > bTu—pho

for all feasible points x € R™ and (u,v) € R* x R® of (Pgo-) and (Dgo+), respec-
tively.

Proof. The proof directly follows from Proposition 4.2. n

Collolary 4.3. Suppose that the Lagrangian dual problem (D&y.) has a feasible
solution. Suppose also that Assumption 4.2 holds. Then, the optimal value and

solutions of problem (Dgo-) are the same as (D5g.).
Proof. The proof is a direct consequence of Theorem 4.2. n

We now discuss the strong duality, necessary and sufficient optimality conditions,
and the primal recovery for problem (Pgo+). To this end, we need (Pgo~) to be

convex. Thus, from now on, we suppose the following assumption.
Assumption 4.3. All elements of d and K of problem (Pgo+) are nonnegative.

Note that if Assumption 4.3 holds, then Assumption 4.2 holds for (Ppyo+) with

U = G. Moreover, we assume the following condition on each function g;.
Assumption 4.4. Each function g; of G is lower semi-continuous on R™.

We now show that the dual of (Dgo«) becomes (Pgo+) under Assumptions 4.3
and 4.4.

Collolary 4.4. Suppose that Assumptions 4.3 and 4.4 hold. Assume also that prob-
lem (Dgo+) is feasible. Then, the positively homogeneous dual of (Dgo~) is equiva-
lent to (Pgor).
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Proof. Since g; is a gauge function for all ¢ and satisfies Assumption 4.4, we have
G°° = G by [81, Theorem 15.1]. Then, it follows from Proposition 4.1 that the dual
of (Dgo~) becomes
min 'z +d'y
s.t. Ax =0,
Hx + Ky <p,
G(z) <.

We show that the optimal value of (Pgo+) is the same as that of (P{.). Let z*
be an optimal solution of (Pgo+). Then, (z,7) := (2*,G(z*)) is feasible for (Pgq-),
and hence c¢’'z*+dTG(x*) > ¢’z +d*y. This shows that the optimal value of (Pl )
is less than or equal to that of (Pgo-).

(PGo-)

Next, let (#,9) be an optimal solution of (Pgg.). From Assumptions 4.3 and
the fact that G(2) < ¢, we have ¢’z + d7G(2) < 2 + d'y and Hi + KG(2) <
Hi + Ky < p. Therefore, (2,G(2)) is also optimal for (P{.). Moreover, Z is a
feasible solution of (Pgo+) and ¢'Z+d"G(2) < ¢'Z+d"§. The result indicates that
the optimal value of (Pgo+) is less than or equal to that of (Pgq-).

The above discussion shows that the optimal values of (Pgo+) and (Pgq.) are
the same. Furthermore, if z* is optimal for (Pgo+), then (z*,G(z*)) is optimal
for (Po+). Conversely, if (Z, ) is an optimal solution of (P« ), then Z is optimal
for (Pgo+). O

4.3.1 Strong duality

We now focus on the strong duality between problems (Pgo+) and (Dgo+). As seen
below, we require a certain constraint qualification for this purpose. Note that the
Slater’s constraint qualification of problem (Pgo+), which we use in the following

theorem, indicates that there exists zy such that
zo € {x | Az =b,Hx + KG(z) < p,x € domG}.

Theorem 4.3. (Strong duality) Suppose that Assumption 4.3 holds. Suppose also
that the Slater constraint qualification holds for (Pgo+). Then, the strong duality
holds for problems (Pgo+) and (Dgo+), i.e., if (Pgo~) has an optimal solution x*,
then (Dgo~) also has an optimal solution (u*,v*), and the duality gap between (Pgo-)

and (Dgo+) is zero, that is, c'z* + d'G(z*) = bTu* — pTo*.

Proof. Suppose that (Pgo+) has a solution. Since (Pgo+) is convex from Assump-

tions 4.3, and the Slater constraint qualification holds for (Pgo-+), the strong duality
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holds between problems (Pgo-) and (D4q.). This means that (D5q.) also has an
optimal solution and the duality gap between (Pgo+) and (DEg.) is zero. It then
follows from Corollary 4.3 that the optimal value of (Dgo+) is the same as that
of (Pgo~). Moreover, since an optimal solution of (D5q.) is that of (Dgo+), (Dgo-)

has an optimal solution. O

Note that the constraint qualification is necessary for the strong duality. How-
ever, there exist a gauge optimization problem that holds the strong duality without

the constraint qualification as seen below.
Example 4.1. Consider the following one dimensional gauge optimization problem:

min |z — 1

P,
s.t. |z| <0. (Po)
Then, the dual of (P,) is described as
max u
st |ul <w
(Da)
| —uf<1
v >0,

where u,v € R. Clearly, the feasible region of (P,) is {0} and the Slater constraint
qualification fails. However, the optimal solutions of (P,) and (D,) are z* =0 and
(u*,v*) = (1,¢),c > 1, respectively, and the optimal values of (P,) and (D,) are the

same.

4.3.2 Optimality conditions

The most well-known optimality conditions in the optimization field are Karush-
Kuhn-Tucker (KKT) conditions. These KKT conditions use gradients and/or sub-
gradients of the functions involved in the problem. We now present alternative
optimality conditions that do not require gradient information.

We first give sufficient optimality conditions for problems (Pgo+) and (Dgo+).
Note that we do not assume the Slater constraint qualification and Assumption 4.3

here.

Theorem 4.4. (Sufficient optimality conditions) Points x* and (u*,v*) are optimal

for (Pgo+) and (Dgox), respectively, if the following conditions hold:
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(i) Ha* + KG(z*) < p, Az* = b, * € dom G,
(i) G°(ATu* — H'v* — ¢) — KTv* < d, v* >0,
(i) [d+ K"v* —G°(ATu* — H™v* —¢)], gi(2}) =0,i=1,...,m,
(iv) [p— Ha* — KG(2¥)], v} =0,i=1,...,m,
(v) Go(ATu* — HTv* — &)TG(a*) = (ATu* — HTv* — )",

where (1) and (ii) describe the primal and dual feasibility, respectively, items (iii)

and (iv) represent complementarity, and (v) is the so-called alignment condition.

Proof. From the complementarity conditions (iii) and (iv), we obtain

0 = [d+K"v" —Gg°(ATu* — H v — c)}TQ(a:*) +[p— He* — KG(z*)]" v*
— dTg(Z'*) o go(ATu* o HTU* o C)Tg<I*) +pTU* o (HIE*)TU*.

It then follows from the alignment condition that we have

dTg(l'*) o go(ATu* . HT’U* o c)TQ(w*) —i—pTU* . (Hl’*)TU*
— dTg([L'*) _ (ATU,* _ HTU* _ C)TI‘* —FpTU* o (Hl’*)T’U*
— CTI* + dTg(.T*) o bTU* +pTU*7

which indicates that the objective function values of the primal and the dual prob-
lems are the same for the feasible points z* and (u*,v*). From the weak duality

theorem, * and (u*,v*) are optimal for (Pgo+) and (Dgo-+), respectively. a

Note that condition (v) in Theorem 4.4, called the alignment condition, is not
standard, and seems to be strange at first glance. This is actually used in the
previous work [6] about gauge duality, which is different from the duality considered
here. Moreover, as it can be seen below, the alignment condition is one of the
necessary conditions for optimality.

When the Slater constraint qualification for problem (Pgo+) and Assumption 4.3

hold, the sufficient optimality conditions in Theorem 4.4 become necessary.

Theorem 4.5. (Necessary conditions for optimality) Suppose that Assumption 4.3
holds. Suppose also that the Slater constraint qualification holds for (Pgo+). Let z*
and (u*,v*) be optimal solutions of (Pgo+) and (Dgox), respectively. Then condi-
tions (i)-(v) in Theorem 4.4 hold.
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Proof. Since z* and (u*, v*) are optimal solutions of (Pgo+) and (Dgo~ ), respectively,
the feasibility conditions (i) and (ii) clearly hold. Moreover, since strong duality

holds for z* and (u*,v*) under the assumptions, we have

0 = ca*+d'G(x*) —b"u* +p'v*
dTQ(:v*) . (ATU* o HTU* o C)TLE* —i—pTU* o (HSE*>TU*

Z dTg($*) o gO(ATU* o HT’U* . C)Tg(af*) —|—pTU* o (HZL‘*)TU*
= [d+ K"v" — G°(A"u — H"v" — c)]Tg(x*) +[p— Hz* — KG(z*)]" v*
> 0,

where the second equality follows from the fact that Az* = b, the third inequality
follows from Proposition 4.2, and the last inequality follows from (i) and (ii). Thus,

the above inequalities hold with equalities, and hence we obtain conditions (iii), (iv)
and (v). O

We show an example of optimality conditions (i)-(v) for the Ridge-type prob-
lem [36].

Example 4.2. Consider the following Ridge-type optimization problem:

min ||Az — bl|s + o|z]|2, (Ps)

z€eR™

where A € R™™ and o > 0, and transform the problem into the standard gauge

optimization form (Pgo+) as follows:

min |yl + of|z|/;
C(/l7y

(P’s)
Axr —y =0,
Then, the dual of (P'y) is described as
max blu
s.t. HATUHQ <o (Db)
I =ullz < 1.

Note that we remove the constraint v > 0 from (Dy) because it does not effect
the optimal solutions and optimal value of (Dy). The optimality conditions for

problems (P'y) and (Dy) are described as follows:
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(i) [ATullz <o, || —ull2 <1,
(i) (o = [|A ull2)l[z]2 =0, (1= || = ull)llyll2 =0,
(V) 1A ullzllzll2 + [ = wll2llyll = u" Az — uTy.

From the above items (i), (iii) and (v), we obtain
ollllz + [ Az — bl = b"w.
Then, the optimality conditions for problems (P'y) and (D) are

A ullz < o ]| —ull2 < 1,
ollz||s + [|[Az — b2 = bTu.

Note that the above conditions are mecessary and sufficient optimality condi-
tions because Assumption 4.3 and the Slater constraint qualifications clearly hold for
problems (P'y) and (Dy). We also note that the left hand side of the above equality
condition, which is an alignment condition, is the objective function of the original
problem (Py). Therefore, the alignment condition in this example indicates that the

strong duality holds for problems (Py) and (Dy).

4.3.3 Primal recovery

Let us now discuss the recovery of a primal optimal solution from a KKT point of the
dual problem (Dgo~). For simplicity, we denote ®(u,v) := G°(ATu — H v — ¢) and
¢i(u,v) := g (Aju—Hjv—cyp,),i=1,...,m. Then, the KKT conditions of (Dgo-)

can be described as
p+VIN—KAX—p=0, Ved,®u*,v"), (4.3.1)
~b+U'N=0, U€d(u*,v") (4.3.2)
d—®(u*,v*) — KTv* > 0,A >0, M(d - ®(u*,v*) — KTv*) =0, (4.3.3)
v >0,u>0, v =0, ( )

Y

where A € R™ and p € R? are Lagrangian multipliers. Let A; = A; and H; = Hj,
for all = 1,...,m in the subsequent discussion. Moreover, we divide the matrices

U and V as
U17 ‘/17
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where U; € R  and V; e R foralli =1,...,m.

We now give the concrete formulae for the subdifferentials 0,® and 0,P. First,
for given u € R¥ and v € R’, let us denote X;(u,v) as the set of optimal solutions
of the following problem:

sup uTAiin — "UTHZ':EIZ. - cz_mli A
()
st gi(zg) < 1.

Moreover, we assume the following condition to show some key properties of the

set X;(u,v).

Assumption 4.5. For all i, g; vanishes only at 0, that is, g;(Z;,) = 0 if and only if

Zr, = 0.

Lemma 4.3. Suppose that Assumptions 4.4 and 4.5 hold. Then, the set X;(u,v) is

nonempty, convex and compact for all u € R* and v € R°.

Proof. The feasible region of (P?) is nonempty since g; is a gauge function, and
z;, = 0 is a feasible solution of problem (P?). In addition, the feasible region is convex
and closed because each function g¢; is convex and closed from Assumption 4.4.
Moreover, Assumption 4.5 implies that the feasible region is bounded. To see this, let
B, :={z € R" | ||z|]| = 1} and p :=inf,cp, gi(2). Then p > 0 from Assumption 4.5.
If p = +oo, that is, domg; = {0}, then X;(u,v) = {0} and this lemma holds.
Now, suppose that p < co. Then, the feasible region is included in the compact set

B; = {z]||z|| < 1/p} since for any s ¢ B; we have ||s| > 1/p and
1
9i(s) = gilllslis/llsl) = llsllg:(s/lisll) > Zp =1,

which shows that s is not a feasible solution of (P?). Consequently, the feasible
region of (P?) is nonempty, convex and compact.
Since (P?) is a convex problem with a nonempty, compact and convex feasible

region, the optimal solution set of (P?) is nonempty, convex and compact. O

We now describe the concrete formulae for 9, and 9,® by using X;(u,v) as

follows.

Lemma 4.4. Suppose that Assumptions 4.4 and 4.5 hold for function G. Then, we

have

¢i(u,v) = u" Az, — v HiZy, — c; 2y, for all Ty, € X;(u,v), (4.3.5)
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Outi(u,v) = {z] A} | 71, € X;(u,v)} (4.3.6)
and
Ovpi(u,v) = {—z] H | 71, € X;(u,v)}. (4.3.7)

Proof. The first equation directly follows from the definitions of ¢¢ and X;(u,v).

Since the set X;(u,v) is nonempty, convex and compact from Lemma 4.3, we obtain

Oui(u,v) = co{:??iAiT | z;, € X;(u,v)} = {E?AZT | z1, € X;(u,v)},
Opti(u,v) = co{—:i}FinT | Z1, € X;(u,v)} = {—:)?CIC_HiT | Z1, € X;(u,v)},

which are the desired formulae. O

Finally, we present the main result of this subsection, which shows that it is

possible to obtain a primal solution from a KKT point of problem (Dgo+).

Theorem 4.6. (Primal recovery) Suppose that Assumptions 4.3, 4.4 and 4.5 hold
for the function G. Assume also that (u*,v*,\, ) € RF x R x R™ x R, V €
0, ®(u*,v*) and U € 0,P(u*,v*) satisfy the KKT conditions (4.3.1)-(4.3.4) for the
dual problem (Dgo+). Then there exist z;, € X;(u*,v*) for alli = 1,...,m such
that U; = (A;z1)T and V; = —(H;z1,)T. Moreover, suppose that g;(Zr,) = 1 for i
such that \; # 0. Let xj = \;Zy, for alli =1,...,m. Then, z* = (x3,,..., 237 )" is

an optimal solution of (Pgo+).

Proof. From the definitions of ® and G°, we have

g5 (Afu" — H{v* —cp,)

O(u,v*) = G°(ATu* — H"v* —¢) = :
g (Apu — Hyv* —c,,)

¢1 (U*’ U*)

O (u”, v7)

Moreover, since

ur(u,v7)

U € od(u,v) C : ,

OuOm(u*, v*)
we have U; € 0,¢;(u*,v*). In a similar way, we have V; € 0,¢;(u*,v*). It then
follows from (4.3.6) and (4.3.7) in Lemma 4.4 that, for all i = 1,...,m, there exist
z, € X;(u*,v*), such that U; = (A;77,)" and V; = —(H;z1,)T.
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Now let 27, = N7y, i = 1,...,m, and z* = (z},,... ,ﬁm)T. We show that z*
and (u*,v*) satisfy the sufficient conditions (i)-(v) in Theorem 4.4. Note that the

dual feasibility (ii) clearly holds. Moreover, since the assumption on g;(z;,) implies
9:(27,) = gi (NiTr) = Xigi(T1,) = i,

we obtain

G(z*) = A. (4.3.8)

We first show that the alignment condition (v) holds. From (4.3.5) in Lemma 4.4,

we have
gf(AiT ¥ — HiTv* —cp,) = ¢i(u,v") = (u*)TAi:EIi — (v*)THi:EIi — C}Ci[i.
It then follows from (4.3.8) that

g;J(AlTu* - HZTU* - Cfi)Tgi(xZ> - /\l((u*>TAZjIz - (U*)THij]i - Czjli)

which shows that condition (v) holds.

Next we prove the primal feasibility (i). From the definition of *, we obtain
Az* = NAT, =Y AU =U"A=b,
i=1 i=1

where the second equality follows from (4.3.6) in Lemma 4.4 and the last equality
is due to the KKT condition (4.3.2). Moreover, we have from (4.3.7) in Lemma 4.4
that

Hx* =Y NHa, =—» NV =-VIA (4.3.9)
i=1 i=1
It then follows from (4.3.8) that
Hx* + KG(z*) = - VIA+ K X=p—pu<p,

where the equality and the inequality follow from the KKT conditions (4.3.1) and
(4.3.4), respectively. Consequently, z* is a feasible solution of (Pgo-+).
Finally, we show that the complementarity conditions (iii) and (iv) hold. First

we consider condition (iii) as follows. If A\; = 0, then 27 = 0 and g;(2}) = 0, and
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hence (iii) holds. If \; # 0, then [d + KTv* — G°(ATuw* — H v* — C)L = 0 from the
KKT condition (4.3.3) and the definition of ®. Therefore, (iii) also holds.
Next we prove that condition (iv) is satisfied. If v} = 0, then (iv) clearly holds.

For this reason, we consider the case where v’ # 0. In such a case, y; = 0 from the
KKT condition (4.3.4), and hence [p+ VTA— K\] = 0 from the KKT condition

i

(4.3.1). It then follows from (4.3.8) and (4.3.9) that
0=[p+V'A-K\.=[p—Ha*— K\, =[p— Hz" — KG(a")],.

Therefore, the complementarity condition (iv) holds.

From the previous discussion, we conclude that z* and (u*, v*) satisfy all sufficient

conditions for optimality, and hence x* is an optimal solution of (Pgo+). O

Observe that the assumption that g;(Z;,) = 1 for all ¢ such that A\; # 0 seems to
be rather restrictive. One sufficient condition for the assumption is that the effective
domain of g; is R™ and ATu* — HI'v* — ¢y, # 0 for all i. Under these conditions, the
solution set X;(u*,v*) is included in the boundary of the feasible set of (P?), and
thus g;(z;,) = 1 for all z;, € X;(u*,v*).

We now show an example of the primal recovery by using the Ridge-type opti-

mization problem considered in Example 4.2.

Example 4.3. Consider the following problem:

max bTu
st. [J[ATuly <o (D)
Julls <1,

where we assume b # 0. The problem is the positively homogeneous dual of the
reformulated Ridge-type optimization problem (P'y). Note that the second constraint
slightly changes comparing to (Dy) because || —ul|2 = ||ul|s. The Lagrangian function
of (D) is

L(u) = =b"u+ M (A ulls — o) + Ae([Jull2 = 1),

where A1, Ay € R are the Lagrangian multipliers. Then, the KKT conditions are
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obtained as follows:

AATy u
—b+ A + Ag—— =0, 4.3.10
HIATully " ull
|ATull, — o <0, 4.3.11
Julls = 1 <0, 4.3.12

M (A"l — o) =0,
Ao([Jullz = 1) =0,
A, A2 > 0.

For simplicity, we denote that the point (u*,v*) satisfying the above conditions as
(u,v). Note that we implicitly assume u # 0 and ATu # 0 in equation (4.3.10). We
obtain u # 0 from the assumption that b # 0. If rank(A) = m, we have ATu # 0
for any u # 0. However, if rank(A) < m, there exists 4 # 0 such that AT4 = 0.
For the latter case, we have to describe equation (4.3.10) by using the subgradient.
Then, equation (4.3.10) becomes more complicated and we might fail to recover a
primal solution.

Then, problems (P%), i = 1,2 are described as

sup ul Az
@ (Ph)
st el <1,
and
sup —uly
y (P?)
st |yl <1,

respectively. Here the variables x and y in problems (P') and (P?) are those of
problem (P'y). Then, we obtain

5= {pmg ) 0= {-pig)

and we observe that there exist T € X1(u) and g € Xa(u) such that

B AATy T B U
U =47 =y U = B0 =

We also observe that

01(2) = ol = H| 1

2

=L a@ =17l = Hn B
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Then, we consider four cases with respect to the Lagrangian multipliers Ay and \s.
If \y = Ao =0, then we have b = 0 from equation (4.3.10) which is a contradiction to
the assumption here. If \; # 0 and Ay = 0, then we have ||ATul|y = o from (4.3.13)
and

MAATu = ob
from (4.3.10). By multiplying u”, we obtain

Mul AATy = A ||ATu|]3 = M\o? = ou’b,
which results in
ul'b
A= —.
o

Therefore, an optimal solution of problem (P'y), that is (x*,y*), is obtained by
uTb
(%, 9") = (T, oY) = (?ATU,O> .

If Ay = 0 and Ay # 0, then we have |ulls = 1 from (4.3.14) and Xgu = b
from (4.3.10). By multiplying u*', we obtain Ny = u'b. Therefore, the optimal
solution is (z*,y*) = (0, —uTbu).

If \1 # 0 and Ay # 0, then we have ||ATul|y = o and |Julls = 1 from (4.3.14) and
(4.3.15). Then from (4.3.10), we obtain

A1

—b+ —AATU + )\QU = 0,
o

and by multiplying u’ we have
—u"b+ Mo+ Ay = 0.

Thus, we obtain

ATy U A
(x*,y*) = (Alm, (Mo — uTb) ) = <—1ATu, (Ao — uTb)u) )

[ull2 o

Note that, for the original problem (Py), if o is sufficiently large, then an optimal
solution x* becomes zero. If o is small, then x* # 0. The property can be described
by using the dual problem (D.) as follows. If o is sufficiently large, then the first
constraint of (D.): ||ATu|ls < o tend to be inactive, which indicates \y = 0, and
thus x* = 0. On the other hand, if o is sufficiently small, then the second constraint
of (D¢): ||lulla < 1 tend to be inactive, which indicate Ay # 0 and Ay = 0, and thus

x* #0.
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4.4 Duality for general optimization problems

In this section we extend the previous results for gauge optimization to more general
optimization problem:
min 'z + dTF(z)
s.t. Ax = b, (PF)
Hx + KF(x) <p,

where F' is an nonnegative vector convex function, that is, each component function
fi is an nonnegative convex function. Note that problem (Pr) is convex if d > 0
and (K);; > 0.

To this end, we first decompose general convex function of the problem, which is
not necessarily nonnegative, into a linear and a nonnegative convex functions. Then,
we consider the so-called perspective [6,8] for the nonnegative convex function. The
perspective function is a gauge one essentially equivalent to the original nonnegative
convex function. Consequently, we reformulate the general convex function into a
sum of a linear function and a gauge one. The reformulation enables us to apply

the results in the previous section for a general convex optimization problem.

4.4.1 Reformulation of a general convex function into sum

of linear and gauge functions

Let us first observe that a convex function f: R" — R U {oco} can be written as a
sum of a linear function and a nonnegative convex one. Let z € domf be a fixed
vector, and let n € 9f(z). We can write

fla) = f(z) = f(2) =" (& = 2) + f(2) + 0" (x = 2). (4.4.1)

Note that f(x) — f(2) — nT(x — 2) is convex and nonnegative with respect to z,
because f satisfies the subgradient inequality [81, p. 214]: f(z) > f(2) +n(z — 2).
Moreover, the remaining term: f(z) +n’(x — 2) is linear with respect to z. Thus,
function f can be split into a nonnegative convex function and a linear one.

Next, we reformulate a nonnegative convex function into a gauge function using
the so-called perspective of a nonnegative convex function. Recall that for any

nonnegative convex function h: R" — R, U {co}, its perspective h?: R"™ — R U
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{oo} is described as

Ch(¢ta) if >0,
h(z,C) =< by(w) if¢=0,
% it ¢ <0,

and its closure can be written by

Ch(¢The) if ¢ >0,
h™(z,¢) :== < h™(x) if (=0, (4.4.2)
00 if ( <0,

where h* is the recession function of h [81, p. 66]. Note that if h is a proper convex
function, then A™ is a positively homogeneous proper convex function [81, Theorem
8.5]. In addition, 4™ (0,0) = 0 by definition, and hence h™ becomes gauge. Therefore,
h is represented as the gauge function A™(x,() with ¢ = 1. Consequently, f can
be described as a sum of the linear function f(z) + n’(z — z) and a gauge function
h™(x,1), where h(z) = f(x)— f(2)—n’ (x—2). We present an example of perspective

and its polar.

Example 4.4. Let f: R" — R be defined as f(x) := 327 Az, where A is an n x
n symmetric positive definite matriz. Then, the perspective and its polar of the

quadratic function f are described as follows:

( LoTar ifcso0
. 2
fr(x,¢) = Spoy(x) i ¢ =0,
o0 otherwise,

( 1
—Z—yTA_ly ifn <0,
n

fily,m) = Soy(y)  ifn =0,

00 otherwise.

\

Proof. Proof. The perspective f™ directly follows from definition (4.4.2). Note that
A is positive definite, hence f* = 60y [81, p. 68]. The polar of f7 is defined by

iy, n) = Sup {«"y+Cn | fM(x,¢) <1} (4.4.3)

We first consider the case where 7 > 0. Since f7(0,¢) = 0 for ¢ >0, f*(y,n) >
(n for ¢ > 0. Then fi(y,n) — oo as ( — oo. Next suppose that n = 0 and
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y # 0. Let z(t) := ty with ¢ > 0, and let ((t) := 3z(t)" Az(t). Since A is positive
definite, ((t) = 3z(t)" Az(t) > 0. Then f™(x(t),((t)) = 1 for all t. Consequently
iy, 0) > x(t)Ty + ¢(t) - 0 = t||y||?, and hence fi(y,0) — oo as t — oo.

Next, we study the case where y = 0 and n < 0. If (y,) = (0,0), then fi(y,n) =
0. Note that f™(z,¢) < 1 implies ¢ > 0, and f7(0,0) < 1. Therefore, when y = 0
and 7 < 0 we have fi(y,n) = 0.

Finally, we investigate the case where y # 0 and n < 0. We now set

1 1
= At p— Y R 4.4.4
x A ¢ 2 AT (4.4.4)
and
2(¢*)?
M= —p ) 4.4.5
77(JU*)TAx* ( )

Since z* # 0 and ¢* > 0, \* is well-defined and \* > 0. Moreover, we have
from (4.4.4)

1 *\T * T 4—1 *
It then follows from (4.4.5) that
)\*
n=—-——. 4.4.6
- (4.4.6)
Then, equations (4.4.4) and (4.4.6) give
A,
—y+ FAQ; = 0. (4.4.7)
We note that the following conditions also hold:
1 *T * *
1
2* (Q—C*x*TAx* — 1) =0. (4.4.9)

Note also that f™(x,() = QLC:UTAz. Conditions (4.4.5), (4.4.7), (4.4.8) and (4.4.9) are
the KKT conditions of the convex optimization problem in the right-hand of (4.4.3).

Therefore, the point (z*,(*) is its global optimal solution. Consequently, we obtain

1
Fly,m) = (@) y+(n= —%yTA‘ly,

which completes the proof. O]
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We now consider a vector function F: R" — (R U {cc0})™, which is defined
by F(-) = (fi(:),..., fm(+)) with nonnegative convex functions f;: R — R U
{0}, i = 1,...,m. We then define its perspective F™: R"™ — (R U {o0})™ as
Fr() = (fF(-),..., fr(-)) with f7: R"™ — RU {oo}. For simplicity, we denote
Fr(z,¢) = (ff(z1,¢1)s-- s [T (2, (n)) for any x € R™ and ¢ € R™. We also
denote the polar of F™ as F*(-) := (F™)°(-) = ((fF)°(),...,(f7)°(-)). Note that
F(z,en) = (ff(x1,1),..., fr(xm, 1)) = F(z) by definition. We also observe that

FT™ is a vector gauge function if f; is an nonnegative proper convex function for all 4.

4.4.2 Perspective dual problems

We now consider problem (Pg). By using the perspective function of F', we refor-

mulate (Pg) into a gauge optimization:

min ¢z + dTF™(2)
s.t. Az = l;, (Pn)
Hz+ KF(z) < p,

where F™: R"™™ — R™ is the perspective of F', 2 = (z1,,1, ..., 21, Cn)t € RV,
¢=(cr,0,...,c,,000 eR™™ b= (b1,....,1)T e R H =[H,,0,...,H, 0] €

R (n+m) and

A, 0 o A 0
PN IS S I I——
0 0 - 0 1

where Ay, is a submatrix of A with A;,j € I; as its columns.
We obtain the PHO dual of (P) as follows:

max bTu —pTv + el w
(Ar)Tu — (Hp) v — ¢y,
wy
st. F* : — KTy < d, (Dx)
(A )Tu— (Hp, ) Tv —cp,
W
v > 0.

We call problem (D) as the perspective dual of (Pp).
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Example 4.5. We now consider the following convex quadratic optimization prob-

lem as an example of (Pp).

1
min ExTon + bz
(Par)

1
s.t. §xTA1x +0le < ¢,

where Ag and Ay are symmetric and positive definite matrices. The problem can be
rewritten as
1
min §$TA0;U + bg;x

1
st oyt Ay+biy <,

x—1y=0.
Let z := (x,y)" and F(z) = (fo(x), f1(y))" = (32" Aoz, 3y" Avy)". Then the prob-
lem s described as follows:
min (b%,0)z + (1,0)F(2)
st. (0,07)2 + (0, 1)F(2) < e,
(I,—D)z =0

Let w := (z,(1,y,6) € R*™2 and F™(w) = (fF(x,), [T(y,¢2)). Then, a gauge
optimization (Pr) equivalent to (Pqp) is written as

min (b%,0,0,0)w + (1,0)F™(w)

s.t. (0,0,67,0)w + (0, 1) F™(w) < ¢y,
I 0 —I0 0 (P3F")
01 0 0]|]w= 1]
00 0 1 1

Let F? := (fo,fl) be the polar of F™. Then the PHO dual of (P®Y) is given as

max (0,1,1)u — cv

I 00 0 bo

s.t. Ff 0 10 u— ¥ v — 0 — 0 v < L ,
-7 0 0 by 0 1 0
0 01 0 0
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Let u = (uy,uz,u3)’ € R" x R x R. Then the dual problem can be further rewritten

as
max us + Ug — C1v

st folur = bo,us) < 1,
ff(—u1 — b, uz) < v,
v > 0.

(DF")

Recall that the functions fg and flu are described as in Example 4.4. It is easy to see
that (u,v) with ug > 0 or ug > 0 is not feasible for (DRY).

The following lemma indicates the first two constraints in (D2F) can be repre-

sented as semidefinite constraints.

Lemma 4.5. Let f(z) = s Az, where A is an n X n symmetric and positive

definite matrix. Then,

flyn) <y, 720 (4.4.10)
if and only if
A
TV o (4.4.11)
yo =2n

Proof. Proof. First we suppose that (4.4.10) holds. The inequality f(y,n) < v
implies (y,7n) = (0,0) or < 0 from the definition of f in Example 4.4. If (y,7) =
(0,0), then (4.4.11) holds since A is positive definite and v > 0. If n < 0, then
(4.4.10) can be written as

1
——yTATly <y, y>0.
2n

If v = 0, then we have y = 0, and hence (4.4.11) holds. When 7 > 0, we obtain
1
—om——yTAly >0, ~v>0, (4.4.12)
Y

which results in (4.4.11) by using the Schur complement [11].

Next, we assume that (4.4.11) holds. Then, we have n <0 and v > 0. If n =0,
then y = 0 from (4.4.11). It then follows from Example 4.4 that f*(y,n) = §;0;(0) =
0 <+, and hence (4.4.10) holds. If v = 0, then y = 0 once again. Then we obtain
f*(y,n) = 0 = v, which indicates (4.4.10) holds. If n < 0 and > 0, then the Schur
complement of (4.4.11) gives (4.4.12), which results in (4.4.10). O
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From Lemma 4.5, the perspective dual problem (D@) of problem (Pqp) is equiv-
alent to the following semidefinite programming [94]:

max U + ug — C1v

S.t. Ao u1 = bo >0,
(Ul — bQ)T —2U2
Av uy + biv -0
(ug + b1v)T —2us

In this section, we discussed the reformulation of a quadratic optimization prob-
lem into a gauge optimization problem and discuss the duality proposed in the
previous section. On the other hand, it may be natural to apply the well-known
Lagrangian duality directly to the convex optimization problem. We surely write
the Lagrangian dual of a convex problem in a closed-form when the problem has a
special structure like quadratic programming. However, for the more complicated
problems, we could fail to write their Lagrangian dual in a closed-form. Therefore,

we believe that the results here can support such issues.
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4.5 Conclusion

In this chapter, we provided the details of optimization problems with both gauge
functions and linear ones in their objective and constraint functions. Using the
positively homogeneous framework given in [108], we proved that weak and strong
duality results hold for such gauge problems. We also discussed both necessary and
sufficient optimality conditions associated with these problems, showing that it is
possible to obtain a primal solution by solving the dual problem. We also extended
the results for gauge problems to general optimization problems. Important future
works are to develop an efficient algorithm by using the theoretical results described
here and to apply the results to real world problems, which includes location prob-
lems with a norm as a distance function and regularized regression problem such as

Lasso, Ridge and their variants.



Chapter 5

Branch-and-bound method for
absolute value optimization

problems

5.1 Introduction

In recent years, the absolute value equations (AVEs) [16,41,60,62,64,77,82,83,112]
has attracted a growing attention. The absolute value optimization (AVO) is an
extension of AVEs, which contains the absolute values of variables in its objective

function and constraints. Formally, the AVO is stated as follows:

min Tz + d"|z|
s.t. Al’ + B’l" = b, (PAVO>
Hz + K|z| > p,

where ¢,d € R*, b € R™, p € RY, A, B € R™" H K € R>" and |z| denotes
the vector |z| = (|z1|, |z2|, ..., |z,)T € R™ Although this problem is a noncon-
vex optimization problem in general, Mangasarian [61] showed an interesting weak
duality result and a sufficient optimality condition for the problem. In addition,
the AVEs that appears in the constraints of the AVO is shown to be equivalent to
a linear complementarity problem [64,77]. This result indicates that the AVO is
equivalent to a linear program with linear complementarity constraints, which is a
special case of the mathematical program with equilibrium constraints (MPEC) [57].
MPEC has many applications in various areas such as economics, engineering, and

transportation. However, MPEC is in general difficult to deal with, since its feasible

85
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region is necessarily nonconvex and even disconnected. The study on AVO is in its
infancy and, to the authors’ knowledge, there have been no works except for the
above-mentioned duality results of Mangasarian [61].

In this paper, we first propose an algorithm for the AVO, which is based on
the branch-and-bound method. In the branching procedure, we generate two sub-
problems by restricting the sign of a component of the variable  in (Pavo) to be
nonnegative or nonpositive. In the bounding procedure, we utilize the duality results
in AVO to obtain a lower bound for each subproblem. Furthermore, to examine the
effectiveness of the proposed algorithm, we apply it to solve facility location prob-
lems (FLPs). By using the ¢; norm as a distance function, an FLP can naturally be
formulated as an AVO. In particular, we can use the AVO formulation to deal with
a nonconvex region in which facilities are located. We stress that such a problem
is considerably difficult to solve compared with the conventional FLPs that assume

the convexity of the region.

5.2 Absolute value optimization problems

and their duality

The dual problem of AVO (Payo) is defined as follows [61]:

max  bfu+plv
s.t. |ATu+ H"v — | + BTu+ KTv < d, (Davo)
v > 0.
Note that the inequality constraint can be represented as
]ATu—i— H"y — cl <d-— BTu— K™y
— —d+B'u+K'vw< ATu+ H'v—¢c<d—-B'u—- K™
(—A+B)lu+ (-H+K)"v<d-—c,
(A+B)Tu+ (H+ K)'v<d+ec

Therefore, the dual problem (Dayo) can be rewritten as follows:

max blu+plv
st.  (—A+B)Tu+ (-H+K)'v<d-c,
(A+B)"u+ (H+K)"v<d+e,
v > 0.
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Notice that the dual problem (Dayo) is always a convex optimization problem, or
more precisely, a linear program, although the primal problem (Payvo) is not convex
in general. Moreover, a weak duality theorem and a sufficient optimality condition

for AVO are shown in [61], which will be useful in our algorithm.

Theorem 5.1. [10] If x and (u,v) are feasible solutions of (Pavo) and (Davo),
respectively, then the following inequality holds:

'z +d" |z > b u+po.

This theorem says that we can get a lower bound of the optimal value of (P ayo)
by solving the dual problem (Dayo). The next theorem gives a sufficient optimality
condition for (Payo).

Theorem 5.2. [10] Let T be feasible in the primal AVO (Payo) and (@, v) be feasible
in the dual AVO (Davo) with equal primal and dual objective values, that is,

'z +d |z = b"u+ pTo.

Then T and (u,v) are optimal solutions of (Pavo) and (Davo), respectively.

5.3 Branch-and-bound method for

absolute value optimization problem

In this section, we propose a branch-and-bound method for AVO. The branch-and-
bound method is one of fundamental global optimization methods for nonconvex op-
timization problems [38] and combinatorial optimization problems [44]. The method
consists of branching and bounding procedures. In the branching procedure, we di-
vide the feasible region of the original problem into some subregions to generate
subproblems. On the other hand, in the bounding procedure, we check if a current
subproblem can be discarded or not, by implementing some fathoming tests. We
now give the details of the branching and bounding procedures used in the proposed
branch-and-bound method for solving AVOs.

A subproblem is constructed from (Payo) by restricting some variables to be
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either nonpositive or nonnegative:

P(Z,7) min Tz +d" |z
st. Az + Blz| =0,
Hzx + K|z| > p,
2, >0 (i€T),
;<0 (i€J),

where Z and J are subsets of {1,2,...,n} such that ZN J = (. Note that
(Pavo)= P(0,0). The branching procedure can conveniently be explained by using
the enumeration tree, where each node corresponds to a subproblem. An example
of the enumeration tree with n = 2 is shown in Fig. 5.1. At each node of the tree,
branching means that we choose a variable x; and restrict it to be nonnegative or
nonpositive in the corresponding subproblem. The deepest nodes in the tree corre-
spond to 2" linear programs, which contain no absolute values of the variables. The
branch-and-bound method maintains the set of subproblems that can be selected to
apply a branching procedure. Such subproblems are said to be active, and the set
of the current active subproblems is denoted by A. For example, if we generate two
subproblems P({1},0) and P(0,{1}) at the root node P(0, () in the enumeration
tree of Fig. 5.1, then we have A = {P({1},0),P(0,{1})}.

P(,0)

P{1},0) PO, {1})

P({1,2},0) PH1}{2h) P{2}{1}) P(®,{1,2})

Fig. 5.1: Enumeration tree (n = 2)

In the bounding procedure, we consider the dual problem of P(Z,.7) in order

to get a lower bound of P(Z, 7). For convenience, let h; := o,e; € R" for each
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1 € ZUJ, where e; € R" is the ith column of the n x n identity matrix, and o; = 1
ifi € Z and 0; = —1ifi € J. Then, the nonnegativity and nonpositivity constraints

on variables z; in P(Z, J) are represented as
Rfe >0 (i€ZUJ).
Therefore, we can rewrite P(Z, J) as follows:
P(Z,7) min c'z+d"|z]

st. Az + Blz| =0,
Hzx + K|z| > p,

where H € REFHZIHITDxn - | ¢ REHTIHITD*n - 5 e REHZIHITD are defined by

Moreover, the dual problem of P(Z, J) is written as

D(Z,J) max b 'u+plv
st.  |ATu+ H'v —¢| + BYu + KTv < d,
v >0,
which can further be rewritten as a linear program. Based on the result of solving

the dual problem, the subproblem P(Z,J) can be fathomed if one of the following

conditions holds:
(i) D(Z,J) is unbounded.

(ii) The optimal value of D(Z, J) is greater than the objective value of the incum-

bent solution, i.e., the best feasible solution of (Payo) found so far.
(iii) There is no duality gap between P(Z, ) and D(Z, J).

We now give more details about the bounding operations based on the above

three conditions.
If the dual problem D(Z, 7) is unbounded, then the primal problem P(Z, ) is

infeasible from the weak duality theorem. In this case, any subproblem generated
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from the current subproblem by restricting the sign of some of its variables cannot
be feasible. Hence we can discard the current subproblem P(Z, J).

If the optimal value of D(Z, ), which is a lower bound of the optimal value
of P(Z,J) by Theorem 5.1, is greater than the objective value of the incumbent
solution, we have no chance to obtain an optimal solution of (Payo) by generating
subproblems from P(Z, J) further. Thus, we can discard the current subproblem.

If we find out that there is no duality gap between P(Z, 7) and D(Z, J ), then this
means the subproblem P(Z, 7) is just solved. For this reason, we need not generate
new subproblems from P(Z, 7) further, and we can discard the current subproblem.
Moreover, if the optimal solution of P(Z, 7) is better than the incumbent solution,
then we replace the incumbent solution by the optimal solution of P(Z,J). We
may check if there is no duality gap between P(Z,7) and D(Z,J) by solving the

following system of absolute value equations and inequalities:

o+ d"z| = fp,
Az + Blz| =1, (S1)
Hzx + f(\x| > P,

where f}, is the optimal objective value of the dual problem D(Z, 7). If the system
(S1) has a solution, then P(Z,7) and D(Z, J) have no duality gap. Moreover, by
Theorem 5.2, it is an optimal solution of P(Z, 7).

We now formally state the algorithm.
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Branch-and-Bound Algorithm for AVO:

e Step 0. Let Z := () and J := (. Find a feasible solution of problem (Payo)=
P(0,0). Let it be the incumbent solution and let f* be the objective value at
the incumbent solution. Set A := {P(0,0)}.

e Step 1. Choose a subproblem P(Z, J) from the set A.

— Step 1-a. If the dual problem D(Z, J) of P(Z,J) is infeasible, then go
to Step 2. If D(Z,J) is unbounded, then fathom P(Z,J). Set A :=
AN\N{P(Z,TJ)} and go to Step 3.

— Step 1-b. Let f}, be the optimal objective value of the dual problem
D(Z,J). If it satisfies f;, > f*, then fathom P(Z,J). Set A := A\
{P(Z,J)} and go to Step 3.

— Step 1-c. Solve the system (S1) of absolute value equations and inequal-
ities. If we fail to get a solution of (S1), then go to Step 2. If we get a
solution of (S1) and, in addition, the objective value at the solution, de-
noted f(z,7), satisfies fiz 7) > f*, then P(Z, J) is fathomed immediately.
If fiz7) < f*, then set f* := f(z 7), update the incumbent solution, and
fathom P(Z,J). Set A:= A\ {P(Z,J)} and go to Step 3.

e Step 2. Choose a variable z; such that i ¢ Z U J as the branching variable,
and generate two subproblems P(ZU {i}, J) and P(Z, J U {i}) from P(Z, J).
Set A := AU{P(ZU{i},J),P(Z,TJU{i})}\{P(Z,T)}, and return to Step 1.

e Step 3. If A = (), then terminate. The incumbent solution is an optimal

solution of the original problem (Payo). Otherwise, return to Step 1.

To get a feasible solution of (Payo) in Step 0 and to solve (S1) in Step 1-c, we
can use the successive linearization algorithm (SLA) for the system of absolute value
equations and inequalities. This algorithm was first proposed by Mangasarian [64]
to solve AVEs. We extend the algorithm so as to deal with a system that also
contains absolute value inequalities (AVIs).

Here we describe the SLA for the system

{ Az + Blz| =,

(52)
Hzx + K|x| > p,
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which represents the constraints of (Payo). The algorithm can similarly be applied
to solve the system (S1).
First, we give a result that relates the AVE-AVI system (S2) to the following

concave minimization problem constructed from (S2):

min 5(_@T|x| + eTt) L eTs 1 eTs,
(w,t,51,52) ERPHnHm+L
S.t. —s1 < Ax+ Bt —b < sy,
—Hz — Kt +p < sy, (5.3.1)
0 < s9,
—t <z <H,

where € > 0 and e is the vector of ones.

Proposition 5.1. If (S2) is solvable, then there exists some € > 0 such that, for
any € € (0,€, any solution (Z,t, $1, $2) of (5.3.1) satisfies

I

|z]
Az + Blz| = b,
Hz + K|z| > p.

Proof. The proof is analogous to that of Proposition 3 in [64]. O

From this result, a solution of the AVE-AVI system (S2) may be obtained by
solving the concave minimization problem (5.3.1) with a sufficiently small e > 0. We
now give the SLA for the AVE-AVI system (S2), which is an extension of the SLA
for AVEs [64]. Let z = (x,t,s1,52)". Denote the feasible region of problem (5.3.1)
by Z and its objective function by 6(z).
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SLA for AVE-AVI:

e Step 0. Choose a starting point z° € Z. Set k := 0.

e Step 1. Given 2%, find z**! such that

ZF1 ¢ arg vertex min (%) (2 — 2F),
2€Z

where £F is a subgradient of 6(z) at 2*, and arg vertex min,cz(£%)7 (2 — 2%) is

the set of vertex solutions of the linear program: min,cz(&%)7 (2 — 2%).

e Step 2. If (€M) (2%*! — 2%) = 0, then stop. Otherwise, return to Step 1 with
k increased by one.

In our numerical experiments, we compute a subgradient &* of §(z) at 2* as

follows:
k
co (zk > 0)
gk — c R with gf = 0 (l-i@ =0), i=1,--,n
‘ -1 (2F <0)
e

As is well-known, a concave minimization problem has at least one optimal solu-
tion at a vertex of the feasible region, provided a solution exists. Taking this fact into
account, the SLA tries to find an optimal solution of (5.3.1) by solving a sequence of
linear programs formed by linearizing the objective function of problem (5.3.1). The
sequence generated by the SLA finitely converges to a point that satisfies a necessary
optimality condition for the concave minimization problem [58,64]. Notice that the
solution obtained by this algorithm is not guaranteed to be a global optimal solu-
tion of (5.3.1). Nevertheless, we can easily check if the computed solution actually
satisfies (S2) by direct substitution.

We now show the way to generate subproblems in Step 2 of the branch-and-
bound algorithm. Recall that Step 2 is visited after either of the following two cases

occurs.
Case 1. In Step 1-a, D(Z, J) is infeasible.

Case 2. In Step 1-c, (S2) cannot be solved.
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If Case 1 occurs, then we generate two subproblems by choosing any variable z; such
that ¢ ¢ ZU J as the branching variable. In Case 2, we fail to have a solution of
(S2), but a local optimal solution of problem (5.3.1) is obtained. In this case, we
choose as the branching variable a variable z; (i ¢ ZU J) such that |z;| > |z;| for
all j ¢ ZTU J at the obtained local optimal solution of (5.3.1).

In Step 1, a certain rule should be used to choose an active subproblem P(Z, J) €
A. In the numerical experiments reported in the next section, we use the depth-first
search, which generally chooses an active subproblem corresponding to the farthest
node from the root node in the enumeration tree. In particular, when we return
to Step 1 after generating two subproblems, we choose one of these subproblems.
In this case, the choice depends on the above-mentioned two cases. If we generate
two subproblems in Step 2 after Case 1 occurs, then we choose any of the two
subproblems. In Case 2, as we mentioned above, we have a local optimal solution
of (5.3.1) at hand. In this case, if the branching variable z; in the local optimal
solution takes a positive value, then we choose subproblem P(ZU{i}, 7). Otherwise,
we choose P(Z, J U {i}).

5.4 Numerical experiments

In this section, we consider facility location problems (FLPs) as an application
of AVO, and show some numerical results with the proposed branch-and-bound
algorithm applied to some examples of FLPs. All computations were carried out on
an Intel® Core™ 2 Duo 3GHz machine with a MATLAB code. The CPLEX was
used to solve linear programs in the SLA.

FLP is the problem of finding optimal locations of facilities in a given area, and
it can be formulated as mathematical programs of different natures depending on
the type of constraints and optimization criteria [26]. Generally speaking, there are
two kinds of facilities from the residents’ standpoint. The first category is a desirable
facility such as schools, libraries, and fire stations. Such a facility should be located
as closely as possible to the residents. The other category is an undesirable facility,
which includes incineration plants, electric power stations, chemical factories, and
so on. These facilities should be located far from the residential area. From the
viewpoint of geography, there are three kinds of areas in which facilities can be
located, i.e., continuous spaces, discrete spaces, and networks. Furthermore, the

distance between two facilities or between a facility and a residential district can be
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measured by using various norms such as the Euclidean, the ¢;, and the /,, norms.
In our numerical experiments, we consider two types of FLPs on a continuous
space with the ¢; distance, which can be reformulated as AVOs. Note that the ¢;

distance between two points x and y can be represented as el|z — y|.

5.5 Minimax Location Problem
A minimax multifacility location problem can be formulated as follows [26]:

min max {iérll?é(JaijeT|xi _ Pj|’ikr£?z‘};kﬁikeTlxi — ¥} 550

s.t. rreX (iel),

where 2 € R? (i € I) and P? € R? (j € J) denote the locations of the new and the
existing facilities, respectively, I and J are finite index sets, a;; and S;;, are positive
weighting factors, and X C R? is the region in which the facilities are located.

The problem is to minimize the maximum weighted distance between new and
existing facilities, and between new facilities themselves. If each existing facility is
regarded as a residential district, then this problem represents a mathematical model
of locating desirable facilities, such as schools and fire stations, in a city. This kind
of problems has been well-studied for the past decades. In particular, using the ¢;
norm as the distance function, Konforty and Tamir [52] studied the minimax single
facility location problem with a forbidden region around each existing facility.

Problem (5.5.1) can be rewritten as the following problem by introducing a new
variable z € R:

min z

st. 2> auellat =PI (iel,jel),
2> Bue” ot — ¥ (i, k€ Li# k),
rreX (iel).

(5.5.2)

If X is a convex polyhedron, problem (5.5.2) is easy to solve because it reduces to a
linear program. Here, we deal with the more general case where X is a nonconvex
region.

We now give the details of the problem that we solve in numerical experiments.
We define the region X as the set of points z = (z1,22)7 € R? that satisfy the
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following inequalities:

’.’El‘ -+ |.1'2‘ + 021'1 -+ 041‘2 S 10,
|Q31| + 2‘:62 + 12| —0.527 > 12, (5.5.3)
|z1 + 2| 4+ 1.5|x9 + 1] — 0.327 — 0.529 > 5.

The region X is nonconvex, as shown in Fig. 5.2. Notice that since the region X is
described by (5.5.3), problem (5.5.2) is an instance of AVO.

Fig. 5.2: Region X where the facilities are located.

In the numerical experiments, we let I = {1,2}, J = {1,2,3} and set the
locations of the existing facilities as P! = (=7,—5), P? = (-2,5), P? = (7,-1).
Moreover, we choose the positive weight 515 = 1.0, and use two data sets for the

weights a;; given as follows:

(0411, 19, (13, (21, (X9, 0[23) = (05, ]_O, 07, 05, 07, ]_O) (554)

and
(CEH, 12, (13, (21, (X992, CK23) = (07, 10, 05, 05, 10, 07) (555)

The problems with «;;’s given by (5.5.4) and (5.5.5) are called Minimax-1 and
Minimax-2, respectively. The branch-and-bound method was able to find solutions
of Minimax-1 and Minimax-2, which are given by z! = (0, 1.5), 22 = (0.98, —1.9) and
! = (=3.42,1.05), 22 = (—0.07,1.55), respectively. The solutions are depicted in
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Fig. 5.3 and Fig. 5.4. For each problem, the CPU time, the numbers of subproblems
fathomed in Step 1-a, Step 1-b, Step 1-c¢, and the number of nodes explored are

summarized in Table 1.

Fig. 5.3: Solution of Minimax-1

Table 5.1: Results for minimax location problems
Time (sec) Step 1-a Step 1-b  Step 1-¢  No. of nodes explored
Minimax-1 0.55 16 63 4 164
Minimax-2 2.7 230 96 30 710

5.6 Maximin Location Problem

A maximin multifacility location problem is generally formulated as follows [26]:

max min {ierglirelJaijeT|xi — P7|, i krenli?#ﬁikeTW — 2"}

| (5.6.1)
s.t. reX (iel),

where z*, P?, «;;, (;; and X represent the same stuffs as in problem (5.5.1). Un-
like the minimax location problem, this problem maximizes the minimum weighted

distances between new and existing facilities, and between new facilities themselves.
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372 oF

Fig. 5.4: Solution of Minimax-2

The maximin location problem will be useful in locating competing facilities such
as convenience stores and gas stations.

Sayin [86] and Nadirler and Karasakal [70] reformulated a single facility maximin
location problem on a convex region with the ¢; distance as a mixed integer program.
Tamir [89] proposed an algorithm for two-facility maximin location problems on a
convex region with the ¢; distance. In these approaches, the region for locating
facilities is assumed to be convex. Here we solve multi-facility location problems on
a nonconvex region.

Problem (5.6.1) can be rewritten as the following problem by introducing a new
variable z € R [89,97]:

max =z

st. z<ayel|lst—PI| (1el,jel)),
2 < Buel|at — 2 (k€ Li#k),
rreX (iel).

(5.6.2)

Notice that, unlike the inequality constraints in (5.5.2), those in this problem are
NONCONvex.

In the numerical experiments, we let the index sets of the new and the existing
facilities be I = {1,2} and J = {1, 2, 3}, respectively. In addition, we set all the

positive weights c;; and B2 to be 1. The region X is the nonconvex region described
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by (5.5.3). Moreover, the locations of the existing facilities are given in the following
two data sets:

P! = (-10,-1), P? = (=5,2), P* = (2,4) (5.6.3)

and
P! =(-9,1), P> =(-1,-3), P> =(6,-2). (5.6.4)

The problems with the data sets (5.6.3) and (5.6.4) are called Maximin-1 and
Maximin-2, respectively. By using the proposed branch-and-bound method, we
obtained a solution x' = (—2.42, —7.81), z? = (6.27, —4.12) for Maximin-1 and a
solution z! = (—5.12,-9.84), 2 = (0,6.96) for Maximin-2. Those solutions are
shown in Fig. 5.5 and Fig. 5.6. For each problem, the CPU time, the numbers of
subproblems fathomed in Step 1-a, Step 1-b, Step 1-c¢, and the number of nodes
explored are shown in Table 2.

372 oF

Fig. 5.5: Solution of Maximin-1

Table 5.2: Results for maximin location problems
Time (sec) Step 1-a Step 1-b  Step 1-¢  No. of nodes explored

Maximin-1 7.9 753 492 13 2514
Maximin-2 14.1 1478 686 18 4362
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372 oF

Fig. 5.6: Solution of Maximin-2

For each of the above examples Minimax-1, 2, and Maximin-1, 2, the AVO in
the form of (Payo) has 27 variables and 22 constraints. From the results shown in
this section, we observe that a global optimal solution of each problem was found by
exploring only a small number of nodes compared with the number of all possible
nodes (227 — 1) in the enumeration tree. Although problems (5.5.2) and (5.6.2)
have the same number of variables and constraints, there is a significant difference
in the CPU time between these two types of problems, as shown in Table 1 and
Table 2. The reason for this phenomenon may be explained as follows. The minimax
location problem (5.5.1) has a convex objective function, although the feasible region
is nonconvex. On the other hand, the objective function of the maximin location
problem (5.6.1) is neither convex nor concave. Such a problem is considered to be

much more difficult to deal with in practice.
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5.7 Conclusion

In this chapter, we developed an algorithm for the absolute value optimization,
which is based on the branch-and-bound method. We have also carried out numer-
ical experiments for nonconvex multi-facility location problems with the ¢;-norm,
which can naturally be reformulated as absolute value optimization problems. The

numerical results demonstrate the validity of the proposed algorithm.
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Chapter 6
Conclusion

In this thesis, we first introduced an optimization problem that generalizes the so-
called absolute value optimization problem and investigated the theoretical proper-
ties of the generalized problem. We also proposed a more general gauge optimization
problem than the previous works and proved some important theoretical properties.
Then, we develop a global optimization algorithm for the absolute value optimiza-
tion by using a branch-and-bound method. The results in this thesis are summarized

as follows.

e In Chapter 4, we proposed optimization problems with positively homoge-
neous functions, which we call positively homogeneous optimization problems.
We also introduced their dual problems and showed the weak duality theo-
rem between these problems. Moreover, we gave sufficient conditions for the
equivalency between the proposed dual and the Lagrangian dual problems.
Finally, we presented some examples of positively homogeneous problems to
show their value in real-world applications. One natural future work will be to
propose methods that obtain approximate solutions of positively homogeneous
optimization problems. We believe the theoretical results described here are

essential for that.

e Chapter 5 provided the details of optimization problems with both gauge func-
tions and linear functions in their objective and constraint functions. Using
the positively homogeneous framework given in [108], we proved that weak and
strong duality results hold for such gauge problems. We also discussed both
necessary and sufficient optimality conditions associated with these problems,

showing that it is possible to obtain a primal solution by solving the dual prob-

103
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lem. We also extended the results for gauge problems to general optimization
problems. An important future work is to develop an efficient algorithm by

using the theoretical results described here.

e In Chapter 6, we developed an algorithm for the absolute value optimization,
which is based on the branch-and-bound method. We have also carried out
numerical experiments for nonconvex multi-facility location problems with the
f1-norm, which can naturally be reformulated as absolute value optimization
problems. The numerical results demonstrate the validity of the proposed

algorithm.

As we summarized above, we have contributed to the studies on absolute value
optimization problems and their generalization. In the following, we list some future

works for some unsolved issues.

e In Chapter 4, it is necessary to develop an algorithm for the PHO problem
and investigating the effectiveness of the algorithm. In particular, optimization
problems with the ¢,-norm, 0 < p < 1 could be one appropriate application
of the PHO. In sparse optimization, the {,-norm, 0 < p < 1 gives sparser
solutions than the ¢;-norm. However, it is usually avoided to use such ¢,-norm
because of its nonconvexity. If an algorithm for the PHO is developed by using
the theoretical results in this thesis, then sparse optimization problems with

the ,-norm, 0 < p < 1 can be solved efficiently.

e In Chapter 5, it is important to investigate the perspective transformation
in more concrete form. We provided the perspective of a convex quadratic
function and its polar as an example in this thesis. To make a list of the
perspectives of popular convex functions in a concrete form should be necessary

to apply the perspective framework for wider applications.

e In Chapter 6, to develop another global/local optimization algorithm could be
the future works. Not only the duality results, considering the more reason-
able problem than the general AVO by limiting the sign pattern of variables,
smoothing of the absolute value function, and some heuristic methods might

be useful.
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