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1 Introduction 

This article is an overview of the paper [7]. A Bott tower of height n is a sequence: 

Mn~ Mn-1 ,,.➔1 
• • • ➔ M1 ➔ Mo= {a point} 

of complex manifolds Mj = IP'(~E9Ej), where~ is the trivial line bundle over Mj-l, Ej is a 
holomorphic line bundle over Mj-l, IP'(·) denotes the projectivization, and 7rj : Mj ➔ Mj-l 
is the projection of the CP1-bundle. We call Mj a j-stage Bott manifold. The notion of 
a Bott tower was introduced by Grossberg and Karshon ([3]). 

A generalized Bott tower is a generalization of a Bott tower. A generalized Bott tower 
of height m is a sequence: 

Bm ~ Bm-1 ,,.➔1 
• • • ➔ B1 ➔ Bo= {a point}, 

of complex manifolds Bj = IP'(~ E9 Ej1) E9 · · · E9 Et1\ where~ is the trivial line bundle 

over Bj-l, E?) is a holomorphic line bundle over Bj-l for k = 1, ... , nj. We call Bj a 
j-stage generalized Bott manifold. A generalized Bott tower has been studied from various 
points of view (see, e.g., [1, 2, 4]). A generalized Bott manifold is a certain class of toric 
manifold, so it is interesting to investigate the properties of generalized Bott towers. 

In [3], Grossberg and Karshon showed the multiplicity function of the equivariant 
index for a holomorphic line bundle over a Bott manifold is given by the density function 
of a twisted cube, which is determined by the structure of the Bott manifold and the line 
bundle over it. From this, they derived a Demazure-type character formula. 

The purpose of the paper [7] is to generalize the results in [3] to generalized Bott 
manifolds. We generalize the twisted cube, and we call it the generalized twisted cube. 
It is a special case of twisted polytope introduced by Karshon and Tolman [6] for the 
presymplectic toric manifold, and it is a special case of multi-polytope introduced by 
Hattori and Masuda [5] for the torus manifold. We show the multiplicity function of the 
equivariant index for the holomorphic line bundle over the generalized Bott manifold is 
given by the density function of the generalized twisted cube. From this, we derive a 
Demazure-type character formula. 
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2 Preliminaries 

2.1 Generalized Bott manifolds 

Definition 2.1 A generalized Bott tower of height m is a sequence : 

of manifolds Bj = lP'(~ EB E;1) EB • · · EB Etil), where ~ is the trivial line bundle over 

Bj-l, E?) is a holomorphic line bundle over Bj-l fork= 1, ... nj, and lP'(·) denotes the 
projectivization. We call Bi a j-stage generalized Bott manifold. 

The construction of the generalized Bott tower is as follows. A 1-step generalized 
Bott tower can be written as B1 = e,pni = (Cn1 +1 )X /Cx, where e,x acts diagonally. We 

construct a line bundle over B1 by Et) = (Cn1 +l)x Xcx C fork= 1, ... , n 2, where e,x 
acts on C by a : v c-+ a-ckv for some integer ck. In E~k) we have [z1,0 , ... , z1,nu v] = 

[z1,0a, ... , z1,n1 a, ackv] for all a E e,x. A 2-step generalized Bott tower B2 = lP'(~ EB E~1) EB 
· · · ffi E~n2 )) can be written as B2 = ((Cn1+1y X (Cn2+l)X)/G, where the right action of 
G = (Cx)2 is given by 

where Zj = (zj,o, Zj,l, ... , Zj,ni) for j = 1, 2. 
We can construct higher generalized Bott tower in a similar war In this way we get 

an m-step generalized Bott manifold Bm = lP'(~ EBE~) EB • • • EB Ef::m ) from any collection 

of integers { c~J}: 
Bm = ((cn1+1)x X ... X (Cnm+ly )/G, 

where the right action of G = (cxr is given by 

where zi = (zi,O, ... , zi,nJ for i = 1, ... , m, a= (a1, ... , am) E (Cx)m, 
(1) (1) (n1 ) (n1 ) 

z~ = (z1,oa1, z1,1 a1, ... , z1,n1 a1) and zj = (zj,Oaj, a~1,i · · · a;,~11·1 z1,1 a1, ... , a~1·1 · · · a;~11·1 z1,n1 a1) 
for j = 2, ... , m. We can construct a line bundle over Bm from the integers (£1 , ... , Cm) 
by 

L = ((cn1+1y X ... X (Cnm+ly) Xa C, 

where G = (cxr acts by 

(2.1) 
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2.2 Torus action on generalized Bott towers 

Let N = I:,"j:1 nj and let TN = 8 1 x • • • x 8 1. We consider the action of TN on Bm as 
follows: 

(t1, ... , tm) · [z1, ... , Zm] = [t1 · Z1, ... , tm · Zml, 

where ti = (ti,1, ... , ti,nJ and ti · Zi = (zi,D, ti,lZi,l, ... , ti,n,Zi,nJ for i = 1, ... , m. Also we 
consider the action of T = TN x 81 on L as follows: 

2.3 Generalized twisted cubes 

Definition 2.2 A generalized twisted cube is defined to be the set of x = (x1,1, ... , Xm,nm) 
E ffi.N which satisfies 

n, 
A;(x) ::; L x;,k ::; 0, x;,k ::; 0 (1 ::; k ::; n;) 

k=l 

or 0 < Lxi,k < A;(x), x;,k > 0 (1::; k::; ni), (2.3) 
k=l 

for all 1 ::; i ::; m, where 

(i = m) 

(1::; i::; m-1). 

Definition 2.3 Let C be the generalized twisted cube. We define sgn(x;,k) = 1 for 
Xi,k > 0 and sgn(xi,k) = -1 for Xi,k ::; 0. The density function of the generalized twisted 
cube is then defined to be p(x) = (-l)NIL,ksgn(xi,k) when x EC and 0 elsewhere. 

2.4 Equivariant index 

Let L be a holomorphic line bundle over a generalized Bott manifold Bm with the action 
of the torus T as in (2.2). Let Ch be the sheaf of holomorphic sections. The equivariant 
index of a generalized Bott manifold is the formal sum of representation of T: 

The character of the equivariant index is the function x : T -t (('. which is given by 
x = I:,(-l)ixi where xi(a) = trace{a: Hi(Bm, (h) ➔ Hi(Bm, OL)} for a ET. Lett be 
the Lie algebra of T and let t* be its dual space. Every µ in the integral weight lattice 
£* C it* defines a homomorphism >..µ : T -+ 81. We can write x = L-µE£* mµ>..µ. The 
coefficients are given by a function mult : £* -t Z, sendingµ f--t mµ, called the multiplicity 
function for the equivariant index. 



79

3 Main results 

In this section, we state the main results and give the example. 

Theorem 3.1 Fix integers {c~Y} and {Cj}- Let L-+ Bm be the corresponding line bundle 
over a generalized Bott manifold. Let p : ~N -+ { -1, 0, 1} be the density function of the 
generalized twisted cube which is determined by these integers. Consider the action of 
T = TN x S1 . Then the multiplicity function for £* ~ 71,N x Z is given by 

mult(x, k) = { ~(x) 
(k = 1) 
(k =J 1). 

Definition 3.2 Let { e1,1, ... , em,nm, em+I} be the standard basis in ~N+l, Xi = (xi,l, ... , 
Xi,nJ and ei = (ei,l, ... , ei,nJ- Let ~,:;-,r = { z = (z1, ... , Zn) E Z~0 I Z1 + · · · + Zn = -r }, 
and let ~!,r = {z = (z1, ... , Zn) E z;0 I z1 + · · · + Zn = r - 1}. Then the operators Di : 

Z[T] -+ Z[T] are defined using dY and £j in the following way: 

L L >,µ+(x,,e,) 

0::;r:Ski XiELl~i,r 

if ki ::::: 0 

if - ni :::;: ki :::;: -1 

L L (-lr' >,µ+(x,,ei) if ki:::;: -ni - 1, 

ni+l:Sr:S-ki xiELl;ti,r 

where the functions ki are defined as follows: if µ = em+l + I:;'=i+l I:;~1 Xj,kej,k, then 

ki(µ) = ci + ET=i+l I:;~1 c~Yxj,k· 

From Theorem 3.1, we immediately obtain the following theorem. 

Theorem 3.3 Consider the action of the torus T. We denote the (N + l)-th component 
of the standard basis in ~N+l by em+l· Then the character is given by the following 
element of Z[T] : 

Example 3.4 Suppose that m = 2, n1 = 1, n 2 = 2, £1 = 1, and £2 = 2. We set Ci1J = 2 

and ci~~ = -1. Then the generalized twisted cube is the set of x = (x1,1,x2,1,x2,2 ) ~hich 
satisfies 

In Figure 1, the black dots represent the lattice points of the sign +1 and the white dots 
represent the sign -1. 
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Figure 1 

The corresponding character x is given by 

X = D1D2()/3 ) 

(0, 0, -2) 

= Di(),/3 + ).e3-e2,1 + ).e3-e2,2 + ).e3-2e2,1 + ).e3-e2,1-e2,2 + ).e3-2e2,2) 

= ).e3 + ).ea-ei,1 + ).e3-e2,2 + ).e3-e2,2-ei,1 + ).e3-e2,2-2e1,1 _ ).e3-2e2,1+e1,1 _ ).e3-2e2,1+2e1,1 

+ ).e3-e2,1-e2,2 + ).e3-2e2,2 + ).e3-2e2,2-e1,1 + ).e3-2e2,2-2e1,1 + ).e3-2e2,2-3e1,1 _ 
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