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A GENERALIZATION OF THE ALUTHGE TRANSFORMATION IN
THE VIEWPOINT OF OPERATOR MEANS

TAKEAKI YAMAZAKI

ABSTRACT. The Aluthge transformation is generalized in the viewpoint of the axiom of
operator means by using double operator integrals. It includes the mean transformation
which is defined by S. H. Lee, W. Y. Lee and Yoon. Next we shall give some properties
of it. Especially, we shall show that the n-th iteration of mean transformation of an
invertible matrix converges to a normal matrix.

1. INTRODUCTION

Let B(H) be the C*-algebra of all bounded linear operators on a complex Hilbert
space H. Let T = U|T| € B(H) be the polar decomposition of T. The Aluthge
transformation A(T') of T is defined in [1] as follows.

(1.1) A(T) := |T|2U|T)|=.

Several properties of the Aluthge transformation has been studied, for example, (i)
o(A(T)) = o(T), where o(T) is the spectrum of T € B(#H) [14], (ii) A(T) has a non-trivial
invariant subspace if and only if T does so [15], and (iii) if 7" is semi-hyponormal (i.e.,
|T*| < |T), then A(T) is hyponormal (i.c., A(T)A(T)* < A(T)*A(T)) [1], where “<”
means the Loewner partial order. By considering the Loewner-Heinz inequality, hyponor-
mality of an operator implies semi-hyponormality, but the converse implication does not
hold in general. Hence the Aluthge transformation A(T') may have better properties than
T. Recently, a related new operator transformation has been defined in [18] and studied
in[7, 19] which is called the mean transformation 7" of 7. The definition is
7. U0

The aim of this report is to unify these operator transformations in the viewpoint of
operator means, and give some properties.

An operator mean is a binary operation on positive semi-definite operators. It was
defined by Kubo-Ando as follows. Let B(H)" and B(H)"" be the sets of positive semi-
definite and positive invertible operators, respectively.

Definition 1 (Operator mean, [17]). Let M : B(H)t x B(H)T — B(H)* be a binary
operation. If MM satisfies the following four conditions, then M is called an operator
mean.

(1) If A< C and B < D, then M(A, B) < M(C, D),

(2) X*M(A,B)X < M(X*AX, X*BX) for all X € B(H),
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(3) A, Ny A and B, \; B imply M(An, B,) \y M(A, B) in the strong operator

topology,
(4) M(I,I) = I, where I means the identity operator in B(H).

To get a concrete formula of an operator mean, the following relation is very important.
Let f be a real-valued function defined on an interval J C (0,00). Then f is said to be
operator monotone if A < B for self-adjoint operators A, B € B(H) whose spectra are
contained in J, then f(A) < f(B), where f(A) and f(B) are defined by the functional
calculus.

Theorem A ([17]). Let 9 be an operator mean. Then there exists an operator monotone
function f on (0,00) such that f(1) =1 and

M(A, B) = Az f(A2BA2) A2
for all Ae B(H)™ and B € B(H)*.

If A € B(H)™", we can obtain M(A, B) = lim. o M(A+¢cl, B) because A+l € B(H)™*
for € > 0 and Definition 1 (3). The function f is called a representing function of an
operator mean 9. Throughout this report, we note 91, for an operator mean with a
representing function f. In this case, f’(1) = A € [0,1] holds (cf. [11]), and we sometimes
call My a A-weighted operator mean. Moreover, if X = f/(1) € (0,1), then

(1.2) I=A+Xz ' < fla)<1-A+ X

holds for all = > 0 (cf. [20]).

Typical examples of operator means are the A-weighted geometric and A-weighted power
means. These representing functions are f(z) = 2* and f(z) = [1—A+Az'], respectively,
where A € [0,1] and ¢ € [—1, 1] (in the case t = 0, we consider ¢t — 0). The weighted power
mean interpolates arithmetic, geometric and harmonic means by putting ¢ = 1,0, —1,
respectively.

The aim of this report is to apply operator means to generalize the Aluthge transfor-
mation. To do this, firstly, we shall explain how to generalize the Aluthge transformation
in the matrices case in Section 2. Then to extend the discussion in Section 2 into Hilbert
space operators, we will introduce the double operator integrals in Section 3. We show
that all operator means can be applied to double operator integrals. In Section 4, we shall
generalize the Aluthge transformation respect to an arbitrary operator mean via double
operator integrals. In Section 5, we shall consider n-th iterated generalized Aluthge trans-
formation. We divide this discussion into finite and infinite Hilbert space cases. More
precisely, we shall show that n-th iterated mean transformation of every invertible matrix
converges to a normal matrix, and show that there is a weighted unilateral shift on ¢2
such that n-th iterated generalized Aluthge transformation does not converge in a week
operator topology.

2. A GENERALIZATION OF THE ALUTHGE TRANSFORMATION IN THE MATRICES CASE

In this section, we shall generalize the Aluthge transformation in the matrices case
which is a motivation of this report. Let M,, be a set of all m—by—m matrices. It is
known that M,, is a Hilbert space with an inner product (A, B) := traceAB*. For
A, B e M, let Ly and Rz be bounded linear operators on M,, defined as follows:

La(X)=AX and Rp(X)=XB
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for X € M,,. They are called the left and right multiplications, respectively. If
A, B € M,, are positive semi-definite (resp. positive invertible) matrices, then L and
Ry are positive semi-definite (resp. positive invertible) operators on M,,, too. It is easy
to see that L4 and Rp are commuting on the product, i.e.,

LaRp(X) =RpLA(X) = AXB

holds for all X € M,,. Moreover, for each Hermitian A € M,,, f(IL4)(X) = Lz (X)
(resp. f(RA)(X) =Ry (X)) holds for all analytic functions f if f(A) is defined. Hence
we can consider operator means of L4 and Rp. For example, the arithmetic mean 2 of
L4 and Rp is computed by

CLa+Rp, . AX+XB
T2 YT

Theorem 2.1. Let A, B € M,, be positive invertible. Then for any operator mean M,
there exists a positive probability measure dp on [0, 1] such that

1 o]
ML, Rp)(X) = / ( / e—z<1-A>A1Xe—“Bldx> dp(N)
JO JO
for all X € M,,.

A(L4, Rp)(X) (X)

To prove Theorem 2.1, we shall use the following result.

Theorem B ([12], [4, Theorem VII.2.3]). Let A and B be operators whose spectra are
contained in the open right half-plane and left half-plane, respectively. Then the solution
of the equation AX — XB =Y can be expressed as

Xz/ e Y e Bz,
0

Proof of Theorem 2.1. Firstly, we shall show the case of A-weighted harmonic mean 91,
for A € [0, 1], i.e., a representing function f of M is
flx)=[1—-X+xx" '
In this case, the harmonic mean of L4, and Rg on M,, is
My (L, Rp)(X) = [(1 = VL' + ARSH(X).

We notice that if A and B are positive invertible matrices, then L4 and Rp are positive
invertible, and hence the above formula is well-defined. Put Y := 9t4(L 4, Rp)(X). Then
it is a solution of a matrix equation

(1= ML+ ARG(Y) = X.
Thus for X € M,,, we just have to give a solution Y of the following matrix equation

(1-NATY + ) \YB ! =X,
and it is equivalent to

{(1-NAY —Y(-AB™H =X.

By Theorem B, we have Y = M, (L4,Rp)(X) as follows.

E)ﬁf(]LA, RB)(X) _ / efm(lfk)A*IXefoBﬂdx
0

1 o<}
:/ (/ ew(lA)AlXem)\Bldl‘) d,u()\)7
0 0

(2.1)



where 1([0,1]) := d4,3([0, 1]), the Dirac delta supported on {A}.

Next we shall show an arbitrary operator mean case. Let 91; be an operator mean.
Then it is known (cf. [11]) that there exists a positive probability measure dyu on [0, 1]
such that

1
(2.2) flz) = / [1—X+ /\x_l]_ldu()\).
0
Hence we have

My (L, Rp)(X) = Laf (L3 Rp) (X)
- / [(1 = M3 + ARG du(3) (X)

= [0 - AL ARG X))
_ l 1 < /O h ew<H>A1Xe“B‘dx) du(N).

Now we shall give another formula of 9t ;(L 4, Rp)(X).

Theorem 2.2. Let A, B € M,, be positive invertible with the spectral decompositions

A=37" 5P and B =371 t;Q;, respectively. Then for each operator mean My,

(2.3) My (La, Rp)(X) = > Prlsi t;) X Q;,
ij=1
where the perspective Py of f is defined by Py(s,t) :=sf (ﬁ)
Proof. Let A = >" s;P and B = Z;"zl 1;Q; be spectral decompositions of A and B,
respectively. For a representing function f on (0, 00) of an operator mean Mz, by (2.2),
the perspective Py of [ is given by
1
Pls.t) = [ (1= N5 + A7)
0
for s,t > 0. Then by Theorem 2.1, we have
My (La, Rp)(X)
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If A,B € B(H)", then for each ¢ > 0, A. := A+l and B, := B+ ¢l are both positive
invertible. Then we can define M (L4, Rg)(X) by

My (La, Rp)(X) = i M (Lig., R, ) (X)-

Definition 2 (Generalization of the Aluthge transformation). Let T = U|T| € M,, be
the polar decomposition with the spectral decomposition |T| = """, s;P; of |T|. For an
operator mean My, a generalization of the Aluthge transformation Agy (T) of T
respect to an operator mean My is defined by

m

Am,(T) := Y Py(si,s;,) PUP;.

i,j=1

By using Theorem 2.2, we have another formula of a generalized Aluthge transforma-
tion.

Corollary 2.3. Let T = U|T| € M,, be the polar decomposition such that |T)| is invertible.
For an operator mean M, there exists a positive probability measure du on [0, 1] such that

1 00
Am(T) = /O ( /0 ef<”>lT|1Ue“|T1dx> du(N).

Example 1. Let T € M,, with the polar decomposition T = U|T| and the spectral de-

composition |T| = Y| s;P;, and let MM be an operator mean. Then we have the following
exzamples of Aoy(T). Note that y " P = U*U.

(1) Mean transformation [18].
Let My be the - weighted arithmetic mean, i.e., the representing function of M
is f(t) =1—= X+ At. Then

ij=1

C =N Y WPUP Y SPUP,

i,j=1 i,5=1

—(- (ip) v (iP)
i (iza) - (i Sjpj>
Ca-nmo v,

Especially, if U is an isometry, then Agy, (T) = T (i.e., the weighted mean trans-
form).

(2) Generalized Aluthge transformation [14].
Let My be the X\-weighted geometric mean, i.c., the representing function of My



is f(t) =t*. Then

Ay, (T Z si*s)PUP;
i,j=1
= (Z 5;*1%) U (Ztm) = |T|* U IT).
i=1 j=1

From Corollary 2.3, we have a basic property of a generalization of the Aluthge trans-
formation.

Theorem 2.4. Let T € M,,. Let M; be an operator mean satisfying f'(1) € (0,1). Then
Ag, (T) =T if and only if T is normal.

Proof. For € > 0, |T|. := |T| + I is positive invertible, and |T|. N\, |T] as € \, 0. By
considering this fact, we may assume that |T| is invertible. Let 7' = U|T| be the polar
decomposition of T. Then it is known that 7" is normal if and only if U|T| = |T'|U. Hence
if T is normal, then by Corollary 2.3,

A(T) = /0 1 ( /0 N eﬂlWer“'T'ldx) dp(N)
= U/Ol (/OOO e”“dx> du(\) =T.

Let |T| = Y ", 5;P; be the spectral decomposition. Assume that Agy, (T) = T holds.

Then we have

ZP (si,8;) BUP; = Asz =T= ZS]UP‘.

ij=1
By multiplying F; and P; from the left and right sides, respectively,

Py(si, ;) BUP; = s; RUP;,
since P; are orthogonal projections. By f'(1) € (0,1) and an inequality (1.2), Ps(s;, s;) #
s;j holds for i # j. Then P,UP; = 0 holds for ¢ # j. Hence we have

Agy, (T ZPf si, ;) BUP;

le

= ZPf si,s:)PUP,

= ZsiPiUPi
i=1

= Z /Si5;P,UP; = A(T) (Aluthge transformation).

i,j=1

Therefore T is normal since T'= A(T') [15, Proposition 1.10]. O
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3. DOUBLE OPERATOR INTEGRALS

Although L4 and Rp can be defined on B(H), we cannot consider operator means of
L4 and Rp, since B(H) is not a Hilbert space. To discuss similar argument in B(H), we
shall use the double operator integrals. The double operator integrals was first appeared
in [9]. Then it was developed by Birman and Solomyak in [5] and Peller in [21, 22] (nice
surveys are [6, 13]). Let A, B € B(H)" with the spectral decompositions

A= / sdE, and B = / tdF;.
a(A) o(B)

Let A (resp. p1) be a finite positive measure on an interval o(A) (resp. o(B)) equivalent
(in the absolute continuity sense) to dEs (resp. dI}). Let ¢ € L>®(a(A) x o(B); A X p).
For X € B(H), the double operator integrals is given by

D4 p,(X) ::/ / o(s, t)dEXdF;.
o(A) Jo(B)

If X € Cy(H) (Hilbert-Schmidt class), then ®4 5, (X) € Co(H) because Co(H) is a Hilbert
space, and ®4 p, can be defined by the similar way to Theorem 2.2. To extend this into
X € B(H), we shall consider Schur multiplier as follows:

Definition 3 (Schur multiplier, (cf. [13])). When ®4 (= Papele ) : X = Papo(X)
gives rise to a bounded transformation on the ideal C;(H)(C Co(H)) of trace class opera-
tors, @(s,t) is called a Schur multiplier (relative to the pair (A, B)).

The double operator integrals can be extended to B(H) by making use of the duality
B(H) = Ci(H)* via
(X,Y) € Ci(H) x B(H) — trace(XY™) € C.
This proof is introduced in [13].
Theorem C ([13, 21, 22]). For ¢ € L>®(c(A) x o(B); A X p), the following conditions
are all equivalent:

(1) ¢ is a Schur multiplier;
(i) whenever a measurable function k : 0(A) x o(B) — C is the kernel of a trace class
operator L*(o(A); \) — L*(0(B); i), so is the product p(s,t)k(s,t);
(iii) one can find a finite measure space (Q, ¢') and functions o € L®(a(A) x Q4 A xo'),
B € L>®(a(B) x Q;ux o) such that

(3.1) (s, t) = Aa(s,x)ﬂ(t,x)do/(x)
forall s € o(A), t € o(B);

(iv) one can find a measure space (€2, 0’) and measurable functions «, f on o(A) x Q,
o(B) x Q respectively such that the above (3.1) holds and

H/g;'“”)'zdg’@ JAECRE

< 0.
Loo(A) Lo(A)

An important result of this report is to give a guarantee the perspective of representing
functions f of all operator means are Schur multiplier.

Theorem 3.1. Let f be a representing function of an operator mean. Then the perspective
Py of fis a Schur multiplier.
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Proof. By (2.2), a perspective P of f is given as follows:

Prts.ty =t (2) = [ 102057 A,

0

By elementary computation, we have

Py(s,t) = /0 (1= A)s™ M Mdp(N)

1 o
= / (/ e_(l_)‘>s_1’”e_)“_lzda:) dp(N).
o \Jo

Putting a(s,z,\) = e~(1=Ns7'z and B(t,x, \) = e~ M™% Then P; can be represented as
the form of (3.1), and it is a Schur multiplier. O

4. A GENERALIZATION OF THE ALUTHGE TRANSFORMATION IN THE OPERATORS
CASE

In this section, we shall give a definition of a generalized Aluthge transformation by
using the double operator integrals which is introduced in the previous section.

Definition 4 (Generalization of the Aluthge transformation). Let T = U|T| € B(H)
with the spectral decomposition |T'| = fa(\T\) sdEs. For an operator mean My, a gener-

alization of the Aluthge transformation Agy, (7)) of T' respect to an operator mean
My is defined by

Agy, (T) = / Py(s,t)dE,UdE,.
o)) Jo(T))

By Theorem 3.1, Py is the Schur multiplier. Hence the above double operator integrals
is well-defined. As in the similar discussion of Example 1, we obtain concrete forms of
generalizations of the Aluthge transformation. The following theorem is an extension of
Theorem 2.1.

Theorem 4.1. Let T = U|T| € B(H), s.t., |T| € B(H)™". For each operator mean 9,
there exists a positive probability measure dp on [0, 1] such that

1 [e)
Agn(T) = / (/ em(lA)lTlerwlTldx) du(N).
0 0

Proof. For an operator mean 9y, there exists a positive probability measure dy on [0, 1]
such that

-1

Py(s,t) = / (1= A"+ A1 du(N)

J0

1 oo
= / (/ e{fc(l)‘)sl}e{MZI}dm) du(N).
o \Jo



Then by using Fubini-Tonelli’s theorem, we have

A, (T) = / Py (s, t)dEUdE,
(171 Jo(ir)

o L)
:/0 {/o (/J(TD e dE) </U(|T|)eM1dEt> da:}du()\)
[ e

Hence the proof is completed. 0

Proposition 4.2. Let T € B(H) with the polar decomposition T = U|T|. Then for any
operator mean M and o € C, the following statements hold.

Aoy (aT) = OéAmf(T),

Aoy (V*TV) = V*Agp (T)V for all unitary V,

Amf(T) al = Sy ryp (U —alT|™) if IT] € B(H)*™

Ao, (T)|| < | T||, where || - || means the spectral norm on B(H).

Proof. Let |T| = [ (T sdFE, be the spectral decomposition.

(1) Let a = re® (r > 0) be a polar form of o € C. Then oT = (¢?U)(a|T)|) is a polar
decomposition of aT" moreover, r|T| = fﬂ(\T\) rsdEs. Hence we have

Ag, (aT) = / Pi(rs,rt)dE,(e”U)dE,
) Jo(I71)

_ / / rePy (s, )dEUdE, = A, (T).
[T Jo(IT])

(2) Let V be unitary. Then V*TV = V*UV - V*|T|V is the polar decomposition. Then
we have

Ay, (V*TV) = / Py(s, )d(V*EV)VUVA(V*EV)
4rh JSe(I71)

— ( / Pi(s, t)dESUdEt> V = VA, (T)V.
() Joqr)
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(3) Since dFE; is an orthogonal projection measure,

I / Py (s, )AEL(U — o|T|)dE,
a(|T)) Jo(|T])
a(|T)) Jo(|T])
— a/ Pi(s, t)dE,|T| dE;
a(|T)) Jo(|IT])
— Agﬁf(T) — a/ Pf(s,t)dEsdEt|T|_1
a(|T)) Jo(|T])

= A, (T) — Pi(s, s)dE|T| ™
o(IT))

zAsnf(T)fa/ sdEs\T|_1:Amf(T)—a],
a(|T)

(4) By Theorem 4.1, there exists a positive probability measure du on [0, 1] such that

1 o]
A, (T) = /0 (/0 ez“A)'Ter“Tlda:) du(N).

. ap—1 . . . _ -1
Since g(x) = e is an increasing function on x > 0 and for ¢ > 0, we have e eAd™ <
N —1
el A7 . Hence we have

1 00
||A9ﬁj(T)H S/ </ ”e—z(l—)\)IT1U6_a:/\T1||dI> d#(/\)
0 0

1 oo
< / </ ez(1A>T‘1ez,\|Tll‘ldx> du(\) = |7,
0 0

where the last equality follows from fol du(\) = 1. O

Proposition 4.3. Let T € B(H), and let M be an operator mean. If T € C\(H), then
trace(Ag (7)) = trace(T).

Proof. 1t follows from Theorem 4.1. O

We notice that it is known that if 97 is a weighted geometric mean (i.e., Agy (7)) is the
generalized Aluthge transformation), then o(Agw (7)) = o(7T') holds for all T' € B(H) [14].
However, there is a counterexample for this equation when 91 is an arithmetic mean [18].

5. ITERATION

In this section, we shall consider iteration of Agy. For each natural number n, define
AR(T) == A (Ay (T)) and AQ(T) =T for T € B(H). It is known that iteration of
the Aluthge transformation (i.e., 9 is a geometric mean) has been considered by many
authors, for example, (i) a sequence { A}, (T)}52, converges to a normal matrix if T € M,,
[2, 3], (ii) there exists an operator T' € B(H) such that a sequence { A} (7))}, does not
converge in the week operator topology [8], (iii) for each T' € B(H), lim, . ||A5(T)|| =
r(T), where r(T') is the spectral radius of T' [23].

Theorem 5.1. Let T € M, be invertible with the polar decomposition T = U|T|. Let
A be a non-weighted arithmetic mean. Then a sequence {AL(T)} converges to a normal
matriz N such that trace(T') = trace(N) and trace(|T'|) = trace(|N]).
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The iteration of mean transformation has been considered in [7]. However, in [7], the
authors have considered only rank one operators or they required some conditions. We
notice that if 7" is invertible, then Ag(T') coincides with the mean transformation TofT
(see Example 1).

To prove Theorem 5.1, we use a useful formula which is shown in [7].

Theorem D ([7]). Let T € B(H) and suppose that ker(T*) C ker(T). Let T = U|T| be

the canonical polar decomposition of T', and let n € N. Then the polar decomposition of

T s
S 1 <& /n o .
™=v- ;O <k> (UHMT|U*,

where T™ = (T<7:*1)) and TO =T

Proof of Theorem 5.1. Since T is invertible, Ay (T") coincides with the mean transforma-
tion 7. Moreover Ay(T) = U - s(IT| + U*|T|U) is the polar decomposition by Theorem
D. We notice that since T' is invertible, U and |T| are invertible, and hence Ay(T) is
invertible. Therefore for each natural number n, Agl)(T) = T™ holds, and it is in-
vertible. By Theorem D, we only prove that {|A%(7T)|} converges to a positive matrix.
Since U is unitary, we can diagonalize U as U = V*DV with a unitary matrix V' and
D = diag(e”V=T, ..., e?nV=1). Then by Proposition 4.2 (2), Az(T) = V*AL(DV|T|V*)V,
and

Ay (T)| = V| Ay (DVITIVH)|V

* 1 E n s\ k *

=V {Q_kz—o (k> (DY |1V D’“} V.

Let V|T|V* = P. Then D**V|T|V*DF = [¢*0i=0)V=1] o P where [*%—0V=T] ¢ M,,
with the (i, j)-entry e*%~%)V=T and o means the Hadamard product. Hence
1~ (n «k * 1k _ 1 ~ (n k(0;—0;)v/—1
2—nz<k>D VIT|V*D" = lz (k>e s

k=0 k=0

oP

_ QLn {(1 +6(0roi>ﬁ)n} op

o P.

(by the binomial expansion)
0;)vV=T

14 ei—00v=T\"
2
. - i—0; \/j
We notice that ‘% itV

1' < 1if 0; # 0; + 2kn for all integers k, and % =1
if 6; = 0, 4+ 2k7 for some integers k. Hence there exists a matrix £, such that

(1 + ew]rw—l)”
2

and we have lim,,_,oo AZ(T) = lim, 0o U|AL(T)| = UPRy = N. Moreover since UF, =
Ay (URy) = w, UP, = PyU holds, i.e., N = UF, is a normal matrix.

By Proposition 4.3 and the above, we have trace(T) = trace(Ay(T)) = trace(N) and
trace(|T|) = trace(|A(T))| = trace(|N]) for all n =0,1,2, .... O

n—ro0

lim |Ay(T)| = lim V* (
n—ro0

oP)V_PO,



Theorem 5.2. Let My be an operator mean whose representing function satisfies A =
f'(1) € (0,1). Then there exists an operator T € B(H) such that {Ay (T)} does not
converge in the week operator topology.

To prove Theorem 5.2, we prepare the following discussion. It is a modification of [8,
Corollary 3.3]: Let o := (ag, a1, s, ...) be a sequence in £°°, and let W, be a weighted
unilateral shift on ¢? with a weight sequence «;, i.e.,

Waen = Qp€nii,
where {e, } be the canonical basis of £2. In what follows, v, > 0 for all n =0, 1,2, ....

Lemma 5.3. Let f,g be representing functions of weighted arithmetic and harmonic
means with a weight A € [0, 1], respectively, and let o = (v, a1, g, ...) be a sequence in
. Then

n+1

n n n+1 n4l—7j 1
Prlalaf) =3 (" T1) i - aya,
j=0
1 1
P, £n>7 (n) [Z (n+1> )\vz+1j(1_)\)jaj1‘| 7

0

where o™ = (o, o™, ..) and g™ = (8", 8™, ) are

a}gn) —p ( (n—1) ](Cnfl)%

JACT SR
n n—1) n—1
]E):Pg( 1(c+1 ) IE: ))
and oy, 0 = ,io) =«
Proof. The proof follows from the mathematical induction. O

Lemma 5.4. Let My be an operator mean, and let W, be a weighted unilateral shift with
a weight sequence . Then AL(Wy) is also a weighted unilateral shift W, with a weight
sequence o = (o, o, ...), where of, = Pr(ans1, o). (n=0,1,2,..).

Proof. Let {e,} be the canonical basis of /2. Then W, can be represented to

0
(&%) 0

W, = o 0
(%)) 0

respect to {e,}, and we have the spectral decomposition |W,| = > o, P,, where every
P, = (pi;) is a projection satisfying

1 (i=j=mn)
Pii =910 (otherwise)

o1



92

Also assume that W, = U|W,] is the polar decomposition. Then U is a unilateral shift.
Thus for n =0,1, ...,

Agp,(Wa)en = Z P, aj) BUPje,

,j=0

= " Ps(ai, an) PUPyey,

=0

= Z Prla;, an)PUe,

i=0

= Z Pf (ai7 an)Pie'rH—l

=0
= Pf(an+17 an)Pn+16n+1 = Pf(an+17 an)en+17

i.e., Ao, (W,) is also a weighted unilateral shift with a weight sequence o’ ]

Proposition 5.5. Let 2, $ be \- weighted arithmetic and harmonic means with a weight
A € (0,1), respectively. Suppose that a and b are any distinct positive real numbers. Let
W, be a unilateral weighted shift whose weights are either a orb. Suppose that only finitely
many weights of Wy, are equal to a. Then the sequences of the first weights of AL (T) and
AL(T) converge to b.

Proof. By Lemmas 5.3 and 5.4, the first weights of Ay (W,) and AE(W,) are

a{(()n) = Z <;L> )\nfj(l — )\)jOéj7

=0

() _ li (?) A1 — )\)jajll _1,

J=0

respectively. Next, let p be the largest number satisfying a;,, = a. Then for n > p, we
have

o) =Y (?) NI (1= M) a,

P n
n n—j j n n—i .
= > (J.))\ J(lfA)Jajer} (j.))\ T(1— M),
= Jj=p+1
Here we shall show

p

i 5 (7) 30 ey <o,

=0



Let m = max{a, b} and M = maxo<;<p 5 L(152)7. Then

0<Z< )Anﬂl—A) a;

7=0

< mzp: (Z‘) AT (1 — A

P
< mMan)\” =mM(p+ 1)n?\".

=0

Since lim,, o, n?A™ = 0 (by 'Hospital’s rule), we have

(5.1) JH&Z ( ) A1 = A)a; = 0.

Hence we have
n—j Ja:
nhm oz hm E ( ))\ (1—X)a,
. " n n—j o i_
+73311va (j)/\ (I=X) =b,

since >0 (?) A (1=A)Y =1 and (5.1). lim, ﬂém = b can be proven by the same
way, t0o. 0

Proposition 5.6. Suppose a and b are any distinct positive real numbers. Then there is
a unilateral weighted shift W, with a weight sequence « such that both sequences of the
first weights of Ay(W,) and AL(W,) have subsequences which are converging to a and b.

Proof. Suppose that o = (a,b,b,...). By Proposition 5.5, there exists a natural number
ny such that
1 1
o™ —b| < 5 and 8™ —b| < 3

Suppose that

n
/—/Q
a=(a,bb,.. baa,..).
By Proposition 5.5, there exists a natural number ny such that n; < ng,

1
(n2) and |Bén2) al <

1
—a|l < = 5o

| 5

Suppose that

ni
a=(a,bb,...,ba,a,..,abb,..).

no
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By Proposition 5.5, there exists a natural number n3 such that n; < ns < ns,

1

(na) _ and A" —b| < 7

|(YO b| < ?
Repeating this process, for each natural number k, there exist natural numbers n; and
nj, such that

n 1 n 1
|aék)—a|<§: |5ék)—a|<§
(n}) 1 (n}) 1
‘Ozok 7b‘ <ﬁ’ ‘ﬁo k 7b|<?
Hence there are subsequences of the first weights of Ag(W,) and A (W,,) which converge
to a and b. 0

Proof of Theorem 5.2. Let T := W, be a weighted unilateral shift defined in Proposition
5.6. Define a sequence of the first weight of Ag, (T') by {’y(()n)}. By A= f(1) € (0,1) and
an inequality (1.2), we have

M <A <al™ forn=0,1,2,...

By Proposition 5.6, there exist subsequences of the first weights of A(7T) and AZ(T)
which converge to a in the same choice. Hence under the same choice, a subsequence of

{7} converges to a. On the other hand, we can choose a subsequence of {7} which
converges to b. Hence {A%,(T)} does not converge in the week operator topology. |
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