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1 Introduction

Witten zeta-functions were introduced as partition functions of quantum gauge theories and

are expressed as
1

Cw(s;G) = Z Wy

¥

(1.1)

where 1) runs over all finite dimensional irreducible representations of a connected compact
semisimple Lie group G [20,21]. Some of these zeta-functions are explicitly given as the

following multiple Dirichlet series:
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In [2-6,8-10,13] we consider multivariable analog of the above zeta-functions and call them

zeta-functions of root systems and studied their special values at integers and established value



relations among them. For example, (1.3) is generalized as

o0

(a(s12, 523, 5135 Ao) = )

m,n=

1
ms12ns23(m +n
1

)313 ) (15)

and a special value is given as

o1 3 1 (2mi)2t2H2 g0
G2(2,2,2:42) = (-1 7 o~ = 28357 (16)

where 3—71§6 is given by multiple analog of Bernoulli numbers. Then the next question arises nat-

urally: What about functional relations? In the case of Euler-Zagier multiple zeta-functions,

only harmonic products are known as functional relations on the whole space: For s;,s5 € C,
Cez,2(51,52) + CEz,2(52,51) = ((51 + 52) — ((51)¢(52). (1.7)

If we adinit the restriction of the domain, we also have another type of functional relation [7,16].
As for the multiple zeta-functions of root systems, it is known that there are some functional

relations. One of such relations is given in [5,17,19]. For kia, k13 € N and so3 € C,

Ca(krz2, 823, k13; A2) + (—=1)K12¢a(kia, ki3, S03; A2) + (—1)F127R13 ¢y (93, Ky, kio; Ag).

[k12/2] .
Ko+ kig — 12 4 _
=2 Z (-1 ( pn ]2><(2J2)C(k12 + k13 + s23 — 2J2)

= ki3 — 1 (1.8)
ki3/2 .
+2 [;](—1)“3 (2 R T L ctamethin + b+ 52— 20)
In particular, for k1o = k13 = so3 = 3, we have
(1=1+1)¢(3,3,3; A2) = —40¢(0)¢(9) — 12¢(2)¢(7). (1.9)

Our main purpose is to generalize this formula, that is, we understand the left-hand side by a
group theoretic interpretation and the right-hand side by the Poincaré polynomials. For the

details, see the forthcoming paper [14].

2 Zeta-Functions of Root Systems
2.1 Root Systems

Let V be an r dimensional real vector space with inner product (-,-) and A C V be a root
system. Let o, be the reflection with respect to the hyperplane H, orthogonal to o € A and
W be the Weyl group, which is generated by all reflections o,. Let oV be the coroot of o,
which is equal to 2c/(a, ) and A be the set of all positive roots. Let {a1,...,a,} be the

fundamental roots of A, which consists of a basis such that & = c;a; + -+ - + ¢, € A4 with



all ¢; > 0. Let Py = @ Zx1\; be the set of all strictly dominant weights, where {\q,..., .}

is a dual basis of {ay,...,a, }. For the geometric meaning of these symbols, see the following

example [1].

Example 1. A, case:
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2.2 Zeta-Functions of Root Systems
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Definition 1 (Zeta-functions of root systems (3], multivariable Lerch analog). For a root

system A and for s = (sq)aca, € Cl2+l and y € V, define

Gls,y;A) = D emivd [T 1

\% S’
XEP; 4 aE€Ay {a¥, A)oe

Example 3. We obtain the corresponding zeta-functions by formally

(2.1)

replacing oy and o by

m and n appearing in positive coroots. For example, in the root systems of rank 2, we have

el 2mi(my1+ny2)
€
Cafs,y;A2) = D S e L (2.2)
mon=1
sl 2mi(my1+nys2)
e
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oo 2mi(my1+ny2)

e

Ca(s,y;Go) = Z (2.4)
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Here and hereafter if the root system A is of type X,, we write (.(s,y; X,) instead of
¢r(s,y; A) for short.

3 Special Zeta-Values (Review)

We extend s = (5q)aca, t0 (Sa)aca DY Sa = $—_q and define (ws)q = s,~14. Then we have

the following.

Theorem 1 (value relations [3,5]). Fors =k = (ky)aca, € leA;l, we have

S(CIT C0f)et ke yid) = (02 pya) (] (22“,“), (3.1)

weEW a€AiNwA_ aEA L o
where P(k,y; A) is a multiple periodic Bernoulli function, which will be defined below.

Theorem 2 (special values [3,5]). For k = (ka)aca, € (2Z31)!2+! satisfying w='k =k for
allwe W,

. . (—l)lA+' . (27.”‘)]0& Z«!EA ku
¢ (k,0;4) = T P(k,0;A) ag ) €Qrimess (3.2)
+
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4 Multiple Periodic Bernoulli Functions (Review)

Let ¥ be the set of all bases V.C Ay and V* = {u){}gev be the dual basis of VV =
{8"}pev. Let Q¥ = @;_, Za; be the coroot lattice and L(VY) = @gey ZBY. Note that
|QV/L(VY)| < co. Fix a certain ¢ € V and define a multiple generalization of the fractional

part of real numbers as

{(v,uy)} (¢, my) > 0),

L= {~y.¥)} (,1Y) <0). 1)

{y}vs = {



Definition 2 (generating functions [3,5]). For t = (ta)aca,

i) =3 (I e )

v
Ver yea\v L — 2pevits(rYsng)

4.2
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qEQV/L(VY) BeV
Definition 3 (multiple periodic Bernoulli functions (3, 5]).
tka
F(t,y;A)= > PkyA kLa' (4.3)
kGZLAO*" a€A+
Remark. The A; case reduces to the classical generating function:
tei{y} ad
F(t,) =Y Bullvh (4.4)
k=0
5 Functional Relations
Let I be a subset of {1,...,r}. We will see that this determines which variables are complex.

Let A; be the subroot system of A with the fundamental roots {a;}i;er and W be the minimal
coset representatives of W/W; with the Weyl group W; of Ay, that is, W = W;W!.

Theorem 3 (functional relations). Fors = (sq)aea, with s € C (0 € Ar1) and sq = ko €
Lo (€ Ap \ A1y ), we have

Z ( H (‘Uku)fr(w_ls,w_ly;A)

weW! a€A i nNuwi_

=(_1)|A+\Al+|< H %) Z ( H W)P(k,y,/\;I;A), (5.1)

a€AL\ALy e AEPI44 €A+
where P(k,y, \; I; A) is a multiple periodic Bernoulli function associated with I, which will be
defined below.

It should be noted that generally, the right-hand side consists of sum of several zeta-functions

of lower rank.

Example 5. In the root system of type Az, we choose I = {2}, which we express as the

oL a (5.2)

following diagram



where the circled node belongs to I. Then we have

Ca(ki2, 823, k133 A2) + (—1)¥2Co (K2, ks, s23; A2) + (—1)F12K13 0o (503, ki3, kyo; Ag)
2mi)k1z (2m4)ks
= (~1)? <(—_._____

k12! k13! (5.3)
1 bo by bj
X Zl s <mk12+k13 Tokere—2 Tt kg5 )
where j = max{[k12/2], [k13/2]} and bo,...,b; are certain real numbers. It should be noted

that the right-hand side consists of sum of several Riemann zeta-functions.

To define a multiple periodic Bernoulli function associated with I, we need some definitions.
Let 77 be the set of all bases of the form V = V; U {a; | ¢ € I} with V = {y,...,74} C
AL\ Ajt and py be the projection defined by

pvi()=v— > uY{yY,v) (5.4)
YEV]

forve V.

Then we obtain the following:

Theorem and Definition 4 (generating function). For t; = (ta)a€A+\A,+ and \ € Py,

t,
V€7/1('yeA+\A1+uV, Zﬂev ta(yV Ng)—27fv I{y 7Pv¢( )>)
1 tg exp(t +
o 2o eweny Ty +apyy ) (] 2R L ava)y
QV/L(VY)) ; .
9EQY/L(VY) BEV]
tka
= > Pky.x5a) ] T
kenp A AT+ a€A AL O
(5.5)

In particular, if I = @, F(t;,y,\; I; A) reduces to the generating function for value relations:

Flto,y 5 0:8) = Feyia) = 3 (T )

vey yeAy \V Zﬁev t5<7 ,u'ﬁ

1 > ( I tgexp(taly + Q}V,B)).

X —_—
\% \% tg
|Q /L(V )| quV/L(VV) BEV € s 1

(5.6)

Remark. In the proof of this theorem, we use the results in [12].



6 Examples
6.1 A, Case
We use the following realization of the root system of type A,.:
Ay ={e;—ej |1<i<j<r+1}c R (e, €5) = 6ij)- (6.1)

Then the zeta-function of type A, is expressed as

Z f: exp 27{'\/_ 21<L<T‘ mlyl

[li<icjcrsr(mit - +mj_1)ss

(6.2)

Gr((sig)1<ici<r, Wi)1<i<r A
my=1 me=1

We choose I = {2,...,7} and I¢ = {1} as in the following Dynkin diagram.

e KaQ o—LG—o0 %5 (6.3)

N

Then we have the following theorem:

Theorem 5 (generating function). Put te,_., =t; for 2 <i<r+1.

F((ti)a<i<r+1, Wihi<i<r (Mi)2<i<r; {2, .., 7} Ay)

r+1j-1 r+1
_JZZZII —t; + 2w/ — (m +odmyog) iyt bt —27y/— ( ce i)
(5 t; exp(t; {y1})
Xexp(27r -——1(Zml Yi yl +Zm ))_tl_—l——
i=2
(6.4)
Theorem 6 (multiple periodic Bernoulli function).
F((ti)2<i<r+1, Wi)1<i<r, (Mi)2<i<ri {2,.. ., 7} Ar)
Ky
= P((k;)a<i . . Ny ‘A t‘262”'t1‘++11
= Z (( 1)2515r+17(yj)lsjsr»(mz)2§1§rv{2:~--»T}7 T)k L (6~5)
k2,....kr4+1>0 2 r+1-
where
P((ki)2<i<r+1, (Ui)1<j<r (Mi)2<i<ri {2, -7} Ar)
r+1 r+1 r
=ky!-- r+1'Z(H (Sk #0) exp(27rv (Zmz Yi yl)+zmiyi))
o - (6.6)
B, ({y1}) o1 (ki + 1 —1 1 kit '
D DR | BNC —a )",
( Loy g1 >0 l]' QS?S"“Fl l, (27T —lml]) )

lo+-+lryp1=k; 1#]



with
M = mi+ e+ my (7'<.7)
Y =y 4 mas) (i > 7).

Theorem 7. For (s;j)1<i<j<r+1 With s15 = ki (2<j <r+1), we have

Z(H 1k ’“)Cr (S(1-j+1)pg)1<p<g<r+1s (Y2 = Y1y -+ s Yjb1 = Y1, Yj1s - - -5 Yr); Ar)
Jj=0 i=1

r+1
— __Z Z (_1)k1,2+“'+k1,1—1+lj+1+"'+lr+1(271,\/?:[)1, Bl] (l{';l/l})

J=2 l2,..,lr4120 J°
Lo+ Alrp1=k1,;
kii+10 -1
X H ( i l‘z )Cr_l((qu+6,,<j5q:j(k1,,,+l,,) + 0p=j0q>j(k1,q + 1g))2<p<q<rit,
2<i<r+1 v
i#j

(Y2 = Y1, Yi=1 = Y1, Yjr - - Ur); Ar1).
(6.8)

Remark. 1t should be noted that this is a special case. Generally, (. (s,y; X;)’s are not nec-
essarily described in terms of (,—1(s,y; Xr—1). It depends on the pair (X,,I). We need more

general multiple zeta-functions, which may not be classified as zeta-functions of root systems.

Remark. Other special cases are (B, {2,...,r}), (Cr,{2,...,7}).
Example 6. Set r =2, (y1,y2) = (0,0). For s93 € C,

Ca(krz, 823, k1z; Az) + (—=1)%12(o(kig, kia, s23; A2) + (—1)F12K13 ¢y (503, kn3, ki2; Ag)

[k12/2] .
kig+kiz—1-2 . _
=2 Z (_1)1012 < 12 k13 . j?)c(?jz)((klg + ]{:13 + So3 — 2]2)
J2=0 137 (6.9)
(k13 /2] .
k1o 4+ ki3 — 1 — 25: . )
+2 ) (- < 2 kiz 1 js)C(QJS)C(km + k13 + s23 — 273).
Jj3=0

Example 7. Set 7 = 3, (y1,¥2,¥3) = (0,0,0). For (sg23, 524, 534) € C3,

Ca(k12, k13, k14, S23, 524, S343 As) + (—1)F12T5135 (503, ko, 524, kus, s34, k143 As)

+ (—=1)"12¢3(k12, s23, 524, k13, k14, 5343 Az) + (= 1)1zt Rsthua (g5 g0, ko, s34, ks, k1a; As)

(k12/2]

_9 Z Z (—1)k12 <1€13+l3~1> (k‘14+l4—-1)
l3,14>0

J2=0 l3 l4
lg+lg=k12—2j2

X ((2j2)Ca(s23 + k13 + I3, sS4 + k14 + 14, 5345 A2)

[k13/2]
kig+1la—1 kig +1s—1
+2 (—1)krztla < ) ( ) (6.10)
jgzr:() 12;20 lz l4

la+lg=k13—-273

x ((2j3)Ca(s23 + k12 + lo, S24, 534 + k14 + 145 A2)



[k14/2]

2y 3 (_1)k,2+km<km+l2—1><k13+13_1>

Ja=0 l,l320 l2 l3
la+lg=k14—2j4

X ((274)C2 (523, S24 + k12 + l2, 834 + k13 + 133 A2).

6.2 Various Expressions

In particular, if k1o = k13 = k14 = So3 = So4 = S34 = 2,

403(2,2,2,2,2,2; Az) = 2¢(2){2¢2(4,4,2; As) + (2(4,2,4; A2)}
- 6C2(6a 4a 2; A2) - 6(2(67 2, 4; A?) - 842(57 5a 2; A2) (611)
+ 4(2(5, 2,5; A2) — 6(_:2(4, 6,2; As).

On the other hand, we obtained already in [2, Eq. (4.28)]

4¢5(2,2,2,2,2,2; A3) = 8((2) {¢2(4,4,2; A2) + (2(3,5,2; A2)}

—12¢5(6,4,2; Ag) + 12¢2(5,5,2; A2) — 6(5(4,6,2; As). (6.12)

Remark. These two expressions are transformed into each other by use of partial fraction

decompositions.

Remark. (Open Problem) However in general A, cases, we have two different expressions of
the right-hand side and we do not know whether these two expressions are transformed into
each other by use of partial fraction decompositions. Thus these expressions may give new

value relations.

6.3 B, Case

Theorem 8 (generating function for B, case with I¢ = {1}). We use the following realization:
Ap={e;tej|1<i<j<riu{e |1<5<r} (6.13)

Put te,4e;, =t4; for2 <i<r andt. =t;.

F(ty, (txi)2<i<r, (Wj)1<ji<r (Mi)2<i<r; {2, .., 7} Br)

.
:Z H to; —t -+27r\/—t_IEm~+~~-+m- ) H tog—t_;—2 \/—t—? R ;
j=22<i<j Tt VT i 3=1) jligp bt T b=y T AT (mj + - +mi1)
« Ty
2Sisjt+i—t_j—277\[—‘T(mi+-~+m]-_1+2(mj+~--+mT_1)+mr)

« H by
soien tri =ty = 2mV/=T(my 4 may 20y - - me) +my)
tq

X
t1 —2t_j — 2m/=1(2(my + -+ + my_1) + m;)




10

et-i —1

X exp (2#\/—_1(2 mi(ys — 1) + i miyi)) oy eXp<t—j{y1 1

t—i
_|._
; H by =ty 2/ =1(my+ -+ myo +2(my 4 -+ mp—y) +my)

t—i
x
H toi —tyg+2my/=1(my + - +miy +2(my + -+ mpy) +my)

J<ilr
bei tti
X
2l—‘[l<] tyi — ‘—271'\/ ( '+mj*1)j<1i—£rt+i_t+j+27h/_]‘(mj+"'+mi—l)
tl
t1—2t+g+27Tv ~+mr 1) +my)
Xexp(27r\/ (Zm(y o +Zm —2uy1) + my(y Ayl)))tﬂexlo(tﬂ{yl})
i\Yi < 1 r\Yr ot 1
t;
+
2£I<r tei—tit V- (ml "'+mr—l)+mr)

i
2!;['<r —th =y ( (Tnl -+ m'r—l) + mr)

; (eXp (QW_(Z mi(ys = y1) +me(yr — %yl))) il exft(ltl_{—%yl )

X

+exp(27r\/—(zml (y1 + 1)) + mae(yr ——(y1+ ))))t1exp(t1{%(yl+l)}))

etr —1

Note that by expanding this expression, we see that we obtain functional relations among

¢r(+;By) and (p—1(+; Br—1) similar to those in the case of type A, obtained in Theorem 7.

6.4 X, with [I| =1 Case

In the case |I| = 1, we will see that the sum of some (. (-; X,) is expressed in terms of Lerch

zeta-functions. Let ¢(u, s) be the Lerch zeta-function defined by

¢(u,s) = Z 87—- (6.14)

Theorem 9. Let sq = kq € Z>2 for a € Ay \{os} and so, € C. Let [K| = 32 cn \(ay) Ko
Let X; ={v={{q,n¥)} | VE€V1,q€QV/L(VV)} CQ.

Z( 11 —1)_k“>(T(w_ls,0;A)

weW! a€l

w™

e Ik
:(_1)1A+I—1< H @ry/-1)% \/— ) Z Z 2:\'}1 vy 8a; +7), (6.15)

ac€di\{ai} vEX,; j= 0



where by,; € Q is given by

k|

t
kaJwa L Z 'Yv
D | A P | WA s R ATE
1 {(qu,,} tyexp(t,{a}v,»)
QL 2 e
qEQV/L(VY) YEV/

7 A Remarkable Theorem

It is natural that from functional relations we obtain value relations; we have only to sub-
stitute integers into variables. However it is remarkable that the converse holds, that is,
the generating function for I = () knows “everything.” The following theorem tells that

F(t;,y,\; I; A) for general I can be deduced from the case I = §.

Theorem 10 (Remarkable Theorem). Let I C {1,...,7}. For A\ € Pr44, we have

F(t;,y,\;I;A) = Res — ) F(t,y; A 7.1
(tr,y, 5 1A t”:W?M)(QEI[m S)F(tyi ). (7.1)
[e1SYAV SN

8 Poincaré Polynomials and Special Zeta-Values

For k = (ko)aca, € (Z>1)?+! satisfying w™'k = k for all w € W/, the left-hand side of
(5.1) is
SO I ev=)ewoa=(> [ D)ek0a). @1
weW! a€AiNwi_ weW! a€A L NWA

From this expression, we notice that the coefficient of (.(k,0;A) coincides with the special
value W1(((—1)*«)qea, ) of the Poincaré polynomial for W/, where the Poincaré polynomials

due to Macdonald are defined as follows [15]: For indeterminates u = (uq)aea, and for
Xcw
=Y J] e (8:2)
wEX a€EA L NwA_

Since generally it is very difficult to calculate special values of these Poincaré polynomials,

we need their simple descriptions.

8.1 Poincaré polynomials

It is known [15] that if up = u for all @ € Ay,

W(u)
I/V](u)7

Wi(u) = (8.3)

11



12

with

W(U)—||ud[i_1 W(u)—lllﬂ;_1 (8.4)

Sl e A== '
i=1 i€l

where d; and d; are the degrees of the Weyl groups W and Wy, and these degrees are given

as in the following table.

Type {di1,...,d.} Type {d1,...,d.}
A | 2,34, r+1 B, 2,6,8,10,12,14, 18
B.,Cr | 2,4,...,2¢ Es | 2,8,12,14,18,20,24,30
D, |24,.. . 20 —27r F 2,6,8,12
Es 2,5,6,8,9,12 G 2,6

From these facts, we see that if uy =u for all @ € Ay,

T (u% — u—
Wi S ] e T =0/ 5

weWT a€ALNWA Hie](ud; - 1)/(“ - 1).

8.2 Case 1 (all even)

Consider the case uq = (—1)%« =1 for all & € A,. Then by I’'Hépital’s rule, we obtain
H:=1 di
[ie1 &;
Example 8 (Ay with I = {2}). In this case, A is of type Az and hence d; = 2,dy = 3 and

wi) = |wl = € Z>1. (8.6)

Aj is of type A; and hence d} = 2. Put s;; = k;; = 2m (even). Then the left-hand side of
(5.1) is directly calculated as

1+ Ca(kaa, 23, kis; A2) + (—1)2Ga(ki2, b1z, s23; Az) + (=1)F12FK13 (o (503, kng, kig; Ag)
= (14 (=1)%2 + (=1)F2Fki2)cy (2m, 2m, 2m; Ay) (8.7)
=3-(2(2m,2m,2m; As).

On the other hand this coefficient is calculated via Poincaré polynomials as

dyd
I _ 142

=3. (8.8)

8.3 Case 2 (all odd)

Consider the case ug = (—1)f« = —1 forall a € A;. Let K = {i | 1 <i < r,d; € 22},
Kr={i|iel,dje2Z}. Then

Hi Kd'i _
WI(_l) _ HieEKI d; € ZZI (|Kl - |K1|) (89)
0 (K| # K ]).



The following is a table of several examples where W7 (—1) survives.

Type of A | Type of A Wi(-1)
Ao A1 2:4.---2m/2-4---2m =1
As A2 2.4/2.2=2
Domsr Dow | 2-4---4m/2 - 4---(4m —2) - 2m =2
joN Ds 2.6.8-12/2-4-6-4=6

Example 9 (A; with I = {2}). In this case, A is of type As and A; is of type A; as in the
previous example. Put s;; = k;; = 2n + 1 (odd). Then the left-hand side of (5.1) is directly

calculated as

1 Ga(ki2, 823, k135 A2) + (—1)F12Ca(ki2, ki, 5235 A2) + (—1)F124K13¢, (503, kyg, ks Ag)
= (1+ (=1)F2 4 (=1)k2FR13) ¢y (2m, 2m, 2m; Ay) (8.10)
=1-(2(2m,2m,2m; As).

On the other hand this coefficient is obtained from the above table as

wi(-1)=1. (8.11)

8.4 Case 3 (Mixture)

Let Ay be the set of all long roots and Ay, that of all short roots. Assume k, are odd for
a € A; and kg are even for § € Ay, and hence u, = —1 for @ € Ay and ug =1 for B € A,.
Lemma 11. Let u = (u,1). Then we have

W,1) _ [Wy[W(A1)(u)
Wi(u,1)  [Wins|W(A1 NAf)(u)

Wl(u) = (8.12)

The following is a table of some examples, where W/ (—1,1) survives.

Type of A | Type of Aj wl(-1,1)
Baki Bo 2:2.4---4k/2-2 -4 (4k —2) -2k =2
Cors1 Cor 2:2.4---4k/2-2 -4 (4 —2) - 2k = 2
G2 A 2.2/2=2

Example 10. Let A be of type G, and A; be of type A;. Let p = u = v be even and
s =¢q =r, odd. Then the left-hand side of (5.1) is directly calculated as

Cg(p,s,q,r,u,v; G?) + (~1)7’<2(p’ q,S8,7,V,U; GQ) + (__1)7)+q<2(v’q’7,., S, P, U3 GQ)
+ (_1)p+q+v<2(v’ 7,4,S,U,P; G2) + (_1)P+q+r+vc2(u,r’ $,4,V,p; G?)
+ (_1)p+q+r+u+v<-2(u’ $,7,4,P,V; G2)

= 2{2(]7) 9, 9,49,P,P; G2)

(8.13)

13



On the other hand this coefficient is obtained from the above table as
wi(-1,1)=2. (8.14)

This recovers the result in [13].
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