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ABSTRACT. In this paper, we announce the results given in a joint work with
Masaaki Furusawa (Osaka City University) on refined Gan-Gross-Prasad con-
jecture for (SO(5), SO(2)), namely Ichino-Ikeda type formula of Bessel periods
for (SO(5),S0O(2))

1. NOTATION

Let F' be a number field, and we denote its ring of adeles by A. Let ¥ be a
non-trivial character of A/F. For a place v of F, we denote by F), the completion
of F at v. Let F be a quadratic extension field of F' and Ag be its ring of adeles.
We write E, = E ® F,. Let 0 denote the non-trivial element of Gal(E/F') and let
us denote by Ng,p the norm map from I to I'. Let us take d € F* such that

n = +/—d satisfies E = F (1) and o(n) = —n. We define a character ¢y of Ag/E
by wi(x) = o (£52).

1.1. Groups. Let D be a quaternion algebra over F' containing E, which is possibly
split. Let us denote its reduced norm by Np and reduced trace by Trp. We denote

the canonical involution of D by 2 +— Z for # € D. Then we define a similitude
quaternionic unitary group Hp over F' by

_ 1 1
(R = {occnam):g () No=ra (; ) A er}.
Here, g = (£ %) for g = (2 %) € GLa(D). When D(F) =~ Matoyo(F), we know
that Hp is isomorphic to a similitude symplectic group H of degree 2 defined by
H(F) = {g € GL4(F) : 'gJg = Mg)J, \(g) € F*}

J:<421j.

We note that for any orthogonal space V over F such that dimV =5 and its Witt
index is at least 1, there is a quaternion algebra D over F' such that

PHp ~SO(V).

where

Let us define symmetric matrices S; € Mat;42,4+2(F) by

So = (2 and S = | S,
Y X
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Then we define a similitude orthogonal group GO,, 42, over F' by

GOns2.n(F) = {g € GLan+2(F) : 'gSung = 11(9)Sn, u(g) € F* } .
We denote its identity component by GSO,, 12y, indeed it is given by

GSOpt2,n = {g € GOpgap : det(g) = pu(g)" '}

Also, we define a similitude quaternionic unitary group GUgx p = GUsz p of degree
3 over F' by
GUs,p(F) = {g € GL3(D) : 'gJyg = up(9)Jy}
where
n
Iy = i
n
We denote its identity component by GSUs p.

2. BESSEL PERIODS

Let us define Bessel periods in several cases.

2.1. (U(2n),U(1))-case. Let (V,(, )v) be a 2n-dimensional hermitian spaces over
E with a non-degenerate hermitian pairing (, )y such that its Witt index of V is
at least n — 1. Then we have Witt decomposition

V=XteoLpX

where L is a 2-dimensional hermitian space over E, and X+ are totally isotropic
(n — 1)-dimensional subspaces of V' which are dual to each other and orthogonal
to L. We take a basis {e1,...,¢,—1} of XT and a basis {e¢_1,...,e_py1} of X7,
respectively so that

(2.1.1) (€ise—j)v =0

for 1 <4,5 <n— 1, where J; ; denotes Kronecker’s delta.

Suppose G = U(V) and let us fix an anisotropic vector e € L. Let P’ be the
maximal parabolic subgroup of G preserving the isotropic subspace X ~. Let M’
and S’ denote the Levi part and the unipotent part of P’ respectively. We define a
character . of S’(A) by

1., A B
Xe o A | =ve((Ae en_r)).
ln—l

Let U,_1 denote the group of upper unipotent matrices in Resg,rGL,_1. For
u € U,_1, we define @ € P’ by

Then we define an unipotent subgroup S of P’ by
S=55" where S"={u:ueU,_1}
and we extend Y. to a character of S(A) by putting
Xe(@) =v¥E(ure + -+ up—2apn-1) for ueU,—1(4A).
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We define a subgroup D, of G by
1n—1
D, = h theU(L), he=e
ln—l
and let R, = D.S. Then the elements of D.(A) stabilize a character x. by conju-
gation. We note that
D.(F)~Uy(F):={a € E* :aa =1}.

Let A be a character of Aj,/E* such that A|yx is trivial. Then we may regard A
as a character of D.(A) by d — A(detd). Then we define a character x a of R.(A)
by

Xea(ts) = A(t)xe(s) for te D.(A),se S(A).
Let ¥ be an irreducible cuspidal automorphic representation of G(A) with trivial

central character and we denote its space by Vx. For a cusp form ¢ € Vx, we define
(e, 1, A)-Bessel period of ¢ by

Bey.a(p) :/ / Xoa(ts)g(ts) ds dt.
De(F)\D.(4) JS(F)\S(4)

We say that (X, V) has (e, ¢, A)-Bessel period if B,y (=) £ 0 on Vs.
Also, when ¢ is a cusp form on the similitude unitary group GU(V'), we define
(e,%, A)-Bessel period of ¢ by Beya(0) := Beya(pluwa))-

2.2. (SO(5),S0(2))-case. Let Pp be Siegel parabolic subgroup of Hp with the
Levi decomposition Pp = My, Ny, where

MHD(F)—{(g A.g_1> :geDX,)\eFX}

Ny, (F) = {(1 ‘11> ca € DMF), }

Here, we define D' = {a € D : Trp(a) = 0}. For Sp € DY(F) N D*(F), let us
define a character g, p of N, (A) by

Wsp.p ((1 C{)) — ¥(Trp(Spa)).

Then the identity component of the stabilizer T g, of ¥g, p in My, is

{(h ND(h)'El) he TSD}.

Ts, = {t e D* :tSpt = ND(t)SD} .
We write this torus of Hp by the same symbol Ts,,. Let A be a character of Ts,, (A)/
Ts, (F) such that A|yx is trivial. Let mp be an irreducible cuspidal automorphic

representation of Hp(A) with trivial central character and we denote its space by
Vip. Then we define (Sp, 1, A)-Bessel period of f € V,, by

Bsppalf) =/

AXTp s, (F)\Tb,s, (A) /NHD(F)\NHD(A)

and

where

ftu)A™! (t)u’zgfl) p(u)dtdu.

We say that (mp,Vz,) has (Sp,, A)-Bessel period when Bg,, 4 a(—) # 0 on V.
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2.3. PGSO(6)-case. Let usrecall the following accidental isomorphisms for PGU(4)
PGSOy ~ PGU(2,2) and PGSU;3 p ~ PGU(3,1).

In [4], we give these isomorphisms explicitly. Using these isomorphisms, we can de-
fine Bessel periods for PGSOy 2 and PGSUs p. We shall write these Bessel periods
corresponding to Be 4 o by the same symbol.

3. MAIN RESULTS

Let (7, Vy) be an irreducible cuspidal tempered automorphic representation of
Hp(A) with trivial central character. For ¢1,¢2 € Vi, we define the Petersson
inner product (—, —), of m by

(61, 62)r = / 61(9)92(9) dg
AXHp(F)\Hp(A)

where we take the Tamagawa measure dg. Let us take hermitian Hp(F},)-invariant
local pairing (—, =), of m, so that (—,—)r = [[,(—, —)x,. Hereafter, we fix Sp
such that T, ~ E* and fix a character A of Ay,/E” such that A|yx is trivial. For
each place v of F, we can define the local (Sp, ¥, A,)-Bessel period ozgg’,Av (=, —)
as certain stable integral at non-archimedean places and certain Fourier tranform
at archimedean places (for precise definition, see [6]).

We define Bessel period Bg,, 4 a using Tamagawa measures dt and du on T, (A)
and Ny, (A), respectively. Further, we fix a decomposition of these measures into
local measures by

dt = Cs,, [ [ dto

and du = []du,. Our main result is the following Ichino-Tkeda type formula of
Bessel periods for (SO(5),S0(2)).

Theorem 3.1. Let (m, V) be an irreducible cuspidal tempered automorphic rep-
resentation of Hp(A) with trivial central character. Then there is an integer
0(m) which depends only on (w,Vy) and for any non-zero decomposable cusp form
¢ = @y ¢y € Vi, we have

(3.0.1)
Bswur @ e [T+ o | _LA/27x0) 17 _ob(6)
oV SR b v il ! R

Here, 8(A) denotes the automorphic representation of GLa(A) associated to A, (p(s)
denotes the complete zeta function of F, and

i (¢) _  LmnAD)L(LXE0)  ¥Sp, ($0:00)
(b0, o)rs  L(1/2,my x 0(A)o) [Tomy G, (2)  (BurBu)m,

which is equal to one at almost all places by [6].

Remark 3.1. Assume that the endoscopic classification of PHp, i.e. [1, Conjec-
ture 9.4.2, Conjecture 9.5.4] holds for PHp. Then we can show that |S(¢,)| = 247
as conjectured in [6, Conjecture 2.5 (3)] where ¢, denotes the Arthur parameter of
w. In particular, when Hp ~ H, our theorem proves Liu’s conjecture because of

[1).



As a corollary of this formula, thanks to an explicit computation of local Bessel
periods by Dickson et al. [3], we can show a generalization of Bocherere’s conjecture
on an explicit formula of Bessel periods for Siegel modular forms of degree two.

Theorem 3.2. Let & be a holomorphic Siegel cusp form of degree two and weight
k with respect to H' (Z) which is a Hecke eigenform and 7 (®) the associated auto-
morphic representation of PH (A). Let

B(Z) = a(®T)exp 2nv/=1tx(TZ)], Z € 55,
T>0

be the Fourier expansion where T runs over semi-integral positive definite two by
two symmetric matrices and $o denotes the Siegel upper half space of degree two.

Let E be an imaginary quadratic extension of Q with discriminant —Dg and
the ideal class group Clg. Then we define By (P,E) as follows. Since a(P,T)
depends only on an Slo(Z) equivalence class of T with the action - T = ‘T for
v € SLao(Z), the notation a(P,c) for ¢ € Cly makes sense. Suppose that A is a
character of Clg. Then we define

BA(®,E) =w(E)™" - Y a(®@,c A" (o)
ceClg
where w(E) denotes the number of distinct roots of unity inside E. Suppose that
is not a Saito-Kurokawa lift. Then we have
|BA((I)5 E)|2
(@, )

L(1/2.7(®) x 6(A))

_ 22k—4 . Dk’fl .
E L(1,7(d),Ad)

Here
(D, B) = / 1@ (Z)] det (V)72 dX dY  where Z =X +v/—1Y.
Sp4(Z)\$2

4. IDEA OF PROOF OF THEOREM 3.1

In this section, we would like to explain an idea of our proof of Theorem 3.1.
For simplicity, we only explain the case where m has (Sp,, A)-Bessel period.

(1) Compute the Bessel period B, ) of the theta lift 6;(m) of 7 to GSU3 p
for a suitable e. Then we see that it can be written as an integral involving

Bsp p.0)-

(2) When Hp ~ H and the theta lift of 7 to GSOs; is non-zero, 61 (7) is
not cuspidal. In this case, our formula has already been proved by Cor-
bett [2]. Hence, we may assume that this case does not occur. Then we
can check that 61 () # 0 and it is irreducible cuspidal tempered automor-
phic representation. Moreover, as in our previous paper [4], we can reduce
Theorem 3.1 to an explicit formula of B y a)-

(3) Regard 6;(7) as an automorphic representation of GU(4). Compute suit-
able Whittaker period of the theta lift 64 (61 (7)) of 61(7) to GU(2,2). Then
we see that it can be written as an integral involving B(. 4 ay. Here, we
note that the theta lift 65 (01(7)) depends on a choice of A. Further, be-
cause of the temperedness, we can check that 64 (61(7)) is an irreducible
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cuspidal automorphic representation of GU(2,2). Then as in the previous
step, we can reduce an explicit formula of By, 4 ) to an explicit formula of
Whittaker periods on GU(2,2).

(4) Regard 05(01(m)) as an automorphic representation of GSOy42. Then be-
cause of the conservation relation by Sun—Zhu [9] and the results by Takeda [10]
and Yamana [11] on the non-vanishing of global theta lifts, we see that the
theta lift 7" of O (61(7)) to H is non-zero. Further, by [7], the Whittaker
periods of theta lift of 7’ to GSOy o is written as an integral involving
Whittaker period on of 04 (61(7)). Then as in [6], we can reduce an ex-
plicit formula of Whittaker periods on GU(2,2) to an explicit formula of
Whittaker periods of H.

(5) (a) Suppose that the theta lift o of 7’ to GSOgz 5 is non-zero. Then com-
pute Whittaker periods of the theta lift 7’ = 0(0) of ¢ to H, and it is
well-known that it can be written as an integral involving Whittaker
period on G5Oy 5.

(b) Suppose that the theta lift 7/ to GSOg 5 is zero. Then compute the
Whittaker periods the that lift of 7’ to GSOg3 3, and we know that by
Soudry [8], it can be written as an integral involvingWhittaker period
on GSO373

(6) Recall that we have the accidental isomorphisms PGSOz 3 ~ PGL, and
PGSOz ~ PGLy x PGLy. From the above two steps, Theorem 3.1 is
reduced to an explicit formula of Whittaker periods of PGL,,.

(7) Finally, an explicit formula of Whittaker periods of cusp forms on GL,
is proved by Lapid and Mao [5]. Then this completes our proof of Theo-
rem 3.1.

Remark 4.1. In this article, we only considered the case where SO(2) is not split,
namely SO(2) ~ E* /F* case. However, our proof of Theorem 3.1 can be applied
to the split case with a slight modification. See [4] for details.
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