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Abstract

Large amounts of data collected from a variety of Internet of Things (IoT) de-
vices or various services on the Internet give us rich information but in general
require high computational and/or communication costs and complicated process-
ing. Decentralization of the centralized data processing is a solution that enables
scalable data treatments. The idea of the decentralization is also beneficial for in-
network processing in terms of scalability in network size. However, performance
of decentralized processing can be degraded compared with that of the centralized
processing when the decentralized processing is derived by approximately dividing
the centralized processing. The purpose of the thesis is to enhance performance of
such decentralized processing.

The thesis covers two estimation problems, in-network adaptive least-mean-
square (LMS) filter and Gaussian process regression (GPR), as the specific themes
of the decentralization. The former aims at tracking an unknown deterministic
vector by using measurements at nodes obtained via linear regression models in
the network such as sensor networks. Full decentralization of the algorithm is
achieved by approximately dividing a cost function and by performing estimation
in cooperation with neighboring nodes. In the latter, desired outputs are predicted
by using training data under the assumption that the relation follows nonlinear
Gaussian process regression models. The algorithm yields flexible prediction but
requires a high computational cost. Partial decentralization of GPR is realized by
dividing the data and then aggregating locally processed estimations.

We tackle improvements of the decentralized algorithms. For the fully decen-
tralized adaptive LMS filter, we adopt a more efficient cooperation method known
as message propagation to reduce performance degradation caused by the approx-
imate divisions of the problem. We propose two types of algorithms with different
use of the message propagation method and extend the algorithm to be a sparsity-
aware one. For the partially decentralized GPR, we provide a reinterpretation of a
conventional decentralization by introducing the idea of sketching and propose a
novel algorithm that allows to balance computational complexity and performance.
The efficiency of the proposed algorithms is evaluated via computer simulations.
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1: Introduction
1.1 Demand for Scalability

Today large amounts of data (or big data) are collected from a lot of sensors
placed in equipment or spaces and from various services on the Internet. Improve-
ment of hardware performance has been promoting centralized analysis of such
data, which is providing new generation mobile communication systems or practi-
cal realization of machine learning technologies (Kambatla et al., 2014; Liu et al.,
2020b). However, the more we collect such data, generally the more difficulties we
are faced with in processing them. Large amounts of data require high computa-
tional and/or communication cost, and complicate the centralized processing oper-
ations. For scalability to the large amount of data, the idea of parallel or distributed
computing can be incorporated into algorithm designs (Dean and Ghemawat, 2004;
Low et al., 2010). The data themselves or (a part of) centralized processes are ex-
actly or approximately divided into sub-data or sub-tasks, respectively, which are
assigned to multiple processors or computers. This enables us to decentralize the
processing and handle large amounts of data while keeping the computational cost
low.

On the other hand, decentralized processing is also gathering much attention in
a perspective of scalability to large networks, especially in wireless communication
field. One of the important technologies for new standards, 5G or 6G, is communi-
cation including or among Internet of Things (IoT) devices having abilities of wire-
less communication, computation, and sensing (Gupta and Jha, 2015; Zhang et al.,
2019). The number of sensors equipped with the IoT devices is said to become a
million per square kilometer (Bi et al., 2015). This causes an enormous increase in
data traffic in a general centralized processing, which may result in communication
delays or failures of a central data processing unit. Moreover, the diversity of data
collected from different IoT devices complicates the processing. Even in such a
case, exact or approximate division of a part or all of the data processing can be
one of the solutions of the problems for preventing the concentration of load at the
central unit. The divided processes are assigned to local devices, which enables
decentralized processing in networks. For instance, in edge computing (Li et al.,
2018), data are partially processed at edge servers before being sent to the cloud; in
federated learning (Kone¢ny et al., 2016), data are learned at local 10T devices and
then sent to the central server; or in application to sensor networks or industrial IoT
(Dimakis et al., 2008; Savazzi et al., 2020), devices process data by themselves and
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Figure 1.1: Centralized and decentralized processing.

cooperate with the neighboring devices. Such decentralized processing may have
an additional advantage in applications that deal with personal data with privacy,
for example, as it does not exchange the raw data that may enable identification of
an individual.

In the thesis, we focus on decentralized processing composed of divided pro-
cesses of centralized processing for scalability in network size and the amounts of
data. The decentralized processing includes partially distributed processing that
supposes aggregation at the central processing unit and fully distributed process-
ing that does not suppose the existence of the central unit. Fig. 1.1 summarizes
conceptual diagrams, characteristics, and examples for the centralized, partially
distributed, and fully distributed processing. If a problem that should be originally
solved by centralized processing can be exactly divided into sub-problems, the so-
lution by the decentralized processing according to the division becomes identical
with that by the centralized one. On the other hand, if it cannot be done so and if an
approximated division is employed, performance of the decentralized processing
will be degraded. Therefore, it is required to develop a decentralized algorithm that
can reduce the degradation as much as possible.

1.2 Thesis Overview and Contributions

1.2.1 Objective and Overview of Thesis

The objective of the thesis is to enhance performance of decentralized pro-
cessing brought about by approximate divisions of the corresponding centralized
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processing. In the thesis, we tackle two estimation problems, namely, in-network
adaptive least-mean-square (LMS) filter and Gaussian Process Regression (GPR),
as the specific themes of the decentralized processing. Decentralization of the
former problem is in demand to enhance scalability in network size, which is moti-
vated by IoT environments where the number of devices is increasing recently. On
the other hand, the latter problem is desired to be scalable in the amount of data be-
cause it requires high computational complexity. Some approximation methods of
GPR reduce the complexity by decentralization of a part of the processes. Decen-
tralization of both of the problems includes in common some degradation coming
from approximate divisions, so that there is some room for improving the perfor-
mance of the algorithms. In the following, the decentralization of each problem
and the contributions of the thesis are reviewed.

1.2.2 Part I: Fully Distributed LMS based on Message Propagation

Adaptive filters (Farhang-Boroujeny, 2013) aim to adaptively estimate filter
coeflicients w® so that a system can yield desirable outputs, according to measure-
ments d? and inputs u” that can be observed at each time i. One may notice that
the settings are the same as online learning (Shalev-Shwartz, 2012) but the main
interest in online learning is often to estimate outputs corresponding to test inputs
instead of the filter coefficients. LMS is the simplest adaptive filter derived on the
basis of a mean-square error of a linear measurement model d) = uHw° + v®,
where v is additive noise, and has relatively low complexity because it does not
include calculations of matrix inversion or expectation.

LMS itself does not necessarily require high computational cost but the decen-
tralized estimation is in demand from the application side. In communication net-
works such as sensor networks and multi-agent systems (Olfati-Saber et al., 2007),
LMS can be used for model parameter tracking or target localization (Sayed, 2014)
on the basis of the measurements at the sensors or agents which are referred to as
nodes. For the centralized LMS, a central processor (or fusion node) collects all
the measurements and processes them. However, when the number of nodes in
the network is large, most of the load concentrates around the fusion node. The
heavily biased load may cause the failure of the fusion node and stop all the pro-
cessing. Under such a situation, there have been proposed fully distributed LMS
algorithms, where each node in the network iterates updates of its own estimate by
adaptation and by communications with its neighbors, to make the process scalable
and robust. The algorithms include approximated divisions of the centralized LMS
in order to run only with locally available information at each node, so that the
performance is generally degraded. Thus, it is important to reduce the degradation
caused by the approximated divisions and improve the performance of the fully
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distributed LMS.

In the thesis, to reduce the degradation, we focus on ways for exchanging infor-
mation in a fully distributed LMS, which are significantly related to approximate
divisions of the problem considered in the centralized LMS. Specifically, we intro-
duce a message propagation algorithm as the method for information exchange to
achieve faster convergence or lower error than the conventional distributed LMS.
The detailed derivations are described and the performance is evaluated via com-
puter simulation shown in Chapter 3. We extend the proposed algorithm to the case
where the parameter of interest is sparse. The derivation and evaluation are shown
in Chapter 4.

1.2.3 Part II: New Representation of Scalable GPR

GPR (Rasmussen and Williams, 2006) mainly aims to estimate output z cor-
responding to input & by using more flexible models than the linear measurement
model used in LMS, whose use is not limited to time-dependent data. It supposes
a nonlinear measurement model z = f(x) + €, where f(-) follows a Gaussian pro-
cess and where € is additive noise. The prediction can be obtained as the posterior
distribution of Bayesian estimation. GPR enables flexible estimation but is known
to require high computational cost when the number N of the input data is large
because of the inversion of an N X N matrix. Note that the linear measurement
model in LMS is actually included in GPR as a special case.

There exist a lot of approximation methods of GPR. One approach called ag-
gregation method divides all data into relatively small sub-datasets, runs GPR for
each local sub-dataset, and then aggregates the local predictions. This can be in-
terpreted as partially distributed GPR. Also in the aggregation method, the perfor-
mance is generally degraded compared with the centralized GPR because a part
of covariance information of the data is lost due to the division of the processing.
Thus, it is desirable to develop an algorithm that balances high availability of the
covariance information and low complexity.

In the thesis, we enhance performance of the conventional aggregation method
by adopting richer covariance information to reduce the degradation. We show
that the conventional aggregation method can be generalized via the concept of di-
mensionality reduction called sketching (Liberty, 2013; Woodruft, 2014) and pro-
pose a novel distributed GPR. The proposed algorithm can use richer information
at the cost of a slightly higher computational complexity than the conventional
method or can significantly reduce the complexity by using less information. The
detailed derivation is described and the performance is evaluated on synthetic and
real datasets shown in Chapter 5.
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1.3 Notations

In the rest of the thesis, we use the following notations. Boldface indicates vec-
tor or matrix. Let R, C, and N be the sets of real numbers, complex numbers, and
nonnegative integers, respectively. Superscripts (-)T and (-)H denote the transpose
and the Hermitian transpose, respectively. E[-], det[-], Tr[-], and Re][-] stand for
the expectation, the determinant, the trace operators, and the real part of a complex
number, respectively. ||w]|, for a vector w = [wy, ..., w]T and p > 11is {,-norm

defined by (Z,’Z’:l |wm|p)1/p. The abbreviated form || - || represents £>-norm. ||lwl|y
for a vector w is the number of nonzero elements of w and is called £{y-norm.
vec() and vec™!(-) denote the vectorization and the inverse vectorization operators.
® denotes Kronecker product. diag[-] is the diagonal matrix composed of the el-
ements in the square brackets. The largest eigenvalue of matrix A is represented
as Amax(A). 0, 1, O, and I stand for the vectors where all elements are composed
of 0 or 1, zero matrix, and identity matrix, respectively. 1,; and Iy, are also the
vector with size M where all elements are composed of 1 and identity matrix with
size M X M, respectively. N(m,X) is Gaussian distribution with mean m and
covariance 3. Cov[x, y] means the covariance matrix of random vectors & and
y. ker A := {x : Ax = 0} is the kernel (null space) of the matrix A. [-]ap, [‘]s
and [-]j4») denote the (a, b)th element of the matrix, the ath row of the matrix
or ath element of the vector, and the (a, b)th block of the block matrix, respec-
tively. sign(w) for w = [wy,..., wu]T is a vector of size M whose m-th element
[sign(w)],, is defined as

Wi/ Wml, if wy,, #0

0. i W,y = 0. m=1,...,M)

[sign(w)], = {

1.4 Organization

This thesis is organized as follows. In Part I, we discuss fully distributed LMS
based on message propagation method.

o Chapter 2: Network model and mathematical characterizations are presented.
Diffusion LMS (D-LMS), which is one of the decentralized LMS algorithms,
and consensus propagation (CP), which is employed in the thesis to improve
the performance of D-LMS, are introduced.

e Chapter 3: We propose two algorithms: 1. A novel distributed LMS based
on the exact version of CP, which runs by extracting a spanning tree from
the original network. This work is based on Nakai and Hayashi (2017);
Nakai-Kasai and Hayashi (2019). 2. D-LMS based on the suboptimal ver-
sion of CP, which can run even in a network with cycles and which results
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in novel combination weights for D-LMS. This work is based on Nakai and
Hayashi (2018); Nakai-Kasai and Hayashi (2019). The convergence analysis
and computational complexity of the two proposed algorithms are discussed.
The performance is evaluated via computer simulation.

e Chapter 4: We propose an algorithm that extends the second algorithm in
Chapter 3 to a sparsity-aware variant of D-LMS. The convergence analysis
and computational complexity of the proposed algorithm are discussed. The
performance is evaluated via computer simulation. This work is based on
Nakai-Kasai and Hayashi (2020, 2021).

In Part II, we address the new representation of scalable GPR.

o Chapter 5: The centralized processing of GPR and its approximation meth-
ods are introduced. We show a generalization of one of the approximation
methods through a sketching technique which lowers a dimension of a large-
size vector by multiplying it by a matrix. The generalization brings about a
novel scalable approximation that uses some auxiliary points. There are five
options for the choice of the points, which affect the predictive performance
and the computational complexity. The proposed method has a theoretical
guarantee known as consistency. The performance of the proposed algorithm
with the five options is evaluated by using synthetic and real data. This work
is based on Nakai-Kasai and Tanaka (2021).

In Part III Chapter 6, the summary of the thesis and future directions are discussed.
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Fully Distributed LMS based on
Message Propagation



2: Introduction of Distributed LMS

2.1 Introduction

2.1.1 Background and Related Work

On large-scale communication networks composed of a number of small nodes,
such as sensor networks and M2M (machine-to-machine), the subject of distributed
signal processing (Hara et al., 2006) is gathering much attention recently. For
the centralized method, all measurements at the nodes are processed at once in a
fusion node, but it suffers from problems that nodes around the fusion node tend
to consume much energy for the relaying and also that the network is vulnerable
to the failure of the fusion node. On the other hand, for the distributed processing,
each node processes by itself its own measurements and information obtained from
neighboring nodes and estimates a desired parameter. This method is scalable
in network size and robust because there is less imbalance of computation and
communication loads among the nodes.

For tracking unknown parameters of interest in networks, several interpreta-
tions of adaptive filters (Farhang-Boroujeny, 2013) as distributed signal processing
have been proposed (Sayed and Lopes, 2007; Cattivelli et al., 2008; Wang and
Dekorsy, 2019; Lopes and Sayed, 2008; Schizas et al., 2009; Cattivelli and Sayed,
2010; Sayed et al., 2013). The most famous and simplest adaptive filter, least-
mean-square (LMS) algorithm (Mandic et al., 2015), has also been decentralized
in various ways (Lopes and Sayed, 2007, 2008; Schizas et al., 2009; Cattivelli and
Sayed, 2010; Sayed et al., 2013). In these algorithms, each node iteratively up-
dates its estimate by the LMS algorithm using local measurements and by averag-
ing the estimates of its neighboring nodes obtained via wireless communications,
and finally all nodes in the network achieve a common estimate. The incremental
LMS (Lopes and Sayed, 2007) is applicable to any connected networks but it suf-
fers from slow convergence because it assumes that each node communicates only
with a single specific node among its neighboring nodes. In order to achieve faster
convergence, the Combine-then-Adapt (CTA) diffusion LMS (D-LMS) (Lopes and
Sayed, 2008) is derived by modifying the updating rules of the incremental LMS
so that it allows each node to utilize the estimates of all neighboring nodes. More-
over, the consensus-based LMS (Schizas et al., 2009) achieves faster convergence
than the CTA D-LMS (Lopes and Sayed, 2008) while it requires uneven processing
of the nodes. Furthermore, a modified D-LMS named Adapt-then-Combine (ATC)
D-LMS, which is obtained by just interchanging the order of the updating rules of
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CTA diffusion (Lopes and Sayed, 2008), has been proposed in Cattivelli and Sayed
(2010). The ATC D-LMS can outperform not only the original version (Lopes and
Sayed, 2008) but also the consensus-based LMS (Schizas et al., 2009) in terms of
convergence rate. The estimate of D-LMS converges to that of the centralized solu-
tion if sufficiently small step-size parameters are employed (Zhao and Sayed, 2012;
Sayed et al., 2013; Sayed, 2014). More recently, some improvements have been
proposed such as a doubly-compressed D-LMS (Harrane et al., 2019) for com-
munication reduction and an Adapt-Multi-Combine (AMC) D-LMS (Kong et al.,
2017) for better convergence performance at the cost of frequent communications.
D-LMS for more specific settings has also attracted interests in the context of mul-
titask learning where each node in the network estimates its own target vector and
the neighboring nodes have related targets (Nassif et al., 2017).

In addition to this, in many applications, unknown parameters could be sparse
in some representation domain, meaning that most elements of the parameters are
zero or very small. It is known that compressed sensing (Donoho, 2006) is effec-
tive for the sparse signal estimation, and methods based on the compressed sens-
ing have been proposed for the distributed signal processing as well (Duarte et al.,
2005; Hayakawa et al., 2018; Wee and Yamada, 2013; Hu and Zhan, 2016). Among
such methods, an extension of D-LMS for sparse estimation has been proposed and
called sparse diffusion LMS (SD-LMS) (Lorenzo and Sayed, 2013). The theoret-
ical analysis in Lorenzo and Sayed (2013) guarantees convergence in the mean
sense and describes mean-square behaviors of SD-LMS. It has been also revealed
that SD-LMS shows better convergence performance than that of D-LMS in the
case of sparse estimation under realistic conditions.

Both D-LMS and SD-LMS are derived by approximately dividing each cor-
responding centralized problem into sub-problems that can be solved in a fully
distributed manner. The performance degradation by the approximate divisions is
compensated by cooperation with neighboring nodes. In D-LMS and SD-LMS,
conventional average consensus protocol (Olfati-Saber et al., 2007) has been em-
ployed for the cooperation, where all nodes in the network aim to obtain the av-
erage of all nodes’ initial state values by exchanging the current estimates of the
average with their neighbors. This protocol is known to require a lot of iterations
to achieve consensus, especially in large networks. It is also known that, even
in small-scale networks, the choice of combination weights used in the updates
has a great impact on the convergence performance of D-LMS (Takahashi et al.,
2010). Thus, several combination rules have been proposed in the literature, such
as uniform rule (Blondel et al., 2005), maximum degree rule (Scherber and Pa-
padopoulos, 2004), Metropolis rule (Xiao and Boyd, 2004), and relative degree
rule (Cattivelli and Sayed, 2010). More sophisticated static rules are considered
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in Cattivelli and Sayed (2010); Takahashi et al. (2010); Zhao et al. (2012), which
are derived by solving some optimization problems. In particular, a closed-form
solution that minimizes the steady-state error has been derived in Tu and Sayed
(2011) and Zhao et al. (2012), which is referred to as relative-variance rule. Since
the relative-variance rule requires network statistics such as noise variance at all
nodes, which are not locally available at each node in general, adaptive estimation
methods of the parameters have been also proposed in Tu and Sayed (2011) and
Zhao et al. (2012). On the other hand, there exists another kind of average consen-
sus algorithms named consensus propagation (CP) (Moallemi and Roy, 2006). CP
is based on the efficient exchange of information called belief propagation (Pearl,
1988). The algorithm can be interpreted in two ways. The one is exact CP that
achieves exact average consensus with the minimum number of iterations required
for message propagation through the network, i.e., the diameter of the tree, while
it restricts the use to the specific structure of the network such as a tree. Another is
loopy CP that can be applied to networks with some cycles but becomes subopti-
mal. Convergence of the loopy CP is controlled by some constants whose optimal
values have not been known.

2.1.2 Contributions

In this thesis, we enhance the convergence performance of D-LMS (Cattivelli
and Sayed, 2010) and SD-LMS (Lorenzo and Sayed, 2013) by improving ways
for cooperation among nodes that compensate for performance degradation caused
by approximated divisions of the centralized LMS. Specifically, we first propose
a novel distributed LMS algorithm by applying the exact CP. Since networks for
in-network signal processing do not necessarily have a tree structure in general,
the proposed algorithm is applied to a spanning tree extracted from the original
network using some spanning tree protocols (Herzen et al., 2011; Bui et al., 2004).
Moreover, we apply the loopy CP to D-LMS and derive another novel distributed
LMS algorithm which is directly applicable to the original networks having cycles.
This thesis also extends it to an analytically tractable algorithm, which results in a
novel combination rule of D-LMS. The constants involved in the loopy CP control
the convergence property but they are known to be difficult to optimize in general.
We thus select the constants by minimizing an upper bound of steady-state mean-
squared-deviation (MSD) of D-LMS. We further extend the proposed combination
rule to an adaptive version, which can be implemented in a fully distributed man-
ner. Finally, we apply the above method to SD-LMS and optimize the constants
in terms of MSD at the steady-state under practical assumptions. We derive two
combination rules for SD-LMS according to different assumptions. Simulation re-
sults show the efficiency of the proposed methods. The proposed algorithms based

10
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on the exact CP and the loopy CP can achieve faster convergence than the con-
ventional ATC D-LMS for large-scale network. The proposed combination rule
inspired by the loopy CP achieves better convergence performance than the con-
ventional combination rules. SD-LMS using the proposed method also achieves
faster convergence than that using conventional combination rules.

2.2 Preliminaries
2.2.1 Network Model

Consider a network G = {V, &}, where YV is a set of nodes and & is a set of
edges, and where |'V| = N. The network G is assumed to be fixed and connected,
i.e., there is at least one path for any pair of nodes in the network. The nodes that
are directly connected by edges can communicate and share information with each
other. Each node k € V (k = 1,..., N) can perform only single-hop communica-
tions with its neighbors. N is the set of the neighbors of node & including node k
itself, and Ny \ {k} is the set of the neighbors except for node k. Fig. 2.1 shows an
example of a network with N = 10. Weighted adjacency matrix adj(G) € RVN of
the network G is given by

wi, if [ € Ni\ {k},

. fork,l e V. 2.2.1)
0, ifl¢ N\ ({k},

[adj( D]k = {

where wy, > 0 is a weight of the edge between node / and k.

sEmwnw
+*
*

*

-

-

-
.

Figure 2.1: An example of a network with 10 nodes. N is the set of neighbors of
node k (including node k itself).

11
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2.2.2 Diffusion LMS
D-LMS Algorithm

On a network G, consider a problem of tracking an unknown deterministic
vector of interest w°® € CM by using measurements on the unknown vector and
measurement vectors obtained at each node and each time that are related via lin-
ear regression model. For the centralized processing, the LMS filter (Mandic et al.,
2015) is employed to track the unknown vector in a low computational cost. In
this section, the fully distributed method, D-LMS (Lopes and Sayed, 2008; Cat-
tivelli and Sayed, 2010; Sayed et al., 2013; Sayed, 2014), is introduced, where all
nodes in the network track the unknown vector by themselves in a computation-
ally efficient manner by exploiting LMS-like updates and by cooperating with the
neighboring nodes. For simplicity, we assume that all communications between
neighboring nodes are perfect, i.e., we do not consider any communication error,
while the following discussion is applicable to networks with noisy links as consid-
ered in Zhao et al. (2012). Note that we also assume that nodes do not exchange the
raw measurements and measurement vectors but only estimates processed in some
way, which is convenient for private data for example, but the following discussion
can be extended to the more general situation where each node exchanges the raw
measurements and measurement vectors.

Consider random measurement process Z),(f) € C at each node k € V and time
i € N given by the following linear model:

Dl(ci) _ ﬂ]((i)H,wo + (Vl(ci)‘ (2.2.2)

‘L{,(f) € CM is a random measurement vector process. (Vl(j) € C is a zero-mean
additive complex noise process with variance of O'i, which is pairwise independent
of W;j) forl € V \ {k} and j € N\ {i}, and is pairwise independent of ﬂ;j) for
all k,l € V,i,j € N. The variance 0']% is assumed to be unknown to each node.
The measurement and measurement vector processes {Z);{i),(L{,(f)} at each node k
are assumed to be jointly wide-sense stationary and have zero-mean.

First, a global problem that should be considered at all nodes is shown and then
it is approximated to derive a fully distributed algorithm. All nodes in the network
aim to obtain a common estimate of w® basically by minimizing the following

global cost function (Cattivelli and Sayed, 2010):

T w) = Y B || - M |. (2.2.3)
k=1

The function also does not depend on time index i because of the joint wide-sense
stationarity. This includes all nodes’ information of random processes, but, in the

12
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fully distributed situation, each node can directly obtain only a part of the informa-
tion, i.e., its own and neighbors’ information. In D-LMS, the following approxi-
mated local cost function has been considered at each node k,
. . 2 .
Ty =B||0f - vl [+ D bullw - 1P (224)

leEN\{k}

where (;[)Ei) e CM is the current estimate of w® at node /, and where by > 0 is the
weight to be determined later. The second term on the right-hand side of (2.2.4)
means the penalty for the difference between node &’s and the neighbors’ estimates.
The local function 7 }C"C(w) is an approximate division of the global one J&°P(w)
and includes compensation by the second term. If each node k took the first term
on the right-hand side of (2.2.4) into account and if it knew moments related to
Z)g) and ‘L(,(j), it could obtain the optimal value @ from the derivative of the first
term as
W= R,'rgu,

where 7y, = E[Z)g)(lzll(f)] and R, = E[(Ll](j)(Ll](j)H], which are independent of time
index i because of the joint wide-sense stationarity of {Z),(:), (Ll]((i)}. It coincides with
the unknown vector because the same formula can be obtained by multiplying (L(,(:)
and taking the expectation of both sides in (2.2.2). In other words, the unknown
vector could be calculated at each node k if the moments {r4,,,, R,,} were known.
However, in applications, each node cannot obtain the moments but realizations
of the processes. The second term of the function (2.2.4) is motivated to improve
convergence performance of the algorithm by cooperating with the neighboring
nodes.

If we employ the steepest descent method (Farhang-Boroujeny, 2013) to min-
imize the function J'°°, node k’s estimate ¢,(j)
VI (w) of (2.2.4) as

is updated by using the gradient

0 _ -1  Hk 1 (i-1)
K = k _?ijoc((ﬁk )

= ¢y "+ g - Ryt D+ Y (e’ - o), 2.2.5)
o

where p > 0 is a step-size parameter, which controls a balance between the con-
vergence rate and the steady-state error. Larger uy accelerates convergence to the
steady-state but error at the steady-state becomes larger. Smaller u; promotes
smaller steady-state error but the convergence becomes slower. One of the fa-
mous adaptive filters, LMS algorithm (Farhang-Boroujeny, 2013; Mandic et al.,
2015), replaces the moments in (2.2.5) with instantaneous values. Let a realiza-
@)
k

tion of {Z)l(f), ‘H}(f)} be {d,(j), ug)}. The moments are replaced as 74, =~ d,(j)u and

13
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R, ~ u]((i)u,((i)H, respectively. The LMS-type update is given by

. ._] o SH (i1 . »

V= oy @) My e Y bu@ - o). (22.6)
leNi\(K}

The equation (2.2.6) can be divided into two steps. Each node k first updates an

immediate estimate '(,bl(:) € CM by using its own measurement, and then updates the
estimate ¢g> by using 1,b](€’) and wl(') received from its neighbors / € N \ {k}.

D= o 4 @ - uMel ), (2.2.7)
V=) D bu@p” - ), (2.2.8)
leNK\{k}
where qb;i) and qb,({i_l) in (2.2.6) are replaced with the immediate estimates 1/1?") and
1,0/((’), respectively. Here, let A = {a;} € RVN be
Hibik, if I € N\ {k},
ag =1 1= p Dienp\iiy b 1 1=k, (2.2.9)
0, if [ ¢ Ni,
and then (2.2.8) can be rewritten as
¢,(:) = Z anﬂ/’}i), (2.2.10)
leN;

where ay is the nonnegative combination weight defined in (2.2.9) and the matrix
A satisfies
1A =1" (2.2.11)

The update (2.2.7) of the immediate estimate w,(j) is called adaptation step and that
of ¢]((i) (2.2.10) is called combination step. From (2.2.4), (2.2.9), and (2.2.10), the
second term in (2.2.4) corresponds to the combination step of D-LMS.

The combination weight aj does not have to be necessarily determined by
the form in (2.2.9) but can be chosen freely as long as the constraint (2.2.11) is
satisfied. A specific choice of the combination weights is called combination rule
and has a great impact on the convergence performance of the algorithm (Takahashi
et al., 2010). There are two types of the combination rules; a static rule that is
independent of time index i and an adaptive rule that is dependent on i. Possible
choices for the static one will be uniform rule (Blondel et al., 2005)

) 1/INy|, ifle N,
aipe = { LNk AT L€ N (2.2.12)
0, otherwise,
Metropolis rule (Xiao and Boyd, 2004)
1 )
max(NIN ® if 1 € Ni \ {k},
“?/[clet =91 = Zenvn a}};et, if [ =k, (2.2.13)
0, otherwise,

14
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Algorithm 1 D-LMS (ATC version) (Cattivelli and Sayed, 2010)

1: Initialize ¢\ " =0, Vk eV

2: for each time i € N and each node k € V do
j i~1 i), (i HH (i1

3. ](ct) — AU )+llkul(<l)(d](;) _u(l) l(cl ))

4

5

. k (adaptation step)

](C") = YN, alkdzl(i) (combination step)
: end for

relative degree rule (Cattivelli and Sayed, 2010)

" {% if 1 € N,

aid = § Zneny Wnl? (2.2.14)

, otherwise,

relative-variance rule (Tu and Sayed, 2011)

_UT e M
a;]\c/ = ZmeNk[ym]_l ’ ’ (2215)
0, otherwise,

where 712 = ,uIZO'IZTr[RM,], and so on (Sayed, 2014). An example of the adaptive
rule is adaptive relative-variance rule (Zhao et al., 2012)

{M ifl € Ni

arv(i) _

k= ZmENk [(7,2,,]()(1.)]71 ’ (2.2.16)

, otherwise,

where (y2)? = (1 = v)(y7) Y + v ||1j)l(i) - qbl(f_])Hz and where 0 < v < 1.

Summarizing the adaptation step (2.2.7) and the combination step (2.2.10), the
updating rules of D-LMS are shown in Algorithm 1 and outlined in Fig. 2.2. Note
that this formulations are called ATC version of D-LMS (Cattivelli and Sayed,
2010) and an alternative algorithm obtained by interchanging the order of the up-
dates (2.2.7) and (2.2.10) is referred to as CTA version (Lopes and Sayed, 2008).
In this part, we focus on ATC because it generally outperforms CTA (Sayed, 2014,
Table 6), (Zhao and Sayed, 2012), though the following discussion can hold in both
versions.

AMC diffusion LMS algorithm (Kong et al., 2017) has been also proposed
and is constructed on the basis of D-LMS. The algorithm iterates the combination
steps to collect more estimates and increase available information at each node.
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(a) Adaptation step (b) Combination step

Figure 2.2: Two steps of D-LMS.

The update rules are described as

0 = o ) = o) @217
i)[1 1,,,G
O Z V. (2.2.18)
leEN:
i)[2 2] ()1
021 = $ 2O, (2.2.19)
leN}
](ci) _ ]((i)lJ'J — Z a%’] Ei)“/_”’ (2.2.20)
lEN

where J’ denotes the number of iterations of the combination steps, and where

](:)[j I'e cM and a% I'> 0 are the immediate estimate and a combination weight

at j'th iteration (j/ = 1,...,J"), respectively. The equations (2.2.18)—(2.2.20) are
summarized as follows:

0 _ (/'] -1 [1] )
ko~ Z Uk Z oy, Z a,., Y, (2.2.21)

11 eN leNll IJ/EN/J,_1

The adaptation step of AMC (2.2.17) is the same as that of D-LMS (2.2.7), but the
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AMC diffusion LMS communicates J’ times to collect immediate estimates of the
nodes within J’ hops.

Connection with Discrete-time Average Consensus Protocol

The combination step (2.2.10) of D-LMS is closely related to conventional av-
erage consensus protocol using a weighted average of neighbors’ values in multi-
agent networked systems (Olfati-Saber et al., 2007). In the protocol, all nodes
in the network aim to obtain the average of all nodes’ initial state values by ex-
changing the current estimates of the average with their neighbors. This problem
is called average consensus problem. An iterative update equation of the conven-
tional discrete-time protocol is given by

00 2 20 4y Z wi (@) = 29, (2.2.22)
leN\{k}

) is the estimate at node k and time # and can be vector or scalar, and

where X
where y’ is a small positive number. In order to relate the combination step equa-
tion (2.2.10) with (2.2.22), we substitute (/5(’) to & A(' *D and 1/1(1) to X A(’ . Then, we

have

,(:) = (l) +u’ Z Wlk(d’,(l) 'ﬁb(l)

LeEN\{k}
=(1- Z ap” + Z agp!”
IeN;\ (k) leN\{k}
= Z alk¢1(l),

leN;
where we set i = y’'wy. Therefore, the combination step (2.2.10) can be regarded
as an example of the conventional average consensus protocol.
Convergence Analysis

In this section, the convergence of D-LMS is discussed. We define convergence
in the mean sense as in the following definition.

Definition 1. Let {¢}icny be a sequence of estimates of w® generated by an algo-
rithm. We say that the algorithm converges in the mean sense when the estimation
error W = w°® — @V satisfies lim;_,o, E[w”] = 0

The estimation error of D-LMS at node k and time i is given by

B = w° - ¢ (2.2.23)
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Moreover, for the mean-square error analysis, we evaluate behaviors of E[||w1({i)||2]
at time 7 or at the steady-state. We define instantaneous network MSD, MSD at
each node k at time i, network MSD at time 7, the steady-state MSD at each node

k, and the steady-state network MSD as

N
) 1 .
MSD™ = - Dl 1P, (2.2.24)
k=1
MSDy; = E[llw}"|I"], (2.2.25)
N
1 .
MSD™ = D MSDy,; = E[MSD™"], (2.2.26)
k=1
MSDy, = lim MSDy;, (2.2.27)
1—00
1 & :
MSD™ = — Z MSD; = lim MSD}™ = lim E [MSD™""], (2.2.28)
N = I—00 [—00
respectively.

We introduce the following two reasonable assumptions.

Assumption 1 (Cattivelli and Sayed (2010); Sayed (2014)). The measurement vec-
tor process {‘L(]({’)} is spatially independent and temporally white, i.e., E [(LI,((’)(LIZU )H] =
R, 61:6;;.

Assumption 2 (Lorenzo and Sayed (2013)). The step-sizes {u} are sufficiently
small so that higher order terms of the step-sizes can be ignored.

Assumption 1 does not match actual measurement situations. However, not only
it simplifies the analysis of adaptive filters but also in general the analyzed per-
formance under Assumption 2 reproduces the actual situations reasonably well
(Sayed, 2011).

The convergence of D-LMS in the mean sense is guaranteed under Assump-
tion 1.

Theorem 1 (Cattivelli and Sayed (2010, Theorem 1), Sayed (2014, Theorem 6.1)).
Consider the measurement model given by (2.2.2) and the combination weight sat-
isfying (2.2.11). The convergence of D-LMS in the mean sense is guaranteed under
Assumption 1 if the step-sizes satisfy

2
0 — (keV).
<M Ry KEV)

Proof sketch: The error recursion can be expressed as

E [w@] = A (Iny - MD)E [w“—”] , (2.2.29)
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. ; Ao T
where @ = [(@)T,.... (@] . A = A® Iy, D = diag[R,,...., Ry, and
M = (diag [u1, . .., un])® I)s. The recursion converges to zero if all the eigenvalue

of Iy — MD lie in a unit disc because A is composed of stochastic matrices, the
magnitude of whose eigenvalues is less than or equal to 1. Thus, the theorem is
derived by constraining the maximum eigenvalue of Iyy — MD to be less than
1. m|

Moreover, the transient behavior of the mean-square error is represented in Cat-
tivelli and Sayed (2010, Sect. 4) and Sayed (2014, Sect. 6) under Assumptions 1
and 2. Now let

F' = T ynye — Iun ® (DM) = (D" M) ® Iyy) (A A), (2.2.30)

and then the theoretical network MSD learning curve of D-LMS is given by

MSD™ = MSD™| + %T'TF'iq’ - %'wT [Vec_l (F'i [I(MN)2 - F’] q’)] w,
(2.2.31)
where ' = vec (ﬂTMQMﬂ), G = diag [O'%Ru, s O'IZVRMN], w =1y ®w°, and
q’ = vec(Lyn). The performance at the steady-state is given by

1
MSD"™ = NT'T(I(MN)Z - F)l¢, (2.2.32)
MSDy = "Iy — F) 7'/, (2.2.33)

where p’ = vec(Cy) and Cy is a block diagonal matrix with size MN X MN whose
blocks are M X M matrices that are zero matrices for all blocks except for the
identity matrix on the k-th diagonal block.

Proof sketch:  Consider weighted £,-norm of the error recursion (2.2.29) with any
weightZ. If X = %I ~NM, the norm coincides with MSD;1W andif £ = Cy, it coincides
with MSDy ;. By calculating MSD}™ directly under Assumptions 1 and 2, F” is
extracted as a coefficient matrix that does not depend on time indices. The learning
curve of the network MSD can be derived by the recursion for X = %I ~um. Taking
the limit i — oo yields the steady-state network MSD. |

SD-LMS Algorithm

SD-LMS is an extension of D-LMS which is applicable when the unknown
vector w® is known to be sparse. All nodes in the network aim to obtain a common
estimate of w° basically by minimizing the following global cost function (Lorenzo
and Sayed, 2013):

TEP(w) = i E “1)5;') - (u,f’Hwﬂ + 4 f(w), (2.2.34)
k=1
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where 2’ > 0 is a regularization parameter and f(w) is a real-valued sparsity-
promoting regularization function such as ¢j-norm of w motivated by least abso-
lute shrinkage and selection operator (LASSO) (Tibshirani, 1996), which is further
discussed later. In the same way as in Sect. 2.2.2, the alternative problem consid-
ered to perform at each node k is minimizing the following approximated local cost
function

T%w) = E HD;’“ - fu,ﬂ”Hwﬂ FAf@)+ > Bylw - PP (22.35)
leNi\(k}
where 4 > 0 is a regularization parameter and b;, > 0 is the weight to be determined
later. The LMS-type update for the local cost function can be derived by using the
gradient and replacing the moments with the instantaneous values, and also divided
into two steps as before, as

V=" @) - Mol - o fo ), (2.2.36)
o) =+ ) b — ), (2.2.37)
leNi\ (K}

where 0f(-) is the sub-gradient of f(-). Letting b;k = by and introducing A = {ay]}
in (2.2.9) lead to
o = Z ayp”. (2.2.38)
leN;
Summarizing the adaptation step (2.2.36) and the combination step (2.2.38), the
updating rules of SD-LMS (Lorenzo and Sayed, 2013) are shown in Algorithm 2.

Remark 1. SD-LMS is an extended algorithm of D-LMS (Cattivelli and Sayed,
2010) by adding the regularization term to the adaptation step.

As the regularization function f(w), a widely used form is €;-norm which en-
ables us to avoid solving {yp-regularization problems, which are known to be NP-
hard, but in this thesis, we employ the following regularization function

M

flw) = [Wewll =

m=1

2.2.39
T [Winl, ( )

where w,, is the m-th element of w, € > 0 is a parameter, and W, = diag [m, .
This is regarded as reweighting of ¢;-norm (Candes et al., 2008) and, according to
Lorenzo and Sayed (2013), achieves better performance than £;-norm, as antici-
pated by the fact that it is a better approximation of ||w]||p than ||w]||; as long as €
is sufficiently small. As an alternative to sub-gradient of (2.2.39), the following
formula is exploited:

of (w) = Wesign(w), (2.2.40)
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where W, in (2.2.39) are regarded as weights independent of w.
The convergence of SD-LMS in the mean sense is also guaranteed in Lorenzo
and Sayed (2013) under the same assumption as D-LMS.

Theorem 2 (Lorenzo and Sayed (2013, Theorem 1)). Consider the measurement
model given by (2.2.2) and the combination weight satisfying (2.2.11). Assume the
regularization function f(-) so that 0f(-) is bounded. The convergence of SD-LMS
in the mean sense is guaranteed under Assumption 1 if the step-sizes satisfy

2
0< <— (keV).
HES xRy

Proof sketch:  The error recursion can be expressed as
E[@"] = BE @] + AAT ME|0f ("))

i—1
= BE[w] + Z B"A"ME[af(¢ 1), (2.2.41)
n=0

where B = AT(Iyy — MD) and ¢~V = [(¢§H))T, e (qbf,_l))T]T. The first term
on the right-hand side can be handled in the same manner as in Theorem 1. For
the convergence of the second term, comparison test is employed that bounds the
term by another series where the absolute convergence can be shown. From the
triangle inequality, each element of 8" AAT ME [8 f (cb(i‘”‘]))] can be bounded by
the norms of B and df(¢"). The norm of B is bounded under the discussion in
Theorem 1 and that of f(¢") is also bounded from the assumption of the theorem.
Considering a series composed of these bounds, it becomes absolutely convergent,
so that the series of B"AAT ME [c’) f(qb(i‘”‘]))] in the second term of (2.2.41) is
bounded by the absolutely convergent series. Therefore the second term is also
absolutely convergent. O

The theoretical network MSD learning curve is expressed under Assumptions 1
and 2 as in D-LMS but has a more complicated form.

MSD™ = MSD™, + lr’T1+“”'q' _ LT [vec™ (F/' [ Iy - F'| ¢)| w

N N
i-1
® ) o)
+ gq’/N + (g(F’)'.qu'/N - g(F/)[—_j—Iq//N)’ (2242)
j=0
where gg) = % (/lg(ljz_, - g(zjzf), and where
g =E[af (@Y ") IMA(vec™ () A" Maf(p )] (2.2.43)
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Algorithm 2 SD-LMS (Lorenzo and Sayed, 2013)

1: Initialize ¢ " =0, VkeV
2: for each time i € N and each node k e “V do
3: (i) ,(f_l) + Lk u(i)(dl(f) (l)H 1)) iAo f((,i) D) (adaptation step)
4 (’) = YN, al/ﬂ/’; (combmatlon step)
5: end for
85! = =2E[af (V"I MA(vec™ (o) BV, (2.2.44)

for any vector o. The steady-state network MSD and the steady-state MSD at each
node k are shown in Lorenzo and Sayed (2013, Sect. 3) and given by

1 — 1 823, 0
MSD™ = —¢'I(I —F) g + =815 |1 - =22, 2.2.45
v L pmny ) q N8z - ( )
MSDy = 7T (v = F')'p + Ag1 5,00 (/l - gzﬂ) (2.2.46)
81,%;,00
respectively, where
(&)
815,00 = hm ng, ya—F a0 IN’ (2.2.47)
0]
813,00 = 11m ng Ty~ F 1 (2.2.48)
0]
82300 = hm ng, Ty F"Y /I (2.2.49)
g2500 = lim g @ (2.2.50)

8oLy Fy 100

The derivation is done in the same manner as D-LMS. Compared with (2.2.32)
and (2.2.33), the last terms in (2.2.45) and (2.2.46) result from the regularization
term and complicate the analysis of the steady-state performance. If the last terms
are negative, SD-LMS is superior to the original D-LMS. In Lorenzo and Sayed
(2013, Sect. 3-C), this is likely to be true in sparse estimation under the condition
that g2 5, « > 0 under Assumption 2 and that the regularization parameter satisfies

2.3, ,00
0< A< 2%
81,500

2.2.3 Consensus Propagation

CP (Moallemi and Roy, 2006) is an iterative algorithm to achieve the average
consensus by regarding an undirected network as a bidirectional network and by
using the idea of message passing algorithm (Pearl, 1988). Assume that each node
k has an initial state value x; € C. The goal of CP is the same as that of average
consensus protocol (Olfati-Saber et al., 2007), that each node obtains the average
of the initial state values X = % Z,’cvzl Xr. The formulations of CP can be categorized
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into two schemes: one is for a tree structured network and another is for the other
structures that include some cycles. We name in the thesis the former exact CP and
the latter loopy CP.

In the network with a tree structured network, exact CP can obtain the exact
average. CP consists of two types of updates, namely, message update between
neighboring nodes and state update at each node, to calculate the average using
locally available information only. The updates of exact CP at the j-th iteration
(j € N'\ {0}) are given as follows:

]| -1
K(u—)k) Z K(m—»u)’ (225 1)
meN,\{
[ji-11 5lj-1]
[j1 _ Xu + ZmEN \{k,u} K(m—»u)g(m—m) 2252
=k = -n 2.2.52)

1+ ZmENy\{k’u} K(m—m)

where K([g]_)k) =0, Yu,k € V, and where K([b{]_)k) and 95;]_),() are the messages sent
from node u to k. After iterating (2.2.51) and (2.2.52) between all neighboring
nodes with the same number J as the diameter of the tree, the estimate of the

average X at node k is given by
[J] (V]
i _ + Zuena\i Ko Oumi

k 9
1+ Suenovi Kol

(2.2.53)

xl[f] is exactly identical with X meaning that all nodes obtain X. Figs. 2.3 and 2.4
show the updates at node k and its neighbors. Since the diameter is the minimum
number of iterations required for the message propagation through the entire net-
work, exact CP is a fast and efficient algorithm to achieve average consensus.

For networks involving some cycles, loopy CP is employed where the update

of the message K([; Lk) is replaced with

(-1
g Ut Zmenaika Koo

- (2.2.54)
(u—k) =
! L (1 + e\ tkad (m—>]u))

Here, S is a positive constant and it should be noted that 8, can be also made de-
pendent on u as Sk, so that it depends not only on k but also on u. However, unlike
the exact CP, what the sufficient number of iterations is has not been understood
yet. By iterating (2.2.54) and (2.2.52) T times, the messages are shown to con-
verge to unique constants as 7 — oo and the resulting value of x]ET] also becomes a
constant, which is an estimate of the average. The convergence time for networks
of any structure has not been fully understood.! Tt is known that Br in (2.2.54)

'The convergence time for regular graphs has been analyzed in Moallemi and Roy (2006) but we
now consider broader classes of networks.
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Figure 2.3: Update of message from node u to node k in the j-th iteration. The
message is generated from the messages received in the (j — 1)-th iteration from its
neighbors except for node k, and its initial value x,.

plays an important role for the convergence, but, to the best of our knowledge, the
optimal value of B in terms of the convergence time has not been derived.

The message updates of CP can be represented by the non-backtracking oper-
ator (Coja-Oghlan et al., 2009; Decelle et al., 2011; Krzakala et al., 2013), which
is a matrix defined in terms of connections between edges. We expect that the rep-
resentation may enable the convergence analysis of loopy CP by using a spectrum
of the operator (Bordenave et al., 2015).

2.3 Overview of Proposed Methods

In this part, we aim to reduce performance degradation of D-LMS and SD-
LMS caused by approximate divisions of the cost functions and improve the part
related to the compensation of the local cost functions in the algorithms, i.e., the
combination steps which are closely related to the conventional average consensus
protocol. Specifically, we propose three novel distributed LMS algorithms that
employ CP as the alternative to the average consensus protocol to achieve better
convergence performance.

The first algorithm is based on exact CP which converges to the exact aver-
age on the network with a tree structure. It requires extraction of a spanning tree
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[J]
k

Figure 2.4: State update at node k. Node k calculates the estimate x
messages received in the J-th iteration from its all neighbors.

using the

beforehand because the network of interest is not necessarily a tree. We then con-
struct the algorithm by substituting the combination step of D-LMS with exact CP.
Unlike the original D-LMS that iterates a pair of one adaptation step and one com-
bination step, the proposed algorithm iterates a set of one adaptation step and J
updates of exact CP (i.e., iterations of exact CP until achieving average consen-
sus). Although in small networks the proposed algorithm may take more iterations
than D-LMS, it expects faster convergence, especially in large networks, as long as
the diameter of the tree is not so large. The algorithm is named CP-LMS.

The second algorithm is based on loopy CP. It does not require extraction of a
spanning tree and can perform on networks of general structure. There can be two
approaches to apply loopy CP to the distributed LMS. One approach is to replace
the exact CP of CP-LMS with the loopy CP. However, constants involved in the ap-
proach and the required iteration number cannot be determined because appropriate
values for them in loopy CP have not been known. Another approach considers a
special case that employs only one iteration of loopy CP. This approach actually
results in the proposal of a novel combination rule of D-LMS in this thesis and en-
ables us to analyze convergence performance. The combination rule is named CP
rule. Moreover, it enables optimization of the constant involved in loopy CP and
extension to an adaptive version of the combination rule. The adaptive extension
is named adaptive CP rule.

The last algorithm is an extension to SD-LMS. We apply the latter approach
mentioned above to SD-LMS. In this case, there are two methods for the optimiza-
tion of the constant involved in loopy CP. One method introduces a rough approxi-
mation, which results in the same combination rule as the above, adaptive CP rule.
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Another method relaxes the approximation and yields a novel combination rule of
SD-LMS. The rule is named adaptive CP with Optimization (CPO) rule.
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3: D-LMS based on CP

3.1 D-LMS based on Exact CP
3.1.1 Proposed Algorithm

In the first approach CP-LMS, we firstly extract a spanning tree from the orig-
inal network which possibly has some cycles using some centralized or distributed
spanning tree protocol such as Herzen et al. (2011) and Bui et al. (2004). For ex-
ample, we can use the distributed algorithm in Bui et al. (2004) to find a minimum
diameter spanning tree of any graph G = {V, E} with O(]V|) time complexity and
O(|V||E|) message complexity. We then apply exact CP in the combination step of
D-LMS on the extracted tree network. Every time each node obtains a linear mea-
surement, the estimate ¢/(j) at node k is updated by the adaptation step (2.2.7) as in
the conventional method. The subsequent estimate d);j) is obtained as the consen-
sus value achieved by exact CP on each element of the vector ’l/)l({i), i.e., the average
of all nodes’ estimates at time i. After each node performs the same number of
exaxt CP updates as the diameter J of the spanning tree, the average is substituted
to the new estimate d)(i) and then the algorithm proceeds to the next step.

The proposed updating rules are summarized in Algorithm 3. K(l)([kj] 0 and
92)(IZLI) are the p-th elements (p = 1,..., M) of the messages transmitted from

node k to node [ at the j-th iteration of exact CP at time i. (¢,(f)) p becomes the p-th
element of the average of all nodes’ estimates at time i.

Algorithm 3 CP-LMS

1: Extract a spanning tree
2: Initialize ¢ " =0, Vk eV

3: for each time i € N, each node k € V, and each element p = 1,..., M do
1 H (-1

) (]({[)0] ¢(l ) +( )[O}L(l)(d(l) I(Cl) E{l ))
. l l —

S 017 (k—1) — 0 Kp (k—1D) — 0

6: for j=1toJ do
. DL/ @Hj-11

7 K, Gy = 1+ Zueniik Ky i

8: gL} W’k dpt ZueN\ik) Kz(:)(»falkﬂ(pt)(z{ﬂlk)
: pk—l) — O

pk=D)
9: end for 0 P
10: (qb(l) _ Wt L K), <u—>k>9p k)

O]
1+Zu€Nk\(k) Kp,(u—>k)
11: end for
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3.1.2 Convergence Analysis

In this section, we analyze the convergence in the mean sense and the mean-
square behavior of the proposed CP-LMS. In order to make the analysis tractable,
we appropriately use the assumptions in Sect. 2.2.2.

It should be noted here that the proposed CP-LMS realizes the centralized
fusion-based solution known as block LMS (Cattivelli and Sayed, 2011; Zhao and
Sayed, 2012), where a fusion node collects measurements and measurement vec-
tors of all other nodes, in a fully distributed manner if we introduce further assump-
tion:

Assumption 3. All nodes have the same step-size parameter, i.e., yx = | for all k,

because all nodes can collect all nodes’ estimates at each iteration after J updates
of exact CP. To be more specific, under Assumption 3, the update equations of
CP-LMS can be summarized as
& _ (=1 @ ¢ 400 (OH  (i-1)
{ R +M(,_L)Lk (@ —w ¢ )
) _ 1 N i
2=

k TN I

Since ¢g) does not depend on &, we replace ¢g) with a new notation 1", and then
the whole update is simplified as

N
o N o _—
¢(l) — N IZI“[,(!)(I D +,uu§l)(d§l) _ ,u,gl) ,(p(z 1))]
N
=0 5 D ) M), (3.1.1)
=1

which corresponds to the centralized block LMS algorithm. This means that the
conventional performance analysis for the block LMS (Cattivelli and Sayed, 2011,
Sect. 4-B) is directly applicable to the proposed CP-LMS. For example, the fol-
lowing theorem, which was originally proved for the block LMS, is valid for the
CP-LMS as well.

Theorem 3. Consider the measurement model given by (2.2.2). The convergence
of CP-LMS in the mean sense is guaranteed under Assumptions 1 and 3 if the

step-size satisfies

O<p<—"
S B

where R =Y | R,,.
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The transient behavior of CP-LMS can be also represented by the same expres-
sion as the conventional block LMS (Cattivelli and Sayed, 2011, Sect. 4-C) under
Assumptions 1 and 3. Now let r,, = vec(R,,) and

=

F=Ip-p/(In®R) -y (R' e Iy)+p (R @ R)+u” ) 7y,
k=1
where ¢/ = u/N. The theoretical network MSD learning curve of the CP-LMS
algorithm is given by

N
MSD!™ = MSD™, + u'? Z o-,%r,iFiq — w [vec_1 (Fi Iy — F] q)] w®,
k=1

(3.1.2)
where g = vec(Iy). It is clear that MSD; = MSD"¥ holds in the case of CP-LMS
because all nodes obtain the same estimate /) at each step i. Thus, the steady-state
MSD is given by

N
MSDy = MSD™ = 42 Z i@, - FY'g. (3.1.3)
I=1

Note that it is one of the important merits of CP-LMS that the transient behavior
can be described by the same expression as that of the centralized solution. Unlike
the conventional D-LMS, the calculation of the theoretical transient behavior of the
centralized solution requires much smaller computational complexity than that of
the conventional D-LMS.

3.2 D-LMS based on Loopy CP

3.2.1 Proposed Algorithm — General Case

The extraction of a spanning tree in the algorithm in Sect. 3.1.1 can ensure
the perfect consensus at each iteration of LMS. However, the use of a spanning
tree may also degrade the convergence performance because some communication
links available in the original network are not utilized at all in the algorithm work-
ing on the extracted spanning tree. In this section, we consider applying loopy CP
to D-LMS without extracting any spanning tree.

Here, we describe a modified CP-LMS that can be directly applicable to net-
works with some cycles. Every time each node obtains a linear measurement, the
](f) at node k is updated by LMS (2.2.7) as in the conventional method.
Since it is difficult to know the required number of updates for the case of loopy CP,

estimate 1

we set a fixed number of updates. After each node performs the updates of loopy
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Algorithm 4 LCP-LMS
1: SetT > 0,8 >0,YkeV
2: Initialize ¢ =0, B >0, Vke V, T >0

3: for each time i € N, each node k € V, and each element p = 1,..., M do
@ _ =1

@), 1(i) OH 4 (i-1)
4: v = Pr + Huy (dk U k )
' OO _ (O] 1) I
5: ep,(kﬁl) - 0’ Kp,(k—>1) =0
6: for t=1t7 do Dli-1]
7 K(i)[t] _ 1+ Xuen i K(pl,(u—ﬂc)
: pk=D T T (s Koty
B UENIMLEY B p (u—k)
& Ol-11 (Dle-1]
3: g _ WG+ ZueN ik Kty
- Ptk = T 4y Ktk
df ueNp\{Lk} p.(u—k)
9: end for
; W)+ uen i Kot iy
10: (¢(z)) = Tk P AN T p k) plumk)
. e )p OIT]
1+ Zuemota K (st
11: end for

CP T times, the calculated estimate is assigned to the p-th element of the new es-
timate ¢](:), and then the algorithm proceeds to the next step. Note that (qb,((i)) p Will
not be exactly the same as the average of the p-th elements of z,b/(j) in general for
any T.

The proposed updating rules are summarized in Algorithm 4. We call this algo-
rithm Loopy CP-LMS (LCP-LMS). As mentioned in Sect. 2.2.3, the sufficient num-
ber of iterations for convergence has not been understood and the optimal value of
constants Sy that minimizing convergence time has not been derived, so that the
behavior of LCP-LMS cannot be also analyzed. It is necessary to adjust values of

T and By (Vk € V) depending on a structure of a network or desired performance.

3.2.2 Proposed Algorithm - Special Case
Derivation

LCP-LMS has difficulties in analyzing the performance and determining the
constants 3 because the behavior of loopy CP has not been fully understood. How-
ever, we can analytically evaluate the convergence performance if we consider a
special case that the number 7 of iterations of loopy CP updates is limited to one.
This idea also brings about an advantage to track fluctuations of an unknown vector
more quickly than CP-LMS or the general case of LCP-LMS which repeat com-
munications while keeping information of measurements fixed. We describe the
algorithm for the special case that employs only one update of loopy CP and then
the method turns out to be D-LMS using a novel combination rule. We show how
to determine the constants 8y in terms of the performance of D-LMS. This idea
that 7 is limited to one does not enjoy benefits of CP but we focus on the analytical

30



CHAPTER 3. D-LMS BASED ON CP

aspect and further extend the proposed combination rule to an adaptive one.
From the first updates of the messages in Algorithm 4, we have

om - _ Bk
piub = T1 gy (3.2.1)
I X000 — (0,

0L = = () (3.2.2)

We omit the subscript p in K(’)(“]_)k) as K((I)E,]C) because K(')(“Lk) does not depend

on p, and thus the element-wise update rule in Algorithm 4 can be rewritten as a
vector-wise update as

o _ B
Kb =155 (32.3)
O _ ()
o = . (3.2.4)

@]

Moreover, deriving x, -, namely, (’) by using (3.2.3) and (3.2.4) gives

. 1 +,3k . .
) 0) @ _ (@)
- > > . 325
T TR INB +1+|/\/,<L3k ¢ ) (3.25)

ue N \{k leNy

This can be regarded as a novel combination rule summarized as

Br if 1€ N\ {k),

1+1\+Nél3k >

— k H —

ak =\ TN if k=1, (3.2.6)
0, otherwise,

which satisfies 1T A = 17T,

Optimal Combination Weights

As mentioned in Sect. 2.2.3, how to select 8 has been an open issue (Moallemi
and Roy, 2006). In this section, we choose S in terms of the steady-state network
MSD of D-LMS (2.2.28). The steady-state network MSD itself includes an infinite
sum and has a complicated form, but an upper bound of it can be expressed simply
by a product of some parameters. We thus optimize S; by minimizing the upper
bound of the steady-state network MSD.

Under Assumptions 1 and 2 in Sect. 2.2.2, the steady-state network MSD can

-1
be rewritten by expanding (I( MNY? — F’) as

MSD™ = % gTr [B-’ﬂTMgMﬂ (BH)j ] , (3.2.7)

where B8 = A" (I - MD). The right-hand side can be shown to be bounded
(Sayed, 2014, Sect. 8.2) such that

MSD™ < cTr | AT MGMA| (3.2.8)
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where ¢ is a positive constant. Recalling the definitions A = A ® Iy, M =
(diag[uy, ..., un]) ® Iy, and G = diag[o-%Ru,, cees O'IZVRMN], the trace can be cal-
culated as follows (Tu and Sayed, 2011; Zhao et al., 2012; Sayed, 2014):

N N
Tr|ATMGMA| = > > viag, (3.2.9)

k=1 I=1

where ’)/12 = ,ulZO'lzTr[Rul]. For the proposed combination rule (3.2.6), the optimiza-
tion problem to determine {8} is written as

N N
Zpt}llcvzl = arg min Z Z ylzalzk,
B, k=1 =1
s.t. (3.2.6), Br>0(k=1,...,N), (3.2.10)

where the constraint 5; > 0 comes from the definition in loopy CP. By substitut-
ing (3.2.6) into the problem, this optimization problem can be separated into N
independent subproblems as

B = arg min h(By), (3.2.11)
Bk
where X ) ,
+ Bk 2 B
wo =R+ Y
KT+ VKB leg\:{k} N1+ INBk

The above function h(By) is differentiable and we have

oh 2 , , X
T ETVAT RS =N =Nkl =1 . 3.2.12
9~ L+ NGB [LEZM” | kly"Jﬁk . m] R

In line with this equation, the shape of the cost function h(8y) largely depends on
Tk = Yien, 7,2 - INkIy,E # 0 in the first term of the right-hand side of (3.2.12).
When I'y > 0, the function h(Bx) has a global minimum in 8; > 0 and the optimal

value is obtained as 5
goin _ (ML= 1
k Fk .

On the other hand, it becomes a monotonically decreasing function of 8; > 0 when

(3.2.13)

I’y < 0. Thus, in summary, the optimum Sy is given by

opt _ ﬁ;{ﬂin’ if Fk > 0’
P = { +00, otherwise, (3.2.14)

and the corresponding combination weights are given by

B .
1+|Nk|ﬂ:pt, lf l € Nk \ {k}’
Ccp _ opt
a, = 1+, = ifk=1, (3.2.15)
1+
0, otherwise.

32



CHAPTER 3. D-LMS BASED ON CP

opt

We name this combination rule as CP rule. Note that if I';y <0, i.e., B,

= 400, the
weight aflg coincides with the uniform rule (2.2.12).

In the existing works (Tu and Sayed, 2011; Zhao et al., 2012; Sayed, 2014),
{ay} in (2.2.10) is directly derived by minimizing the upper bound (3.2.9) of MSD™¥
with respect to {ay} as

N
(@), = arg min Z v, (3.2.16)
lan), =1
N

s.t. Zalk =1, ap=0if [ ¢ N.
=1

The solution results in the relative-variance rule (2.2.15) (Tu and Sayed, 2011)
given by

_ bt ifl € N,
a¥ =3 Tnen Al ks (3.2.17)
0, otherwise.

Adaptive Combination Weights

The CP rule (3.2.15) and the relative-variance rule (3.2.17) require the knowl-
edge of ylz, which depends on locally unavailable network statistics such as the
correlation matrices R, of the measurement vectors and the measurement noise
variance 0'12. Thus, we employ adaptive estimations of ylz for D-LMS proposed
in Tu and Sayed (2011); Zhao et al. (2012); Sayed (2014). The estimate ¢\ should
approach the unknown vector w° as the algorithm iterates (2.2.36) and (2.2.38),
and reach the steady-state under Assumption 2. By using (2.2.36) and (2.2.2), the

estimate wl(i) can be rewritten as
B~ w + UV,
Taking the expectation leads to

. 2
E [H'zbl(’) - w° ] ~ (o Tr(R,,).

The right-hand side is ylz itself. To estimate it adaptively, the instantaneous values
are substituted into the expectation. Let (ylzk)(i) be an estimate of ylz at node k and
time i. Such an estimate (ylzk)(i) is obtained by employing the following update:

. . . - 2
@30? = (A =voR) + vl - 67" (3.2.18)

where v (0 < v; < 1) is the forgetting factor. By using this estimate, the adaptive
version of (3.2.17) named the adaptive relative-variance rule (2.2.16) is proposed
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Algorithm 5 D-LMS with adaptive relative-variance rule (Zhao et al., 2012)

1: Initialize ¢\ " =0, Vk eV
2: for each time i € N, each node k € V, and each neighbor [ € N} do

() (-1 i) o (D) HH , (i-1)
3 O = oy mul @) - u o)

; i j i~1

& 00 ==+ vills)” = I
_ G _ o

S A NI

6 ¢ = Tiew, a0

7: end for

in Zhao et al. (2012) as

_ @ e N
a™V =3 T [02,001 ko (3.2.19)

0, otherwise.
In the same manner, the adaptive version of the CP rule is given by

(N l=D(2)?
(i) _ 0)

A=y T |
+00, otherwise,

B
0 l+|Nk(|€§:) ’

aCPH’( = 1+4f¢
PRYVITGE
1+ AT )
0, otherwise,

cifT® > 0,
e = (3.2.20)

if [ € Ni\ {k},

k=1, (3.2.21)

where T = Zjen, (730 = INI(3).

The algorithms of D-LMS using the conventional adaptive combination rule
in (3.2.19) and the proposed rule in (3.2.21) are summarized in Algorithm 5 and
Algorithm 6, respectively. The computational complexity of Algorithm 5 and Al-
gorithm 6 are almost the same because the complexity of the proposed rule (3.2.21)
becomes comparable to that of the conventional rule (3.2.19) by substituting (3.2.20)
into (3.2.21).

Convergence Analysis

In this section, we discuss the convergence of D-LMS using static (i.e., non-
adaptive) CP rule (3.2.15) in the mean sense and the mean-square behavior. Note
that the transient behavior for the adaptive combination rules (not only adaptive
CP rule but also adaptive relative-variance rule) remains an open issue. So, the
theoretical network MSD learning curve below will not be valid for the adaptive
CP rule, while theoretical results at the steady-state are applicable to the adaptive
CP rule as well. The conventional performance analysis framework for D-LMS in
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Algorithm 6 D-LMS with proposed adaptive CP rule

1: Initialize ¢ " =0, VkeV
2: for each time i € N, each node k € V, and each neighbor [ € N do

i i—1 WG H , (-1
3: ,ﬁ’); ¢ )+ukug)(§l,(<’) -l by )) .
£ P =1 -vp) D vl — I
5o i Bien ) — 50PN > 0 then
. ,3(’) (M-
’ ZleN,\(’)ﬁzk)(l) 07PN
. 0 _ 1+ﬂk
7: alk - 1; \Nlﬂ(') (IENk\{ })’ I+ |N|ﬁ(l> (l )
else
@ _ 1
: alk = m
10: end if
11 (1) ZleM (l)'(p(l)
12: end for

Sect. 2.2.2 is applicable to the proposed D-LMS using CP rule because CP rule can
be regarded as one of the combination rules.

Corollary 1. Consider the measurement model given by (2.2.2) and the combi-
nation weight given by CP rule (3.2.15). The convergence of D-LMS using the
proposed CP rule in the mean sense is guaranteed under Assumption 1 if the step-

sizes satisfy

2
0< <— (keV.
< Ry K€V

The theoretical network MSD learning curve of D-LMS using CP rule (3.2.15)
can be represented by the same expression as (2.2.31) given by

MSD™ = MSD™, + %T'TF’iq' - %wT [vec™ (F"' | Lpgwy - F'| @) | w.
(3.2.22)
The steady-state network MSD and the steady-state MSD at each node k are also
represented by the same expressions as (2.2.32) and (2.2.33) given by

1
MSD" = NT'T(I(MN)Z - F)l¢, (3.2.23)
MSDy = 7" (L yyp — F) 7', (3.2.24)

respectively.

3.3 Computational Complexity and Communication Cost

We compare the computational complexity and the communication cost of the
proposed schemes with those of the conventional methods in this section. Table 3.1
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shows the complexity and the cost of the proposed algorithms and other algorithms
in each combination step at a node. The computational complexity is defined as
the number of scalar multiplication (division) or addition (subtraction) par one-way
synchronous communications to node k from its neighboring nodes (for example
for CP-LMS, not added up J times). The communication cost is defined as the
number of scalar values that node k has to receive par one synchronous communi-
cation (for CP-LMS, not added up J times). Note that, since the adaptation step
is common for all algorithms including the proposed schemes, the complexities
only related to the combination step are evaluated. We can find that the proposed
CP-LMS and LCP-LMS require higher computational complexity and communi-
cation cost than other algorithms because they contain exchanges of two types
of messages between nodes. However, for all the algorithms compared here the
communication cost is of the same order. As the communication time typically
dominates the execution time in applications such as wireless sensor networks, one
may conclude that the required time is comparable.

Here, we also mention communication cost of centralized block LMS. In this
case, a fusion node collects measurements and measurement vectors of all other
nodes, so that it receives M + 1 scalar values from N — 1 nodes, namely, the com-
munication cost is (M + 1)(N — 1). This is higher than those of the distributed
methods discussed here in terms of cost par a processing node and the difference
will be remarkable, especially in large-scale networks.

Table 3.1: Computational complexity and communication cost for the proposed
algorithms and other conventional algorithms par one synchronous communication
at node k.

Algorithm X,+ +,— Communication
cost
D-LMS w/ static || MIN| M(N - 1) M(N - 1)
rules
AMC diffusion MIN| M(N - 1) M(N - 1)
M((Ni] = 1)? 2ZM(INil - 1)
CP-LMS (pro- ] - 2M(N = 1)
posed) + N/ (Nl =2+1/J)
M(INJ -1 M(N - 1)
LCP-LMS  (pro- ) _ 2M(N = 1)
posed) +IN/T) GINkl=5+2/T)
D-LMS w/ adap- || 2M + 5)|Ny| GMA2DIN-M—-1 | M(IN| - 1)
tive relative-
variance rule
D-LMS w/ adap- || M + 4)|Ni| +3 GMA3)IN-M+2 | M(IN| - 1)
tive CP rule (pro-
posed)
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3.4 Simulation Results

3.4.1 Settings

In this section, we compare the learning curves of instantaneous network MSD,
MSD™ " of the proposed schemes with the theoretical results and those of the
conventional schemes via computer simulations. All the simulation results were
obtained by using MATLAB, and we implemented all algorithms by ourselves
without any toolbox. We assumed that the measurement vectors {u,(f)} were zero-
mean real Gaussian random vectors with size M = 5 and had time-correlated shift
structures (Lopes and Sayed, 2007). The specific structure was given by

u/(f) = [ug (), weGi— 1), -+, (i — M + 1)]T, 3.4.1)

(i) = agup(i — 1) + (Joa (1 - aDz(i). (i €N) (3.4.2)

a; € [0,1) and (Tﬁk € (0, 1] were chosen from uniform distribution. z;(i) was a

where

white Gaussian process with zero mean and unit variance, and independent of z;( ;)
forl € V\{k}and j # i. The initial value u(0) was also chosen fromi.i.d. Gaussian
with zero mean and unit variance. In this case, the trace of the correlation matrix is
Tr[R,] = Moﬁk. We used the common step-size parameters p; = u, the common
forgetting factors vy = v, and the common initial values (ylzk)(o) = (yHO, for all
k, l. The unknown vector was set to be w° = LMl m. All simulation results were
obtained by averaging over 100 independent trials. All networks considered in the
following sections were connected and the topologies were fixed throughout the
simulations.

3.4.2 Comparison with Theoretical Learning Curve

In Figs. 3.1 and 3.2, we compare the learning curves of the CP-LMS and D-
LMS using the static CP rule (3.2.15) obtained by simulations with the theoretical
curves using (3.1.2) and (3.2.22), respectively. We used only a small network with
N = 20 in Fig. 3.3 due to the computational difficulty in obtaining the theoretical
values. The simulation of CP-LMS and its theoretical calculation were performed
on the spanning tree shown in Fig. 3.3 (b), and that of D-LMS using CP rule and its
theoretical calculation were performed on the original network shown in Fig. 3.3
(a). The step-size parameters were u = 0.08 (1" = 0.004) in CP-LMS and ¢ = 0.01
in D-LMS with CP rule, respectively. The measurement noise power was set to
a',% =103 (k = 1,...,N). Fig. 3.1 shows that the simulation result agrees well
with the theoretical curve. On the other hand, in Fig. 3.2, the curve before the
steady-state matches the theoretical one but we found a slight disagreement be-
tween the simulation and the theoretical results at the steady-state. This may be
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Figure 3.1: Network MSD learning Figure 3.2: Network MSD learning
curves of the proposed CP-LMS. curves of D-LMS with proposed CP
rule.

(a) Original network (b) Spanning tree

Figure 3.3: Network topologies with N = 20.

due to the gap between the model of measurement vectors (3.4.1) and Assump-
tion 1 that imposes the temporal whiteness. Although this gap also affects Fig. 3.1,
the disagreement becomes more pronounced in Fig. 3.2 because, even before the
assumption is introduced, the theoretical result of D-LMS is more complicated than
that of CP-LMS so that more information is lost in the former in approximation by

introducing the assumption.
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(a) Original network N =200  (b) Spanning tree N = 200
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(c) Original network N = 500  (d) Spanning tree N = 500
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(e) Original network N = 1000 (f) Spanning tree N = 1000

Figure 3.4: Network topologies.

3.4.3 Performance of Proposed CP-LMS and D-LMS w/ Adaptive CP
rule

Here, we compare the performance of the proposed CP-LMS and D-LMS using
the proposed adaptive CP rule (3.2.21) with that of D-LMS and the AMC diffusion
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LMS using the conventional Metropolis rule (2.2.13). In order to compare the
performance in networks of different sizes, we have generated Erd6s-Rényi random
networks with N = 200, 500, and 1000 as shown in Figs. 3.4 (a), (c), and (e),
whose average degree was set to 6. Figs. 3.4 (b), (d), and (f) show the spanning
trees extracted from the original networks so that the diameter of the tree becomes
the smallest among all possible choices, i.e., the minimum diameter spanning trees.
The diameters of the trees with N = 200, 500, and 1000 were J = 8, 10, and 10,
respectively. Here, we adopted the minimum diameter spanning trees to CP-LMS
and the original connected networks to D-LMS algorithms. The reason of the
latter is that the original networks have more edges than the trees, which increases
available information at the combination step in D-LMS. The number of iterations
of the AMC diffusion LMS and the measurement noise power were set to J' = 2
and 0'% =103 (k= 1,..., N), respectively. The performance of centralized block
LMS in a star topology where measurements of all nodes were collected in a single
synchronous communication was also evaluated.

Fig. 3.5 shows the network MSD learning curves of the centralized block LMS
at a star topology, the proposed methods, and the conventional methods for the
networks with different sizes versus the number of communications. The number
of communications is defined as the number of the combination steps, where the
exchanges of measurements, messages, or immediate estimates are assumed to be
synchronous among all nodes. We have controlled the step-size parameters of the
algorithms so that the steady-state performance becomes comparable for all algo-
rithms. In the figures, D-LMS using the proposed adaptive CP rule outperformed
the conventional diffusion methods for all cases. As for CP-LMS, though the con-
ventional methods achieved faster convergence in Fig. 3.5 (a), CP-LMS converged
faster as the number of nodes increases and it outperformed the conventional meth-
ods and D-LMS using the proposed adaptive CP rule in Fig. 3.5 (c). These results
are consistent with the expectation that the proposed CP-LMS would be useful,
especially for large-scale networks. This is because the consensus protocol em-
ployed in the conventional LMS generally achieves slower convergence when the
network size is large, while the convergence rate of CP depends only on the diam-
eter of the graph. Note that the reason why the AMC diffusion LMS converged
slower than D-LMS was that this chapter evaluated the network MSD with respect
to the number of communications instead of the number of the adaptation steps.
The centralized block LMS achieved the fastest convergence if it worked on a star
topology but the convergence became slower in a case of relaying measurements
in the networks shown in Fig. 3.4, which was understood from the reason that the
situation can be regarded as CP-LMS.
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Figure 3.5: Network MSD learning curves of proposed methods and conventional
methods versus number of communications.

3.4.4 Performance of Proposed LCP-LMS

Next, we evaluated the performance of LCP-LMS where the iteration number
T was varied from 1 to 9. For performance comparison in a small network, we used
Erd6s-Rényi random networks with N = 50 shown in Fig. 3.6 (a) and, for that in a
large network, we used the network with N = 1000 in Fig. 3.4 (e). The constant and
the measurement noise power were set to Sy = 10* and o-,% =103 %k=1,...,N),
respectively.

Figs. 3.6 (b) and (c) show the network MSD learning curves for the proposed
LCP-LMS for the networks with different sizes versus the number of communica-
tions. We compare the performance of LCP-LMS in the small network with the
conventional D-LMS in Fig. 3.6 (b). In this case, convergence of LCP-LMS with
T > 1 was slower than D-LMS, so that the method could not work well in the small
network. In Fig. 3.6 (c), we compare the performance of LCP-LMS in the large
network with the proposed CP-LMS that achieved the best performance in Fig. 3.5
(c). The performance of LCP-LMS with T = 4 and T = 5 was the best among the
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Figure 3.6: Network MSD learning curves of LCP-LMS versus number of com-
munications.

methods in this case. The figure suggests that LCP-LMS achieves faster conver-
gence than CP-LMS and conventional diffusion schemes in large scale networks if
we can set an appropriate value of 7.

3.4.5 Proposed Rules vs Conventional Rules

Finally, we compare the performance of the proposed D-LMS using the static
CP rule (3.2.15) and the adaptive CP rule (3.2.21) with that of conventional D-LMS
using the static Metropolis rule (2.2.13), the static relative-variance rule (3.2.17),
and the adaptive relative-variance rule (3.2.19) in a small network. We used the
network with N = 20 shown in Fig. 3.3 (a). The measurement noise power a',%
was varied among nodes in order to confirm the estimation ability of the proposed
adaptive CP rule. We set 0',% in proportion to the square of the distance of node k
from the origin (0, 0) of Fig. 3.3 (a). This setting can be alternatively understood
as assuming the situation that the observation target is located at the origin, and the
power of the target signal decays with the square of the distance while keeping the
measurement noise power to be uniform for all observation nodes. The initial value
and the forgetting factor of the adaptation were (y*)© = 4.5x 1072 and v = 0.07 in
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both Algorithms 5 and 6. We have controlled the step-size parameters of the algo-
rithms so that the steady-state performance becomes comparable for all methods.
Fig. 3.7 shows the learning curves of D-LMS using the static CP rule, Metropolis
rule, and the static relative-variance rule in terms of the network MSD assuming
that true ylzs were known to each node. In the figure, we see that D-LMS using the
CP rule converged faster than that using other rules. Fig. 3.8 shows the learning
curves of D-LMS using the proposed adaptive CP rule, Metropolis rule, and the
adaptive relative-variance rule in order to verify the influence of weight adaptation.
The adaptive CP rule achieved comparable performance as in Fig. 3.7, while the
performance of the adaptive relative-variance rule was significantly degraded in the
settings here.

3.5 Conclusion

In this chapter, we have proposed novel D-LMS algorithms for in-network sig-
nal processing on the basis of the idea of the message passing algorithm of CP. By
using exact CP on the spanning tree of the original network, CP-LMS can achieve
the same solution as the centralized LMS in a fully distributed manner. LCP-LMS
and its special case of CP rule are based on loopy CP, and we have optimized
the constants involved in CP rule in terms of the steady-state MSD of D-LMS.
Moreover, we have shown that their theoretical learning curves and steady-state
MSDs can be obtained using existing frameworks. Also, we have extended the
CP rule to an adaptive implementation named adaptive CP rule. Simulation results
have shown that the proposed CP-LMS and LCP-LMS with an appropriate itera-
tion number achieved better performance than the conventional D-LMS, especially
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in large-scale networks, and that D-LMS with the static and the adaptive CP rules
achieved better performance than that with the conventional combination rules.

Future work includes extension of the proposed CP rule to more flexible weight
control methods using asymmetric updates in loopy CP, i.e., using different con-
stant at each node depending on the direction of the messages.
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4: SD-LMS based on CP
4.1 SD-LMS based on Loopy CP

4.1.1 Derivation

We discuss the case that the unknown vector w° is known to be sparse. SD-
LMS (Lorenzo and Sayed, 2013) is an extension of D-LMS for estimating suf-
ficiently sparse unknown vectors. To improve the performance of SD-LMS, we
apply loopy CP, instead of the conventional average consensus protocol, to SD-
LMS. Especially in this chapter, to focus on analytical tractability of the algorithm,
we deal with a special case of loopy CP, where only the first iteration (7' = 1)
is employed, in the same way as Sect. 3.2.2. This section shows that combining
the special case of loopy CP with SD-LMS results in an SD-LMS that employs
the same combination weight as that derived in Sect. 3.2.2, which includes the
constant 8. Optimization of By is discussed in the next section.

We apply the special case of loopy CP to the combination step of SD-LMS (2.2.38)
and describe the update by using the messages of loopy CP, K ' and ') The

(u—k) (u—k)*
former is directly calculated as

L. Br

b = 15 @.1.1)

Substituting the current estimate 1,b,(<i) in (2.2.36) for the initial value x; of loopy CP
in (2.2.52) (k=1,2,...,N), we have

| :
Ol = Xu = 1. (4.1.2)
Moreover, the estimate gbg) is obtained by the derivation of xg] in (2.2.53) instead

of (2.2.38) and can be calculated as

[1] [1]
0 Xk + ZuENk\{k} K(u—)k)e(u—ﬂc)
k

[1]
L+ Yuenin Koo

_ B o N Bk (i)
L+ INelBe % 1+ INKIBk wenT “
_ cp 1,0
= Z aps
leN
where
e ifle N\ k),
ax =\ g, 1=k (4.1.3)
0, otherwise.
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This coincides with (3.2.6) for D-LMS. Therefore, the proposed method results in
SD-LMS algorithm that uses the parameter S for the combination weights as in
Sect. 3.2.2.

4.1.2 Optimization and Adaptive Combination Weights

Optimization Problem

In the following sections, we optimize Sy in (4.1.3) in terms of an upper bound
of the steady-state network MSD of SD-LMS in the same way as Sect. 3.2.2. First,
we introduce a specific formula of the steady-state network MSD of SD-LMS,

MSDg;, that has been concretely calculated in Lorenzo and Sayed (2013) as
1
MSD{p;, = MSDg; + 5 4g1.(A), 4.1.4)

where MSDG is the steady-state network MSD of D-LMS (2.2.32), where g,.(A)
is a function depending on the parameters A and €, and where A is the matrix
composed of the combination weights {ay}. The specific formula of g, (A) has
been shown in Lorenzo and Sayed (2013) as

8re(A) = 181,500 — 82,5005 (4.1.5)

where
8130 = lim E[0f (DI MASAT Mof (")) (4.1.6)
22300 = ~2 lim E[0f (¢ MASA Iy - MDY ], (4.1.7)

and where ¥ = vec™! ((I(MN)z - F’)‘]q’/N). Equations (4.1.6) and (4.1.7) are
the same as (2.2.47) and (2.2.49), respectively, but they are reproduced here for
convenience. Remark 1 in Sect. 2.2.2 demonstrates that the second term of (4.1.4)
is due to the regularization term of SD-LMS.

Adaptive CP rule

The function g, (A) has the complicated form so that it is difficult to use
MSDg, directly for the optimization of Sx. We thus derive an upper bound of
MSDg, by introducing some approximations.

In this section, we consider approximating g, (A) =~ g.1.(In), that is, the sec-
ond term in (4.1.4) is assumed not to depend on A, i.e., B¢. This is motivated by
the fact that only the adaptation step includes the regularization term and that any
information is not exchanged between nodes in the step. From the approximation,

we only need to find an upper bound of MSDG¥ because the second term of (4.1.4)
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is independent of S;. The optimization problem is identical with (3.2.10), so that
we can derive the optimal parameter ﬁzpt in the same manner, namely,

INdl-Dyyp .
AP = { o >0, (4.18)
+00, otherwise.

The resulting combination weight using (4.1.8) has been named CP rule. As dis-
cussed in Sect. 3.2.2, in the case of ﬂzpt = oo, the resulting combination weight (4.1.3)
coincides with the uniform rule (2.2.12).

Furthermore, we can also derive an adaptive solution to estimate yf = /JIZO'IZTI'(RW)
and then update Sy in a similar way to that of D-LMS (shown in Sect. 3.2.2) to avoid

the direct calculation of ylz that depends on locally unavailable network statistics

2
l

proaches the unknown vector w® as the algorithm iterates (2.2.36) and (2.2.38),
and reaches steady-state under the assumption that the step-sizes are sufficiently
small. By using (2.2.36) and (2.2.2), we can rewrite

such as noise variance o; and the correlation matrix R,,. The estimate qbl(:) ap-

W xw® + UV - a0 f(w®).

Taking the expectation leads to

@ _ 0 ] o 2.2
B|[f” - we + maof o) | = woiTacR).

We substitute the instantaneous values into the expectation and use it to estimate
ylz. Let (ylzk)(i) be the estimate of ylz at node k and time i. We adaptively obtain the
estimate by employing the following update:

2

GR? = (A =voR) + vic[wf” - 67" + maof @) (4.19)

where v; (0 < v < 1) is the forgetting factor.
The subsequent estimate ,8;(’)
are described as

of B;*" and the combination weight a, O at time i

IN-DO2)D . )
; — k9T >0,
BY = g ko (4.1.10)
+00, otherwise,
B it re N\ Kk
; W, if I € N\ {k},
cp(i _ (i)
a,’ = ifcm’ ifk=1 4.1.11)
1+|Nk|[5'k
0, otherwise.

This combination weight has been named adaptive CP rule. SD-LMS using the
adaptive CP rule is summarized in Algorithm 7.
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Algorithm 7 SD-LMS with adaptive CP rule

1: Initialize ¢{ " =0, (y2)"", Vk e V,le N
2: for each time i € N, each node k € V, and each neighbor [ € N} do

' i1 i) i HH (-1 i~1
30 ) =@ @) - wM ) - o f(ay )

£ 0P =1 =vooR) D+ vl - ¢V + waas V)|

s i Tyen ) =~ ) INkl > 0 then
G (NEDOZO

6 P = Sien, VO = (DI

7: else

8 ,8](;) = +oo (large positive constant)

9 end if " o

. W_ _B B =

10: alk‘ = 1+ﬁ1(j)|Nk| (l € Nk \ {k}), l+ﬂ¥)|Nk\ (I=k)
11 O = Sien alyp”

12: end for
Adaptive CPO rule

The optimization in Sect. 4.1.2 has some room for improvement because it
has been derived by ignoring the influence of the sparsity-promoting regularization
term in MSDQI‘)“; (4.1.4) by approximating g1¢(A) =~ g1(Iy). In this section, we

nw

introduce another approximation to capture the contribution of g, (A) on MSDg;

and optimize the constant Sy.
For the first term of (4.1.4), we utilize the upper bound as in the discussion
above. The following upper bound has been already derived in Cattivelli and Sayed

(2010) as
N

MSDY < ¢ > Y yiap, (4.1.12)
k=1 leN;

By substituting (4.1.3), the equation (4.1.12) can be rewritten as

MSD“W<§: o Lh |, > (B ¥ 4.1.13)
it = 24| Y\ TN By Y\t |4

leNi\(k}

The second term of (4.1.4) is difficult to directly express as a function of S
because it takes the limit i — oo and the expectation. Thus, we consider simplifying
(4.1.6) and (4.1.7) by introducing three approximations. First, since the step-sizes
are sufficiently small under Assumption 2, we ignore the term in (4.1.7) which is
quadratic in M and approximate it as

22300 = ~2 lim E[9f (¢ ") MASATw ], (4.1.14)
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Second, we remove the limit and the expectation in (4.1.6) and (4.1.7), and use the
instantaneous values. Third, we approximate 3 = I. This approximation of 3
is reasonable because the instantaneous approximation of g, (A) actually corre-
sponds to the fourth term of (2.2.42) when the coefficient is ignored and because
vec™!(q’) = vec!(vec(I)) = I. Specifically, the approximated values of g;
and g, = « are given by

g1 = 0f (@I MAA Maf(p"), (4.1.15)
g2 = —20f (@I MAAT Y, (4.1.16)
respectively. By using these terms, we have the approximated g, (A) as

g1e(A) = Ag1,; — 82,

N
N Z Z Z [/lﬂjﬂla.ikalkaf(¢§i_1))Haf(¢§i—1))

k=1 jeNy l[eNy
+ 2ujaandf (@) (w° - ¢V |. (4.1.17)

It seems hard to optimize N? combination weights {a;} directly from (4.1.17) but
it can be captured by the optimization of N coefficients {§} in our framework
assuming (4.1.3). Substituting (4.1.3) into (4.1.17) leads to

N 2 2
- o 1+Bk B S (1 +Bk (B
g“(A)N;[Qk (1+|Nk|,3k)(1+|Nk|ﬂk)+8k (1+|Nk|,8k) o (1+|Nkwk) l
4.1.18)

where

8= ), Relwdfd{") (df@)™) +2(w° - ¢ ")}
leNi\{k)

+ " Re[af@{ ™ (puaf@i ™) + 2 (w - V)],

leNi\{k}
£ = e a2 - ).
§0= > >, Reluaf@) ) yuore) ) 2 (w - ¢ V)]

LeENI\K} jeEN\{K}

In the above equations, we extract real parts of terms to guarantee that MSDgy; and
resulting weights are real numbers.

By incorporating (4.1.13) and (4.1.18), we can obtain an approximated upper
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bound of MSD™ a

spa
MSDspa =~ CZ Z Y alk + g/l e(A) (4.1.19)
k=1 IeNy
N
:Z /lé(i) 1+ B B
= N5 T+ NGB J\ T+ NGBk
2 2
A 1+ Bk ) A i ( B )
2 <z>) 0)
+ley; + =8 || ———=]| + cyr + =& || ———
(7" Nk (1+|Nk|/3k [16/\%\1{} i NZE T + ING|Bk ]
N 2 2
:Z Q(i)( 1+ Bk )( B )+8(i)( 1 + Bk ) +g(i)( B )
e 1+ NGB\ T+ INKBR ) % T+ ING Bk AT+ INKB
N
Z Fe(Bo), (4.1.20)
=1
where Q(l) = 1/\17'9/(;)’ @ = =cyl+ & ]((’), and g = YNk CYF F ﬁ&fj). Hence, we

optimize {B;}Y 1 DY mlnimizing the approximated upper bound (4.1.20), i.e.,

min Z Fr(Bo). 4.1.21)

{Bkklkl

We can divide the problem into the following N problems,

ﬁipt = argr%ian(,Bk) k=1,...,N. (4.1.22)
k

The derivative of Fj with respect to 8 can be calculated as

T = [ {260 = 2080 - Def? - I - 200}
~ 20Nl - D 0} |- m. (4.123)
Since the denominator is positive, aﬁ = 0 when
2N = D’ - e (4.1.24)

2610 — 2(Nil = Dl — (INil = 20"

We put I, = 262 = 2(Nil - Del’ = (INid = 2)0{” and A} = 2(Ni| - De” - 0.
Con51der1ng B > 0, we can derive the following optimal parameter:
B =, T >0and A, >0,
Br - 0, if I, >0and A, <0, (4.1.25)
ﬁ"p‘ — +oo, if I <0.
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Note that sufficiently small 8 implies that the node does not use the neighbors’ es-
timates at the combination step but only uses its own information. When S is very
large, the resulting combination weight (4.1.3) coincides with the conventional uni-
form rule (2.2.12).

The optimal parameter (4.1.25) includes unavailable information such as the
unknown vector w®, noise variance {0'%}, correlation matrices {R,, }, and the num-
ber N of all nodes in the network. Therefore, we consider approximating the un-
known vector and plugging in adaptive estimates to the other factors, and derive an
adaptive algorithm. First, as an adaptive update of the estimate of 712, we adopt the
same equation as (4.1.9). Second, we approximate the unknown vector w® and the
number N of all nodes with the instantaneous estimate ¢,(:) and the number |N| of

neighbors, respectively. The coefficients sk , gg), and g,(f) are redefined as

87 = 02 + = pRe [ @) i) + 2 (4 - V)]

Nl
(4.1.26)
o) = Re |G {amar@™) + 2 (v - 8y7V)) + mar(e )
(4.1.27)
/1 N,
(D) i DT (i
Gl=c > 0RO+ NI Re[¢""0]. (4.1.28)

leN\{k)

where ¢ = ¥ jen i #0(@" ) and i = A+ 20N 10" -2 3 jenyp Y-
We further redefine I', and A} by using (4 1.26)—(4.1.28) as
T =260 = 2Nl = D& - (N - 28, (4.129)
AP = 2N - D&Y - o0, (4.1.30)
respectively.

Summarizing these plug-ins, we can derive an adaptive form of the parameter
B as follows:

(o) » '
B0 =S5, ifr>0and A >0,
L s o
B —+0, if[,">0and A" <0, (@131
B — +oo, if I <0,
The corresponding combination weight an °@ i described as
B it le N\ tk
o THNED if I € N\ {k},
cpo i 0,(1
ap 144, L ifl=k, 4.1.32)
1+AGIBY
0, otherwise.
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Algorithm 8 SD-LMS with adaptive CPO rule

1: Initialize ¢ " =0, {(y2)“V), Vk e V,le Ny
2: for each time i € N, each node k € V, and each nelghbor l € Ny do

i i—1 i i H , (i-1 -1
30 ) =@ @) - wM ) - o f(ay )

50RO = -0 +n ||¢§” - +uzwf<¢§j‘”>||2
5: Calculate 82),@,((1) &9 as in (4.1.26)~(4.1.28)

6 Calculate T'” and Ak(’) as in (4.1.29) and (4.1.30)
7
8

if T,”>0 then
if A’(i) >0 then

AY
9: IB(I) = /<,>

10 else E

11: ,B(l) = +0 (small positive constant)

12: end if

13: else

14: ,8(’) = +oo (large positive constant)

15: end if )

16 af = w“ (I € Ne\ (h)), 1]|Lﬁkw 5 A=h
17: (t) ZleNk ]t()w(t)

18: end for

SD-LMS using the proposed adaptive optimization is summarized in Algorithm 8.
We name this weight adaptive CPO rule.

4.1.3 Convergence Analysis

In this section, we discuss the convergence of SD-LMS using static CP rule (3.2.15),
adaptive CP rule (4.1.11), and adaptive CPO rule (4.1.32) in the mean sense and
the mean-square behaviors. The conventional performance analysis framework for
SD-LMS in Sect. 2.2.2 is applicable to the proposed SD-LMS with CP and CPO
rules because the rules can be regarded as ones of the combination rules.

Corollary 2. Consider the measurement model given by (2.2.2) and the combi-
nation weight given by CP rule (3.2.15), adaptive CP rule (4.1.11), and adaptive
CPO rule (4.1.32). The convergence of SD-LMS using the proposed rules in the
mean sense is guaranteed under Assumption 1 if the step-sizes satisfy

2
0 — (keV).
<M Ry K€V

If we use the static CP rule (3.2.15), the mean-square behaviors can be ex-
pressed as in Sect 2.2.2. The theoretical network MSD learning curve of SD-LMS
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Table 4.1: Computational complexity and communication cost for the proposed
and conventional rules par one synchronous communication at node k.

Algorithm X,+ +,— Communication
cost

SD-LMS w/ static || MIN| M(NJ - 1) M(N( - 1)

rules

SD-LMS w/ || BM + 6)|Ny| AM+2DIN-M—-1 | M(IN |- 1)

adaptive relative-
variance rule

SD-LMS w/ adap- || BM + 5)|Ni| + 3 AM+3)IN-M+2 | M(INi| - 1)
tive CP rule (pro-

posed)

SD-LMS w/ adap- || 4M + S5)INi + | (6M+3)|INi|+6M+ | 2M(INi| - 1)
tive CPO rule (pro- || 10M + 20 4

posed)

for the static CP rule can be represented by the same expression as (2.2.42) given
by

1 : 1 .
MSD?W = MSD?:VI + NT,TF”q, - N’LUT I:VeC_1 (F” [I(MN)Z - F,:I q,)] w
i-1
@ o) o)
+gq’ +Z(;(g(pr)i—jq/ _g(F/)i—j—lq/)’ (4133)
J:

The steady-state network MSD and the steady-state MSD at each node & under
Assumptions 1 and 2 are also the same as (2.2.45) and (2.2.46) given by

l _ 1 (1200
MSD™ = —r"T (I ynpe = F)7'q + —Preo[1 - ==, 4.1.34
il (T pny: ) q N By, ( ﬁz,oo) ( )
/ n—1_r sy 00
MSDy = " (I yyvy — F) 7'’ + Ay, o0 (/l - ,sz ) (4.1.35)
k>0

respectively.

4.1.4 Computational Complexity

We discuss the computational complexity and the communication cost of SD-
LMS using the proposed and conventional rules. Table 4.1 shows the complexity
and the cost in each combination step at a node, whose definitions are the same as in
Sect. 3.3. Note that, since the common adaptation step and calculation of 0 f(-) are
required for all algorithms, the complexities only related to the combination step
are evaluated. Adaptive CPO rule (Algorithm 8) requires higher computational
complexity than the conventional rules and adaptive CP rule (Algorithm 7) be-
cause it computes additional coeflicients given by (4.1.26)—(4.1.28). Moreover, the
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(d) N = 1000

Figure 4.1: Network topologies.

communication cost of the adaptive CPO rule becomes twice because it requires
exchanging é;i_l) with neighboring nodes to calculate the additional coefficients
but the order is the same as those of the other rules. As mentioned in Sect. 3.3, the
communication time typically dominates the execution time in applications such as
wireless sensor networks, one may conclude that the required time is comparable.

4.2 Simulation Results
4.2.1 Evaluation of Adaptive CP Rule

In this section, we verify the performance of SD-LMS with the proposed adap-
tive CP rule via computer simulations. All the simulation results were obtained
by using MATLAB. In order to compare the performance in networks of different
sizes, we have generated Erd6s-Rényi random networks with N = 50, 100, 500,
and 1000, as shown in Figs. 4.1 (a)—(d). The average degree of each network was
fixed to 6. Note that for the adaptive rules, the results in this subsection employed
(3.2.18) for the estimation of 712. We have used node-independent step-size param-
eters uy = u, forgetting factors v; = v, and initial values (y%k)(i) = (y*)D, for all k,
1. The initial values (y*)! were set to be 0.1 and the forgetting factor was fixed
to be v = 0.05. The size of the measurement vector was set to be M = 20. We
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Figure 4.2: Network MSD learning curves for 1-sparse.

have investigated instantaneous network MSD MSD™" of the proposed method
and conventional methods.

All the simulation results were obtained by averaging over 20 independent tri-
als. The measurement noise power 0']% was independently generated by uniform
distribution over [0.01, 0.02]. The measurement vectors {u,(:) } had the same struc-
tures as (3.4.1) except that @ is set to O for all k. The indices of the non-zero
elements of unknown vector were randomly selected in each trial.

We compare the convergence performance of SD-LMS with that of D-LMS,
both of which employ the proposed adaptive CP rule (4.1.11). Also, we have eval-
uated the performance of SD-LMS using conventional weights, static Metropolis
rule a}}{‘et (2.2.13) and adaptive RV rule a;;{’(i) (3.2.19). The unknown vector was
assumed to be 1-sparse whose non-zero element is equal to 1. We have fixed the
regularization parameter as 4 = 0.0005 for Metropolis rule and 4 = 0.00025 for
adaptive relative-variance rule and adaptive CP rule, with which the steady-state
performance of each rule has become the best among our trials. We have controlled
the step-size parameters of the algorithms so that the steady-state performance be-

55



CHAPTER 4. SD-LMS BASED ON CP

0 : : 0 . ,
- = D-LMS w/Adaptive CP - = D-LMS w/Adaptive CP
—— SD-LMS w/Metropolis —— SD-LMS w/Metropolis
SD-LMS w/Adaptive relative-variance SD-LMS w/Adaptive relative-variance
1071 —SD-LMS w/Adaptive CP 1071 —SD-LMS w/Adaptive CP 1
S "\ °
o o
%) @)
=.20 =20+
< <
o o
2 2
[0 [0
<-30¢ . =-30
N - -
-40 ' ' -40 ' '
0 100 200 300 0 100 200 300
Number of Iterations Number of Iterations
(@) N =50 (b) N = 100
‘ ‘ 0 ‘ ‘
- = D-LMS w/Adaptive CP - = D-LMS w/Adaptive CP
—— SD-LMS w/Metropolis —— SD-LMS w/Metropolis
SD-LMS w/Adaptive relative-variance SD-LMS w/Adaptive relative-variance
7107+ —SD-LMS w/Adaptive CP 1 10} — SD-LMS w/Adaptive CP 1
kel e
o o
%) %)
=20+ =.20
< <
[e] o
2 2
[0 [0}
Z.30+ 230+
-40 ‘ ‘ -40 ‘ ‘
0 100 200 300 0 100 200 300
Number of Iterations Number of Iterations
(c) N =500 (d) N = 1000

Figure 4.3: Network MSD learning curves for 2-sparse.

came comparable for all algorithms. The parameter € in the regularization func-
tion (2.2.39) was set to be € = 0.01. Figs. 4.2 (a)—(d) show the learning curves
for the networks of different sizes. The figures demonstrated that SD-LMS with
the proposed adaptive CP rule achieved faster convergence than D-LMS and than
SD-LMS with the conventional weights regardless of the network size. It should
be noted here that we do not see so much difference in the convergence rate among
different network sizes. This may be because a larger network has more mea-
surements, which will be beneficial for faster convergence, while a larger network
requires more steps for average consensus, so that one can understand both types
of the influences have been canceled. We further evaluated the performance when
the unknown vector was 2-sparse and 3-sparse. Fig. 4.3 shows the learning curves
for 2-sparse and Fig. 4.4 is those for 3-sparse. The figures indicate that the validity
of the proposed method is not specific to 1-sparse.

Finally, we verify the impact of the choice of € on the convergence performance
of SD-LMS using the proposed adaptive CP rule (4.1.11). Figs. 4.5 (a)—(d) show
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Figure 4.4: Network MSD learning curves for 3-sparse.

the learning curves for the networks of different sizes with € = 0.001,0.01,0.1,0.5.
We have fixed step-size parameters ¢ = 0.098 in Fig. 4.5 (a), u = 0.1 in Fig. 4.5 (b),
u = 0.108 in Fig. 4.5 (c), and g = 0.109 in Fig. 4.5 (d). The rest of the parameters
were the same as in Fig. 4.2. In our settings, € = 0.01 was the best regardless of
the network size and the worst choice resulted in degradation of about 3dB.

We have also evaluated the optimal value of € for the case with different sparsity
and measurement noise variance. Fig. 4.6 demonstrates the learning curves for the
network with N = 50 shown in Fig. 4.1 (a) when the unknown vector had lower
sparsity, namely 10-sparse. Fig. 4.7 shows those when the measurement noise
power 0'% was larger, which was independently generated by uniform distribution
over [0.11,0.12]. The rest of the parameters in each experiment were the same as
in Fig. 4.2. From the figures, we can see that the optimal value of € in Fig. 4.6 was
the same as that in Fig. 4.5 (a), while it was different in Fig. 4.7. Thus, the value of

€ should be appropriately determined, especially depending on the signal-to-noise
ratio of measurements.
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Figure 4.5: Network MSD learning curves for comparison of €.

4.2.2 Evaluation of Adaptive CPO Rule

In order to compare the performance in networks of different density, we have
generated Erd8s-Rényi random networks with N = 20 where the mean degrees are
D = 12,14,16, and 18, as shown in Figs. 4.8 (a)—(d). The step-size parameter,
the forgetting factor, and the parameter in the regularization function were fixed
to be u = 0.05, v = 0.005, and € = 0.001, respectively. In this subsection, the
equation (4.1.9) was employed for the estimation of ylz. The initial values (y*)™D
were set to be 1. We have fixed the regularization parameter as 4 = 0.0005 for
D = 12 and 14, and 4 = 0.0004 for D = 16 and 18, with which the steady-
state performance has become the best among our trials. The parameter ¢ that
controls the balance of MSD (4.1.19) has been chosen as ¢ = 0.1, 1, or 5. The
unknown vector was with size M = 100 and the number of nonzero element was 1,
where the index of the nonzero element switches every 1000 iterations in order to
evaluate the tracking performance of the proposed and conventional methods. The
measurement vectors {u](f)} had the same structures as (3.4.1) except that a; was set
to O for all k. All simulation results were obtained by averaging 100 independent
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curves with N = 50 when unknown curves with N = 50 when measure-
vector has lower sparsity. ment noise variance is larger.

trials. The measurement noise power 0']% was independently generated by uniform

distribution over [0.1,0.2] in each trial. We compare learning curves of SD-LMS
in terms of instant network MSD % ZkN: ! IId),(f) — w°||? using the proposed adaptive
CPO rule (4.1.32) with that using the adaptive CP rule (4.1.11), static Metropolis
rule (2.2.13), and adaptive relative-variance (RV) rule (3.2.19).

Figs. 4.9 (a)-(d) show the learning curves in the case of D = 12, 14,16, and
18, respectively. In Fig. 4.9 (a), the adaptive RV rule converged slightly slower
than the proposed adaptive CPO rule and CP rule but achieved the lowest error.
However, as the density of the network increased, the algorithm with the proposed
adaptive CPO rule achieved faster convergence and lower MSD under the suitable
choice of ¢ than that with all the other rules. Namely, the proposed adaptive CPO
rule showed the best tracking performance to the change of the unknown vector.

4.3 Conclusion

This chapter has considered achieving faster convergence of SD-LMS for the
adaptive sparse signal processing in networks. We have applied loopy CP to SD-
LMS and shown that the proposed algorithm results in SD-LMS that uses CP rule
determined by the parameters of CP. We have further optimized the parameters in
terms of the steady-state MSD of SD-LMS and extended the weight to an adap-
tive version, adaptive CP rule. We have further improved the approximation of the
optimization problem to achieve better convergence performance and robustness,
and optimized the parameters. Moreover, we have shown an adaptive implemen-
tation for tracking the optimal coeflicients, which has been named adaptive CPO
rule. Simulation results demonstrated that the proposed method achieves faster
convergence than the original SD-LMS. We have also numerically verified that the
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Figure 4.8: Network topologies.

optimal value of € in the regularization function with respect to the convergence
performance of the proposed adaptive CP rule significantly depended not on the
sparsity of unknown vector but on the signal-to-noise ratio of measurements. The
algorithm with the proposed adaptive CPO rule has shown better tracking perfor-
mance for the change of the unknown vector, especially in dense networks, under
the suitable choice of the parameter c, at the cost of a slightly higher computational
complexity.
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Scalable Estimation on Linear and Nonlinear Regression Models
via Decentralized Processing:

Adaptive LMS Filter and Gaussian Process Regression

Chapter 5: Scalable GPR with Sketching

Ayano NAKAI

Abstract

Chapter 5 discusses scalable approximation of GPR. It focuses on a recently proposed aggregation
method named nested pointwise aggregation of experts (NPAE), and provides its reinterpretation in terms
of sketching. On the basis of the sketching-based reinterpretation, it proposes an extended framework of
NPAE, called nested aggregation of experts using inducing points (NAE-IP), which offers a more flexible
trade off between accuracy and computational cost. Efficiency of the proposed method is investigated via

numerical simulations.
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6: Conclusion

6.1 Summary

In this thesis, we have studied how to enhance performance of decentralized
algorithms derived by approximate divisions of corresponding centralized process-
ing. Specifically, we have coped with two scalable estimation problems via de-
centralized processing, whose subjects have been introduced in Chapter 1, namely,
in-network adaptive least-mean-square (LMS) filter and Gaussian process regres-
sion (GPR). The former’s target is tracking an unknown deterministic vector by us-
ing the measurements at nodes in the network obtained from the linear regression
model. Diffusion LMS (D-LMS) is the fully distributed LMS algorithm in such
networks that enhances scalability with respect to network size. The latter adopts a
nonlinear regression model, so that it achieves more flexible estimation. However,
it requires high computational complexity, and therefore aggregation methods have
been proposed as approximation methods of GPR on the basis of partial decentral-
ization.

In Part I, we have aimed to improve convergence performance of the fully dis-
tributed D-LMS and its sparsity-aware extension, sparse diffusion LMS (SD-LMS),
by focusing on ways of cooperation among nodes that compensate for the perfor-
mance deterioration caused by approximate divisions of the centralized problems.
The cooperation method in both D-LMS and SD-LMS can be regarded as an ex-
ample of average consensus protocol but the protocol is known to require a lot of
iterations, especially in large networks. We have thus employed another method for
the cooperation based on message propagation, i.e., consensus propagation (CP),
which can be categorized into two schemes, exact CP and loopy CP. We have pro-
posed a novel fully distributed LMS, CP-LMS, by applying exact CP, although the
algorithm requires extraction of tree structure of the original network to achieve
fast convergence. We have also proposed Loopy CP-LMS (LCP-LMS) by apply-
ing loopy CP to D-LMS, which can eliminate the extraction of tree structure but
the required number of iteration for convergence has not been known. The special
case where the iteration of loopy CP is limited to one has improved interpretability
of the proposed algorithm and enabled optimization of constants involved in loopy
CP. The resulting algorithm has become novel combination weights of D-LMS
named (static) CP rule. We have optimized the constants in terms of the steady-
state network mean-squared-error (MSD) and derived an adaptive implementation
named adaptive CP rule. We have also applied the special case to SD-LMS and
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derived two kinds of adaptive combination weights under some assumptions. One
is the adaptive CP rule that is the same as for D-LMS and another is adaptive CP
with Optimization (CPO) rule. The theoretical performance has been analyzed via
the framework for D-LMS and SD-LMS. Efficiency of the proposed methods has
been shown via computer simulations.

In Part II, we have aimed to improve performance of the aggregation meth-
ods where covariance information of data is lost by the decentralization. Among
the aggregation methods proposed so far, we have focused on one of them, nested
pointwise aggregation of experts (NPAE), that uses the richest covariance infor-
mation among them and generalized the prediction process via sketching. The
proposed generalization has yielded a more flexible approximation of GPR than
NPAE, which has been named nested aggregation of experts using inducing points
(NAE-IP). The proposed NAE-IP can control the computational complexity and
the performance of the algorithm by choices of the inducing points. Simulation
results on synthetic and real data have shown that NAE-IP can achieve lower com-
plexity than the original NPAE and better predictive error than the conventional
methods.

This thesis is no more than having coped with the two specific problems for
in-network processing and for general data processing. However, results in the the-
sis have shown that the improvements focusing on factors that affect performance
degradation caused by decentralization enhance performance with a little increase
or even decrease in complexity. As for other decentralization problems, the im-
provements are expected to be realized while maintaining scalability by properly
identifying the parts that can affect the performance degradation and reconsidering
the parts in a different context.

6.2 Future Directions

The decentralized processing that the thesis have focused on is expected to
further improve the performance and to extend the range of applicable applications.
This section points out the future directions, thus concluding the thesis.

Reconsideration of cost function in D-LMS

In Part I, we have derived proposed algorithms by applying CP to the combina-
tion step of D-LMS. This was motivated by the fact that the combination step has a
tight relation to average consensus. One can also reconsider minimizing estimation
error with a constraint for consensus among nodes. If one chose Gaussian belief
propagation as a distributed solution of the problem, one may derive another dis-
tributed algorithm for the same problem settings as D-LMS. Note that it requires
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taking time-dependent potentials into accounts. Moreover, it may be possible to
obtain interpretation of the constants Sy involved in the proposed methods in rela-
tion to weights for controlling balance between the error and the constraint.

Analysis of convergence time using non-backtracking operator

For the proposed method in Part I, we have optimized parameters in the fully
distributed LMS by minimizing cost function in terms of steady-state error. On
the other hand, in order to explicitly accelerate the convergence, another approach
is conceivable that minimizes the convergence time of the algorithm. The con-
vergence time for algorithms on the basis of average consensus protocol has been
analyzed by using spectra of adjacency matrices but the analysis for CP has not had
much progress. As discussed at the end of Sect. 2.2.3, we expect that algorithms on
the basis of CP can be represented by the non-backtracking operator (Coja-Oghlan
et al., 2009; Decelle et al., 2011; Krzakala et al., 2013) and that the spectrum of
the operator (Bordenave et al., 2015) may enable the analysis of the convergence
time. It should be a next challenge to solve an optimization problem in terms of
the convergence time represented by using the spectrum of the non-backtracking
operator.

Acceleration of iterative decentralized algorithms by deep unfolding

For iterative algorithms such as the centralized LMS filter, the required number
of iterations for the convergence is also affected by some parameters such as step-
size, the control of which largely affects the performance of the algorithms. Espe-
cially for the decentralized cases such as D-LMS, the available information is less
than that for the centralized cases and the required number of iterations is generally
large, so that the acceleration is an important matter. The control of the parameters
of the iterative algorithms has been achieved by the aid of deep learning, which
is known as deep unfolding (Gregor and LeCun, 2010; Balatsoukas-Stimming and
Studer, 2019). Its application to decentralized algorithms also gathers attention re-
cently (Kishida et al., 2020). Future directions include the extension of the deep
unfolding approach to decentralized adaptive filters or online learning, where the
parameters are needed to be learned in a decentralized manner as well.

Supervised optimization of sketching matrix

In Part I, we have introduced approximation methods for full GPR. Most of the
aggregation methods divide covariance information K (X, X) on the basis of the
training data X and many of sparse GP methods lower the dimension of K (X, X))
on the basis of inducing points. These can be interpreted as unsupervised learning
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that does not take the information of test data X ™ into consideration. However,
Proposition 2 has shown that optimal sketching matrix depends not only on the
covariance K (X, X) of the training data but also on the covariance K (X, X™)
related to the test data. This suggests that both training and test data should be
incorporated into the design of approximation methods. Therefore, it seems bene-
ficial to utilize the test data in optimization of a block-structured sketching matrix.

Fully distributed online GPR

Fully distributed GPR is also in demand from not only computational complex-
ity but also application point of view, for example, in environmental monitoring by
multiple unmanned aerial vehicles (Gu and Hu, 2012; Choi et al., 2014; Tiwari
et al., 2018). The temporal variation of the phenomena should be also taken into
account (Garg et al., 2012). In addition, the algorithm that can track the phenomena
is desirable, namely, online GPR (Nguyen-Tuong et al., 2008; Hoang et al., 2019).
The theoretical property must be discussed as well as to manage both scalability
and predictive performance.
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