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Magnonic superradiant phase transition

Motoaki Bamba® 23% Xinwei Li%, Nicolas Marquez Peraca® & Junichiro Kono@® 4>

In the superradiant phase transition (SRPT), coherent light and matter fields are expected to
appear spontaneously in a coupled light-matter system in thermal equilibrium. However,
such an equilibrium SRPT is forbidden in the case of charge-based light-matter coupling,
known as no-go theorems. Here, we show that the low-temperature phase transition of
ErFeOs at a critical temperature of approximately 4K is an equilibrium SRPT achieved
through coupling between Fe3+ magnons and Er3+ spins. By verifying the efficacy of our spin
model using realistic parameters evaluated via terahertz magnetospectroscopy and magne-
tization experiments, we demonstrate that the cooperative, ultrastrong magnon-spin cou-
pling causes the phase transition. In contrast to prior studies on laser-driven non-equilibrium
SRPTs in atomic systems, the magnonic SRPT in ErFeOs occurs in thermal equilibrium in
accordance with the originally envisioned SRPT, thereby yielding a unique ground state of a
hybrid system in the ultrastrong coupling regime.
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spontaneously appear in thermal equilibrium as a static

transverse electromagnetic field and a static polarization,
respectively, when the photon-matter coupling strength exceeds a
certain threshold, entering the so-called ultrastrong coupling
regime3~>. This phenomenon is known as the superradiant phase
transition (SRPT) or Dicke phase transition, as the Dicke model
was used in the theoretical calculations!?, having been originally
developed to describe the superradiance phenomena®.

The realization of the SRPT in thermal equilibrium may be
expected to provide a new avenue for decoherence-robust
quantum technology because the ground state of the Dicke
model provides a quantum-squeezed vacuum on a photon-atom
two-mode basis’ 11, and perfect ideal squeezing is obtained at the
SRPT critical point, as recently found both numerically and
analytically!®13. In contrast to the standard squeezed state gen-
eration in non-equilibrium situations, quantum squeezing at the
SRPT critical point is intrinsically stable and resilient against any
noise even at finite temperatures'3. As a result of this stable
squeezing, such systems are intrinsically robust against deco-
herence, which is especially important for quantum sensing and
continuous-variable quantum information technology.

A unique aspect of the SRPT is its manifestation as a physical
phenomenon associated with the thermal-equilibrium state of a
coupled light-matter system. This deviates from typical
quantum-optics research that mainly deals with non-
equilibrium excited-state dynamics. The occurrence of non-
equilibrium SRPTs has been demonstrated in cold-atom sys-
tems driven by laser beams!4-17. Although the temperature of
cold atoms in a steady state is usually measured by the variance
of their kinetic energy, the non-equilibrium SRPTSs are inher-
ently driven, dissipative, and transient phenomena. Effective
temperatures defined with the driving power in the non-
equilibrium SRPTs have been discussed theoretically!”. How-
ever, the realization of SRPTs under pure thermal equilibrium
is yet to be achieved. The existence of a SRPT analogue has been
theoretically proposed for a superconducting circuit maintained
under thermal equilibrium!8-24, but no experimental observa-
tions of this effect have been reported.

The present work shows theoretically that the phase transition
in erbium orthoferrite (ErFeO;) with a critical temperature T, of
~4 K, known as the low-temperature phase transition (LTPT), is a
magnonic SRPT, that is, an SRPT in which the Er** spins
cooperatively couple with the Fe™ magnonic field (spin-wave
field) instead of with a photonic field as in the originally proposed
SRPT. Specifically, we found that the LTPT occurs owing to
Er’**—magnon coupling, even in the absence of direct Er**-Er**
exchange interactions. In addition, we observed that the
Er’**—magnon coupling enhances the T, value for LTPT com-
pared to that obtained via direct Er**~Er’" interactions. These
results demonstrate the uniqueness of ErFeO; as a physical sys-
tem in which SRPT can be experimentally realized under thermal
equilibrium.

In 1973, it was proposed!? that photon and matter fields

Results

Principle of magnonic SRPT. The SRPT was first suggested in
1973 by Hepp and Lieb!, and has been extensively discussed
based on the Dicke model®, conventionally expressed as

Hp, it o L 28 4 .

%ke = wphaTa + w, S, + J—%(tf —a)s,. (1)
Here, a is the annihilation operator of a photon in a photonic
mode with resonance frequency w, S, . are spin N operators
representing an ensemble of two-level atoms with a transition

frequency w,,, and N is the number of atoms. The last term

represents the coupling between the photonic mode and atomic
ensemble with strength g. In the thermodynamic limit, i.e., in
the limit of N— oo, the SRPT arises when 4g* > WphWe> 1€, 0
the ultrastrong coupling regime g2 w,,, w>~. Below T, the
expectation values of the photon annihilation operator (a) and
spin operator (S,) become non-zero, indicating the spontaneous
appearance of a static electromagnetic field and static polarization
(or a persistent electric current) in thermal equilibrium.

The magnonic SRPT is a phase transition caused by ultrastrong
coupling between a magnonic mode and other collective
excitations in matter. The spontaneous appearance of magnons,
also known as spin waves, reflects the spontaneous ordering of
a spin ensemble mediating them in a certain direction. We
present an explanation of the magnonic SRPT in the case of
ErFeO; below.

Each unit cell in ErFeO, contains four Er** ions and four Fe**
ions. The four Fe’* spins, each of which has an angular
momentum of S = (5/2)h, are oriented in different directions,
even in the absence of an external direct current (DC) magnetic
field2>. However, it is known that the Fe’* spin resonances
(magnon modes) may be described well by considering only two

A
spins S ? comprising two real Fe*™ spins, which are usually
treated as a single spin with S =5/2. In such a two-sublattice

model of Fe’t, as depicted in Fig. la, the two spins §*% are
ordered antiferromagnetically along the ¢ axis at T.< T $90K,
but are slightly canted toward the a axis and show weak
magnetization (the Fe’t spins exhibit the so-called spin-
reorientation transition at 90K < T <100K26-28), In contrast,
the Er*" spins are paramagnetic at T > T, and they are directed
along the a axis by the weak Fe’™ magnetization. This phase is
called the T, phase?’.

At T< T, as shown in Fig. 1b, when a two-sublattice model
is used for the Er’* spins, they are ordered antiferromagneti-
cally along the ¢ axis, with a canting toward the a axis due to the
Fe’™ magnetization. Simultaneously, the Fe>* antiferromagnet-
ism (AFM) vector S* — 8P rotates gradually in the bc plane.
The rotation angle measured from the ¢ axis, ¢, was estimated
to be 49° at T = 0K2?. This low-temperature phase is called the
T, phase?’,

The second-order phase transition between phases I', and I}, at
T.~4K is called the LTPT?728, There are at least two
contributions to the LTPT, namely the Er*"-Er’* and Er’*-Fe’*
exchange interactions?%30. Although the former is usually stronger

(@ (T, <T<90K) (b) r,(m<T)
c(z) c(z) c(z) c(z) 4
P 40
sy’ o*
P b) bi(y) b(y)
B B / .
aafl  al al) \| o al) 40
SA LSA ’
Fe spins Er spins Fe spins Er spins

Fig. 1 Spin configurations in ErFeO3 below and above T, ~4 K. In this
study, we considered two-sublattice models both for Er*+ and Fe3* spins.
a In the high-temperature (T. < T S90K, T,) phase, the Fe3* spins are
ordered antiferromagnetically along the ¢ axis with a slight canting toward
the a axis. The Er3* spins are paramagnetic and directed toward the a axis
by the weak Fe3* magnetization. b In the low-temperature (T < T, T,)
phase, the Er3* spins are ordered antiferromagnetically along the c axis, and
the antiferromagnetic (AFM) vector §* — S® of the Fe3* spins rotates in
the bc plane.
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than the latter and is largely responsible for LTPT, the latter is
essential for explaining the rotation of the Fe’* AFM vector.

In the absence of the Er’*-Fe’' exchange interactions, as
shown in Fig. la, the Fe’* spins are ordered antiferromagne-
tically along the ¢ axis with a slight canting toward the a axis in
the ground state of the Fe’* subsystem. Considering that the
magnon excitation in this Fe’* subsystem corresponds to the
photon excitation in the electromagnetic vacuum, the rotation
of the Fe** AFM vector (at T < T as shown in Fig. 1b) indicates
the spontaneous appearance of magnons, corresponding to
the appearance of photons (a static electromagnetic field) in the
ordinary SRPT, in thermal equilibrium. The ordering of the
Er’" spins corresponds to the spontaneous appearance of an
atomic field (polarization) in the SRPT.

Owing to the phenomenological similarities between the LTPT
and SRPT, the microscopic models governing these phase
transitions may be considered transferable. This constitutes the
basic concept of magnonic SRPT proposed in this study.

ErFeO; spin model. First, we describe a general spin model for
Er, Y, ,FeO; (0<x<1), which is consistent with our previous
experimental study3!. The replacement of Er** ions with non-
magnetic Y>* ions simply reduces the density of the rare-earth
(Er’*) spins without changing the crystal structure or magnetic
configuration of Fe** spins in the T, phase3l:32. Although the
present work largely uses x = 1 (ErFeO;), the x-dependence is
considered in “Spin resonance frequencies” in Supplementary
Methods.

The Hamiltonian for the spins in Er,Y, ,FeO, consists of
three parts, i.e.,

H= 7-[Fe + HEr + HEr—Fe? (2)

where Hg,, Hg,, and Hy,_ g, are the Hamiltonians of the Fe**
spins, Er’* spins, and Er*™-Fe*" interactions, respectively.

As explained above, we employ the two-sublattice model for
the Fe** spins following Herrmann’s model33 and the methods of
our prior works?!-34, The Hamiltonian of the Fe*>* spins is

; N &5 Fe gpDC oA B
Hee= 2> 2 upS;-g° B +]Fen§;lsi -8,

s=ABi=1

_D§ez(sé§$ _$ s%‘)

1,291 x i'zVix

Ny, . . A A

> (Axsfx2 +AS+ szsfxsfz)
P , X,
Ny =B 5 B, oB B

— El (AxSivx + AZS,‘AZ - szSi.xSi.z) . (3)
= )

sA/B
Here, S; /" is the operator of the Fe** spin § = 5/2 at the i-th site
in the A/B sublattice, while > ,, represents a summation over all
nearest-neighbor couplings. The number of nearest neighbors is

Zpe = 6. (4)
N, denotes the number of Fe** spins in each sublattice and is

equal to the unit cell count in ErFeO;. A total of 2N, spins
represent the Fe’™ subsystem. y;, is the Bohr magneton, and

o 0 0
gFe = 0 g}lje 0 (5)
0 o0 gF

is the g-factor tensor of the Fe’* spins. In the following, the
g-factor of free electron spin is expressed as g. BP€ is the external

DC magnetic flux density. Jp, and D;e are the strengths of the
isotropic and Dzyaloshinkii-Moriya-type exchange interaction
strengths between the Fe>" spins, respectively. A,, A,, and A,, are
the energies expressing the magnetic anisotropy of the Fe>* spins.

Although we expressed the Er’" subsystem using a single spin
lattice for the paramagnetic Er*" spins (T >T.) in our previous
works31:34, in this study we employ a two-sublattice model for the
Er*" spins to describe the Er**-Er’* exchange interaction and
LTPT. The Hamiltonian of the Er*" spins is

. N be “A B
Hgp=— > 2 @-B™ +], 2R -R;. (©)
s=ABi=1 n.n.
Here, IA{?/B is the operator of rare-earth (Er’* or Y*>*) spin at the

site i in the A/B sublattice. For Er,Y,_,FeO,, the rare-earth spins
are represented randomly as s = A, B; i.e.,
. { o; for Er*t

;= @)

“lo fory '

We describe each Er®* spin using a vector of Pauli operators

S __ (AS A ~s A\t s ofr AS AS s a8y

o = (0}, of,y, 0, satisfying 07,07, =1, [0}, 05’,5] =0
As oad i AS As a8 i AS

& =ux,y,2), [0} ai,y] = 120,3265‘5,81-‘1./, [aw, 0;.]l= 1201-7)(85’5/61-‘,./,

and [07,,0; ] = i26; 0, /0, s, where §;; is the Kronecker delta.

The Y>* ion is non-magnetic, and R; is replaced with 0. The first
term in Eq. (6) represents the Zeeman effect, and the magnetic
moment is expressed in terms of the anisotropic g factors gffy’Z
for the Er*" spins as
1 Er S Er S Er3s b 1 Er A

_E”B(gxrRi.)ﬁ 9,'R;,, 8. 'R; ) = M9 "R (8
The factor 1/2 is added because (1/2)6; theoretically corresponds
to a spin 1 operator. We define the g-factor tensor for the Er3*
spins as

NS

W =

o 0 0
g"=| 0 gyEr 0 . %)
0 0 g

The second term in Eq. (6) represents the Er** — Er’Texchange
interaction with strength J,. Because the Er** ions are diluted in
Er,Y, ,FeO;, the number of nearest-neighbor Er’* spins is
effectively given by

Zg, = 6x. (10)
We describe the Er¥™-Fe®t exchange interactions as
~ No ~s s / ~s  af
Hore=2 ¥ [JR-8 +D ®x8)]. (D
i=1ss=AB

In our model, the Er**-Fe®* interaction is closed in each unit
cell; that is, the Er** and Fe*" spins in the same unit cell interact
with each other but do not interact with the spins in other unit
cells. J and D are the strengths of the isotropic and
antisymmetric exchange interactions, respectively31-34, Consider-
ing the spin configuration at T<T_ with no external DC
magnetic field (see more details in “Reduction of number of
parameters” in Supplementary Methods), we assume that D**" are
expressed in terms of two values D, and D, as

p** = (D,,D,,0)', (12)
D** = (-D,,—D,,0)’, (13)
BA __ t
D - (_Dany,O) ; (14)
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Fig. 2 Phase diagrams of spins in ErFeO; calculated using the mean-field
method. An external DC magnetic field was applied along theaa. b b. c ¢
axes. The difference |62 — 68| of the z components of the thermal-
equilibrium values of Er3* spins is mapped in red. The bold solid curves
represent the phase boundaries. The external direct current (DC) magnetic
field was varied from zero to positive or negative values at a fixed
temperature. As ErFeO; shows weak magnetization along the a axis, the
critical field depends on whether the field is parallel or antiparallel to the
magnetization in Fig. 2a.

(15)
As explained in detail in the section “Mean field Calculation

% of the Er*+ spins

are not influenced by the Er*™-Fe** 1nteract10ns by implicitly
considering a higher energy potential than that of the Er*™-Fe**
interaction strengths J and D** along the b axis. This assumption
helps to obtain an appropriate description of LTPT in accordance
with our numerical calculations.

The actual values of the parameters appearing in our
proposed spin model are provided in “Parameters” together
with a description of how they were determined based on recent
experimental results of terahertz magnetospectroscopy?! and
magnetization measurements20

_ t
- (Dx7 _Dy7 0) .

Method” we assume that the y components R

LTPT phase diagrams. Next, we show that our spin model cer-
tainly describes the thermal equilibrium (average) values of the
Er’** spins /% and Fe** spins $*® in the zero-wavenumber
(infinite- wavelength) limit using the mean-field method. Details
pertaining to the mean-field method are provided in the section
“Mean-field Calculation Method.” Because we simply considered
a homogeneous external DC magnetic flux density BP¢, /% and
§*/® were independent of the site index i.

Figure 2a-c show the calculated phase diagrams as functions of
T and BPC, applied along the a, b, and ¢ axes, respectively. The
difference |6§ - 6ZB| in the z components of the thermal
equilibrium values of Er** spins (AFM vector) is plotted in red.
|62 — &®| is the order parameter for the LTPT in the presence of
an external DC magnetic field in general, although the rotation
angle of the Fe*™ AFM vector can be utilized as an alternative
order parameter if the external DC field is zero or is along the a
axis. The bold solid curves represent phase boundaries.
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Fig. 3 Thermal equilibrium spin values. a Er3* spin. b Fe3* spin calculated
using the mean-field method as functions of T in the case of zero external
direct current (DC) magnetic field. As shown in Fig. 3a, 5, = o5 = —a°
spontaneously appears below T. = 4.0K, i.e, the Er** spins are
antiferromagnetically ordered along the ¢ axis. They show magnetization
along the a axis as ¢, = ax B due to the Er3*+-Fe3+ exchange interaction
with the weak Fe3* magnetization along the a axis, whereas o, = af =0.
As shown in Fig. 3b, above T, the Fe** spins are ordered
antiferromagnetically along the caxis as S, = 75 = S whereas they are
slightly canted toward the a axis as S, = SX/ and S = S = —S =0.
Below T, the Fe3* spins rotate in the bc plane, and the rotatlon angle is
¢ = arctan(gy/:ﬁz) = 46° at T = 0K with our parameters.

These phase diagrams are consistent with those reported by
Zhang et al.2%, As shown in Fig. 2a, because ErFeO, possesses a
weak magnetization along the a axis, the critical field depends on
whether the field is parallel (in the same direction) or antiparallel
(in the opposite direction) to the magnetization. The parameters
used in the calculations are provided in “Parameters.”

Figure 3 plots the thermal equilibrium values of the Er*™ and
Fe’* spins in the absence of an external DC magnetic field as
functions of temperature. The LTPT, that is, the antiferromag-
netic ordering of the Er** spins along the ¢ axis and the rotation
of the Fe** spins in the bc plane??, are reproduced well in our
spin model. The rotation angle of the Fe** AFM vector is ¢ = 46°
at T = 0K with our parameters. This value is approximately
equal to the experimentally estimated value ¢ = 49° 29,

Extended Dicke Hamiltonian. The mean-field method employed
in this study, as illustrated in Figs. 2 and 3, is a standard means of
analysing magnetic phase transitions. To investigate the analogy
between LTPT and SRPT using the Dicke model, we derive an
extended version of the Dicke model transformed from the spin
model in Eq. (2). This derivation is given in detail in the section
“Derivation of Extended Dicke Hamiltonian”.

The extended Dicke Hamiltonian minimally including the
terms relevant to the LTPT in an external DC magnetic field
applied along the a axis, where the I';, symmetry remains, is

2 A .
H/h ~ wnanun + wErzx + ZErf]lEr (sz - Zzz)

28 (ot 2g, v o g
+ a a, —a,)>x,.
W( Vid \/’ﬁ( T ) z

(16)
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Here, a, (&Z) is the annihilation (creation) operator of an Fe**
magnon in the quasi-antiferromagnetic (QAFM) mode®3. The
eigenfrequency w, = 27x0.896 THz can be evaluated using
Eq. (63). The actual value was evaluated using the parameters
shown in “Parameters.” The Er’* resonance frequency is defined
as follows.

_ |E, + ¥ ugBYC
wEr = f .

E, =487 sinf, + D, cos B)) = hx 0.023 THz.

(17)

(18)
The total number of § spins (Er’* spins) in the two sublattices is
N = 2xN,. (19)

N operators representing the rare-earth spins

ﬁlx‘y‘z are spin 3
(a detailed definition is given in Eq. (92)). The two Er*T-magnon
coupling strengths in the last two terms of Eq. (16) are defined as

follows.

b+a

1/4
7 ) = h x +/x x 0.051 THz,
—C

hg, = \/Z—EUCOS/;O - D, sinﬁo)(
(20)

d—
hgz=\/2xSDx( <
b+a

Comparing Eq. (16) with Eq. (1) (the Dicke model), because a,,
and ix%z in Eq. (16) correspond to a and Sx‘y‘z in Eq. (1),
respectively, we may observe that the g, term in Eq. (16)
corresponds to the matter—photon coupling (transverse cou-
pling), that is, the last term in Eq. (1). In addition, the g term
represents longitudinal coupling, and the term Jg, describes the
Er’*-Er’* exchange interactions in Eq. (16). The coupling
strength g = 27x0.116 THz shows the system fall into the
ultrastrong regime because it is a considerable fraction of the Er**
resonance and qAFM magnon frequencies, E, = hx 0.023 THz
and w, = 27x 0.896 THz. When the g, term causes an SRPT,
(2,) spontaneously acquires a non-zero value in thermal
equilibrium, corresponding to the antiferromagnetic ordering of
the Er’" spins along the ¢ axis. As explained in “Derivation of
Extended Dicke Hamiltonian,” the spontaneous appearance
of non-zero (i@} —a,)) coupled with 3, in the g, term,
corresponds to that of the Fe** AFM vector in the b axis and
causes its rotation in the bc plane. The Fe** quasi-ferromagnetic
(qgFM) magnon mode can be neglected in describing the LTPT,
because the AFM ordering of the Er** spins and the spontaneous
appearance of qAFM magnons are rather favoured and they
prevent the appearance of FM magnons, which feel additional
energy cost under the ordering of the Er*" spins and the gQAFM
magnons.

As seen in Egs. (20) and (21), the transverse coupling strength
g, depends on D,, and the longitudinal coupling strength g,
depends on ] and D,. These expressions are reasonable from the

1/4
) = h x \/x x0.116 THz. (21)

perspective of the spin model in Eq. (11). The D, antisymmetric
Er**-Fe’* exchange interaction is essential for the LTPT because
. o oA/B .

it couples 0?/ B and Sy/ , which appear spontaneously at T< T'_.
In contrast, the J and D, exchange interactions are not directly
related to the LTPT because these interaction terms do not couple

&?/ B and S‘;\/B directly.

Evidence of magnonic SRPT. Using the semiclassical method
described in “Semiclassical Calculation Method” with the exten-
ded Dicke Hamiltonian in Eq. (16), we calculated the thermal

1 4
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Fig. 4 Thermal equilibrium spin and amplitude values. a Er>* spins. b Fe3*
spins. ¢ Fe3* magnon amplitudes as functions of T. These values were
calculated using the semiclassical method with the extended Dicke
Hamiltonian in the case of zero external direct current (DC) magnetic field.
Figure 4a, b are nearly the same as Fig. 3a, b, respectively, except S,, which
changes only slightly due to magnon bosonization. The Fe3* spins, §XW,
were calculated using Egs. (113)-(115) with the thermal equilibrium value of
the quasi-antiferromagnetic (QAFM) magnon annihilation operator (a,) =
VN(@, + ia;) plotted in Fig. 4c.

equilibrium values of the Er*™ and Fe’* spins and magnon
amplitudes as functions of temperature. Here and also in the
calculation of the LTPT phase diagrams by the mean-field
approach, we implicitly assumed that a thermal bath is connected
to the extended Dicke Hamiltonian in Eq. (16) [and the spin
model in Eq. (2)]. The thermal bath simply ensures that the
system is in thermal equilibrium at a certain temperature in the
present calculations, whereas it causes the energy loss and
decoherence in non-equilibrium dynamics of Er** spins and Fe**
magnons.

Figure 4a—c show the thermal equilibrium values of the Er**
spins 0, = (2,,.)/(N/2), F" spins S, and Fe’™ qAFM
magnons 4,; as functions of temperature in the absence of an

external DC magnetic field, ie, with BP¢ =0. Sx,y,z were

calculated using Egs. (113)-(115) with (a,) = +/N(a, + ia,).
Figure 4a, b, respectively, reproduce Fig. 3a, b calculated using
the mean-field method with the original spin model, including T,
although S, differs. As depicted in Fig. 3b, a decrease in
temperature causes a reduction in S, along with the spontaneous

appearance of Sy, whereas Fig. 4b reveals S, to remain nearly

ENEL

constant. This difference exists because S, -+ Syz +5,> = §* does
not hold in the extended Dicke Hamiltonian derived via magnon
quantization (i.e., bosonisation of Fe** spin modulations). The
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Fig. 5 Phase boundaries of the low-temperature phase transition (LTPT)
in ErFeOs. Boundaries calculated using the (a) mean-field method and
(b) semiclassical method with the extended Dicke Hamiltonian. An external
direct current (DC) magnetic field is applied along the a axis. The solid
curves are the phase boundaries determined using the full Hamiltonian, and
those in Figs. 5a and 2a are equivalent. The dashed-dotted curves are the
phase boundaries in the absence of Er3*-magnon coupling (Er3*+-Fe3*
exchange interactions). The dashed curves are those obtained in the
absence of Er3t-Er3t exchange interactions, i.e., the LTPT can be caused
solely by the Er3*-magnon coupling and thus can be interpreted as a
magnonic superradiant phase transition (SRPT).

ultrastrong term g, the last term in Eq. (16), causes the
spontaneous appearance of o, and a;, as shown in Fig. 4a, c,
respectively, and the latter causes a non-zero Sy through
Eq. (114). The Fe** AFM vector is rotated due to the spontaneous
appearance of a non-zero S, when 57+ Syz +35,> =8 holds.
Thus, the LTPT, that is, the spontaneous ordering of Er’* spins
(spontaneous appearance of 7,) and the spontaneous rotation of
Fe’* AFM vector (spontaneous appearance of @; and §y), is
caused by the Er*"-magnon coupling.

To compare the contributions of the Er**~magnon couplings
and Er’*-Er’* exchange interactions for the LTPT, Fig. 5 depicts
the phase boundaries calculated using the full Hamiltonian (solid
curves) as well as in the absence of Er**-Fe’' exchange
interactions (dashed-dotted curve; ] =D, =D, =g, =g, =0)
and Er’T-Er** exchange interactions (dashed curve; Jp, = 0).
Figure 5a, b illustrate the results obtained using the mean-field
and semiclassical methods with extended Dicke Hamiltonian,
respectively. The solid curve in Fig. 5a is equal to that in Fig. 2a.
The slight differences between Fig. 5a, b are discussed in “Aspects
of phase boundaries” in Supplementary Methods.

The dashed curves (Jp, = 0) in Fig. 5 reveal that the phase
transition occurs even in the absence of Er**-Er’* exchange
interactions and that T, equals approximately 1.2 K at BP© = 0.
Thus, Er’** -magnon coupling alone can cause the LTPT. In this
sense, the LTPT can be interpreted as a magnonic SRPT because
the Er’*-magnon coupling is sufficiently strong for the phase
transition to occur.

On the other hand, in the absence of Er’*-magnon coupling,
as denoted by the dashed-dotted curves, T, is approximately
2.6K at BPC =0. This result appears to indicate that the
contribution of the Er**-Er’™ exchange interactions is larger
than that of the Er’**~magnon coupling. However, the actual T is

4XK; that is, the Er'*—-magnon coupling enhances the T, of the
phase transition. In the same manner, the critical magnetic fields
are also enhanced. These facts are similar to the suggestion of T’
enhancement through photon-matter coupling by Mazza and
Georges>>; however, in their case, phase transition does not occur
solely by photon-matter coupling, and their model does not
guarantee gauge invariance36-37.

Although the g, term causes the spontaneous appearance of
both &, and Sy following the above-mentioned description of the
SRPT, a non-zero ¢, can also spontaneously appear due to the J,
term (Er’T-Er’* exchange interactions). Although Er’*-magnon
coupling is inevitable for the spontaneous rotation of the Fe**
AFM vector (spontaneous appearance of Sy), we quantitatively

evaluate the contributions of the Er’*-magnon coupling and
Er’**—Er’* exchange interactions for the LTPT as follows.

The two contributions to the LTPT can be determined by
analysing the condition for the SRPT in our extended Dicke
Hamiltonian in Eq. (16) under the Holstein-Primakoff
transformation33-40. The detailed calculations are discussed in
the “Condition for SRPT in Extended Dicke Hamiltonian”
section. The condition can finally be expressed as

2 2

4‘zEr] Er
hwg,

4g, 4g,

- >1. (22)
W, Wg, W, Wg,

For Jp, = g, = 0, this expression is reduced to 4¢,* > w,wg, for
the SRPT in the Dicke model, Eq. (1).

The three terms on the left-hand side of Eq. (22) are evaluated
as follows.

Dgz = 4g22/(wﬂwEr) = 2.65, (23)
Dgx = _4gx2/(wnwEr) = _051’ (24)
D]m = 4ZEr]Er/(hwEr) = 9.29. (25)

In the following, we refer to these quantities as coupling depths.
They are dimensionless measures of coupling strength and are
determined based on the appearance of the SRPT. As seen in Eq.
(22), the SRPT occurs when the sum of these coupling depths
exceeds unity, i, D, + D, + D; >1. The coupling depth D;
of the J, term is the largest, which is consistent with Fig. 5. The g,
term (longitudinal coupling) has a negative contribution to the
SRPT (D, <0). Among the three couplings, the contribution of
the g, termis D, /(D, + D, + D;_) = 0.23, and that of the total
Er**—magnon coupling is (Dy +D, )/(D, +D, +D; )=0.19.
These values are roughly equal to 1.3 K/(1.3K + 3.4K) = 0.28, as
estimated by Kadomtseva et al2? However, the longitudinal
coupling (g, term) was not included in their model*1#2, and the
parameters were determined only by the phase boundary for
B¢/ /a.

Considering the analogy between an LTPT and SRPT, the
coupling depth of the g, term satisfies D, >1and D, + D, >1.

This result suggests that the transverse Er**-magnon coupling is
much stronger than the longitudinal coupling (giving a negative
contribution) and is sufficiently strong to cause the SRPT alone.
In this sense, we can conclude that the LTPT in ErFeO; is a
magnonic SRPT obtained in the extended Dicke Hamiltonian
with direct atom-atom interaction and longitudinal coupling
(g, term).

Discussion
As shown above, we quantitatively confirmed that the LTPT in
ErFeO; is a magnonic version of the SRPT in thermal
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equilibrium. This is the first confirmation of the SRPT since its
proposal in 19731

Early reports on the SRPT suggested its no-go theorems*3-46,
implying that thermal-equilibrium SRPTs cannot be realized in
systems described by the minimal-coupling Hamiltonian, that is,
charged particles (without spins) interacting with electromagnetic
fields. Because the classical treatment of the electromagnetic fields
used in proofs of such no-go theorems can be justified only in
limited situations?4>-4%, proposals of counter-examples against
the no-go theorems and criticisms against the counter-examples
have been repeated in SRPT research3°-37:50-57,

One means of evading the no-go theorems involves introdu-
cing another degree of freedom, such as spin*%. For example, it
has been shown that the Rashba spin-orbit coupling can cause
paramagnetic instability in an ultrastrongly coupled system
between a cyclotron resonance and cavity photon field, implyin
an SRPT?. Further, it has been pointed out recently3”->8>9 that
the coupling between matter and a spatially-varying multi-mode
cavity fields plays a key role for circumventing the no-go theorem.
Another method is to utilize various types of interactions and
spin waves in magnetic materials, which cannot be described by
the minimal-coupling Hamiltonian.

Ultrastrong photon-magnon coupling has been reported for an
yttrium-iron-garnet sphere embedded in a cavity with a reso-
nance frequency in the gigahertz region®-%4, where the electro-
magnetic wave was confined by metallic or superconducting
mirrors. Recently, g/w ~ 0.46 has been achieved to detect dark
matter (galactic axions)®®. Ultrastrong spin-magnon3! and
magnon-magnon®®%’ couplings have also been observed. How-
ever, evidence of an SRPT has not been reported even with those
magnonic ultrastrong couplings, although various phase transi-
tions exist in magnetic systems, and it is conceivable that some of
the known phase transitions can be understood as the SRPT or an
analogue.

The LTPT in ErFeO; has been discussed in relation to the
cooperative Jahn-Teller transition2?*142, which is analogous to
the SRPT%8:99, Vitebskii and Yablonskii proposed a theoretical
model for describing the LTPT in 197830, Further, Kadomtseva
et al. theoretically investigated the ratio between the Er’*-Er**
and Er*T-Fe*" interaction strengths in 1980%°. They also men-
tioned the analogy between the LTPT and cooperative
Jahn-Teller transition*!#2, Loos and Larson discussed the ana-
logy between the cooperative Jahn-Teller transition and SRPT in
1984 and 2008, respectively®®%. However, the analogy between
the LTPT and SRPT has not been directly drawn either theore-
tically or experimentally because the analogies between the LTPT
and cooperative Jahn-Teller transition and between the latter
and the SRPT have been independently discussed?®:8:69, and
no experimental evidence has been shown. The spin-Peierls
transitions’%7! and the spin-reorientation transition in rare-earth
iron garnets’? have also been discussed as analogous phenomena
to the SRPT. However, no experimental evidence has been
demonstrated. Structural transitions in ferroelectric materials
may also be seen as a SRPT analogue at a first glance’3. However,
when we map such ferroelectric systems to the Dicke model, we
find that the resonance frequency of the electric polarization
becomes an imaginary value, which indicates that such ferro-
electric phase transitions are caused by the instability of the
electric polarization subsystem rather than by the coupling
between the polarization and phonon subsystems. Hence, no
other SRPT analogue by matter-matter coupling has been con-
firmed quantitatively.

In 2018, the +/N-dependence (N is the Er*" density) of the
anticrossing frequency, or vacuum Rabi splitting (2g), between
paramagnetic Er*™ spins and a Fe*™ magnon mode was experi-
mentally confirmed at T > T 3. This +/N-dependence, the Dicke

cooperativity, can be taken as evidence that the coupling between
the Er*" spin ensemble and Fe** magnon mode is cooperative,
being well described by the Dicke model or its extension.

This study provides the quantitative evidence of magnonic
SRPT manifestation. Meanwhile, the existence of photonic SRPT,
which was originally proposed in 1973, has yet to be confirmed.
Moreover, the possibility of its theoretical existence in materials
with spin degree of freedom is still under debate36-37->8:59, Since
the development of the Dicke model, this study is the first to
elucidate the occurrence of magnonic thermal-equilibrium SRPT
in an actual material, namely ErFeO;.

Conclusions

In this study, using an ErFeO; spin model reproducing both the
phase diagrams obtained via magnetization measurements2® and
terahertz magnetospectroscopy results3!, we derived an extended
Dicke Hamiltonian that accounts for Er*"-Er** exchange inter-
actions as well as the cooperative coupling between the Er*™ spins
and Fe** magnon modes. We found that the LTPT in ErFeO, can
be caused solely by Er*"-magnon coupling (in the absence of
Er’*-Er’* exchange interactions). From the analytical corre-
spondence between the spin and Dicke models and the quanti-
tative verification that the Er*T-magnon coupling solely causes
the LTPT, we concluded that the LTPT in ErFeO; is a magnonic
SRPT in the extended Dicke model. This is the first confirmation
of the SRPT in thermal equilibrium since its proposal in 19731,
These results are expected to be the first step in finding the
(originally proposed) photonic SRPT in magnetic or other
materials explicitly including the spin degree of freedom.

The thermal SRPT in ErFeO,; would exhibit rich physics
beyond the quantum or zero-temperature SRPT that has been
demonstrated in laser-driven cold atoms!4-17. It is known that the
thermal and quantum fluctuations of photons and atoms exhibit
characteristic behaviours around the SRPT747>. Recent studies
have reported the occurrence of strong, two-mode quantum
squeezing at the SRPT critical point!>!3. In future endeavours,
including ongoing terahertz magnetospectroscopy experiments on
Er,Y,_,FeO; concerning LTPT’® and subsequent quantum-
fluctuation measurements’”>’® of magnons and Er3* spins, we
intend to investigate the occurrence of such quantum-squeezing
phenomena during thermal SRPT.

The generation of squeezed states of light has attracted con-
siderable research interest over several decades because they
facilitate precision measurements to be performed beyond the
limitations encountered owing to the manifestation of quantum
vacuum fluctuations and evolution of continuous-variable quan-
tum computing. However, most existing squeezing-generation
protocols require a system to be driven to realize transient
squeezed states. This limits the realizable degree of squeezing
during experiments owing to unpredictable noise. In contrast,
quantum squeezing at the SRPT critical point can be stably rea-
lized under thermal equilibrium, because an ultrastrong coupled
system remains at its most stable in the squeezed state. As a
result, such systems are resilient to unpredictable noise. This
fundamental stability and resilience are expected to facilitate the
realization of novel applications exploring quantum sensing and
decoherence-robust continuous-variable quantum computing via
the occurrence of quantum squeezing at the SRPT critical point.

Methods

Parameters. Following our previous study!, we used the following values for the
Fe’* subsystem in our numerical calculations, except A,, which was determined to
fit the spin resonance frequencies to the corresponding terahertz absorption
spectrum in our experiments3! (see “Spin resonance frequencies” in Supplementary
Methods for details).

Jre = 4.96 meV, (26)
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Fe _
D) = —0.107 meV, (27)
A, = 0.0073 meV, (28)
A, = 0.0150 meV, (29)
A, =0. (30)
The anisotropic g-factors for Er*" spins were assumed to be
o' =6, ©))
g =34, (32)
g = 9.6. (33)

These values were utilized to fit the Er** spin resonance frequencies depicted in
Supplementary Figs. 1-3 to their corresponding absorption peak positions
observed during experiments®! (refer to “Spin resonance frequencies” in Supple-
mentary Methods). They were multiplied by 2 compared to those estimated in
our previous study®! to compensate for the use of the additional factor of 1/2
in Eq. (8).

The anisotropic g-factors for Fe’* spins were assumed to be

g =2, (34
g =2, 35)
Fe
0. =0.6. (36)

Here, gt was determined to reproduce the critical magnetic flux density
BP€ ~ 20T?6 of the transition between the T, phase and the T, phase, in which the
Fe’™ spins are ordered antiferromagnetically along the a axis with slight canting
toward the ¢ axis, in the case of B°C//c. On the other hand, gf¢ and gﬁe were
simply set to the values in the case of free electron spin because the results in the
present study are insensitive to these values.

Concerning the Er**-Er*" and Er*"-Fe’" exchange interactions, we used the
following values.

Jg, = 0.037 meV, (37)

J = 0.60 meV, (38)
D, = 0.034meV, (39)
D, = 0.003 meV. (40)

These values were utilized to fit Fig. 2 roughly to the phase diagrams reported by
Zhang et al.2%, The precise values of Jg,, J, and D, were mainly determined to fit
our calculated spin resonance frequencies BP©//c to the corresponding terahertz
absorption spectrum in our experiments®!, which are both shown in
Supplementary Fig. 3a (see “Spin resonance frequencies” in Supplementary
Methods). On the other hand, D, was determined to reproduce T, = 4.0K.

Although the ratio between the Er’* —Er’* and Er’*-Fe’* interaction
strengths was theoretically investigated by the phase boundary for B’ //a?, the
phase diagrams (T and critical DC fields) themselves were not sufficient to
determine all of our parameters, although we do not intend to claim the
impossibility of such determination in the present study. The phase diagrams gave
only some ranges of the parameters. Because the LTPT is caused by not only the
Er**-Er’" exchange interaction, but also the Er**-Fe** interactions
(Er**-magnon couplings), there are at least four parameters (Jg,, J, D,, and D))
even if the number of parameters is reduced according to the analysis in
“Reduction of number of parameters” in Supplementary Methods. The anisotropic
g-factors g, g;r, and g&* of the Er** spins are free parameters, and could easily
change the critical DC fields. T, and three critical DC fields obtained from the
magnetization measurements?® were not sufficient to determine the above
parameters.

In determining all of these quantities, the spin resonance frequencies were
informative. In particular, as discussed in “Spin resonance frequencies”
in Supplementary Methods using the extended Dicke Hamiltonian, the Er**-Er**
exchange interaction strength Jp, clearly appears as the frequency splitting between
the Er** in-phase and out-of-phase resonances. The out-of-phase mode cannot be
excited by the terahertz wave unless it couples with the Fe>* magnon modes. In
that sense, the anti-crossing between the Er’* in-phase resonances, out-of-phase
resonances, and Fe>* qFM magnon mode BP® ~ 4T in Supplementary Fig. 3
provides the most important information for determining Ji, and the other
parameters (see “Spin resonance frequencies” in Supplementary Methods).

Mean-field calculation method. Because we simply considered a homogeneous
BPC in this study, the expectation values of the Er** spins ¢*/® = (fr?/ %) and Fe’*

spins $*/% = (S?/B) were independent of the site index i. The brackets represent

the theoretical expectation values of the operators at a finite temperature in the
Heisenberg representation. The brackets also correspond to the ensemble average
of the spins in each sublattice. Their equations of motion can be obtained from the
Heisenberg equations derived from the Hamiltonian in Eq. (2), as follows
(s=A,B).

(/a0 = —o* x guyBi, (0"}, {SYE)), (a1)
1(0/31)8* = —8° x guy B ({0}, {S*/2)). (42)

Here, Bgr/ " and B?e/ " are the mean fields for the Er** and Fe®* spins, respectively,
and they can be expressed as

g,uBBQY({aA/B}, {SA/B}) = ,uBgE' -BPC 4 27, J; 6°
JS;, — (DA x $%),
+ 2200 , (43)
B JS — (DA x §°),
QFBBgr({”A/B}7 {SA/B}) = I‘BQEr B¢+ ZZEJF;‘TA
JS;, — (DP*x §°),
+ ¥ 2|0 , (44)

s=AB
JS; - (DY §),

auBr (o), (SY7]) = e B+ 3 x(Jo* + D x o)

ZrepeSy + 2Dy ST — 2A, 8% — A, SH

xz9z
+ zFe]FcS)]? ’ (45)
‘Zl-‘e]FeSlz3 - ZFeD}]feSE - 2AZS? - szsfc\

g‘MBB]}‘%e({O_A/B}7 {SA/B}) — ‘uBgFe ) BDC 4 %Bx(]o_s 4 Ds,B>< D’S)
s=A,

ZpeJpeSt — Zp DySE — 2A,80 + A, SE

XzZ-z
+| 2], Fes;/\ : (46)
ZFe]FeSzA + ZPeD;eS? - 2AZS? +AS)

xzVx

In Egs. (43) and (44), the first, second, and third terms represent the Zeeman effect,
Er’* —Er’* exchange interaction, and Er** —Fe® exchange interaction, respec-
tively. In Eqs. (45) and (46), the first, second, and third terms represent the Zeeman
effect, Er’" —Fe®" exchange interaction, and Fe’™ —Fe®™ exchange interaction,
respectively. The dilution of the Er** spins is reflected by the factors zy, = 6x and
x. zg, denotes the number of neighbours of Er**, and its value effectively decreases
by a factor of x. Because (1/ 2)6*/® corresponds to the spin £ operator, a factor of 2
appears overall in Egs. (43) and (44). As explained at the end of the section
“ErFeQ;,” the y component of the third term in Eqs. (43) and (44) is set to zero by
means of implicitly considering a high-energy potential.

The free energy of the system is minimized when the thermal equilibrium

values (time averages) of spins /% and §*® are parallel to their mean fields

B}, = B;, ({62}, {8""}) and B}, = B} ({5"/%}, {§*'%}) as follows.
& = (&) = (6))up,. o) = & - ui,, 7)
=)=, § =5 u,. (48)
Here, the unit vectors of the mean fields are defined as
g, = By, /By, (49)
ug, = By /|Br|. (50)

The thermal equilibrium values */® and §*® can be determined as follows.
For given mean fields B}, and By, the effective Hamiltonians of each Er’* and
Fe’ can be defined as

N 1 e = 1 =
'H;, = EQHB"S By, = EgHBUﬁlB;rl? (51)

Hi‘e = QI‘BSS ) Bi‘e = g."‘BgSulB;eL (52)

Subsequently, the partition functions can be expressed as
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> e™: =2cosh(y,), (53)

m=x+1

Z, =Tr [e*%/(km] -

_ sinh[(S+ 1/2)x,]

. s
s = T /(s T)] _ —mx, _ 4
re=Tr [e } R sinh (x,/2) (54)

where the following are defined.
¥ = o |By, | /(2K T), (55)
X, = oy | By | /(kpT). (56)

Because 6*/® is not a standard spin operator with an angular momentum of # or
/2 but is a vector of the Pauli operators, the summation is performed for m = +1.

The free energies are given as —kg Tanér/ ® and —kg Tan]?e/ %, and the thermal

equilibrium values of the spins are

S a S
(oy) = _WIHZE‘ = —tanh(y,), (57)
. I
() = —ganFe = —SBy(Sx,), (58)
where Bg(2) is the Brillouin function, defined as
2 1 2 1 1
By(2) = J + coth< S+ z) — —coth <£> (59)
2] 2] 2] 2]

By consistently solving Egs. (43)-(48), (57) and (58), 6*/® and S*® can be
determined at finite temperatures.

Derivation of extended Dicke Hamiltonian. Here, we describe the transformation
of our spin model, Eq. (2), into an extended version of the Dicke Hamiltonian, Eq.
(1). We first rewrite the Fe3* subsystem Hj, in terms of the annihilation and
creation operators of a magnon in “Fe** subsystem.” The Er’™ subsystem Hp, is
rewritten using large spin operators in “Er** subsystems.” The Er**-Fe’*
exchange interactions, Hy,_p,, are transformed into five Er** -magnon couplings as
per “Er’* —Fe®™ interactions.” Finally, the extended Dicke Hamiltonian is dis-
cussed in the section “Total Hamiltonian.”

Fe’* subsystem. We assume that the most stable values of the Fe>* spins at zero
temperature, §Y® are unchanged even when BPC (S10T) is applied, as we also
assumed in our previous studies®!:34, Under this assumption, as depicted in Fig. la,
the most stable state (ie., the ground state) of the Fe** subsystem Hp,, Eq. (3), can
be expressed as

Ssin Ssin f,
Si=10 ,Se=10 ) (60)
—Scos f3, Scos f3,

Here, the canting angle 3, can be expressed as (see “Magnon quantization”
in Supplementary Methods and Supplementary Fig. 4 or refs. 31,3334

(61)

Fe
By = —larctanm.
2 ZFe]Fc - Ax + Az
The magnon is the quantum of spin fluctuations (spin waves) from this stable
state. As shown in “Magnon quantization” in Supplementary Methods as well as in
refs. 3134 in the long-wavelength limit, the Fe>* Hamiltonian T{y,, Eq. (3), can be
rewritten in terms of the annihilation (creation) operators (&}L() of Fe**
magnons as

Hy, ~ hwyalay + const.
Fe K:ZM KKK (62)

Here, K = 0 and 7 correspond to the gFM and qAFM magnon modes,
respectively>3. The eigenfrequencies can be expressed as follows.

wi = yy/(bcosK — a)(d cosK + c). (63)
Here, we define

a=[S/(oupl[~A; — A, — (zpeJre + A, — A,) cos (2B)
+ (A, + 2D sin (2By) |, (64)
b= [S/(gpp)l(zre]re); (65)
¢ = [S/(app)l(zreve + 24, — 24,) cos (2By) + 2Dy sin (2B,)],  (66)

d = [S/(aptp)[—2reS ke 08 (2By) — A, + 2 D)) sin (2)]. (67)

The operators of the spin fluctuations 53?/8 = S?/B - SOA/ ?

3 *(TO - Tn) cos B,
o8 = =
! 2N,

(Yo—Y,) , (68)
—(Ty — T,)sin,
S

2N,

can be expressed as

(To + Tn) cos 3,
(Yo+7,) , (69)
—(Ty + T,)sinB,

88; =

where the following are defined.

7 _ (beosK —a Vi@t +ay) 0)
K= \dcosK +¢ V2
o (deosK+c i@ —ag) a1
K= \bcosK —a V2

For the subsequent discussion, we define the sum and difference of the spins as

8 =58l (72)

Their equilibrium (most stable) values are
S =S +5p = (2Ssin By, 0, 0)', (73)
S, = 53 — Eg = (0,0, —2Scos By)', (74)

and their fluctuations are given by the sum and difference of Eqgs. (68) and (69) as
follows.

” T, cos f3,

ot cA L ooB 5

88 =4S, +6S;, = ~ | Yo , (75)

0 I
—T,sin f3
-T
a— oA oB N 0 cosfo

8 =465, -6, = A TY" . (76)

T, sin 3,

Er’*" subsystems. We define the following new operators.

(77)

For an Er** ion, (I/Z)ﬁ?/B is a spinJ operator and s a spin¥ operator
representing the rare earth spins in the A/B sublattice. We also define the sum and
difference of the two sublattice spins as

3 =3"45" (78)

In the long-wavelength limit, all spins in each sublattice have the same values in
both static and dynamic situations. Subsequently, the Er*" Hamiltonian in Eq. (6)
can be rewritten as

He~ & oluyS{BRC LY (79)
~ z . .
Y 8¢ #pZg By + 2 J a5 A,
S et 8Zp g A B
= X ofudy BYC+—EEET 5T (80)
E=xy.z N
Er’*-Fe*' interactions. In the same manner as in our prior works3!-34, the
Hamiltonian of the Er**~Fe>* exchange interactions can be rewritten using
Eq. (11), as
0
Here~ 2 (287 +57-087) + | 2p, |- (;:w S+ x887)
0
2D,
+] 0 |- (xS, +2 xd8). (81)
0

In each set of parentheses, the first term represents the influence of the static
components (equilibrium values) Sg /B of Fed* spins to Er** spins £ *, and the
second term represents the coupling between the Fe*™ fluctuation 68" and Er*
spins 5%, We divide these terms into two Hamiltonians as

. LR . coupling
Her_pe & HEr—Fe + HEr—Fe . (82)
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The first term gives part of the Er*" spin resonance frequency and can be expressed
as follows.

~ % &t
HEr—Fe = Exzx . (83)

Here, we used Egs. (73), (74) and (18). We neglected (—4SD, cos ﬁo)i‘; under the
assumption explained at the end of the section “ErFeO;.” The second term in Eq. (82)
can be rewritten in terms of the Fe** fluctuations as
Hphoe = \/§ [ cosBy = D, sinf)T,E) + Yo%) + (D, sin )T,
e N, Y x y y (84)
+D,7,5, +(~Jsinf, — D, cos ﬁo)foij].

Total Hamiltonian. In terms of the annihilation and creation operators of mag-
nons, the total Hamiltonian can be expressed as

8ZEr]Er iA . iB
N

A~ Y hogalag +ES) + 5 gFuBPCS] + 0k
K=0,m E=xy.z

2hg,
VN

2hg,
VN

gy/

At PN i
(a,+a,)x, + IN

(ah — ao)i; + @} +a,z,
2hg,,

" i2hg, s

VN

The five coupling strengths are defined as

@) — a8, + 522 (@) + ag)S, . (85)

1/4
hg, = ~/2x8(] cos B, — D, sin ;) <%> =hx/xx0.051THz,  (86)

1/4
hg, = /2x8] (: __F ;) = hx 4/x x 0.041 THz, (87)

1/4
hg, = v/2xS(D, sin ;) <%> =hx /x x3.1x 107° THz, (88)

N4
2. =“/ZED“<Z+;) = hx /X x0.116 THz, (89)

1/4
hg,, = +/2xS(—J sin B, — D, cos ;) (h a) = h x \/x x (—0.040 THz). (90)

d+c
The actual values were evaluated using the parameters shown in “Parameters.”
Compared with the expressions in our previous studies>!*4, the coupling
strengths in Egs. (86)-(87) include additional factors /2 and /S. First, /2
originates from the number of Er’" sublattices in the present study, whereas a
single Er’" lattice was considered in our previous studies3!34. The second factor,
/S, is a result of the difference in the method of normalizing the Fe** spins
between the present and previous studies3!:34.
and ¥ in

Whereas the Er** spin ensemble is described by six operators Ex e 2

the extended Dicke Hamiltonian in Eq. (85), only ZX and ¥ are relevant to the
LTPT shown in Fig. 1. i: corresponds to the paramagnetic alignment by the Fe**
magnetization along the a axis, and £ corresponds to the antiferromagnetic
ordering along the ¢ axis. Subsequently, to analyse the thermal equilibrium values
of the spins, it is sufficient to consider only the following two terms in the
Er’*-Er*" exchange interactions.

2z, g, ot 2 a—2
= ZEelE [ ST _ (s ]

N (2g) — ()

8z oA g
B Er sA 5B

e (51) —5)7). o1

In contrast, while the Fe*" spins are described by the gFM and QAFM magnon
modes in Eq. (85), only the gAFM mode is relevant to the LTPT. As shown in
Fig. 1, 85; and 8S, are required to describe the rotation of the Fe** AFM vector in
the bc plane, and 53: is required for possible modulation of canting along the a
axis. As seen in Egs. (75) and (76), 6:9?, 63;, and 83; are related to the QAFM
magnon mode (K = 7), and the gFM mode (K = 0) plays no role in the LTPT.

Consequently, among the terms in the total Hamiltonian given by Eq. (85), it is
only necessary to consider the terms shown in Eq. (16) to describe the LTPT (the

other terms are required to fully reproduce the terahertz spectra discussed in “Spin
resonance frequencies” in Supplementary Methods). Note that, in Eq. (16), we

rewrote the large spin operators representing the Er’" spin ensemble as

. ) N
X2, =20;,/2
i=1
U
2, = yEEIGW/Z’ (92)
P - N o
2, —)2252612/2

where we re-indexed the Pauli operators representing the Er’*
sublattices as

spins in the two

N N ~B ~

0';; = Ogic1x Oix = O2ix

~A N ~B ~

Oiy = Ozi1y5\ Oiy = —Oaiy- (93)

6?:4 = Gy | O —0yiz

Further, in Eq. (16), it was assumed that the external DC magnetic field is
applied along the a axis to maintain I';, symmetry, where either |62 — GZ| or the
rotation angle ¢ of the Fe** AFM vector from the c axis can be the order parameter
for the LTPT. Among the five Er>* ~magnon couplings in Eq. (85), only the g, and
g, terms are required to consider the coupling between ix‘z and the gQAFM
magnons. Although the g, term also couples iy and gAFM magnons, its coupling
strength is negligible compared with g, _, as shown in Eq. (88), which is consistent
with the experimentally observed antiferromagnetic ordering of the Er** spins
along the ¢ axis ((2;) =0).

As demonstrated in Figs. 4 and 5, the LTPT can be quantitatively reproduced as
the SRPT in the extended Dicke Hamiltonian, Eq. (85), which was derived from the
spin model of ErFeO;. The essential terms were extracted as shown in Eq. (16). The
g, term (antisymmetric Er’*-Fe** exchange interaction with D,) corresponds to
the matter-photon coupling and causes the antiferromagnetic ordering of Er’*
spins along the c axis and the b component of the Fe*™ spins through the
spontaneous appearance of gQAFM magnons.

Semiclassical calculation method. Wang and Hioe demonstrated a simple cal-
culation method for the SRPT in 19732, and Hepp and Lieb confirmed its validity
for the Dicke model?’. In the Dicke model, the partition function at temperature T

Zpie(T) = ”[‘1—[6*7:10,:1“/(knT)]7 (94)

in the thermodynamic limit N — oo can be approximately evaluated by replacing
the trace over the photonic variables with an integral over coherent states |+/Na)

(a € C; giving alv/Na) = v/Na|/Na)) as

Zchke(T) / Trle™ Hl’lcke(u)/ ksT)] (95)
2_
_ [ 4 sa@nn ©6)
/N )
where an effective Hamiltonian is defined as given below,
- eff
Hch;;e(a) prhlﬁ‘Z + wexsx + i2g([z* _ a)sz7 97)
as well as an action
I Seff
Spicke(@, T) = —ky TInTr[e™ ouel@/ 6T 98)
= N{thh ‘ﬁlz - kB Tll’lTr[e’Himke(”U/(kn'r)]}7 (99)

and an effective Hamiltonian per atom

ca
Hpicke(@) wex &

= (100)
h

 +ig(a* —a)o,.

The normalized expectation value @ = (@) ///N of the annihilation operator of a
photon at temperature T' can be determined to minimize the action, that is,
95 /9Re[a] = 0 and 3S/9Im[a] = 0. @ acquires a non-zero value below T, when
4g% > W W, s satisfied (v/Na gives a finite electric (displacement) field or vector
potential even in the thermodynamic limit N — oo if the atomic density is fixed). The
above approximation is justified if the free energy F . (T) = —(ky T/N)InZ . (T)
per atom satisfies iwyy, /N < | Fige(T)| in the thermodynamic limit!546:48:49,
Following the above treatment, we calculated the expectation values of the Er**
spin and Fe>* qAFM magnon operators in the extended Dicke Hamiltonian, Eq.
(16), at a finite temperature. In the thermodynamic limit N — oo the partition
function Z(T) = Tr[e "/*:T)] can be approximately evaluated by replacing the

trace over the magnonic variables with an integral over c-numbers a,,a; € R,
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giving a, — +/N(a, + ia,), as

z "da, du G a
Z(T) = N [ #" (@, ,)/(km] (101)
da,da; ~5@D/(k 1)
= B 102
/ N (102)
where we define an effective Hamiltonian
~ e 2 4 2 A A A
H ff(ar‘r ai)/h = Nwﬂ(arz + Eliz) + wEer + Z;\E;;’EY (<2x)2x - <2z>zz)
2ZEr]Er ( 2 — % = <
(3.)=(%) ) +4g.a s +4g.as, (103)

by introducing the Er** components (2, ) of the mean fields of the Er** ensemble.
The action in Eq. (102) is defined as follows.
S@,,a (104)

rr Giy

T) = —ky TInTr [e*ﬂé“‘(ﬁpa,)/(k,; T)}

(@r ;)

=N{hwﬂ(a,2+af) ,%(@»L@Zy)} NkBTlnTr[ o }

(105)
Here, we define an effective Hamiltonian per Er** spin as
H'(@,8) _ g o | 2255 (ot s oy . .
T’ = 2E o, + ﬁ ((ZX )0, — (2, )az) +2¢.4,6, + 2¢,3,6,. (106)

The site index i is omitted here because all the spins are identical. The action Sis
minimized at dS/0a, = 0 and 0S5/da; = 0, yielding

w.a,+g.(0,) =0, (107)

©,8; + g,(0,) =0, (108)

where the expectation values of the Pauli operators are defined for a given a, and
a;, as
Tr[&{efﬁ"(mﬂ,)/(kg’l‘)]

— . (109)
Tr[e—H (@,,a;)/ (kg T)]

= (6p) =

From Egs. (107) and (108), the expectation values of the large spin operators can be
expressed as

- N No

SyY="(6)=——Tg
(Z,) 5 (0,) 2. a,, (110)

. N Nw, _
E) =700 = -5 (1)

Substituting these into Eq. (106) gives
H'(@,a)  wg ZeJEr@n ) - & Zee W\

2 %% TEe 2 ZEEr U 2 BB a6 . (112
. S0t ( g, — hg. a0, + | 2g, + e, a,6,. (112)

By simultaneously solving Egs. (107)-(109) and (112) for a given temperature,
T, we obtain the thermal equilibrium values of the Er** spins &, , and Fe’™ qAFM
magnons d, ;. From Eqs. (60) and (68)-(71), the thermal equilibrium values of the
Fe*™ spins can be obtained from those of the QAFM magnons 4, ; as

- SA B X b+a\ 4

S, =(S.) = (S,) = Ssinf, + v2xScos B, ) (113)
S, =8 ) = —vas(1=9) "z (114)
S =(5)=—(5)=- sz(b+a> a;,

SZE—<S?)=(S >_Scos[§0—v2xSs1n[30< +a> . (115)

Condition for SRPT in extended Dicke Hamiltonian. To quantitatively evaluate
the contributions of the Er**-magnon couplings and Er**-Er** exchange inter-
actions to the LTPT, the condition for the SRPT in our extended Dicke Hamil-

tonian, Eq. (16), can be derived using the Holstein-Primakoff transformation38-40,

& . . . g . ~oat
2, can be rewritten using the bosonic annihilation (creation) operator b (b ) as

5.~ b'h— (116)

NIZ

(117)

ot a 1/2 a 1/2,
- b(N-bb) +N-bb b
Zy~> 5 ,

Pov-5'0" — -
5 > (N—-bb) f( —bb) ' (118)
i2
Further, all the operators are replaced by c-numbers @,,d;,b € R as
a— ~/N(@, + ia;), (119)
b — ivVNb. (120)
Subsequently, the Hamiltonian in Eq. (16) becomes
A 4z r] .
N~ 0@’ + )+ wg b’ + BB~ 1)
+2gxﬁ,(252 —1)—4g,a.b\/1— b’ + const. (121)
The ground state of the system should satisfy
110H _ 72
Eﬁa_a, =w,a, +g.02b"-1)=0, (122)
11 0H _ T 72
1 1Jn 2 -5 = 123
2hN oa; = @n = 28.b b =0 (123)
113 S . 1-25
LLOH_ b4 el Zb‘]h' b2b" — 1) +4g.a,b—2g.a,————=0. (124)

2hN 9b

V1-b

Solving the first two equations, the Fe>* gAFM magnon amplitudes can be

expressed as

a, =505 — 1), (125)
wﬂ
o= 85/1 -7 (126)

By substituting these expressions into Eq. (124), the following equation for the Er**
amplitude can be obtained.

4gz2 — 4gx2 _ 4ZEr}Er + 8gz2 — ng2 + 8ZEr]Er gl b=
w, h w, h

For a real non-zero value of b to exist, the parameters must satisfy Eq. (22).

g, — (127)
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